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Abstract

It is useful in a wide range of situations to find solutions
which are diverse (or similar) to each other. We therefore
define a number of different classes of diversity and simi-
larity problems. For example, what is the most diverse set
of solutions of a constraint satisfaction problem with a given
cardinality? We first determine the computational complexity
of these problems. We then propose a number of practical so-
lution methods, some of which use global constraints for en-
forcing diversity (or similarity) between solutions. Empirical
evaluation on a number of problems show promising results.

Introduction
Computational complexity deals with a variety of differ-
ent problems including decision problems (e.g. “Is there a
solution?”), function problems (e.g. “Return a solution”),
and counting problems (e.g. “How many solutions exist?”).
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Parkes, & Roy 1998). Finally, suppose you are trying to ac-
quire constraints interactively. You ask the user to look at
solutions and propose additional constraints to rule out in-
feasible or undesirable solutions. To speed up this process,
it may help if each solution is as different as possible from
previously seen solutions.

In this paper, we introduce several new problems classes,
each focused on a similarity or diversity problem associated
with a NP-hard problems like constraint satisfaction. We
distinguish betweeafflinediversity and similarity problems
(where we compute the whole set of solutions at once) and
their online counter-part (where we compute solutions in-
crementally). We determine the computational complexity
of these problems, and propose practical solution methods.
Finally, we present some promising experimental results.

Formal background

However, much less has been said about problems where wep binary relationR over strings is polynomial-time decid-

wish to find asetof solutions that areliverseor similar to
each other. For brevity, we shall call thefieersityandsim-
ilarity problems. Existing work in this area mostly focuses
on finding pairs of solutions that satisfy some distance con-
straint (Bailleux & Marquis 1999; Crescenzi & Rossi 2002;
Angelsmark & Thapper 2004). However, there is a wider
variety of problems that one may wish to consider.

In product configuration, similarity and diversity prob-

able iff there is a deterministic Turing machine deciding
the languagdz;y | (z,y) € R} in polynomial time (Pa-
padimitriou 1994). A binary relatio® is polynomially bal-
anced iff (z,y) € R implies|y| < |z|* for somek. A
languageL belongs to NP iff there is a polynomial-time
decidable and polynomially balanced relatinsuch that

L ={z]| (z,y) € R}. WeletSol(z) = {y | (z,y) € R}.

We assume that we have some symmetric, reflexive, total

lems arise as preferences are elicited and suggestions arey, polynomially bounded distance functiofy, between
presented to the user. Suppose you want to buy a car. Therestrings. For example, if. is SAT, this might be the Ham-

are various constraints on what you want and what is avail- ming distance between truth assignments. Note, however
able for sale. For example, you cannot buy a cheap Ferrari {1 most of our complexity results will hold for any func-

nor a convertible with a sunroof. You begin by asking for

tion that is polynomially bounded. Finally, we use 0 to de-

a set of solutions as diverse as possible. You then pick the nqiaFal se and 1 to denot@ RUE.

most preferred car from this set. However, as not all the

details are quite right, you ask to see a set of solutions as

similar as possible to this car.

Offline diversity and similarity

As a second examp|e, suppose you are Schedu”ng staff in We define two decision prOblemS at the core of diver-

a hospital. Unfortunately, the problem is very dynamic and

sity and similarity problems. These ask if there is a sub-

uncertain. People are sure to phone in ill, and unforseen op- et of solutions of sizé: at least (or at mosty distance
erations to be required. To ensure that the schedule is robustapart. For brevity, we defineaz (4, 5) = max é(y,z) and

to such changes and can be repaired with minor disruption
you might look for a schedule which has many similar solu-

tions nearby. Supermodels are based on this idea (Ginsberg,
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dDISTANTESET (resp.dCLOSELSET)
Instance. Given a polynomial-time decidable and
polynomially balanced relatio®, a distance function



0 and some string.
Question. Does there existS with S C Sol(z),
|S| = k andmin(é, S) > d (resp.maz(4,S) < d).

