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We take creativity to be an inherent aspect of the fundamental 'processes of 
cognition. 'Here we review models of two such processes - Humphreys, Bain and 
Pike's (1989) model of hUJl1.an memory and Halford, Wilson, Guo, Wiles and 
Stewart's (in press) tensor model of analogical mapping (STAR). In the memory 
model, information that has been stored in one form (such as episodic events), can 
be accessed in another form (such as general knowledge). In the STAR model" 
structure (such as a set of relations) that is known in one domain can be used to 
induce structure in another domain. These models are based on the same tensor 
product formalism, thus we review the mathematics of tensors, and its utilization in 
both of these applications. We contrast and compare these two models, and 
summarise our view of creativity based on fundamental, cognitive mechanisms. 

Overview 

We take creativity to be an aspect of computati~nal processes, able to be understood in terms ~f 
fundamental cognitive processes; We view creativity as bringing together disparate pieces of 
information and seeing the linkages between them. Analogy and memory are generally 
accepted as two of the most fundamental processes of cognition. However, whereas analogies 

, have traditionally been seen as tasks requiring creativity (Johnson-Laird, 1989), memory 
, storage and retrieval have often been viewed as relatively uncreative cataloguing or filing 

processes. Nonetheless, human memory research has shown unusual and creative properties 
(for a review, see Estes, 1987), including flexible and creative retrieval given several partial or 
ambiguous memory cues. For example, in Mednick's (1962) remote associates task, a subject 
might be asked to find a word that serves as an associative link between three disparate cues 
such as "rat, blue, cottage" (cheese). In similar tasks involving two cues, a target term can be 
retrieved even when the separate probabilities of eliciting the target are essentially zero (Rubin 
and Wallace, 1989); for example, name a mythical being that rhymes with post(ghost); These 
performances are creative in that they cannot be explained by direct memory retrieval, or 
addition of associative strengths; the probability of retrieving" ghost" is greater t!fan can be 
predicted by summing the separate associative strengths to "mythical being" or to "post". 
Recent memory models based on parallel distributed processing (PDP) have shown that 
memory retrieval can indeed handle these kinds of tasks, as well as straightforward memory 

) 



retrieval, .and retrieval in context (Humphreys, Bain & Pike, 1989; Humphreys, Wiles & Bain, 
in press). These creative processes require an interaction between cues and targets, which can. 
be handled, for example, by distributed memory models that direct! y compute the intersection 
of sets of targets associated with each cue (Wiles, Humphreys, Bain & Dennis, 1990; 1991). 

The fact that memory can be creative is not the only reason for linking it to analogies. A recent 
model of analogical reasoning (Halford, Wilson, Guo, Wiles & Stewart, in press) has shown 
that analogies can be accountedJor by a PDP model that has formal and procedural similarities 
to Humphreys,Bain and Pike's tensor model of memory. This Structured Tensor Analogical 
Reasoning (STAR) model represents relations (more generally, predicates), and their 
arguments as vectors, just as the tensor model of memory represents cue, target and context as 
vectors. The binding .of r~lation (predicate) to arguments is represented by the tensor product of 
the relevant vectors. For example, the relation LARGER..:THAN(horse,rabbit) is represented 
by the tensor product of three vectors, representing LARGER_THAN, horse, and .rabbit. This 
follows Smolensky's (1990) use of tensor producis to represent.variable-value bindings. Thus 

· an analogy such as whale: dolphin :: horse: ? (whale is to dolphin as horse is to what?) can be 
solved by representing whale and dolphin as vectors which are used to retrieve the vector 
representing appropriate relations, including LARGER THAN. This vector, together with the 
one representing horse are presented, and the vector representing rabbit is retrieved (among 

· other things). .. 

The process of retrieving relations and arguments from the tensor product representation in the 
STAR model of analogies is the same as the i:etrieval of targets from the tensor product of cue, 
target, and context vectors jn tensor memory model. The latter model provides an integrated 
account of a wide range of memory phenomena (Humphreys; et aI., 1989; in press), such as 
how different comrol structures over the same memory can. explain differences between 
recognition and recall tasks, and how the same memory can store both general (semantic) and 
specific (episodic) memories. Similarly, the STAR model can account for a range of analogical· 
reasoning tasks (Halford et al., in press). The two models are similar in their use of tensor (or 
outer) products of vectors to represent information, unbinding of tensor products as a retrieval 
mechanism, and computation of the dot (or inner) product as a matching process. Furthermore 
both can acconnt for creative processes, in memory and reasoping, and both are fully specified 
computational models. They the~eforesupport the clliim .that creativity is a computational 

· process that can be investigated using avaIlable techniques. The similarities also open the way. 
for work on distributed representations in the memory area to be utilised in the study of 
reasoning, and work on control processes from research. on reasoning, to' be applied to 
memory. 

In the following sections we review and compare the tensor models of memory and analogy 
· and the mathematics of tensors that underlies' them, and conclude with their contribution to 
· computational models of cognition and creativity. 

• 

2 



Section 1. The tensor memory model 

. Computational requirements for a model of memory 

The first step in developing a model of memory is to characterize the task to model. This has in 
fact, been a moving target, as the understanding of the abilities of human memory has evolved 
'with the kinds of paradigms used to study it and the models used in conceptual frameworks for 
posing research questions. We begin with a brief history of the ideas that have led to the 
development of the tensor model of memory. 

Issue #1: One-trial storage. Throughout most of this century, memory has been studied under 
the guise of learning. Learning was assumed to occur in gradual increments, and the goal of 
research was the practical one of improving performance. To this end, research focussed on 
uncovering the variables that influence performance, and central questions concerned forgetting 
and 'transfer of training (McGeoch & Irion, 1952). Memory was conceptualised as an 
associative bond between an input stimulus and a response, like a link in·a telephone switching 

.. network .. Within this framework,. performance could be characterized in terms of 
strengthening and weakening of associations, and competition between responses. Many 

-.experimentalparadigms were developed to study the factors that affect memory and learning 
performance, such as influences of prior learning trials on later learning (proactive interference, 
see Underwood, 1957). . 

The paradigms that were developed throughout the first half of the twentieth century to study 
learning are often collectively referred to as the verbal learning tradition (McGeoch & Irion. 
1952). Studies specifically in memory evolved from this verbal learning tradition via a shift in 
focus to paradigms where a. subject was only shown a stimulus once, often incidentally. 
Testing would involve probes for how a structure was encoded. ·It was found that humans 
have the ability to encode much information in just one exposure (called one-trial learning) and 
that structure plays a role in memory (Tulving, 1968). 'Such abilities had been masked by the 
use of multiple trials and a focus on acquisition . 

. Thus;, the first ability that needs to be accounted for by any memory model (as distinguished 
from learning) is the ability to store a substantial amount of information in one trial. '. 

