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Abstract

The idea of self-organizing systems is to acquire
a meaningful internal structure just by being ex-
posed to some ‘natural’ environment. Due to the
complex network dynamics it appears very hard
to analyze the structures that may emerge in such
a system. Results on the complexity of classifica-
tion functions and the preconditions necessary in
order to allow the computation of such functions
are presented.

1 Introduction

Processes of self-organization are believed to be ca-
pable to capture complex environmental conditions
by emerging system structures, e.g. Grossberg [3],
or Ritter et.al. [6] etc. The basic idea is, to have a
system which learns to behave useful in a certain
sense by just getting some wunclassified objects of
the respective domain. Here, the system gets no
feedback whether its learning approach is correct
or not. l.e. self-organization is a kind of unsu-
pervised learning. This contrasts supervised ap-
proaches, where the system is confronted with pre-
classified objects or feedback whether its predic-
tions have been correct.

Recent work on probabilistic analysis on clustering
and self-organization can be found e.g. in [1]. As
a consequence, the only source of information for
the system is the fact, that not all possible objects
will be presented, but only a certain ‘meaningful’
subset. This subset 1s assumed to show some ‘nat-
ural’ clusters which should be recognized by the
self-organizing system. Figure 1 shows the ‘data
perspective’. In figure 2 the ‘system perspective’ of
the self-organization process is shown. A possible
application may be to extract compound features
for (high level) symbolic learning approaches. In
the following, the general computational abilities
of self-organizing systems are investigated. By the
use of Kolmogorov complexity the possibly com-
plex system dynamics became analyzable.

The paper is organized as follows. The formal

Figure 1: The subset Y}, (shaded) of the basic set
X, and a classification function f.

framework for the considerations in this paper is
presented in section 2. In section 3 the complex-
ity of classification functions that can be acquired
from unclassified samples is investigated. Section 4
contains concluding remarks.

2 Preliminaries

Consider X, being the set of all possible vectors of
n binary input signals to a self-organizing system.
The subset of X, which is supposed to be classified
by a self-organizing system is denoted by Y,,.

Let us distinguish the two following steps in the
activities of a self-organizing system S:

1. The learning phase: The maximal number &
of classes to be determined is supplied to S.
After that, a sequence of unclassified objects is
presented to the system. Based on that input
S modifies itself such that it will classify ob-
jects according to a certain classification func-

tion f: X, —{0,... k—1}.

2. The classification phase: The system gets as
input some object x € X,,. It outputs the
value of the learned function f(z).

We denote by S[z1, ..., #;](x) the value of the func-
tion f that emerged in S after providing S exactly
with the sequence w1, ..., x; of unclassified exam-
ples through S’s learning phase.



Figure 2: The left figure shows the initial net struc-
ture of a self-organizing neural network. After the
learning phase the network has reorganized its in-
ternal structure as shown in the right figure. The
new network structure should compute a desired
classification function f.

Definition 1 A self-organizing system S is a
network describable by the following items:

a) the functionality of a single neuron. Often a
certain threshold function of the sum of the
weighted inputs to the neuron is proposed.

b) the topological organization of a complete net
consisting of a large number of neurons.

¢) The algorithm which
controls the self-organization process through
learning.

The complete system S then can be described by
concatenating the descriptions of all its parts. Let
the description of S be denoted by descr(S).

2.1 Measuring the complexity of
emerging structures

For measuring the complexity of emerging system
structures, Kolmogorov’s notion of the complexity
of finite objects as introduced in Kolmogorov [5] is
used. According to this idea, the complexity of a
(classification) function f is the length of the short-
est (binary encoded) program for a fixed universal
Turing machine U which computes the function
f- The length of that program is also called the
Kolmogorov complexity of f and is denoted by
K(f). This notion has been introduced for investi-
gations of learning complex functions within con-
nectionist models of computation in Hoffmann [4].
Freivalds & Hoffmann [2] used the notion to inves-
tigate the relation between clustering and induc-
tive inference.

The complexity comp(S) of S is therefore defined
as the Kolmogorov complexity of its description.
I.e. the minimal encoding of the systems function-
ality. lLe.

comp(S) = K(deser(S)).

