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Abstract

Task hierarchiescan be usedto decomposean intractable
probleminto smallermoremanageabletasks.This paperex-
ploreshow taskhierarchiescanmodela domainfor control
purposes,andexaminesan existing algorithm(HEXQ) that
automaticallydiscoversa taskhierarchythroughinteraction
with the environment. The initial performanceof the algo-
rithm canbelimited becauseit mustadequatelyexploreeach
level of thehierarchybeforestartingconstructionof thenext,
andit cannotadaptto a dynamicenvironment.Thecontribu-
tion of this paperis to presentan algorithmthat avoids any
protractedperiodof initial explorationby discoveringmulti-
ple levels of the hierarchysimultaneously. This cansigni�-
cantly improve initial performanceastheagenttakesadvan-
tageof all hierarchicallevelsearlyonin its development.Ro-
bustnessis alsoimprovedbecauseundiscoveredfeaturesand
environmentchangescanbeincorporatedlaterinto thehierar-
chy. Empiricalresultsshow thenew algorithmto signi�cantly
outperformHEXQ.

Intr oduction
Hierarchical decompositionis the only tractableway of
managingmany complex systemsin the real world. Engi-
neers,softwareprogrammers,architects,andindeedanyone
workingon largedif�cult problemswill naturallyattemptto
breaktheir work up into smallermoremanageablecompo-
nents. Often thereis a degreeof regularity in the problem
which cleverly designedcomponentscan exploit through
reuse. This is the basisof many CAD packages,planning
systems,andevencomputerlanguages.

Whenthecomplex problemis performingataskor reach-
ing a goal thenwe canrefer to thedecompositionasa task
hierarchy. Eachabstracttaskin the hierarchycanbe com-
pletedby actingout a sequenceof sub-tasks.At thebottom
of thehierarchythetasksaremodularandcannotbedecom-
posed.Theseprimitivetasksofteninvolvebasicinteractions
with theenvironment.An autonomoussystemcantherefore
useataskhierarchyfor control. A modelof theenvironment
canoftenaid in theconstructionof a taskhierarchy. Indeed,
asweshallsee,theHEXQ (Hengst2002)algorithmdiscov-
ersaspeci�c hierarchicalmodelof theenvironmentthatcan
bedirectly translatedinto a taskhierarchy.
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De�ning a task hierarchy in advancerequiresdetailed
knowledgeof theenvironment,anda high level understand-
ing of how a problemcanbe decomposedeffectively. As
well asrequiringsigni�cant timeandeffort, aprede�nedhi-
erarchyis in�e xible andmayneedto becompletelyre-built
whentacklingotherproblems.The mostcommonsolution
to theselimitations is to prede�nea setof actionsthat are
abstractenoughto remove the low level uncertaintieswhen
dealingwith sensornoiseandsmallactuatormovements,but
generalenoughto bereused.Whenalsoprovidedwith a set
of pre- andpost-conditionsandperhapsother information,
theseactionscanbeusedby a plannerto createa taskhier-
archy.

In thispaperwe take a differentapproachthatis morefa-
miliar to the reinforcementlearningcommunitywherethe
agentrelieson far lessdomainknowledge.Theagentonly
knows the primitive actionsthat canbe taken at any time,
but hasno prior knowledgeregardingthe effects of these
actions.In additiontheagenthasno initial informationre-
gardingits goal,it simplyreceivesascalarrewardvalueafter
eachprimitive step.Theagentmustdeterminefor itself the
actionsthatmaximisethis reward. Althoughthis makesthe
problema lot harder, the additional�e xibility andthe pos-
sibility of discovering a more suitablehierarchythan one
obtainedby a plannermakesthis a potentiallyfruitful area
of research.

TheHEXQ algorithmexploits thefactthatstateinforma-
tion is oftenprovidedby a numberof prede�nedstatevari-
ables,for examplethe input from differentsensors.It dis-
coverslow level tasksthatmanipulateasmallsubsetof these
statevariables.Increasinglycomplex tasksarethenformed
from lower level tasksuntil theagenthasa full taskhierar-
chy thatcancontrolall statevariables.

