
Complexity bounds of emerging structures in self-organizingnetworksAchim G. Ho�mannUniversity of New South WalesSchool of Computer Science & EngineeringKensington, 2033 NSW, AustraliaE-mail: achim@cs.unsw.oz.auAbstractThe idea of self-organizing systems is to acquirea meaningful internal structure just by being ex-posed to some `natural' environment. Due to thecomplex network dynamics it appears very hardto analyze the structures that may emerge in sucha system. Results on the complexity of classi�ca-tion functions and the preconditions necessary inorder to allow the computation of such functionsare presented.1 IntroductionProcesses of self-organization are believed to be ca-pable to capture complex environmental conditionsby emerging system structures, e.g. Grossberg [3],or Ritter et.al. [6] etc. The basic idea is, to have asystem which learns to behave useful in a certainsense by just getting some unclassi�ed objects ofthe respective domain. Here, the system gets nofeedback whether its learning approach is corrector not. I.e. self-organization is a kind of unsu-pervised learning. This contrasts supervised ap-proaches, where the system is confronted with pre-classi�ed objects or feedback whether its predic-tions have been correct.Recent work on probabilistic analysis on clusteringand self-organization can be found e.g. in [1]. Asa consequence, the only source of information forthe system is the fact, that not all possible objectswill be presented, but only a certain `meaningful'subset. This subset is assumed to show some `nat-ural' clusters which should be recognized by theself-organizing system. Figure 1 shows the `dataperspective'. In �gure 2 the `system perspective' ofthe self-organization process is shown. A possibleapplication may be to extract compound featuresfor (high level) symbolic learning approaches. Inthe following, the general computational abilitiesof self-organizing systems are investigated. By theuse of Kolmogorov complexity the possibly com-plex system dynamics became analyzable.The paper is organized as follows. The formal
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f=0Figure 1: The subset Yn (shaded) of the basic setXn and a classi�cation function f .framework for the considerations in this paper ispresented in section 2. In section 3 the complex-ity of classi�cation functions that can be acquiredfrom unclassi�ed samples is investigated. Section 4contains concluding remarks.2 PreliminariesConsider Xn being the set of all possible vectors ofn binary input signals to a self-organizing system.The subset ofXn which is supposed to be classi�edby a self-organizing system is denoted by Yn.Let us distinguish the two following steps in theactivities of a self-organizing system S:1. The learning phase: The maximal number kof classes to be determined is supplied to S.After that, a sequence of unclassi�ed objects ispresented to the system. Based on that inputS modi�es itself such that it will classify ob-jects according to a certain classi�cation func-tion f : Xn ! f0; : : : ; k � 1g.2. The classi�cation phase: The system gets asinput some object x 2 Xn. It outputs thevalue of the learned function f(x).We denote by S[x1; : : : ; xi](x) the value of the func-tion f that emerged in S after providing S exactlywith the sequence x1; : : : ; xi of unclassi�ed exam-ples through S's learning phase.1



Figure 2: The left �gure shows the initial net struc-ture of a self-organizing neural network. After thelearning phase the network has reorganized its in-ternal structure as shown in the right �gure. Thenew network structure should compute a desiredclassi�cation function f .De�nition 1 A self-organizing system S is anetwork describable by the following items:a) the functionality of a single neuron. Often acertain threshold function of the sum of theweighted inputs to the neuron is proposed.b) the topological organization of a complete netconsisting of a large number of neurons.c) The algorithm whichcontrols the self-organization process throughlearning.The complete system S then can be described byconcatenating the descriptions of all its parts. Letthe description of S be denoted by descr(S).2.1 Measuring the complexity ofemerging structuresFor measuring the complexity of emerging systemstructures, Kolmogorov's notion of the complexityof �nite objects as introduced in Kolmogorov [5] isused. According to this idea, the complexity of a(classi�cation) function f is the length of the short-est (binary encoded) program for a �xed universalTuring machine U which computes the functionf . The length of that program is also called theKolmogorov complexity of f and is denoted byK(f). This notion has been introduced for investi-gations of learning complex functions within con-nectionist models of computation in Ho�mann [4].Freivalds & Ho�mann [2] used the notion to inves-tigate the relation between clustering and induc-tive inference.The complexity comp(S) of S is therefore de�nedas the Kolmogorov complexity of its description.I.e. the minimal encoding of the systems function-ality. I.e. comp(S) = K(descr(S)):