We might also consider the average distance between so-
lutions instead of the minimum or maximum. As we have
two parameters andk, we can choose to fix one and op-
timize the other. That is, we can fix the size of the set of
solutions and maximize their diversity (similarity). Alterna-
tively, we can fix the diversity (similarity) and maximize the
size of the set of solutions returned. Alternatively, we could
look for a Pareto optimal set or combidendk into a single
metric.

MAXDIVERSEESET (resp.MAX SIMILAR kSET)
Instance. Given a polynomial-time decidable and
polynomially balanced relatio®, a distance function
6 and some string.

Question. Find S with S C Sol(z), |S| = k, and
for all S" with S C Sol(x), |S’| = k, min(6,S) >
min(0,S") (resp.max(d, S) < max(d, S")).

MAXdDISTANTSET (resp.MAXdCLOSESET)

Instance. Given a polynomial-time decidable and
polynomially balanced relatio®, a distance function
¢ and some string.

Question. Find S with S C Sol(z), min(d,S) >

d (resp. max(5,S) < d), and for all S" with
min(d,S") > d (resp.max(6,S’) <d), |S| > |5].

For example, in the product configuration problem, we
might want to see the 10 most diverse solutions. This is an
instance of theMAX DIVERSELSET problem. On the other
hand, we might want to see all solutions at most 2 features
different to our current best solution. This is an instance of
the MAXdCLOSESET problem.

Online diversity and similarity
In some situations, we may be computing solutions one by

Computational complexity

For some of these problem classes, specifically those for
which the CSP is an input (e.gIDISTANT/CLOSEESET),

the size of the output (a set of solutions) may not be poly-
nomially bounded by the size of the input. Therefore we
will always make the assumption thats polynomial in the
size of the input. With such an assumptidbd,ISTANTASET

and dCLOSELSET are in NP. SincelDISTANTASET and
dCLOSELSET decide membership i® whenk = 1, both
problems are trivially NP-complete.

We now show that bothMAXDIVERSEASET and
MAX SIMILAR kSET are FP'Pllos nl_complete. This is the
class of all languages decided by a polynomial-time oracle
which on input of size: asks a total number @?(log n) NP
queries (Papadimitriou 1994).

Theorem 1 MAXDIVERSELKSET and MAXSIMILAR kSET
are FPVF’lleg nl_complete.

Proof. MAXDIVERSEKSET (resp. MAXSIMILAR kSET)

€ FPYPleg n: The distance function is polynomial in
the size of the inputjx.  Using binary search, we call
dDISTANTASET (resp.dCLOSEESET) to determine the ex-
act value ofd. This requires only logarithmically many
adaptive NP queries.

Completeness: We sketch a reduction frfax CLIQUE
Size which is FPYPlles 7l_complete (Papadimitriou 1994).
Given a graphG = (V, E), with set of noded” and set of
edgest, MAx CLIQUE SIzE determines the size of the the
largest clique inG. We define a CSP as follows. We intro-
duce a Boolean variabl8;, called agraph-node variable
for each node in V. For eachu,b € V, if (a,b) ¢ E, we
enforce thatB, and B, cannot both bd. We add an addi-
tional [ ] + 1 Boolean variables, calledistance variables
and enforce that they arkiff every graph-node variable is
0. This CSP always admits the solution wilrassigned to
all Boolean variables. So thstAx DIVERSELSET finds the
cligue of maximum size, we define the distance between two

one. For example, suppose we show the user several possi-S0lutions,d(s,, s), as the Hamming distance defined over

ble cars to buy but none of them are appealing. We would
now like to find a car for sale which is as diverse from these
as possible. This suggests the following two online prob-
lems in which we find a solution most distant (close) to
a set of solutions. For brevity, we defimeaz(d, S,y) =
max d(y, z) andmin(d, S,y) = Hlelgl iy, 2).

MOSTDISTANT (resp.MOSTCLOSE)

Instance. Given a polynomial-time decidable and
polynomially balanced relatio®, a distance function
0, some stringe and a subset of strings.
Question.Findy with y € Sol(x)— S, such that for all
y' withy’ € Sol(z)—S, maz (4, S,y) > max(4,S,y)
(resp.min(6, S,y) < min(6,S,y’)).