Issue #2: Recall and recognition distinctions . . In the 1960s researchers discovered differences 
between memory tasks that could not be explained within the associatioilist paradigm. Some 
tasks required using partial informatiori to retrieve other information, whereas other tasks were 
concerned with whether information was novel or had already been stored. -An example of the 
former is the cued' recall paradigm, in which subjects studied pairs of words, and when later 
tested with one word were required to produce its pair. An example of the latter is pair 
recognition, in which subjects studied pairs of words, and when later tested with a pair, were 
required to identify whether or not it was one they had studied. The former can be grouped as 
retrievaltasks,in that they require production of a specific answer to a query. The latter, in 
which only yes/nO answers or rating judgements are required, have been referred to a.s 
matching tasks (Humphreys, et aI., 1989).. It Was found that variaples that affected subjects' 
performance in recall (a retrieval task) had a different effect on pair recognition (a matching 
task). Characteristic differences included speed of access and error rates. In fact it was 
difficult to explain recognition judgements at all within t)le framework of a stimulus and 
response paradigm because there is no obvious stimulus-response relationship. Furthermore, 

. recall requires discrete responses, witl). characteristics of an all-or-none process, whereas 
recognition appears to be continuous (Underwood, 1972). . 

One resolution to this dilemma was the propOsal that an underlying dimension of "familiarity" 
was responsible for recognition but not recall (Kintsch, 1970). A mechanism for such. 
familiarity rating was. proposed by Anderson (1969) basedona vector memory. This model 
had itsroots in neuroscience and was one of the. first applications of neural networks to human 
memory modelling. A vector is a tensor of rank one, and Anqerson's (1969) model is the 
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first in a line of tensor models of memory of increasing complexity. We review it briefly here, 
with the formal description of vector memory given in later sections. ',' 

In Anderson's (1969) model, the memory trace of e,ach item was represented as a vector of 
elements. The rnemory itself was also a vector, formed from the linear combination 
(superposition) of the individual memory traces of items. A new trace could be compared with 
the vector memory by taking the dot product. This gave a measure of the similarity betwee~ the 
new vector and the vector memory. If the match, was above a given threshold, then the Item 

, was recognised as part of the memory, otherwise it was considered new. ' 

Although the vector memory k appropriate lis a model of recognition, something more is ' 
required for a model of retrieval. The next stage was the development of memory models that 
produced a vector as an output. The vector output could be used to model retrieval. There were 
several memory models developed during the 1970's based on matrices as the fundamental data 
structure (Anderson, 1972; Kohonen, 1972; Anderson, Silverstein, Ritz & Jones, 1977). The 
matrix is a tensor of rank two. As in Anderson's vector model, .items were represented as 
vectors. The addition of the matrix enabled pairs of items to be associated by their matrix 
product. The memory traces of such associations are matrices which were superimposed 
(linearly combined) to form the memory itself (also a matrix). Matrix models provided a way 

, to model associations and the use of one item to retrieve another. " 

Further impetus for the matrix memories was provided, by Murdock's (1974) proposal <if ' 
fundamental differences between item and associative information. He developed a 
convolution/correlation model in which items were represented as vectors, and relations 
between items (including higher-order relationships) were represented as convolutions of their 
'corresponding vectors(Murdock, 1982). 'The same results can be achieved using a matrix 
, memory; and generalised to three dimensions to represent relationships between three items 
(Pike, 1984). 

The' outcome of this line of developments was the view that recall and recognition access the 
same information in memory, but use different access processes. One isaretrievalprocess that 
produces qualitative output (modelled 'as a vector) and the other is a rating or match between the 
access cues and the information in memory. Thus the second requirement that we focus on for 
a model of memory is to, account for differences between retrieval and matching tasks, 10 the 
tensor models of rank two or higher, these differences can be modelled by using different 
methods to access the tensor memory, depending on the number of cues available, and the task 
required. Example of differences between recall and recognition tasks that can be accounted for 
by using two access processes include the all-or-none character of recognition (Jorm & Bain, 
1978) and the differential effects of associative interference (Dyne, Humphreys, Bain & Pike, 
1990). 

Issue#3: The episodic/semantic distinction. The iI\vestigation of one-trial learning provided 
new problems for memory research. However, with the replacement of investigations of 
learning with investigations of memory, there was a neglect of a fundamental problem which 
'had driven much-of the learning research. This was the relationship between memories formed ' 
in the past, and currenf mernories. Humans are able to learn new events rapidly, with little or 
no interference, with existing memories. Such new -learning had. never been adequately 
explained within the stimulus-resporise paradigm. In the neW memory paradigm it was 

, partially explained by Tulving's (1972) distinction between episodic and semantic memory. 
Tulving recognised that pairwise information was insufficient to model item-:to-item 
associations in different contexts and distinguished between semantic (general knowledge) and 
episodic memory of a specific event. This distinction, coupled with the proposal that different 
memory systems are involved, seemed to solve the problem of discriminating between prior 
and current memories. However, it raised a new set of probleins in how information could be 
transferred between the memory systems, and how such information was related. An 
alternative framework within which to understand the old-new information dilemma was 
propos~d ~Y Humphreys, etal. (1989).,They,accepted that the distinciion between episodic and 
semantic information provides an appropriate characterisation of tl;ie tasks involved, but argued 
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that this distinction could be modelled in a single memory system, based on the use of context. 
They used the rank-three tensor memory formalism proposed by Pike (1984) to bind 
contextuar information to item information. The rank-three tensor memory provided additional 
ways of accessing information in memory. If context was available; then it could be used to 
isolate associa.tions between items in episodic events. If context was not available, the retrieval 
process generalised across all earlier episodes. 

The rank-three tensor memory can be seen as a latter day associationisi theory. As 'in earlier 
theories, the central underlying assumption is that memories are formed from individual. 
episodes and events are bound together by associations. Such memories are superimposed 
across many episodes. The key insight that differentiates these latter day theories from earlier 
associationist ideas is the use of context to bind associations Within episodes, and the definition 
of two types of access processes, one using context as a retrieval cue, and the othe.r 
generalising across episodes (Humphreys, et aI., 1989). The tensor model of memory, 
together with its storage and access processes is described in detail below. . 

Terminology: We note that independently of the developments in human memory literature, . 
tensor applications 'had been developed bySmolensky (1990) as a mechanism for solving the 

· variable binding problem (to which we return in Section 3). In this paper we use the 
· terminology of tensors' derived from Smolensky's work rather than that based on three 
· dimensional matrices used by Humphreys et al. (1989) as it extends directly to the analogical 
model in Section 3. - . 