Completelyde�ning thebottomlevel beforetackling the
next may, however, be disadvantageous.For example, if
therearesparsegoalsin a largeenvironmenttheagentmust
performenoughexplorationto �nd all of thesegoalsbefore
constructingthe lowest level. An agentmay bene�t from
making quick inductive leapsand later correcting, back-
trackingor augmentingits knowledgeif necessary. Thecon-
tributionof thispaperis to show thattherecanbesigni�cant
advantagein startingto form higher level conceptsbefore
thelower level oneshave beenfully de�ned. Theemphasis
is onconcurrentconstructionof themultiple layerscompris-



Figure1: Thetaxi task.

ing a taskhierarchy, andnot on the concurrentlearningat
multiple levelsof apolicy constrainedby thishierarchy.

Thenext sectiondescribeshow theHEXQ algorithmau-
tomatically constructsa task hierarchy. We argue that a
numberof limitationsof thealgorithmcanbe�x edby con-
structing multiple levels of the hierarchysimultaneously,
anddescribetheconcurrentHEXQalgorithmwhichis based
on a self-repairinghierarchy. We provide empiricalresults
to demonstratetheimprovementwith concurrency andcon-
cludewith a discussionandfuturework.

Automatic Discovery of TaskHierar chies
The Taxi Task

Dietterich (2000) introducedthe taxi task to motivate his
MAXQ hierarchicalreinforcementlearningframework, and
thesameexamplewill beusedthroughoutthis paper.

In the5 � 5 grid world shown in �gure 1, a taxi startedat
a randomlocationmustcollecta passengerfrom oneof the
speciallydesignatedlocationsR(ed), G(reen),Y(ellow) or
B(lue). For successfulcompletionof thetaskthepassenger
mustbedroppedoff at theirdestination(alsooneof R, G, Y
or B). Thetaxi navigatesaroundtheworld usingfour prim-
itive actions: North, South, East andWest, which move
thetaxi onesquarein theintendeddirectionwith 80%prob-
ability, andin a perpendiculardirectionwith 20%probabil-
ity. Onceat the startinglocationthe taxi mustperformthe
Pickup action,thennavigateto thedestinationandperform
thePutdown action,therebycompletingthetrial. A reward
of +20is givenfor asuccessfuldelivery, apenaltyof -10 for
performingPickup or Putdown at thewrong location,and
-1 for all otheractions.

The taxi problem can be formulated as an episodic
Markov decisionprocess(MDP) with the3 statevariables:
Taxi Location 2 f 0; : : : ; 24g, Passenger Location 2 f R,
G, Y, B, andTaxig, andDestination 2 f R, G, Y andBg. It
is clearthatthenavigationpolicy to eachstartinganddesti-
nationlocationcanbe thesamewhetherthe taxi intendsto
collector frop off thepassenger. Theusual�at formulation
of theMDP will solvethenavigationsub-taskasmany times
asit reoccursin thedifferentcontexts of passengerlocation
anddestination.

The taskcanbe solved ef�ciently using the taskhierar-
chy in Figure2. For exampleGo(20) canbe usedby Get
to collect the passengerfrom Y, and also by Put to drop

Figure2: TheMAXQ taxi taskhierarchy.

off the passengerat Y. MAXQ usesthis hierarchyto ob-
tain considerablesavings in bothstorageandlearningtime
over a non-hierarchicallearner (Dietterich 2000). How-
ever MAXQ placestheburdenof de�ning thehierarchyon
the programmer, who must specify the rangeof statesfor
eachsub-task(active states),theterminationstatesfor each
sub-taskclassi�edinto undesirable(non-goal)anddesirable
(goal) terminationstates,and the set of primitive and ab-
stractactionsapplicablein eachsub-task.

HEXQ
TheHEXQ algorithmautomatesthedecompositionof such
a problemfrom thebottomup by �nding repetitive regions
of statesandactions.Theseregions,andthedifferentways
theagentcanmove betweenthem,form higherlevel states
andtasks.Thenext level is constructedby �nding repetitive
regionsin this higherlevel representation.In this way each
level is built upon the precedinglevel until an entire task
hierarchyis constructed.

Representationof aprimitivestates by asetof n arbitrar-
ily numberedstatevariables,s = f svi ji = 1; : : : ; ng, plays
asigni�cant role in groundingthetaskhierarchy. HEXQ de-
composestheproblemvariableby variable.The individual
statevariablesare usedto constructthe different levels of
thehierarchy.