We might also be interested in finding not one but a set
of solutions distant from each other and from a given set.
Alternatively, we might be interested in finding a larger set
of solutions than the ones we currently have with a given
diversity or similarity.

all Boolean variables. Thus$fiAX DIVERSELSET(P) with

k = 2 will always have one of the solutions assignifig

to each Boolean variable and the other solution assigning
1 to those graph-node variables representing nodes in the
largest cligue possible, arlto all the additional distance
variables, since these two solutions are maximally diverse
wrt Hamming Distance. Suppose this is not the case, i.e.,
both solutions assign some node variable$ tand some
others tol. Since all extra variables are setitpthe maxi-
mum achievable distancesis Moreover, if the clique with
largest cardinality has: nodes, two such solutions cannot
be more thar2m assignments apart. However, the solution
with maximum clique and the solution with all variables as-
signed to0 are [ 5] + 1 + m assignments apart, which is
strictly greater thamin(n, 2m). Hence, we have an answer
to MAax CLIQUE SIZE(G).

The reduction for MAXSIMILAR ESET is analogous.
However, we need to define the distance between a pair of
solutions,s, ands, asn + [§ + 1] — 0(sq, sp) if s4 # s,
and 0 otherwise, whergis the Hamming distance. O



MAXdDISTANTSET and MAXdCLOSESET may require Finally, we show that the online diversity probleiosT
exponential time just to write out their answers (since the DISTANT and similarity problemMoSTCLOSE are both
answer set may itself be exponentially large for certain FPVPllog »l_.complete.
queries). We therefore assumiéresp.n — d) to be at most
O(log n). Furthermore, we assumeto be the Hamming
distance. These assumptions are sufficient to ensure that the
answer set is polynomially bounded akthx dCLOSESET

Theorem 3 MOSTDISTANT and MOSTCLOSE are
FPN Plieg nl_complete.

! Pllog n Proof. MOSTDISTANT (resp. MoOSTCLOSE) €
(resp.MAXdDISTANTSET) is FPV o 7l_complete. FPVPllog 7]: \We need to have an algorithm that calls at most
Theorem 2 MAXdCLOSESET and MAXdDISTANTSET a logarithmic number of NP queries. Consider the deci-
are FPVFlles nl.complete. sion version ofMOSTDISTANT, where the solution has to

have at leask discrepancies with a given set of vectoys,

Proof. MAXdCLOSESET (resp. MAXdDISTANTSET) is in This problem is in NP, the witness being the solution, since
FPNPliog n]: With the assumptions adands, the cardinal- checking the number of discrepancies is polynomial. By bi-
ity of the set of solutions returned is polynomially bounded. nary search, we need at m@3tlog n) calls to this oracle to
By binary search ork, using adCLOSEKSET oracle, we determine the most distant solution.

can find the largest possibléclose set. Thus, we only  Completeness: We sketch a reduction frhax CLIQUE
need a logarithmic number of calls to an NP oracle to an- Size.We define a CSP in the same way as in the complete-
swer both questions. We omit the details of the proof for ness proof of Theorem 1 but only use the graph node vari-
MAXdDISTANTSET since it is similar ¢ — d is bounded ables. We let vector € V be a string of Os of length =

instead ofd). [V|. In order thatMoSTDISTANT finds the clique of max-
Completeness: We sketch a reduction friimx CLIQUE imum size, we define the distance between two solutions,
Size whereG = (V| E) denotes a graph with a set of d(sq, sp) as the Hamming distance. We have an answer to
nodesV and set of edge®/. We now define a CSP as  MAX CLIQUE SIZE(G) iff MOSTDISTANT(P, {v}). The
follows. We introducen? + 1 variables. The first vari- reduction forMoSTCLOSE is analogous, except we define
able X, takes its value in the sef1,2,...,n}, and the the distance between solutiogs and s, asn — 6(S,, Sp),
other variables are partitioned # groups ofn variables, if s, # sp, and O otherwise to give a reflexive distance
X; €{0,1,...,n}. We introduce the following constraints:  measure. We have an answeMax CLIQUE SIZE(G) iff

. . MOSTCLOSE(P . O
v]v X(j—l).n+Xo =0& <X07j> eb= X(Xo—l).n-i—j = 07 ( ’{U})
Vi # Xo,k, (k# XoV Alk,j) € E) = X(x-1).n+j = Xo- Solution Methods
The en'.tigle solution is entailed by the valuassigned to¥, We have developed a number of complete and heuristic al-
i.e. thes'" variable of every group must be assigned tthe gorithms for solving similarity and diversity problems.