The computer metaphor in review: Before we leave the history of ideas in memory that led to 
the development of the tensor model of memory, we briefly review events that had been 
happening at the same time as the ideas above were emerging. As mentioned above, memory 
research evolved from the experimental paradigms used to investigate stimulus-response ideas 
of learning. In the 19508 and 1960s, the computer provided a new metaphor for memory.' 
Like the earlier metaphors of hydraulicS and telephone switching networks, the new metaphor 
adopted mechanisms from the new technology. However, more importantly, it contained the 
idea that information processing is independent of any particular mechanism (f()r a short 
history, see Norman, 1970). The fact that there is a level of description of processing that is 
not tied to anyone implementation formed the basis for th.e 'science of Computing .. It meant that 
psychologists could study the information processing that underlies computational ability, 

· without tying such processing to specific neurophysiological mechanisms .. 

Many problems could be tackled within the' information processing framework .. Unlike the 
earlier tradition, researchers within the new information-prOcessing framework were concerned 
with processes in memory that intervened between inputs and outputs. Psychological theories 

. and experiments reflected a view of memory as a complex system with many components and 
stages and these were thought to be analysable in terms of underlying structure and control 
processes (Atkinson & Shiffrin, 1968). Memory became characterized in terms of storage, 

· retention of information, and retrieval (Melton, 1963; Kintch,1970). The computer metaphor 
provided ·the idea of buffers, which could be used as, short term memory (STM) and the 
workspace of thinking. Buffers solved the problem of how curr~nt information cbuld be learnt 
rapidly ,yet not interfere With earlier memories. It was proposed that current events resided in 

. STM buffers until they were transferred to LTM, decayed or were replaced. Resource 
limitations were also taken seriously in terms of buffer space rather than cOmn1unication_ 
channels (Baddeley & Hitch, 1974). Throughout the 1970s, .there was substantial optimism 
that memory researchers could identify the structures and processes pf human memory. This 

· optimism has yet to be realised. . 

Despite the revolution-that the metaphor of computation brought to the information processing 
view of cognition; itwas unfortunate that the components of the serial sequential computer 
(such as buffers) tended also to be .adopted as component modules of psychological theories. 
Technological aspects of the computer metaphor are misleading with respect to human memory 
storage and its access processes. Computer memory is generally based On unique addresses; 
unitary representations of symbols and addressed--based processing .. Such a representation 
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system lends itself to certain kinds of memory access processes, particularly address-based 
search processes and memory management techniques .. 

Human memory, by contrast, appears to have more of the characteristics of distributed 
representations and superposition.·. The vector memory model referred to above (Anderson, 
1969) embodies the idea of superposition of distributed represeIltations. It has many benefits, 
such as the ability to model recognition processes by using a dimension of similarity. Other 
researchers. have emphasised additional characteristics, such as the representation of 
prototypes, automatic generalisation arid graceful degradation' (Anderson, et aI., 1977; 
McQelland & Rumelhart, 1986b), '. '. . 

The central insight of the computer metaphor for cognition still stands, as the understanding 
that the information that is processed during .computation is independent of the underlying 
mechanisms: However, understanding the computational insight of the metaphor does no! 
entail accepting the additional metaphorical baggage of unique memory addresses, unitary 
representations of symbols, and address-based processing (Le., aspects that derive from the 
implementation). Although they are powerful enough to model any computaUonal process, 
they may not be the most appropriate to model human cognition. This point is well understood 
in computer programming. Programming languages do not differ with respect to the set of 
problems that they can solve, however, they do differ in the amount of programming effort 
required to create a solution.' . . 

The research in human memory suggests that in modelling human memory' and cognition, 
alternative metaphors:to serial sequential computers are more suitable. The tensor formalism 

. may capture at least some of the properties suc!). as binding.mechanism~, superposition, cue
based access, and the distinction between matching and recognition, which are most suitable 
for modelling human memory and cognition. The central question underlying the application of 
a particular data structure (such as the tensor formalism) is how much of the psychological 
theory can be modelled using such a simple data structure? In-particular, what psychological 
theories can be described easily using such a formalism, and which ones cannot? . . 

The rank~three tensor has the minimum diniensionality to represent three-way information 
about cue, target and context vectors. In addition, the mathematics of tensors has several 
properties that make it ideal for capturing the properties of lower dimensional models in higher 
dimensional ones. For example, the properties of the rank-two tensor (matrix) can be captured 
by superposition, or "collapsing" across one of the dimensions of the rank-three tensor. 
Similarly the properties of the rank-one tensor (vector) that were used for recognition can be 
modelled by collapsing across two dimensions. This ability allows the tensor memories to use 
the same fundamental data structure to capture properties of both semantic and episodic 

. memory, and of both recognition and recall. . 

Computational characteristics of the tensor model 

As the discussion above·hasoutlined, there are many themes in human memory research, 
especially concerning the methods of storage of item and relational information, and processes 
for accessing that information. The tensor formalism provides a mechanism that can be used to 
model the three issues that we focussed on above, namely (1 ) one-trial learning, (2) the 
recall/recognition distinction, and (3) the. ability to isolate specific memories under some 
circumstances, and general knowle~ge under others (the episodic/semantic distinction): 

(1) In the tensor memory model, memory of an event is modelled as the superposition of the 
memory trace of the event on the teilsor memory. Superposition is one-trial learning, ill that the 
trace is added to the memory tensor .. Note that such a mechanism is not intended to model 
iterative learning in which many trials are required, such as learning a motor skill .. 

(2) Different control processes can access the information stored in the tensor memory (a) as a 
matchiilg process, in which information is supplied, and its match with the information in 
memory (via the dot product) provides a rating value of its correctness, or (b) as a retrieval 
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. . 
process, in which partial information is provided, and the remainder is retrieved. These two 
access processes can account for the different types of information that is retrieved in recall and 
recognition tasks. . _ - - . 

(3) Different control processes -that access a single memory system can also account for 
episodie and semantic memory, but in this case 'they differ in the cues that are used to access 
memory. Within the memory system, each episode is stored with a context cue. At the time of 
access, if a context cue is provided, then it can be used to access a specific episodic memory. _ 
When one is not available, the superposition of memories across many episodes constitutes 
general knowledge. 

Tensor memories from rank 1 to rank 3 

. The sections above have outlined the computational requirements for a theory of memory and 
the psychological motivations for developing models based on tensors of increasing rank. This 
section describes the tensors of rank 1, 2 and 3 in more detail. . 

Rank 1 

A tensor of rank 1 is a vector. A vector memory can be formed from the linear sum (or 
superposition) of all the vectors representing items to be stored in the memory (see Figures 1 

. and 2). Following the terminology introduced by Halford, et al. (in press) the linear 
combination of a set of vectors is termed a vector bundle. - . 