Initially thevariablesaresortedby frequency of change.
The motivation behind this heuristic is to use the faster
changingvariablesto constructrepetitive regions and as-
sociatevariablesthat changevalue slowly with the dura-
tive context. In the taxi domainthepassengerlocationand
destinationchangelessfrequently. Thealgorithmtherefore
explores the behaviour of the taxi location variable �rst,
andmakesthis the lowestlevel statevariablelevel1:svs =
f Taxi Locationg.

Theagentexploresthestatespaceprojectedontothetaxi
locationvariableusingprimitiveactions.Theregion shown
in Figure3 is formedusingtransitionsthatarefound to be
invariantwith respectto thecontext of thehigherlevel vari-
ables,thepassengerlocationanddestination.

Sometransitionsarediscoverednot to be invariantwith
respectto this context. For example,a pick up from taxi
location0 may or may not succeedin picking up the pas-
senger, dependingon whetherthe passengeris alsoat that



Figure3: Thestatetransitionsfor thetaxi location,showing
the8 exits.

location. Theseunpredictabletransitionsaredeclaredexits
andthecorrespondingstatesexit states. In this exampleex-
its correspondto potentialwaysof picking up andputting
down thepassenger, but they may have a moreabstractin-
terpretationin otherproblems.

Thelowestlevel of tasksin thehierarchyconsistof reach-
ing theseexit statesandperformingthe correspondingexit
action.Thepoliciesfor thesetasksrepresenttemporallyex-
tendedor abstractactions.From theviewpoint of an agent
that canonly sensethe passengerlocationanddestination,
performingtheseabstractactionsis all that is necessaryfor
it to solve theoverallproblem.

Figure4: Statetransitionsfor thepassengerlocationat level
2 in thehierarchy, showing the4 exits. StateY is expanded
to show thelower level statedetail.

The algorithm will now use the next most frequently
changingvariable,the passengerlocation,to de�ne level 2
in thehierarchy, level2:svs = f Passenger Locationg. Re-
gionsareformedin asimilar fashionto before,but usingthe
level 1 tasksasabstractactions.Figure4 shows the region
formedby the abstracttransitionsinvariantwith respectto
theoneremainingstatevariable,thedestination.Eachstate

at this secondlevel of thehierarchyis anabstractionof the
entirelevel 1 navigationregion. Thefour exits representab-
stractactionsthatpick up thepassenger(wherever they are)
andput themdown at oneof thefour possibledestinations.

Figure5: Thetop level sub-MDPfor thetaxi domainshow-
ing theabstractactionsleadingto thegoal.

The �nal level statesare de�ned by the destination,
level3:svs = f Destinationg, andthe policiesto leave the
fourexitsatthesecondlevel form theabstractactions,which
canbeusedto solve theentireproblem(Figure5).

The constructedtask hierarchyis detailedin Figure 6.
To illustrate its executionassumethat the taxi is initially
located randomly at location 5, the passengeris at G
and wishes to go to Y. At the top level the agent per-
ceives the destinationas Y and takes the abstractaction
hPassenger in Taxi; hGo(20),Putdownii . This sets the
subgoalstateat level 2 to passengerlocation`in' Taxi. At
level 2, the taxi agentperceives the passengerlocation as
G, andthereforeexecutesabstractactionhGo(4),Pickupi .
This abstractactionsetsthe subgoalstateat level 1 to taxi
location4. The level 1 policy is now executedusingprim-
itive actionsto move the taxi from location5 to location4
andthe Pickup action is executedto exit. Level 1 returns
control to level 2 wherethe statehastransitionedto Taxi.
Level 2 now completesits instructionandtakesabstractac-
tion hGo(20),Putdowni . Thisagaininvokesalevel 1 policy

Figure6: TheHEXQ graphshowing thehierarchicalstruc-
tureautomaticallygeneratedby theHEXQ algorithm.



to movethetaxi from location4 to 20andthenexecutesPut-
down to exit. Control is returnedbackup thehierarchyand
thetrial endswith thepassengerdeliveredcorrectly.

Although the HEXQ algorithm is able to automatically
generatea taskhierarchyfrom its own experience,it is un-
ableto updatethehierarchyif it laterreceivescontradictory
evidence.It thereforerequiresa domain-speci�camountof
initial explorationto determinea valid hierarchywith high
probability. The usermustspecify in advancethe amount
of explorationto performat eachlevel of the hierarchy. If
the algorithmdoesnot gatherenoughexperienceto deter-
mineall possibleexits, thenperformancemaysuffer to the
extentthattheagentcannotreachtherequiredgoal. It is also
unableto tracka non-stationaryenvironment.