4" variable of thei** group is assigned toiff (i,5) € F
and to: otherwise. Finally, all other variables are setito ~ Complete Methods based on Reformulation

It is therefore easy to see that we have exactly one solu- Gjyen a CSP, we can solve similarity and diversity problems
tion per node in the graph. Lé(s.,s) be the Hamming ging a reformulation approach. Specifically, we build a new
distance between the solutions ands;. Leti (resp. j), CSP as follows. We createcopies of the CSP, each copy
be the value assigned 0 in s, (resp. s;), we show that ity 3 different set of variable names. We ddd—1)/2 ex-

g(nsé“ (‘f 821 si:d e2rnjcfh ézl}]grigbg ‘Suppolse Ifr|1rsst t?ﬁﬁ’ {/Zglrieatﬁ e tra variables to represent the Hamming distad{cbetween
s set 00 as (i.j) € B m(c;;elgcgrj. it is acsioned @ in each pair of vectors of variables. We letin be the min-
e ’ ’ d imum of thed!'s and maxz be the maximum of thel!’s.

sp, as are allj** variables of each group. We can repeat . . ; . .
this reasoning fory(;_y).,,.:, henced(s,, s) > 2. Now tSta(;tl'?? with tﬁlsft:ﬁsuf: ?od_el, we BIOW dgscrlbe how to ex-
consider any other variabl&;. Either X;, = i in s,, or enditfor each ot the following problems.

X, = j in s, however, no variable is set tpin s, nor dDISTANTESET/dCLOSELSET: We also enforce thatvin

is assigned ta in s,. We thus have)(s,, sp) = 2. Sup- (resp.max) is at least (resp. at most)

pose now thati, j) ¢ E. The last step in our reasoning is  \jax DivERSEXSET/MAX SIMILAR KSET: We  introduce
still valid, whilst now we haveX;_i).,4; = 4 in s, and an objective function that maximizes (resp. minimizes)
X(j—1)m+i = J in sp. Therefored(sq,s,) = 0. We first min (resp.maz).

showed that a set of solutions of the CSP map to a set of
nodes ofGG, then we showed that if the distance threshold

is set to2, then this set of nodes is a clique. Since the set
with maximum cardinality will be returned, we obtain the
solution toMAX CLIQUE SIZE(G) from MAXdCLOSESET.

The reduction foMAXdDISTANTSET is analogous. How-
ever, here we define the distance between a pair of solutions, We then solve the reformulated problem using
5, andsy, asn? + 1 — §(sq, 8p), if 54 # sp, and 0 otherwise off-the-shelf constraint programming solvers. For
to give a reflexive distance measure. | MAXdDISTANTSET (resp. MAXJdCLOSESET, we find

MoOSTDISTANT/MOSTCLOSE: We setk to |V| + 1 where
V is the input set of solutions and assigf sets of vari-
ables to the given solutions i¥i. We also introduce an
objective function that maximizes (resp. minimizesjn
(resp.max).



all solutions and construct a graph whose nodes are the we addV; = (0,1,0,1...,0,1) to this example, then set-

solutions. There is an edge between two nodes iff the
pairwise Hamming distance is at leak{resp. at mosti).

We then find a maximum clique in the resulting graph. For
problems with many solutions, the constructed graph may
be prohibitively large.