Kolmogorov complexity is used for the following
considerations, since it is often claimed that neural
networks or self-organizing systems are capable of
acquiring complex functions.

For such subsymbolic approaches to learning and
classification various more or less complicated and,
as an unfortunate consequence, more or less in-
comprehensible models of computation have been
proposed. Hence, Kolmogorov complexity is used
in order to distinguish between seemingly compli-
cated functions - distributed over the entire net-
work - and really complex functions that have been
acquired. l.e. functions that cannot be described
essentially shorter in any other way.

In the following, possible classifications of the sub-
set Y, are investigated. For the purpose of mea-
suring the complexity of a classification on Y,
for each possible classification function f the class
Fty, of classification functions which are equiva-
lent in their values of Y,, will be considered. I.e.,
Fiv, = {h|(Vi € Y,) f(i) = h(d)}. Let Ky, (f) de-
note the minimal Kolmogorov complexity among
all classification functions in Fy, , i.e.

Ky,(f)= min K(f").

JeFs v,

Hence, Ky, (f) denotes the Kolmogorov complex-
ity of the least complex description of the classifi-
cation of the subset Y, according to f.

2.2 Probabilistic setting

For the following probabilistic setting some prob-
ability distribution P, on X, for all n is assumed.
Since objects are only allowed to be chosen from
Yo, Po(Xn \Ys) = 0. Moreover,

(Vz € Y5)) Pa(2) > 0N Y Py(z) = 1.

In other words, Y}, represents the set of ‘naturally’
appearing objects. Thus, Y, represents the kind
of information that is potentially provided to the
system.

Moreover, the values of an emerging classification
function on the elements of (X, \ Y;,) are assumed
to be of no relevance.

3 The complexity of emerg-
ing classification functions
This section investigates the complezity of classi-

fication functions emerging in self-organizing net-
works.



3.1 Monotonicly growing classifica-

tion competence

In the following, we require from a system .S that
it does not change its ‘mind’ about classification
decisions for single objects once made.

Definition 2 4 monotonicly classifying self-
organizing system S classifies incrementally the
presented objects and never changes the classifi-

cation of previously classified objects. le. S is
monotonicly classifying, if
(VE)(V5 < k) STyr, - uel(y;) = STy, - yeal(w))-

Theorem 1 Assume an arbitrary but fived Y, C
X, and a fized probability distribution P, on'Y, for
arbitrary n. Then, for any monotonicly classifying
self-organizing system S holds the following: If for
any sequence of objects randomly drawn according
to P, S finally acquires the same target classifi-
cation function f, then the Kolmogorov complexity
of f is upper bounded as follows:

Ky, (f) < comp(S) + n + const.

Proof: The theorem is proved by contradiction.
Assume S determines a classification function f
with Ky, (f) > comp(S) + n + const. (n is the
amount of information necessary for describing one
object of X,,.) Then, there must be an object
y1 €Y, as follows. Provide y; as the first element
of a ‘randomly’ drawn sequence to S. Then, there
must be another object ys € Y, which cannot be
classified according to f. This is since the amount
of information provided so far (comp(S) + n) does
not suffice for determining the function f. Since
Ky, (f) is by definition the smallest amount of in-
formation in order to compute all values of f on Y,
there must be an y, € Y, for which f(ys) differs
from S[y1](y2) for at least one appropriate y;.
O

The restriction of being a monotonicly classifying
system in theorem 1 may appear quite strong, al-
though the change of classifications certainly can-
not be accepted to an unlimited extent.

3.2 Approximating a classification
function

However in the following, limits for approzimations
of complex target classification functions are con-
sidered. An approximation of a target func-
tion is defined as follows:

Definition 3 Assume for some n a fired Y, C
X, and a fized probability distribution P, on Y,.

Then, it is said a function f e-approximates a
target function f;, if

> Pu(z)<e

re{z|e€Yu A(f(z)Z i(2))}

Theorem 2 strongly upper-bounds the complex-
ity of classification functions, which can be &-
approximated with a reasonable probability of suc-
cess.

Theorem 2 For all 0 < ¢ < % and 0 < 6 < 1, for
an arbitrary self-organizing system S, an arbitrary
but fized sample size s and a target classification
function f; with a complexity

Ky, (f:) > comp(S) + 2n + const,

the following holds: If providing S with a sample
of size s randomly drawn according to an arbitrary
probability distribution P, on X,, the emerging
classification function f in S will with probability
of at least 6 be no e-approzimation of f;.