The remainderof this paperdescribesand evaluatesa
mechanismthat allows an agentto concurrentlyconstruct
all levels of a taskhierarchy. This concurrency is possible
when the agenthasthe ability to repair its task hierarchy
in thelight of latercontradictoryevidence,thereforesigni�-
cantlyreducinginitial constructiontime, andimproving ro-
bustness.The new algorithm is referredto as `concurrent
HEXQ'.

Self-repairing Task Hierar chy
In orderto self-repairan agentmustcomparethe response
of theworld aroundit with its own internalmodel.If actual
experiencescontradictthemodel,thenadjustmentsmustbe
madeso that the model more accuratelyre�ects the real
world. The sameis true of a taskhierarchy;indeeda task
hierarchycanbeviewedasahierarchicalmodelof theenvi-
ronmentthatis speci�cally tailoredfor control.

Thereforewhenever the agenttakes an action and ob-
servesits effectupontheworld, this transitionmustbeanal-
ysed.In thelowestlevel of thehierarchythiswill beaprim-
itive action,however at higherlevels theactionwill be ab-
stractand may comprisemany primitive actionsand state
transitions.Thisability to analyseits own transitionsis what
givestheagenttheability to repairits taskhierarchy.

The problemof building an initial hierarchywill be dis-
cussedlater, for now we assumethatanincompletetaskhi-
erarchyhasalreadybeenconstructedby the agent. As an
examplewewill usethesametaxi problemdescribedearlier
for which the lowestlevel of thehierarchyis shown in Fig-
ure3. The8 regionexits represent8 abstractactions,e.g.go
to location`0' andpick up thepassenger.

Figure7 showsanagent'spartialknowledgeof this level,
whereit hasonly discovered4 of the 8 exits. Theseexits
directlycorrespondto theconceptof anabstractactionatthe
next level up in thetaskhierarchy(seeFigure4). Theagent
alsoincorrectlybelievestherearetwo separateregions. In
generalthemissinginformationcomprises:

1. Entirestatesthat theagenthasnot yet visited(e.g. states
2 to 4).

2. Transitionsthat have not beentraversed(e.g. between
states18and19).

3. An incorrectnumberof regions (in this casethe agent
thinkstherearetwo separateregionsbecauseit hasnever
experiencedthetransitionsbetweenstates12and13).

Figure7: Partial knowledgeof level 1.

4. Exit transitionsfor whichnotenoughexperiencehasbeen
gatheredto determinewith high probability that they are
anexit (e.g.theputdown actionin state20).

As a resulttheagentmaydiscovernew transitions,states,
regionsandexits asit obtainsmoreexperience,andeachof
thesemayhappenat any level of thehierarchy.

States
As the agentmoves aroundthe statespacesat eachlevel
of thehierarchy, new statescanbediscovered. If theagent
transitionsfrom statesk to a new states0

k , thenstates0
k is

simply addedto the sameregion that sk belongsto. New
statesdo not changethe actionhierarchyin any way; it is
only new exits or a differentnumberof regionsthathave an
impact.

A statesk at level k is uniquely identi�ed by the state
variablesof that level and,if k > 1, the region in the level
below, region k � 1 (e.g.seeline 5 in Table1).

Transitions
At level k in thehierarchy, whentheagenttakesanactionak
in statesk andtransitionsto states0

k with rewardr (thelast
primitiverewardreceived- previousrewardsreceivedduring
a temporallyextendedabstractactionareanalysedby lower
levelsof thehierarchy),theexperiencecanbeexpressedas
thetuplehsk ; ak ; s0

k ; r i . If thistransitionhaspreviouslybeen
declaredanexit thenno furtheractionis taken(it would be
possibleto storerecentexit statisticsandcloseup exits that
disappearovertimein anon-stationaryenvironment,but this
hasnot beenimplemented). The two stateseachhave an
associatedcontext ck andc0

k consistingof thestatevariables
svi at all higherlevels in thehierarchy(seeTable2 lines8
and13). If ck 6= c0

k thena higher level statevariablehas
changedandthetransitonis anexit.