Complete Method for MOSTDISTANT/MOSTCLOSE

We will show in the next section that the probleMsT
DISTANT/MOSTCLOSE can be used to approximate all the
others. Therefore, we introduce here an efficient com-
plete algorithm foM OSTDISTANT/MOSTCLOSE based on
global diversity/similarity constraints. We define and study
four such global constraints that use Hamming distance. Let
d be anintegert” = {v1,...,v;} be a set of vectors of size

n, andv; [i] be thei" element ofy;. We define the following
global constraints.

i=mg=k
Similars(X1,...,Xn, V,d) (Xs #v5[i]) <d
i=1,j=1
==k
Diverses(X1,...,Xn,V,d) & (X £wvjifi]) >d
i=1,j=1
>
Similarmas (X1, ..., Xn,V,d) & max;z’f (Xi #v5[d]) <d

X, Vod) & mindZ) (X #£v5li]) > d

i=1

Diversemin (X1, ...

For reasons of space, we only consider here the diver-
sity constraints. The results are analogous for the similarity
ones. We propose a Branch & Bound algorithm KbosT
DISTANT that uses these global constraints as follows. We
first post a globalDiverse constraint withd = 1. For ev-
ery solutions that is found during search, we séto the
Hamming distance betweén ands plus one, and continue
searching. When the algorithm eventually proves unsatisfia-
bility, the last solution found is optimal. We expect propaga-
tion on theDiverse constraint to prune parts of the search
space.

Diverses: A constraint like the globalDiverses, con-
straint isgeneralized arc consisteffGAC), if every value
for every variable can be extended to a tuple satisfying the
constraint. Consider first the case where there is only one
vector V' as argument oDiverses. As long as the num-
ber of variablesX; still containingV'[i] in their domain is
greater thanl, the constraint is GAC. If this number is less
thand, then we fail. Finally, when there are exactlysuch
variables, we can removié[:] from D(X;) for all i.

The situation is more subtle when we look for assign-

ting a variable with even index tbimplies that the distance
grows by1, whereas it grows b if we set it to0, and by3
if we use any other value. Suppose that all variables take
their values in{0,1,2}. The assignment with maximum
Hamming distance sets t every variable. The distance
between this assignment ai, V5, V3 is 3n. Now suppose
thatd = 3n — 1, then for anyi, X; = 0 andX; = 1 are arc
inconsistent, whilsf{; = 2 is GAC.

We now give an algorithm for enforcing GAC on
Diverses, (X1, ..., Xn, Vi,..., Vi, d):

L Xn VA

Algorithm 1 Diversex(X;, ..
Dist — 0;
1 foreach X; do
foreachv; € D(X;) do
L Ocdi]lj] — H{I|Vili] = v;}l;
Dist < Dist +k — min(Ocdz]);
if Dist < d then Fall;
Bes{i] < min(Ocdz]);
2 foreach X; do
3 | D(X;) «{vj |v; € D(X;) A d < (Dist4-Bes{i]—Ocdi][5]) };

'7V]€7d)

Theorem 4 Algorithm 1 maintains GAC
Diverses;(X1,..., Xn, Vi,..., V&, d) and runs
O(n(d + k)) whered is the maximum domain size.

on
in

Proof. Soundnessuppose that; € D(X;) after propaga-
tion. We construct an assignment satisfying the constraint,
and involving X; = v; as follows: For each variablé&
other thanX; we assign this variable to the valug, such
that Occll][m] is minimum, that is, equal tdest[l]. We

therefore havgzjjj(Xm # vy[z]) = Dist— Best[i]+
k—Occli][j] for this assignment, however, line 3 ensures that
this value is greater thah HenceX; = j is GAC.
CompletenessSuppose that; ¢ D(X;) after propaga-
tion. Then we haveDist — Best[i] + k — Occli][j] < d,
whereDist is the sum ofBest[l] for all I € [1..n]. It there-
fore means that the assignment where every variabl&but
takes the value occurring the least¥a, ..., Vj, is not a
support (a valid extension) foX; = j. Moreover any other
assignment would have a greater distancgto. ., Vi, and
would therefore not be a support. Hen¥g= j is not GAC.
Worst case time complexityThe loop 1 has complex-
ity O(nd + kd). The values inDccli][j] can be computed
in two passes. The first pass s@tc[i][j] to O for every
valuej of every variablej (O(nd)). The second pass incre-
mentsOcc[i][4] by one for each vectdr; such thal/;[i] = j
(O(nk)). The second loop (2) is i@ (nd). O

Diversen,: Unfortunately, when we use the minimum

ments close to several vectors at once. For instance, considerl€SP. maximum) distance, maintaining GAC on a global

the following two vectors:

Vi =1(0,0,...,0), Va=(1,1,...,1)

Even if all the domains contain the valugéand1, the max-
imum distance td/; andV; is n, as any solution has to dis-
agree with eithei; or V5 on every variable. Moreover, if

Diverse (Similar) constraint becomes intractable. We
therefore should look to enforce a lesser level of consistency.