Advantages: Vector memories provide a simple mechanism for similarity between items to be 
stored in memory or between an item and the memory itself. If two similar items are 
represented by similar vectors, then a measure of their similarity can be calculated by the dot 
product (or inner product) .. I( one of the vectors represents the information stored in memory, 
and the other vector is a probe, then the dot product between the probe vector and the memory 
vector is a measure of whether the item has been stored in the memory. 

Memory access proce"ss: The information in the memory can be accessed by calculating the dot 
produCt between a memory probe (or cue vector) and the memory vector. This produces a 
scalar\value corresponding to the degree of match between the cue and the memory. If the 
Scalar match value is above a given threshold, then the cue is recognised. 
.' ~ 

Disadvantages: The similarity measure is useful for modelling recognition, but cannot be used 
. for retrieval of items stored in memory. It also has no way of representing an association, or 
other relation between vectors. . 

. The vector memory underscores differences between similarity and associations between 
vectors, and the need for separate mechanisms to model them. The matrix memory provides 
two such mechanisms. 

Rank 2 

A tensor of rank 2-is a matrix. Like the vector memory, the matrix memory uses linear sums, 
orsuperpositiOli of memory traces. However, each memory trace is formed from the outer 
product of pairs of items to be stored in memory (see Figure 3). Typically, these items are -
divided iilto cues and targets. In computational terms, a matrix memory can be formed from 
the superposition of outer products of cue-target pairs; 

Advantages: Matrix memories provide a simple mechanism for association between pairs of 
items to be stored in memory. The advantages of superpositioIl from the vector memory are 
retained, and .similarities between two cues, or two targets can still be calculated, Additionally, 
similarity between associations can also be calculated. This allows a mechanism for retrieval of 
targets in response to a cue, as well as recognition of a ~ue-target pair. That is, the matrix 
memory provides two methods of memory access, corresponding to recognition and retrieval. 
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Memory access processes: Two different processes can be defined for ilccessing the 
information in the mairix memory. The first method requires a cue and a target vector. The 
outer product of the cue and target vectors can be matched (calculated by the dot product) to the 

. ,matrix memory, giving a scalar value. This corresponds to recognition of the cue-target 
. association. It is similar to vector memory recognition in tliat a scalar value is produced that 

corresponds to the match of a memory probe (in this case, the cue-target pair) to memory, but 
differs in that the information it contains refers to the association of the cue and target, not the 
items themselves. A second method of accessing the memory requires just a cue vector. The 
matrix is premultiplied by the cue vector, producing a target vector, or if more than one target 
has been associated to, the cue, then a target bundle (the linear combination of those targets) is 
produced. This corresponds to recall. (A third method for recognising a cue or target item 
individually 'is theoretically possible, using a fixed vector for the unknown item.': This 
possibility is described further with reference to the rank-three memory.) 

Disadvantages: The matrix can store an association between a c:ue and a target vector; but it can 
only store one association between any particular pair. In a new context, a new association 
would interfere with the old association. ' 

A number of methods have been tried for avoiding this Rroblem, yet retaining the advantages of 
a matrix memory (see for example, Ratcliff, 1990). A natural one to try is to lise a vector for 
context, and append it to the cue term. The combined cue-context vector is then associated with 
the target. The intuitive assumption underlying the combination of cue and context into one' 
vector is that this mechanism binds these vectors together. Actually, such a combination only 
provides two-way associations between the cue term,and the context, and the target term and 
the context, but it does not form a three-way association between cue, target and context. This 

, can be proven algebraically, and is easy to see from the geometric structure of the matrices , 
formed (see Figure 5). The problem with a mechanism that only forms pairwise associations is 
that among the paradigms used to investigate human memory there are tasks that reqUire the use 
of three"-way associations (see for example the crossed-associates task, Spence & Lair, 1965). 

, These are formally equivalent to exclusive-or (XOR) problems; which cannot be solved by 
, tensors of rank two, but can be solved by tensors of rank thre,e. ' 

Another probkm inherent in the tensor methodof retrieval is the vector bundle itself. Since the 
tensor retrieves the linear combination of targets, it cannot be used for selecting a single target 

, from the bundle. This is a non-linear process, and can be modelled as a second stage of 
memory, such as a Hopfield network that selects one item from the vector bundle (Humphreys, 
et aI., 1989). 

Rank 3 

The tensor of rank 3 is formally a generalisation of a matrix to a third dimension, and has been 
called a three-dimensional (3D) matrix (Humphreys, et a\., 1989). In this paper we use the 
term rtink to refer to the number of vectors that are combined in a, tensor. 

, Like the matrix memory, the rank-three memory nses superposition of meIllory traces. Each 
, memory traeeis the tensor (or outer) product of a cue, context and target vector (see Figure 4). 
This differs from the method of appending a context vector to the cue and target terms (Ratcliff, 

,1990) because a three-way asSociation is formed (cf. Figures 4 and 5). ' , 
, , 

'Advantages: The rank three tensor provides a mechanism for representing different 
associations between pairs of items formed in different contexts. The ,advantages of the rank 

'two memory are retained, with the context vector providing an additional degree of flexibility 
, for acCessing the information stored in memory. ' , 

, Memory access processes:' Four different access processes can be defined'using the railk-three 
memory (see Table 1). The first method, pair recognition, involves a cue; a target and a 
context vector. Recognition corresponds to a match (caIculat"d by the dot product) betWeen the 

,-
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tensor product of these three 'vectors and the rank-three meIi-Iory. The second method, cued 
. recall, involves a cue and a context vector, and produces a vector (target bundle) that. 

corresponds to the linear combination of all targets associated to a configuration of the cue and 
context. The third method, rating of pair familiarity, involves a cue and a target vector, and 
uses a fixed vector in place of a context vector. In a fixed vector, the mean vector element is 
1/.,fTz . where' n is the dimensionality of the vector and i/"" is the expected value of the vector 
elements in the cue and contexJ vectors. The familiarity rating correspOlids to a match between 
the tensor product of these three vectors and the rank-three memory. The fourth method 

. corresponds to free association. It involves a cue vector, which is combined with a fixed 
vector (in place of a context) and produces a target bundle. These four access processes require 
mechanisms that can access the tensor using one, two or three vectors, in either matching, or 
retrieval (see Figure 6). . . 

. . 

Table 1. Examples of tasks classified along two dimensions (adapted from Humpbreys, Bain & Pike, 1989, 
Table 1). The inputs are given in brackets for each .paradigm. 