Proof: Construct a suitable probability distribu-
tion P, on Y, for which the theorem holds as fol-
lows. First of all, note that |Y,| > 2. Moreover,
the following proposition holds:

Proposition 1 For all possible self-organizing sys-
tems S, there are two objects y1,y2 € Y, and a
subset 7 = {z1,..., 20} € (Yo \ {y1,y2}) with the
following property:

Sy, y2l(y1) # Sy, y2, 21, -+, Zm] (1)

Proof: Assume, the proposition is false. Then,
there exists a function f; which is equivalent to f;
on the set Y, with Ky, (f;) < comp(S)+2n+const.
Hence, a contradiction.

O

I.e. there is an element y; € Y,,, whose classifica-
tion changes, when S gets the elements of the set
Z as input. This fact is due to the complexity of
fi. Le. 2n is the amount of information for de-
scribing y; and ya. Let P, be given by Ph(y1) =
Po(y2) = 1_77 and Vi € {1,...,m} Py(z)= L for
some 0 < v < 1. v can be chosen arbitrarily close
to 0. Hence, for all é there is an appropriate v as
follows: The probability that the complete set 7
occurs in a sample of size s randomly drawn ac-
cording to P, is less than 1 — 6. l.e., y; will be
misclassified with probability greater than 1 — ¢,
since it will be classified according to S[y1, ys].
O

Theorem 2 indicates that the complexity of ‘mean-
ingful’ classification functions, which can emerge
based on unclassified examples only is rather lim-
ited.



Figure 3: The shape of an appropriate function f
separating the right from the left area is actually
encoded by the particular location of the informa-
tive object x.

3.3 On the minimal sample size

The following theorem gives a minimal number of
randomly drawn examples necessary in order to al-
low the emergence of a complex and desired struc-
ture in a self-organizing system. This is a best case
consideration in both, the possible probability dis-
tribution and the assumed information provided by
the encoding of the examples.

Theorem 3 Let be k = M For all
0 < 6 < 1, all self-organizing systems S, k >
16,k > 16111% if the sample size |s| is less than

1
k3 n <
5
the following holds: In the self-organizing system
S, with probability greater than 6 a classification
function f will emerge which classifies the set Y,
not according to f;.

Proof: In order to provide sufficient algorithmic
information to S, at least k& = Ryy (d=comp(5) gif.
ferent examples have to be presented. Thus, the
sample has to contain at least these k examples.
The probability for the occurrence of all £ examples
in the sample has its maximum in the case where
all &£ objects have the same probability to occur,
ie. if Py(xy) = % for all i € {1,...,k}. Thus, it
remains to show that the following inequality holds
for |s| = k3™%: P({z1,... 23} Cs)<1—6.Ina
random sequence of length r chosen from k equally
likely objects the probability of having the entire

set {@1,..., 2} in s is less than
T r—k k
(k):r = (2,_]]:,1 let r = ln%k% and plug it into

3
. In 1k%—k)F
the expression above: —f~5— ) . The

latter one is less than 1 — 6 for k£ > 16,k > 161n %.
O
Theorem 3 assumes indirectly that the necessary
information for encoding the target function f; is
literally contained in the representation of some
particular examples. This is certainly a rather op-
timistic assumption. See figure 3 for illustration.

k k
kZ(In L)%
k!

4 Conclusion and further

work

It has been shown, that the complexity of classifi-
cation functions acquired under reasonable precon-
ditions 1is seriously limited. Moreover, in a proba-
bilistic setting - related to Valiant’s PAC-learning
model [7] - the complexity of a function that can be
acquired does not exceed significantly the complex-
ity of the used inference strategy. Finally, a bound
on the minimal number of randomly drawn exam-
ples necessary in order that a complex structure
may emerge has been given for the best possible
case.

By investigating further the conditions under
which a large degree of (meaningful) complexity
can be acquired this line of research has the poten-
tial to answer questions concerning the necessary
and/or sufficient conditions of the environment of
biological systems which has supposedly been de-
veloped by evolution.
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