Theorem 5 GAC is NP-hard to propagate oRiverse, .

Proof.
ing a consistent assignment fdPiverse,iy.

We reduce 3SAT to the problem of find-
Given a



Boolean formula inn variables g;, for all i@ € [1..n])

and m clauses ¢;, for all ¢ € [l..m]), we construct

the Diversein (X1, ..., Xn, V1,...,Vin,d) constraint in
which X; = {i,—i} for all ¢ € [1..n] and eachV; for all

j € [1..m] represents one of the clauses. If the clause

is {z;, nxj, z1} thenVj[i] = 4, Vi[j] = —j andVj[k] = k.

All other values are setto + 1. If d = n — 2, then the con-
structedDiverse,,;, constraint has a satisfying assignment
iff the 3SAT formula has a model. The solution we find cor-
responds to an assignment of the variables. Moreover, the
dummy values “consume” exactly— 3 differences. There-
fore the solution has to share at least one element with each
clause, and thus satisfies it. Notice that in this case the so-
lution we find corresponds to a model where all literal are
negated. ]

Heuristic Approaches
Methods based on reformulation may give prohibitively

large CSPs. We therefore propose an approximation scheme

that is based on the Branch & Bound algorithm kMDsT
DISTANT/MOSTCLOSE, that approximates the others. Vari-
ants of the following greedy heuristic can approximate
dCLOSELSET and MAxdCloseSet problem by using the
Branch & Bound algorithm foM0oSTCLOSE.

Algorithm 2 greedy

Data :P=(X,D,C),K,d
Result Vv
find a solutionu;

V — {v};
while |V| < K & ming yevd(z,y) > ddo
1 L find most diverse solution to previous solutiond’’;

V —Vu{u};

Finding a solution that maximizes similarity to previ-
ous solutions (Line 1) corresponds to solvifpsTDIs-
TANT. Observe that if we keep only the first test for the
“while” loop, then we approximatéVl AXDIVERSELSET.
Similarly, if we keep only the second test, we approximate
MAaAXx dDistantSet. This method easily applies to diversity.

Experiments

We ran experiments using the Renault Megane Configura-
tion benchmark (Amilhastre, Fargier, & Marguis 2002), a
large real-world configuration problem. The variables rep-
resent various options such as engine type, interior options,
etc. The problem consists of 101 variables, domain size
varies from 1 to 43, and there are 113 table constraints, many
of them non-binary. The number of solutions to the prob-
lem is overl.4 x 10'2. We report the results obtained us-
ing the greedy algorithm and a Branch & Bound procedure
taking advantage of th®iverses, constraint. We solved
Max DIVERSEKSet fork set to 3, motivated by work in rec-

solutions are chosen first. We also ran the same experiment
without a specific value ordering. We also report results by
simply shuffling the values in the domains and starting a new
search without using a value ordering.

60

—=— greedy (ithso) 55
—m=— greedy (2nd sol)
—o— greedy-+vo (ith sol)
50 | —e— greedy+vo (2nd sol) g
shuffle (ith sol) g5
—-— shuffle (2nd sol)

40

30 -

distance

20

10

o
0.001 0.1

cputime

1 10

Figure 1: SolvingMAXDIVERSE3SET for the Renault Megane
configuration benchmark.

The results for the Renault benchmark are given in Fig-
ure 1. The distance between solutions, averaged over all
instances, is plotted on the y-axis, against the cpu-time re-
quired to obtain it. To obtain different instances, upon which
to base an average, we simply shuffled the values. For each
method (i.e., greedy with value ordering, greedy without
value ordering, and shuffling), the same initial solution is
found, then the first curve corresponds to the first diverse
solution from it, and the second curve to the next diverse
solution (from both previous solutions).