- Use of context cue 

Access process EpisodiC oiemory Semantic memory 

. Matching Recognition Familiarity rating 
produces a rating value (cue, target, context) . (cue, target) 

. Retrieval Cued recall Free association 
poduces a word (cue, context) (cue) 

There/is a convenient rule about the possible access processes for any given rank of memory: 
That is, that the sum of the vectors in the access probe and the output must equal the rank of the 
memory. For example, for a rank-three memory, if three vectors are. provided as a probe (cue, 
target and context), then a match between the probe and memory will produce a scalar output· 
(rank zero). As described above, this can form the basis of a recognition judgement. If two 
vector!! are provided (e.g., cue and conteXl), then the access will. produce a rank-<lne tensor 
(Le., a vector) as output. This is the basis for recalL If only one vector is provided as a probe 
(e.g., context), theI! a rank tWo tensor will be produced. This could correspond to an 
instruction reinstatiI/g the context oian event, such as, "Remember the list of words that you 
learnt in class last week", which can be operated on by further memory access processes. 

For ai::cessin.g episodic memories (memories Of specific events), a context vector is always 
required. It is also possible to access memories when a specific context is not provided as an 
access vector. This case corresponds to semantic (or general) memories. To ensure the correct 
rank of the output is produced from the tensor memory, a· fixed vector is used in place of a 
specific context vector. For further details, see Humphreys, et al. (1989) .. 

Disadvantages: The superposition. of three-way associations in tensor memories is a linear 
process, even though the three-way association itself is non-linear. As in the rank two tensor, 
if several targets have been stored with a cue--context configuration, then a second stage is 
required to select a single target from the target bundle produced by. memory retrieval. In 
addition, there are some memory tasks in which information that has been learnt in two 

. different contexts must be combin.ed in a third context. Effectively, two-way infor,mation has 
been stored in. memory, but the task concerns a three-way rdationship. This is discussed in. 
the section on intersection processes below. . 
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.. Summary: tensors a/rank k 

A tensor product, or association between k vector& can be viewed as a general purpose binding 
function, that stores the co-occurrences of k vectors~ The access. methods of the rank-three 
memory can be generalised so that any k':"'way association that has been stored in a rank-k 
tensor can be recognised, or a subset of the Composite items can be used to retrieve the missing 
items. An item that is not required for the task can be omitted and replaced bya fixed vector, 
which has the effect of generalising across the items in that rank. The .general principle is that 
for each rank of a tensor, a probe vector can either be defined, be set to a fixed vector, or left 
undefined, to be filled in by the memory access process. 

· A general problem with tensors of high rank is the storage requirement, which is combinatorial 
in the rank of the tensor. If each of k vectors has n. binary elements,:then there are 2nk possible 
associations that could be formed in a rank'-k tensor. For this reason, we use the rank-k tensor' 
to facilitate understanding of k-way associations, but do not. propose direct implementation of 
nk binding elements. Tensors of varying rank are a method for understanding the information 
that must be represented, and :evaluating any implementation of binding between items in 
memory .. We do not suggest that real neuron connections directly implement tensors of 

· arbitrary rank: . .... . . . 

Possible neural network implementations of tensors of rank one, two and three are shown in 
Figure 7. . 

Beyond tensors: Intersection processes 

Typically, models of human memory. have presumed that the task of memory is to retrieve 
information that has previously been stored in memory, or to id6ntify whether information has 
or has not been stored. This includes information about items, and configurations of items. As 
the previous sections have described, the tensor product is.a useful mechanism for binding a 
configuration of items. Such a binding process is required both at times of storage and 
retrieval. At storage, a memory trace that'is formed from the tensor product of several items 
binds together the particular configuration of those items. At access, if a subset of items is 
used as ail access probe, then the items must be bound .together to access only the 
configurations that are related to the probe. The memory structure can be considered a very 
high dimensional space in which information is richly represented. A memory cue (or set of 
cues) can be considered as a perspective from which the information in the memory can be 
accessed. A mathematical analogy is to view memory access as a projection onto the 
dimensions specified by the access cues. . . . '. . . 

However, there are memory tasks that fall outside ~his general de~~ription. Thes~ are tasks in 
which information that has been learnt in separate episodes (and hence bound into separate 
configurations) must be combined to find the answer. One such task is the example given in 
the introduction: "Name a mythical being that rhymes withpost." .'. 

Consider how we would model this task using a tensor meinory (for a description of the 
simuIations see Wiles, et aI., 1991) .. We assume that there are several items associated with 
roythicalbeing, such as unicorn, dragon, spectre and ghost, and several items .that rhyme with 
post, such as toast, host, coast and ghost (rhymes are treated as associations in this example). 
These are stored as tensor productS in the memory. (In this example we omit context since it . 
does not effect the mathematics.) We assume that the three-way association (mythical being, 
rhymes with post, ghost) has not been stored in memory. The task of retrieving an item that 

. satisfies both cJ.les cannot be performed directly, since there is no configuration in memory that 
combines both cues. Instead, we could use each cue separately to retrieve the set of items with 
which it has been associated. That is, the response of the memory to the semantic cue mythical 
being would be the target bundle representing dragon, unicorn, spectre and ghost. Similarly 

· the response to the rhyme cue, post, would be the target bundle representing toast, host, coast 
and ghost. Completion of the task requires selecting an item (or the set of items) that is 
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represented in both target bundles. If each bundle is considered to be a set of items, then this is 
equivalent to finding the intersection of the tWo sets (see Figure 8). The task is particularly 
difficult because the target vector,ghost, is only weakly represented in either set. That is, the 
semantic imd, rhyme cues have extremely Iow separate probabilities of accessing the target, 

- ghost" although they have a very higti joint probability. 

It is possible to determine if a solution exists to the above task by calculating the match between 
the two retrieved target bundles (see Figure 9). If the intersection is not empty, the match value 
will,be non-zero. This provides a mechanism for recognition, however, retrieval is a problem: 
The items in the intersection cannot be retrieved using linear operations over the tensor. It ' 
requires specific information about the items themselves. There are several ways of computing 
intersection processes (see Wiles et aI., 1990). One method, based on the tensor formalism 
requires a second tensor that contains item information. In this method, the tensor product of 
the separate target bundles is filtered through the second tensor to remove the cross product , 
terms (see Figure 10). ' 

Humphreys et al. (in press) proposed'that an intersection process fonns one 'of the fundamental 
, ,memory access processes (together with matching and retrieval, described above). Potential 

implementations using neural networks are described by Wiles et al. (1991). The implications 
of such a direct access intersection process are wide reaching, for both memory research and 
wider issues in cognition. As we show in the next section, the intersection process looks 
remarkably similar to an analogical mapping process. 