Kolmogorov complexity is used for the followingconsiderations, since it is often claimed that neuralnetworks or self-organizing systems are capable ofacquiring complex functions.For such subsymbolic approaches to learning andclassi�cation various more or less complicated and,as an unfortunate consequence, more or less in-comprehensible models of computation have beenproposed. Hence, Kolmogorov complexity is usedin order to distinguish between seemingly compli-cated functions - distributed over the entire net-work - and really complex functions that have beenacquired. I.e. functions that cannot be describedessentially shorter in any other way.In the following, possible classi�cations of the sub-set Yn are investigated. For the purpose of mea-suring the complexity of a classi�cation on Yn,for each possible classi�cation function f the classFf;Yn of classi�cation functions which are equiva-lent in their values of Yn will be considered. I.e.,Ff;Yn = fhj(8i 2 Yn) f(i) = h(i)g. Let KYn(f) de-note the minimal Kolmogorov complexity amongall classi�cation functions in Ff;Yn , i.e.KYn (f) = minf 02Ff;Yn K(f 0):Hence, KYn (f) denotes the Kolmogorov complex-ity of the least complex description of the classi�-cation of the subset Yn according to f .2.2 Probabilistic settingFor the following probabilistic setting some prob-ability distribution Pn on Xn for all n is assumed.Since objects are only allowed to be chosen fromYn, Pn(Xn n Yn) = 0. Moreover,(8x 2 Yn)) Pn(x) > 0 ^ Xx2Yn Pn(x) = 1:In other words, Yn represents the set of `naturally'appearing objects. Thus, Yn represents the kindof information that is potentially provided to thesystem.Moreover, the values of an emerging classi�cationfunction on the elements of (Xn nYn) are assumedto be of no relevance.3 The complexity of emerg-ing classi�cation functionsThis section investigates the complexity of classi-�cation functions emerging in self-organizing net-works.2



3.1 Monotonicly growing classi�ca-tion competenceIn the following, we require from a system S thatit does not change its `mind' about classi�cationdecisions for single objects once made.De�nition 2 A monotonicly classifying self-organizing system S classi�es incrementally thepresented objects and never changes the classi�-cation of previously classi�ed objects. I.e. S ismonotonicly classifying, if(8k)(8j < k) S[y1; : : : ; yk](yj) = S[y1; : : : ; yk+1](yj):Theorem 1 Assume an arbitrary but �xed Yn �Xn and a �xed probability distribution Pn on Yn forarbitrary n. Then, for any monotonicly classifyingself-organizing system S holds the following: If forany sequence of objects randomly drawn accordingto Pn, S �nally acquires the same target classi�-cation function f , then the Kolmogorov complexityof f is upper bounded as follows:KYn (f) � comp(S) + n + const:Proof: The theorem is proved by contradiction.Assume S determines a classi�cation function fwith KYn(f) > comp(S) + n + const. (n is theamount of information necessary for describing oneobject of Xn.) Then, there must be an objecty1 2 Yn as follows. Provide y1 as the �rst elementof a `randomly' drawn sequence to S. Then, theremust be another object y2 2 Yn, which cannot beclassi�ed according to f . This is since the amountof information provided so far (comp(S) + n) doesnot su�ce for determining the function f . SinceKYn(f) is by de�nition the smallest amount of in-formation in order to compute all values of f on Yn,there must be an y2 2 Yn for which f(y2) di�ersfrom S[y1](y2) for at least one appropriate y1. 2The restriction of being a monotonicly classifyingsystem in theorem 1 may appear quite strong, al-though the change of classi�cations certainly can-not be accepted to an unlimited extent.3.2 Approximating a classi�cationfunctionHowever in the following, limits for approximationsof complex target classi�cation functions are con-sidered. An approximation of a target func-tion is de�ned as follows:De�nition 3 Assume for some n a �xed Yn �Xn and a �xed probability distribution Pn on Yn.