If the transitionhasnot beendeclaredan exit, then the
experiencetakes place in the context ck . If this experi-
encecanbe abstractedand form part of a region then the
transitionprobabilitiesdo not dependon the context, and
P(s0

k jsk ; ak ; ck ) = P(s0
k jsk ; ak ) andP(r jsk ; ak ; s0

k ; ck ) =
P(r jsk ; ak ; s0

k ). If eitherof theseequalitiescanbe shown
by statisticalteststo befalsewith high probability thenthe



Table1: TheBuildHierarchyalgorithm.

function BuildHierarchy(no. state variables n)
1 level k  1
2 state variables levelk :svs  f 1; : : : ; ng
3 frequency of change svf i  0; i = 1; : : : ; n
4 repeat forever
5 sk  hfsvi ji 2 levelk :svsg; r egion k � 1 i
6 choose action ak using current policy
7 ak  PerformAction(ak ; k)
8 increment svf i for all changed variables svi

9 s0
k  hfsvi ji 2 levelk :svsg; r egion k � 1 i

10 add hsk ; ak ; s0
k ; r i to tr ansitions

11 j  argmaxi 2 lev el k :sv s svf i

12 if svf j = d
13 levelk +1 :svs  levelk :svs� svj

14 levelk :svs  svj

15 levelk :r egions  FormRegions(sj ;
tr ansitions )

16 k  k+ 1
17 end if
18 end repeat

end BuildHierarchy

transitioncannotbe abstractedand it is thereforedeclared
anexit. The� 2 testis usedfor thediscretetransitiondistri-
bution (Chrisman1992),andtheKolmogorov-Smirnov test
for thecontinuousrewarddistribution (McCallum1995).

All of the above analysisis performedby the `Analyse-
Transition' functioncalledin line 14of Table2.

Regions

Regionsconsistof setsof statesthatarestronglyconnected
(thereis a policy by which every statecanbereachedfrom
everyotherstatewithout leaving theregion). Thereforeit is
possibleto guaranteeleaving a regionby any speci�edexit.

If a transitionis foundbetweentwo regionsin alevel (e.g.
betweenstates12and13in Figure7) thenit maybepossible
to mergetheregions.Also whenevera new exit is declared,
it may affect thestronglyconnectedpropertyof the region
andthereforethe regionsmustbe re-formed.Theseregion
checksarealsoperformedby the`AnalyseTransition' func-
tion.

Whenthenumberof regionschangeata level k, thenum-
berof statesatlevel k+1mustchangeaccordingly(eachstate
sk+1 canonlymaptoasingleregionatlevelk). Thisrenders
the existing taskhierarchyat levels greaterthank useless,
so it is removedandre-grown. For clarity this mechanism
is not detailedin thealgorithms.In thedomainsconsidered
thisdrasticmeasureonly happenedearlyon in thehierarchy
construction,andproved not to be an issue. The connect-
ednessof the lower levels and the numberof regionswas
quickly established.Theeffort of merging regionspaysoff
asit leadsto areductionin thenumberof higherlevel states,
fasterlearning,andlessmemoryusagedueto themorecom-
pactrepresentation.

Table2: ThePerformActionfunction.

function PerformAction(action ak 0, level k0)
1 if k0 = 1
2 take primitve action ak 0

3 return ak 0

4 end if
5 do
6 k  k0� 1
7 sk  hfsvi ji 2 levelk :svsg; r egion k � 1 i
8 ck  f svi ji 2

S
m>k levelm :svsg

9 while sk 6= ak 0:exit state
10 choose action ak using current policy
11 ak = PerformAction(ak ; k)
12 s0

k  hfsvi ji 2 levelk :svsg; r egion k � 1 i
13 c0

k  f svi ji 2
S

m>k levelm :svsg
14 AnalyseTransition(hsk ; ak ; s0

k ; r i ; ck ; c0
k )

15 if hsk ; ak i is an exit
16 return a0

k 0 for this exit
17 end if
18 sk  s0

k
19 end while
20 ak  PerformAction(ak 0:exit action; k)
21 while ak 6= ak 0:exit action
22 return ak 0

end PerformAction

Exits
Finding a new exit in region region k correspondsto the
discovery of an abstractactionak+1 at the level above, or
equivalently the taskof leaving the region by that particu-
lar exit. As discussedabove this canchangethenumberof
regionsandrenderall higherlevelsin thehierarchyinvalid.
Usually, however, the new exit doesnot alter the number
of regionsandcanbeeasilyincorporatedinto thehierarchy.
Theexit requirestheadditionof theabstractactionak+1 to
all abstractstatessk+1 in level k+ 1 thatareabstractionsof
theregionregion k .