Summary of the memory .access operations 

The basic computational processes that can form or retrieve information from a memory tensor 
are termed primitive operations. We list here the primitives that seem likely to form a useful 
basis for developing models of memory, and cognitive processes based on them. In a model 
based on these primitives, all tasks that access memory would use these' primitives or 
combinations of them. The intention is that they forma finite basis for the underlying 
,processes of a memory model, like the basic set of commands of a programming language. If 
the set is comprehensive, then all other abilities are based on combinations of these primitive, 
operations. " 

,~ 

The processes that have been described above include the following: 

• the tensor product of three vectors (cue, target and context) to form a memory trace, 

• the superposition of the memory trace on the tensor memory, 

• access processes based on combinations of cue, target, context and fixed vectors, 

• the intersection of vector bundles, ' 

• a cleari-up process that selects a single item from a vector bundle~ 

The access processes in the third poirit can be further subdivided into the primitives of retrieyal 
and matching with the use of a fixed vector when context.is not required: ' , 

• retrieval of a target bundle (in respouse to cue and context vectors; or cue and fixi:d vectors), 

• matchlng of access cues to memory (cue, target and context vectors; or cue, target and fixed 
vectors). ' 

, , 

The use of these processes in formal memory specifications is being developed by Humphreys 
Wiles and Dennis (1992). ' ' 

The use of the tensor as the underlying data structure for memory leads to consideration of sets 
of targets (represented by the target bundle) as intermediate stages of processing in memory 
tasks. Memory tasks that require several accesses to the tensor memory will require temporary 
storage of information retrieved from memory. For anysucbtask it becomes an issue to 
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specify when that information needs to be represented as a bundle, or when a single item needs 
to be selected from the bundle. In the direct access intersection process described above, the -
information in a target bundle is preserved during the intermediate stages of processing. The 
superposition of memory traces in a vector bundle resulting from a memory retrieval has often 
been considered to be a noisy signal that needs to be "cleaned up" to produce a vector 
corresponding to a single item (e.g., Hertz, Krogh & Palmer, 1991). The point We makehere. 
i's that this is not necessarily so and that the superposition of vectors is a powerful process that 
adds to the flexibility of memory processes. 

Superposition has been considered by some researchers, such as van Gelder (1991), to be one 
of the defining characteristicS· of neural network approaches to human cognitive modelling, and 
the principle one that distinguishes it from symbolic approaches. Until the development of 
tensor models and recurrent networks, relations between items proved difficult -to capture in 
neural networks, and many early models did not account for systematic relations between 

. items, nor infinite competence. For further discussion of these issues, see van Gelder (1991), 
and for recurrent network models that address systematicity issues, see Smolensky (1990), 

·Pollack (1990) and Elman (1989,1990): 

... 

'. 
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Section 2. The Structured Tensor Analogic.al Reasoning (STAR) model 

computational requirements for a model of analogy 

Many of the issues raised in the previous section concerning the use of the. tensor product for 
modelling memory have also independently motivated its use for modelling analogies. In this 
section we review the tensor model of analogical reasoning proposed by Halford et al. (in . 
press) and the representation of predicates by Smolen~y (1990) .thatled to its development: . 

The first step in developing a model of analogy is to characterize the task to model. It is 
commonly held that an analogy eJ;ltails a mapping from one domain, the base or source, to 
another domain, the target (Gentner, 1983, 1989; Holyoak & Thagard, 1989). The elements in 
a domain can be characterized in terms of objects (such asx and y), attributes (such as RED(x), 

. or GREEN(x» and relations (such as TALLER.:THAN(x,y». Theelernents in a domain form 
one or more structures, composed of attributes and relations (or predicates). Objects and 
attributes are not normally mapped in analogies, and only relations that enter into a coherent 
structure are mapped. The syntax of an analogy entails a one-to-one mapping of elements from 
the base domain, to elements that form a corresponding structure in the target domain. If no 
such structure previously exists in the target domain, then the mapping process effectively 

· creates one. There are pragmatic factors in the selection of structures to map (see for example, 
Holland, Holyoak, Nisbett & Thagard, 1986; and Holyoak & Thagard, 1989), however, 

· following HaIford ·et al. (in press) in this review we are primarily concerned with the structure 
mapping or syntactic component of analogiCld reasoning. .. . . . . 

Analogies differ considerably in the complexity of the mapping task, depending on the ini.tial 
information provided about the elements and structures in base and target domains. HaIford et 
al. (in press) have proposed the following taxonomy of analogical reasoning tasks (summarized 
in Figure 11). It divides analogies into several basic types,as described below. 

1. Complete structure. In the simplest analogies, both target and base structures are complete at 
presentatiori (i.e., all elements are supplied), and the taSk is to f"md the correct mapping of 
elements between these structures. An example is an analogy between water-flow and heat-

· flow, in which the task is to fin~ correspondences between elements in the base and target 
domains. Typically such explanatory analogies entail complex structures, with many possible 
mappings between base and target, so much of the iIiteresthas centred around devising 
psychologically realistic algorithms for finding the appropriate mappings. The .task is formally 
equivalent to graph matching problems in computer science terminology. . 

2. Missing object. In slightly more complex analogies, the target and base structure are 
complete exCept for oriemissing base Object. The taSk is to fIDd the missing object. An example 
is the problem A:B::C:?,in which the task is to find an element, such as D, that has the same 
relationship to C that B has to A. This case am 1Il,so be extended to n-ary relations of the form 
abc:abd::ijk:? In this case, the relatioris in both domains are known prior to making the 
analogy. . 

3. Missing relation. The target structure is complete, the base elements are supplied, and the 
task is to find onem' more missing relations in the base. Finding relations that apply to both 
base and target elements is formally equivalent to fIDding the intersection of the sets of relations 
that govern the structures in each domain. . . 

4. Missing object and missing relation. In this case both an object and a relation must be found 
for the base. It combines the two previous cases. . '. 

. 5. Missing base. The target structure is complete; but the base domain is not specified. The 
· task requires that -memory be searched for a base .structure that matches the target. The base 

need not bear any obvious resemblance to the target, and these analogies are often highly 
creative. 
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Subcases: In the caSes above, it was assumed that the target.strilcture was complete, in that all . 
.the elements (objects, attributes and relations) were known. Each of the above cases has 
stibvarieties in which one or more elements are missing from the target, and it is necessary to 
find the missing elements in the target as well as those missing in tp.e base. The most complex 
cases- are subvarieties of case 5, where only the target elements (and not their relations) are 
supplied.' A base must be found in order to supply the missing relations in the target. This 

\ case requires highly creative solutions, because not only is it necessary to find an appropriate, 
and probably non-obvious, base structure, but the base is used to supply information about the 
target that was not previously known. ' 

Particular tasks can be classified into different categories depending on the, elements and 
relations that are provided to make the analogy . For example, the Rutherford analogy between 
the structure of the hydrogen: atom and the structure of the solar system, is nowadays treated as 
an explanatory analogy in which complete base and target structures are supplied (case 1), 
However, , if someone !mew the basic structure of the solar system, knew that an atom 
consisted ofa nucleus and electrons, but did not know the relation between them (did not know 
that electrons orbit around the nucleus), the person could map nucleus into sun, electron into 
planet, and then recognize that the relation "orbits around" applied to electron'and nucleus (case 

'3). Even this information was probably not available to Rutherford, for whom the target 
structure would presumably have been incomplete, and it would have been necessary to find an, ' 
appropriate base in order to complete the target (a difficult subvariety of case 5). 