Then, it is said a function f "-approximates atarget function ft, ifXx2fxjx2Yn^(f(x)6=ft(x))gPn(x) � "Theorem 2 strongly upper-bounds the complex-ity of classi�cation functions, which can be "-approximated with a reasonable probability of suc-cess.Theorem 2 For all 0 < " < 12 and 0 < � < 1, foran arbitrary self-organizing system S, an arbitrarybut �xed sample size s and a target classi�cationfunction ft with a complexityKYn (ft) > comp(S) + 2n+ const;the following holds: If providing S with a sampleof size s randomly drawn according to an arbitraryprobability distribution Pn on Xn, the emergingclassi�cation function f in S will with probabilityof at least � be no "-approximation of ft.Proof: Construct a suitable probability distribu-tion Pn on Yn for which the theorem holds as fol-lows. First of all, note that jYnj > 2. Moreover,the following proposition holds:Proposition 1 For all possible self-organizing sys-tems S, there are two objects y1; y2 2 Yn and asubset Z = fz1; : : : ; zng � (Yn n fy1; y2g) with thefollowing property:S[y1; y2](y1) 6= S[y1; y2; z1; : : : ; zm](y1)Proof: Assume, the proposition is false. Then,there exists a function f 0t which is equivalent to fton the set Yn withKYn(ft) � comp(S)+2n+const.Hence, a contradiction. 2I.e. there is an element y1 2 Yn, whose classi�ca-tion changes, when S gets the elements of the setZ as input. This fact is due to the complexity offt. I.e. 2n is the amount of information for de-scribing y1 and y2. Let Pn be given by Pn(y1) =Pn(y2) = 1�
2 and 8i 2 f1; : : : ;mg Pn(zi) = 
m forsome 0 < 
 < 1. 
 can be chosen arbitrarily closeto 0. Hence, for all � there is an appropriate 
 asfollows: The probability that the complete set Zoccurs in a sample of size s randomly drawn ac-cording to Pn is less than 1 � �. I.e., y1 will bemisclassi�ed with probability greater than 1 � �,since it will be classi�ed according to S[y1; y2].2Theorem 2 indicates that the complexity of `mean-ingful' classi�cation functions, which can emergebased on unclassi�ed examples only is rather lim-ited.3
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f=1
f=0Figure 3: The shape of an appropriate function fseparating the right from the left area is actuallyencoded by the particular location of the informa-tive object x.3.3 On the minimal sample sizeThe following theorem gives a minimal number ofrandomly drawn examples necessary in order to al-low the emergence of a complex and desired struc-ture in a self-organizing system. This is a best caseconsideration in both, the possible probability dis-tribution and the assumed information provided bythe encoding of the examples.Theorem 3 Let be k = KYn (ft)�comp(S)n For all0 < � < 1, all self-organizing systems S, k >16; k > 16 ln 1� if the sample size jsj is less thank 32 ln 1�the following holds: In the self-organizing systemS, with probability greater than � a classi�cationfunction f will emerge which classi�es the set Ynnot according to ft.Proof: In order to provide su�cient algorithmicinformation to S, at least k = KYn (ft)�comp(S)n dif-ferent examples have to be presented. Thus, thesample has to contain at least these k examples.The probability for the occurrence of all k examplesin the sample has its maximum in the case whereall k objects have the same probability to occur,i.e. if Pn(xi) = 1k for all i 2 f1; : : : ; kg. Thus, itremains to show that the following inequality holdsfor jsj = k 32 ln 1� : P (fx1; : : : ; xkg � s) � 1� �: In arandom sequence of length r chosen from k equallylikely objects the probability of having the entireset fx1; : : : ; xkg in s is less than(rk)kr�kkr = (r�k)kk! kk let r = ln 1� k 32 and plug it intothe expression above: ln 1�k 32 �k)kk! kk < k k2 (ln 1� ) k2k! . Thelatter one is less than 1� � for k � 16; k > 16 ln 1� .2Theorem 3 assumes indirectly that the necessaryinformation for encoding the target function ft isliterally contained in the representation of someparticular examples. This is certainly a rather op-timistic assumption. See �gure 3 for illustration.

4 Conclusion and furtherworkIt has been shown, that the complexity of classi�-cation functions acquired under reasonable precon-ditions is seriously limited. Moreover, in a proba-bilistic setting - related to Valiant's PAC-learningmodel [7] - the complexity of a function that can beacquired does not exceed signi�cantly the complex-ity of the used inference strategy. Finally, a boundon the minimal number of randomly drawn exam-ples necessary in order that a complex structuremay emerge has been given for the best possiblecase.By investigating further the conditions underwhich a large degree of (meaningful) complexitycan be acquired this line of research has the poten-tial to answer questions concerning the necessaryand/or su�cient conditions of the environment ofbiological systems which has supposedly been de-veloped by evolution.References[1] J. Buhmann and H. K�uhnel. Complexity op-timized data clustering by competitive neuralnetworks. Neural Computation, 5:75{88, 1993.[2] R. Freivalds and A. G. Ho�mann. An induc-tive inference approach to classi�cation. InProceedings of the 3rd Workshop on Analogicaland Inductive Inference, pages 187{196, Schlo�Dagstuhl, Germany, October 1992. Springer-Verlag.[3] S. Grossberg. Adaptive pattern classi�cationand universal recoding I & II. Biological Cy-bernetics, 23:121{134 & 187{202, 1976.[4] A. G. Ho�mann. On computational limitationsof neural network architectures. In Proceedingsof the 2nd IEEE Symposium on Parallel andDistributed Processing, pages 818{825, 1990.[5] A. N. Kolmogorov. Three approaches to thequantitative de�nition of information. Inter-national Journal for Computer Mathematics,2:157{168, 1968. (originally published in Rus-sian: Problemi peredachi informacii, vol. 1, No.1, 1965, p. 3{11.).[6] H. Ritter, T. Martinetz, and K. Schulten. Neu-ral Computation and Self-organizing Maps. Ad-dison & Wesley, 1992.[7] L. Valiant. A theory of the learnable. Commu-nications of the ACM, 27:1134{1142, 1984.4