Initial TaskHierarchy Construction
Whena �x ed hierarchyis built without the ability to self-
repair, the agentmustperformenoughexplorationat each
level of the hierarchyto enableit to correctly identify all
region exits beforebuilding thenext level of the hierarchy.
Thisexplorationis not requiredwhenthehierarchycanself-
repair. However in order to constructan initial hierarchy,
the agentmustdeterminean orderover the statevariables.
HEXQusedaheuristicthatplacedhigherchangingvariables
at lower levelsof thehierarchy, andthevariablewith lowest
frequency of changeat thetop. Experimentallythis worked
well for discreteenvironments,andthesametechniquehas
beenappliedhere.

At eachlevel of the hierarchyactionsare taken (using
primitive actionsat the lowest level, or abstractactionsat
higherlevels)until themostfrequentlychangingstatevari-
ablereachesavalued (Table1 line 11). For ourexperiments
d = 30, but theresultsarenotsensitiveto thisvalue.For ex-
amplein thetaxi taskthismeansthatthetaxi moves30times



beforebuilding level1. Thenthealgorithmwaitsfor thepas-
sengerlocationto change30 timesbeforecreatinglevel 2.
In this way an entire task hierarchyis quickly established
thatcanbealteredasrequired.

Table1 showsthealgorithmfor building aninitial hierar-
chy. ConcurrentHEXQdoesnotrequirethedomain-speci�c
explorationconstantsthatneedto betunedfor eachlevel in
HEXQ.

Control
Thediscoveredtaskhierarchycanbeusedin severalwaysto
determinethebestbehaviour for theagentto take. Theagent
canlearnamodelcorrespondingto eachregion,andusethis
modelto plan the bestrouteto the speci�ed exit. Because
the problemhasbeenbroken down hierarchically, the size
of themodelcouldbeexponentiallysmallerthanthesizeof
themodelfor the�at problem.

It isalsopossibleto usemodel-freelearning,andin partic-
ular learnan action-valuefunction that decomposesacross
thedifferenthierarchicallevels,asin theoriginal HEXQ al-
gorithm. A decomposedvaluefunction hasbeenshown to
signi�cantly improvelearningtimes(Dietterich2000).

Exploration Actions
Caremustbetakenwhentheagentis simultaneouslylearn-
ing apolicy, whilst concurrentlydiscoveringthetaskhierar-
chy. It is possiblefor theagentto becometrappedbecause
whatit thinksis thebestactionfor a particularstate(indeed
it may be the only action), leadsnowhere. For exampleif
the agentis in region 2 of Figure7 then thereis only one
exit to take. If thepassengeris at undiscoveredstate4, then
performingthepick upactionatstate23will notchangethe
state,andalthoughthealgorithmexits to thenext level up,it
will immediatelyre-enterthebottomlevelandtakethesame
exit again,asthis is theonly exit it is awareof. Evencom-
monly usedexplorationpolicieswill not be effective here,
astheagentmusttake a largenumberof off-policy stepsin
orderto discoveranalternativeexit (in theexampleit needs
to �nd its way to state4).

To prevent this behaviour, special exploration actions
havebeenincorporatedin eachregion. Whenanexploration
actionis executedtheagentwill take randomactionswithin
theregionuntil it leavesby aknown exit, or discoversanew
one. Theseexplorationactionsaretreatedidentically to all
otheractionsandselectedaccordingto theexplorationpol-
icy.

Results
The concurrentHEXQ algorithmwill be illustratedin two
domains.The�rst domainis thetaxi task,andthesecondis
a largemazewith only a singlegoal. For bothexperiments
andall algorithmstherewasno discountingof rewards,the
learningrate� = 0:25 andthe policiesweregreedy. The
stochasticityin the movementof the agentand optimistic
initialisationof thevaluefunctionresultedin all algorithms
converging to theoptimalpolicy. All resultsshow theaver-
ageof 20 runs,with errorbarsindicatingonestandarddevi-
ation.

Table3: Algorithm differences.