Structure mapping processes 

There are a number of process (or computational) models of human analogical 'reasoning . ' 
(Anderson & Thompson, 1989; Bakker & Halford, 1988; Falkenhainer,Forbus, & Gentner, 
1990; Holyoak & Thagard, 1989; Mitchell & Hofstadter, 1989; 1990). Models such as the 
Structure Mapping Engine (Falkenhainer et al., 1990) and ACME (Holyoak & Thagard, 1989) , 
have been applied primarily to the first case in the taxonomy above, in which the task is to find' 
the appropriate correspondences between'elements in the base and target domains. ACME can 
solve a wide range of analogical reasoning tasks including water-flow/heat-flow, logical 
uniOn/arithmetic addition, solar system/atomic structure, and a number of convergence 
analogies (see Gick & Holyoak, 1980). The structure Qf bilse and target are represented as 
predicate-argument bindings, coded in predicat,e calculus. A parallel constraint satisfaction 
algorithm finds the mapping which maximizes the correspondence between base and target. 
This is 'achieved by inhibitory co!lllections between rival mappings (tending to ensure thilt 
mappings are one-to-one), and by excitatory connections which tend to ensure thar if a 
predicate is mapped, its arguments are mapped, and vice. verse. 

COPYCAT' (Mitchell & Hofstadter, 1989; 1990) solves letter-string analogies (the second 
case in tbe taxonomy described above). For example, abc:abd::ijk:? (answer; ijl), or 
abc:abd::xyz:? (answer; wyz). It operates on the basis of a slipnet which enables 
representations to be modified as structure mapping 'progresses. For example the change from 
abc to abd might be represented as "change the last element to its successor". This'structure is 
changed (slips) to "replace the first item by ,its predecessor", thus yielding wyz from xyz. The 
representation takes the form of local units or "codelets" which are processed in parallel, and 
the concepts corresponding to base and target domains are built by the codelet. One virtue of 
COPYCAT is that representations are created dynamically, as the simulation is run and hence 
can be tailored to the task at hand. Since the number of structures that could be built is 
unlimited, this is,much more powerful than specifying a general purpose representation to cope 
with any possible task. 

In both ACME and COPYCAT, representations are local in the sense that each element of the 
representation is coded as a single unit, rather than as a set of features which are distributed 
over a number of units. In COPYCAT codelets build structures that represent relations between 
elements. In the ACME model predicates and arguments are'represented using predicate 
calculus. Distributed representations are not used in either model. 
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In contrast to the ACME and COPYCAT models, the use of distributed representations was one 
of the major goals for the development of the STAR model (Halford et aI., in press). The 
success of parallel distributed processing (PDP) for implementing models of cognitive 
phenomena had highlighted the advantages of distributed representations (Rumelhart & 

· McClelland, 1986; McClelland & Rumelhart, 1986). An additional motivation came from the 
conviction that most human inference is based on memory retrieval (Tversky & Kahneman, . 

·1973, 1983) or some form of analogical reasoning (Halford et aI., in press; Johnson-Laird, 
1989). The success of PDP models of memory for storage and retrieval of information 
(McClelland & Rumelhart, 1986b; Anderson et aI., 1977) made them an attractive starting point 

.in models of analogy. However, memory modellers have not generally been investigated the 
representation of higher order structures. In ord~r to model the mapping processes in analogies 
it is necessary to represent the elements in the base and target domains and that requires 
representations of predicates and arguments, and the bindings between them. . 

.. The binding problem 

The binding problem with respect to analogical mapping tasks rel~tes to the issue of how to 
represent structure within a domain. For example, a predicate red(x) and an argument ball can 

· be represented by an unordered set of two elements {red(x), ball}. However, if there are 
several items ina domain, such as a red ball and a green Illack, then unordered sets of relations 
and attributes {red(x), green(y)} and {ball; block} are not sufficient to represent the domain. 
Specific bindings of x to ball and y to block are . required. There is a similar problem with 
predicates of more than one argument, where the arguments do not commute. For example, 

· given the predicate, larger _ than(x, y) and the arguments ball and block, the information that the 
ball is larger than the block cannot be represented by an unordered set of items {less than(x, 
y), ball, block}, since it is not specified whether x should be bound to ball andy to blockor 
vice versa. 

Moregerierally, the binding problem can be specifi<;d as follows: Given a structural description 
and a set of elements; binding refers to the correspondence between each element and its role in 
the structural description. For example, given a predicate, P, and a set of k arguments, Xi, i=1 
to le, the correct ordering of the arguments P(Xz, ... , x.t) needs to be specified. The k 
positions in .the predicate are referred to as roles, and the Xi are referred to as their 
corresponding fillers. The binding problem is the problem of specifying the correspondence 
between.each role and its filler. .. 

The binding problem is a key issue in representing higher-order structure in neural networks 
and a variety of solutions. has been proposed in the literature .. The problem can be 
conceptualised in two ways, the problem of representing predicate-argument bindings, and the . 
related problem of representing role-filler (also called variable-coilStant) bindings. 

. . 

Representation of predicates, argUments arid predicate-argument bindings 

Within the framework of distributed representations arguments are represented as vectors.. A 
predicate is a relationship over one or more arguments, which is often denoted similarly by a 
vector. Hinton (1981) represents a predicate and its argument(s) by a set of vectors, and the 
predicate-argument binding is represented by a separate set of units, called a PROP vector, . 
which represents the conjunction of the predicate and argument vectors. Apredicate-argument 

. binding can be created by adjusting the weights between predicate-argument vectors and the 
PROP vector. Murdock(1983) suggested that bindings between relationsh~ps and arguments 
can be represented as convolutions of vectors. Unlike the set of dedicate~ units required for the 
PROP vector, convolution does not require learning, and produces' a single vector that specifies 
both the arguments and their bindings. The convolution has found use as a method for creating 
representations, rather than as a memory storage device (plate, 1991). . 

Smolensky (1990) decomposed predicates into sets of roles (corresponding to each argument) 
and fillers (possible values for that role). Roles and fillers were represented as vectors, and a 

15 



rank 2 tensor product represented the correspondence. Different role-filler bindings. 
corresponded to different patterns of activations in the tensor product uniis. The essence of this 
approach is. shown in Figure 4. The binding of a role to a filler is represented by the tensor 
product of their corresponding vectors, as shown in Figure.lb, in which vector" a" represents a 
role, and vector "b" represents the filler to which "a" is bound. Activations in tensor product 
units can model rapid dynamic bindings of roles and fillers. If the concepts in each component 
space of the tensor product are represented by an orthonormalset of vectors then perfect 
retrieval of a missing component is possible. 