We also ran some experiments on random binary CSPs, to
observe how performance changes with the constrainedness
of the problem. Results are given in Figure 2. All instances
have 100 variables, domain size is 10, and 275 binary con-
straints. We generated 500 instances with tightness equal
to 0.5 and 0.52 (0.52 is the phase transition), and 1500 in-
stances with tightness equal to 0.53, as few of them were
satisfiable.

The results on random CSPs show that our approximation
method is more efficient as the constrainedness of the prob-
lem increases. For loosely constrained problems the sim-
ply shuffling method can be competitive since many possi-
ble diverse solutions exist. We also observe that choosing
the value that is used the least in previous solutions tends to
improve greatly performance on loosely constrained prob-
lems, but when the tightness of the constraints increases this
value heuristic can slow the algorithm down as it chooses
“successful” values last.

Overall, the optimization method without value order-
ing is more efficient on more tightly constrained problems.
However, the same method with value ordering is consis-
tently the best choice. Indeed, on easier problems the heuris-
tic finds a distant solution quickly, whilst on harder prob-
lems the the Branch & Bound procedure combined with the
Diverses, constraint can find far more distant solutions than

ommender systems that argues that the optimal sized setthe shuffling approach.

to present to a user contains 3 elements (Shimazu 2001).
The same variable ordering heuristld {_dom/deg x in
(Bessere, Chmeiss, & Sa 2001)) was used for all in-

The Renault Megane configuration problem is loosely
constrained and thus admits a large number of solutions. Itis
not surprising therefore that the best method uses the value

stances. The values that were used the least in the previousordering heuristic. We are able to find 2 diverse solutions
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Figure 2: SolvingAx DIVERSE3SET for random CSPs (100 variables, 10 values, 275 constraints). Tightness is 0.5/0.52/0.53,respectively.

such that half of the variables are assigned differently within
3 seconds, or 3 such solutions within 15 seconds.

Related work

A number of researchers have studied the complexity of
finding anothersolution to a problem. For example, given
a graph and a Hamiltonian cycle with this graph, it is NP-
complete to decide if the graph contains another Hamilto-
nian cycle. However, constraints are not typically placed
on the relationship between the two solutions. One excep-
tion is work in constraint satisfaction where we ensure that
the Hamming distance between the two solutions is max-
imized (Angelsmark & Thapper 2004; Crescenzi & Rossi
2002) or that the solutions are within some distance of each
other (Bailleux & Marquis 1999). The problem classes in-
troduced here subsume these problems.

Diversity and similarity are also important concepts in

case-based reasoning and recommender systems (Bridge &

Ferguson 2002; Shimazu 2001; Smyth & McClave 2001).
Typically, we want chose a diverse set of cases from the

case-base, but retrieve cases based on similarity. Also more

recent work in decision support systems has focused on the
use of diversity for finding diverse sets of good solutions as
well as the optimum one (Lgkketangen & Woodruff 2005).

Conclusions

Motivated by a number of real-world applications that re-

quire solutions that are either diverse or similar, we have pro-
posed a range of similarity and diversity problems. We have
presented a detailed analysis of their computational com-
plexity (see Table 1), and developed a number of algorithms
and global constraints for solving them. Our experimental

Table 1: A summary of the complexity results.
complexity class

dDISTANTESET
dCLOSELKSET
MAXDIVERSEKSET
MAXSIMILAR kSET
MAXdDISTANTSET
MAXdCLOSESET
MOSTDISTANT
MoOSTCLOSE

NP-complete

NP-complete

FPV Pllog n]_complete
FPNPlieg nl_complete
FPV Pllog n]_complete
FPNPlies nl_complete
FPN Pllog n]_complete
FPNPlies nl_complete

1 10 0.01 01 1 10

results on some real-world problems are very encouraging.
In future work, we will study problems that combine both
similarity and diversity. Specifically, given a solution (or set
of solutions), we may wish to find a set of solutions that are
as similar as possible to the given one(s), but are as mutually
diverse as possible.
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