Uses Discovers
a task a task

hierarchy hierarchy

Q-learning No No
MAXQ Yes No
HEXQ Yes Level by level

Concurrent HEXQ Yes Concurrently

The Taxi Task
In thisdomainconcurrentHEXQ is comparedwith theorig-
inal HEXQalgorithm,Dietterich'sMAXQ algorithmandQ-
learning(Watkins1989). Table3 highlightsthedifferences
betweenthesealgorithms,andFigure8 shows thedifferent
performances.Figure9 shows thesamedatawith different
scalesto highlight theconvergencecharacteristics.
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MAXQ has good initial performancedue to its prior
knowledgeof the task hierarchy, which it usesto rapidly
learntheoptimalpolicy. HEXQ hasno suchinitial knowl-
edge,but is ableto discoverthehierarchylevel by level. The
effort of discoveringthetaskhierarchypaysoff whenit over-
takestheperformanceof Q-learning.ConcurrentHEXQ is
ableto form aninitial taskhierarchymuchquicker, andthen
repairany errorsat eachlevel. This resultsin rapid initial
learning,andits convergenceis notsigni�cantly slower than
MAXQ, illustrating the high ef�ciency with which it con-
structsits hierarchy.

Discovering SparseGoals
Thisexperimentwasdesignedto illustrateataskthatHEXQ
shouldbeableto solve ef�ciently , but at which it is unable
to obtainsatisfactoryperformance,dueto thenatureof the
goal. Thetaskis a largemazeof 49 roomsin a 7 � 7 grid.
The agentmay occupy oneof 7 � 7 locationswithin each
room. In the middle of eachinternalwall is a door allow-
ing theagentto passto anotherroom. Theagentcanmove
north, south,eastandwestwith a 20% chanceof moving
perpendicularto its intendeddirection.Thegoal is to reach
onecornerof theworld andperforma special�fth action.

HEXQ shouldbe able to quickly form the conceptof a
room,so that it canleveragethis informationandmove ef-
�ciently aroundthe maze. However in order to correctly
specify this bottomlevel of the hierarchy, it mustperform
enoughexplorationto �nd thegoalexit.
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Figure10: Performancein thelargegrid world.

Figure10 shows the performanceof Q-learning,HEXQ
andconcurrentHEXQ at this task. All algorithmshave a
similar initial performancewhile they do little morethana
randomwalk. HEXQ mustadequatelyexploreeachlevel of
the hierarchybeforeconstructingthe next, andthis results
in distinctive stepsin its performancethat hinderits learn-
ing rate. ConcurrentHEXQ, however, is able to quickly
form the conceptof a room and use this to obtain faster
convergence.The log-log graphalsoshows thatall 3 algo-
rithmseventuallyconvergeto a similar numberof stepsper
trial, with concurrentHEXQ reachingthis optimal perfor-

mancetwiceasquickly asHEXQ andanorderof magnitude
quicker thanQ-learning.

Computational Performance
The`BuildHierarchy'algorithmitself is very fast. Thema-
jor calculationsarethestatisticaltestsin the`AnalyseTran-
sition', however thesecanonly beperformedwhenenough
datahasbeencollected. In additionwhenthe existenceor
non-existenceof anexit hasbeenestablishedto therequired
degreeof con�dence,it is no longernecessaryto perform
thesetestsor storetransitionstatistics. Thereforein very
largestatespacesthememoryusagecanbelimited.

In theexperimentsperformancewaslimited by thepolicy
learningalgorithm,andnotby thebuilding of thehierarchy.

Discussionand RelatedWork
Discoveringandconstructinga taskhierarchyandlearning
a hierarchicalpolicy seemto beseparatebut relatedactivi-
ties. Oftendesignersprovide thetaskhierarchybeforehand
asbackgroundknowledgeandthenlearnthepolicy.

Stone(2000) advocatesa layeredlearningparadigmto
complex multi-agentsystemsin which learninga mapping
from anagent'ssensorsto effectorsis intractable.Theprin-
ciplesadvocatedincludeproblemdecompositioninto multi-
layersof abstractionandlearningtasksfrom thelowestlevel
to the highestin a hierarchywherethe output of learning
from onelayer feedsinto the next layer. This paperhigh-
lights the distinctionbetweenthe discovery of a taskhier-
archyandlearningan optimal policy over thehierarchy. It
appearsthat when the value function is decomposedover
multiple levels,learningtoo earlyat higherlevelsmayslow
down convergencebecausetheagentmustunlearninitially
sub-optimalpolicies incorporatedin higher level strategies
(Dietterich2000;Hengst2000).Whenthesub-goalsarenot
costedinto thehigherlevel strategiesandsimply have to be
achieved, learningat multiple levels may be advantageous
(Whiteson& Stone2003).

Utgoff & Stracuzzi(2002)point to the compressionin-
herentin the progressionof learningfrom simple to more
complex tasks. They suggesta building block approach,
designedto eliminatereplicationof knowledgestructures.
Agentsareseento advancetheirknowledgeby moving their
“frontier of receptivity” as they acquirenew conceptsby
building on earlier onesfrom the bottom up. Their con-
clusion is that the “learning of complex structurescan be
guidedsuccessfullyby assumingthat local learningmeth-
odsarelimited to simpletasks,andthattheresultingbuild-
ing blocksareavailablefor subsequentlearning.”

Digney (1998)useshigh reward gradientandbottleneck
statesto distinguishfeaturesworth abstractingin reinforce-
ment learning. However this methodreliesheavily on the
form of the rewardfunction,andbottleneckstatescanonly
bedistinguishedaftertheagenthasgainedsomecompetence
at thetaskin hand.

In a practical implementation,Drummond (2002) de-
tectsand reusesmetric sub-spacesin reinforcementlearn-
ing problems.He �nds thatan agentcanlearnin a similar
situationmuch fasterafter piecing togethervalue function
fragmentsfrom previousexperience.



The ideaof re�ning a learntmodelbasedon unexpected
behaviour is alsodevelopedby Reid& Ryan(2000).Herea
hierarchicalmodel,RL-TOPs,is speci�edusinga hybrid of
planningandMDP models.Planningis usedat theabstract
level and invokesreactive planningoperators,extendedin
time,basedon teleo-reactiveprograms(Nilsson1994).

De Jong& Oates(2002)useco-evolutionandgenetical-
gorithmsto discover commonbuilding blocks that can be
employed to representlarger assemblies.The modularity,
repetitive modularity and hierarchicalmodularity bias of
their learneris closely relatedto the statespacerepetition
andabstractionusedby HEXQ andconcurrentHEXQ. This
work suggeststhat someconcurrency in hierarchicaltask
constructionis useful. In this case,the building blocksat
a lower level areevaluatedon the extent to which they are
useful to build higher level assemblies.The evaluationis
not possibleuntil therehasbeensomeattemptat discover-
ing higherlevel structures.

Conclusionsand Future Work
In this paperwe have presentedan automaticapproachto
taskhierarchycreationthat is applicablewhenthereis only
minimal domainknowledgeavailable. The reinforcement
learningsettingrequiresonly a scalarreward signal to be
fedbackto theagentwhich is typically positivewhenagoal
is reached,andnegativeor zerootherwise.

The concurrentconstructionof multiple layersin a task
hierarchycan give better resultsthan building the hierar-
chy level by level. The initial guidancegiven to the agent
by the higher levels can signi�cantly improve initial per-
formance,evenbeforethe lower levelshave beenfully de-
�ned. Discoveryof a taskhierarchyis distinctfrom learning
a behavioural policy constrainedby this hierarchy, however
learningtechniquesthatdecomposethevaluefunctionover
the hierarchycan be appliedeffectively to learn a control
policy, evenwhile thetaskhierarchyis still beingbuilt.

Complex actionsmay be representedin a factoredform.
For example,speaking,walking andheadmovementsmay
be representedby threeindependentactionvariables. The
actionspaceis de�ned by the Cartesianproductof eachof
the variables. Decomposinga problemby factoringover
statesandactionssimultaneouslyresultsin parallelhierar-
chicaldecompositions,wheretheMDP is brokendown into
asetof sub-MDPsthatare“run in parallel”(Boutilier, Dean,
& Hanks1999).Factoringoveractionsalonehasbeencon-
sideredby Pineau,Roy, & Thrun(2001).

We concludethatwhile thediscovery of a taskhierarchy
will proceedfrom thebottomup,therecanalsobeasigni�-
cantadvantagein concurrentlybuilding higherlayersin the
hierarchybeforethe lower layersare complete. The abil-
ity to improve or repairthe lower layersalsoprovidesfor a
morerobustsolution.
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