Halford et al. (in press) extended the approach defined by Smolensky to bind predicates to their 
arguments in the Structured Tensor Analogical Reasoning (STAR) model. Instead of 
representing a predicate as a set of role-filler bindings (using a tensor of rank 2), Halford et al. 
used tensors of higher rank to simultaneously bind all arguments together. In domains in 
which alternate predicates can be represented over the same arguments, a vector representing 
the predicate itself is also used. 

Tensor Product Encodings of Predicates 

Tensors of i~creasing rank represent predicates .with increasing ilUmhers of arguments. As 
mentioned in Section 2, a tensor of rank I is a vector. In the STAR model an argument or the 
label for a predicate is represented by a vector. 

A predicate with a single argument, such as red(ball) or even( 4), can be. represented as a tensor 
product of-two vectors, one representing the predicate andone representing the argument. A 
tensor of rank two can also represent a set of ordered pairs, such as {(1,1),(2,4), (3,9), ... } .. 

A predicate with two arguments, such as less_than(2,4), can be represented as a rank 3 tensor 
product, with one vector representing the predicate label and two representing the arguments. 
This. Cllll be seen as a set of ordered pairs with a label that allows alternate sets to also be 
represented. A tensor of rank three.can also represent a set of ordered triples, such as {(l,l,l), 
(2,4,8), (3,9,27), ... }. . . 

This approach can be generalized to higher level structures, in which a predicate with three 
arguments can be represented as a rank 4 tensor product, and one with n arguments can be 
represented as a rank n+ I tensor product. One. vector represents the predicate, and the 
remaining vectors represent the arguments. Where only one predicate is represented, the • 
predicate vector may be omitted and n-place predicate bindings, or n-tuples may be expressed 
by the tensor product of rank n. 

The approach used in the STAR model differs from the filler and role representation suggested 
by Smolensky, In his approach, the expression a+b = c, could be represented as a set of roles 

. (variablel, variable2, variable3, Corresponding to a, b, and c), and the values 3, 2, and 5 could 
be represented as fillers bound individually to .the roles in a rank 2 tensor; This approach uses 
explicit role-filler bi.ndings. By contrast, in the STAR model, the addition problem would be 
represented by a rank-four tensor. One vector would represent the addition predicate, and the 

. other three vectors would represent the arguments 3, 2, and 5 .. Roles are not required in this 
approach as each rank in the tensor has an implicit role in the tenSor. The set of all tensor 
preducts of corresponding four vectors would be superimposed, and the resulting rank four 
.tensor would represent addition. The advantage of the STAR approach is that all interactions 
between arguments can be represented in the tensor product, and are immediately available for 
access. Any three of the vectors could be used to retrieve the missing one. The caveat (from 
the computational point of view) is that there is a combinatorial explosion in the number of 
binding units required as the rank of the tensor increases which limits use of the tensor product 
to low dimensional problems. While this is a problem computationally, it has a psychological 
interpretation iri terms of capacity limitations inprocessing (Halford et al., in press). 

" 
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We regard the ability to recover any vector given the n-1 remaining vectors as essential to the 
most creative and dynamic use of representations in reas'oning. As we will see, it is essential to 
analogical reasoning which will be considered in the next section. ' 

Applying the STAR model to analogical reasoning 

In this section we briefly review Halford et al.'s (in press) application of the STAR model to 
the first two cases of analogy from the hierarchy above (for further details, and simulations of 
case 2, see Halford et aI., in press). 

, Case 1. Complete structure. In this case both base and target are completely represented in the 
tensor product, and forming the analogy is a matter of assessing the similarity of base and 
target predicates. This can be done using the inner product as described earlier. If the inner 
product of the veCtors representing base and target predicates is non-zero, then the base-target 
mapping achieves the minimum criterion of acceptability. 

Consider the example, woman:baby::mare:foal, given predicates such as loves(woman, baby), 
mother_of(woman, baby), feeds(woman, I?aby), larger_than(womaiJ, baby), mother_of(mare, 
foal), larger_than(mare, 'foal), and larger_than(mare, rabbit). The predicate names and 

, arguments are represented, as vectors, and the relationships as raUk three tensor products. To 
assess the validity of the analogy, the vectors for the first domain (i.e., woman and baby) are ' 
entered into the tensor produCt which yields a predicate bundle of all the related predicates (i.e., 

, {loves, mother_of, feeds, larger_than}). This is repeated for the second domain" yielding a 
second predicate bundle (i.e., {mother_of, larger_than}). The dot product between these two 
predicate bundles indicates the degree of match, and hence the validity of the mapping (see 
Figure 12). The predicates that are involved in both domains cOuld, be retrieved by computing 
the intersection of the predicate bundles as described in the last section on memory. 

The STAR model captures the syntax of the analogy, Iiutdoes not embody any of the pragmatic 
considerations that would allow a human reasoner to select mother_of (rather than larger .,.:than) 
as the better description of the higher order relation governing the mapping. Asa model of the 
syntax of the mappings involved in analogies, it is appropriate that it.should incorporate the 
ambiguities that are inherent in that syntax, though we recoguise that pragmatic factors are ' 
important for analogical reasoning. 

Case 2. Missing objec{s. In this case, the arguments for the target domain are complete but 
those of the base are not. The target arguments are used to retrieve a predicate bundle as in case 

, 1, however the predicate'bundle is fed back in to the tensor with the first argument from the 
base, thus retrieving the second argument. ' 

Consider a variation on the example used in case 1 above in which foal is missing, 
woman:baby::mare:? As'in case 1, the first stage is to enter the arguments woman and baby 
into the representation yielding a predicate bundle of all the related predicates, {loves" 
mother_of, feeds, larger-,than}. The predicate bundle is then entered into the representation, 
together with the argument mare. This yields an argument bundle, representing all the 
arguments that fit the input loves(mare,.J, mother_of(mare,.J or larger_than(mare,.J. In this 
case, it will be the superposition of foal and rabbit (see Figure 13). . 

The inner product of the output and the vector representing foal will have li strong match, and 
that representing rabbit will have a weaker match. This might be taken as a measure of salience ' 
of the solution. The match value ilicreases with the number of relations that are satisfied by 
both pairs mare:foal and woman:baby. ' 

Discussion of the model 

The STAR model is capable of solving a variety of analogical reasoning tasks. The cases we 
have considered so far entailed two-place predicates (rank-3tensors), but the, model is capable 
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in principle of solving analogies that entail arbitrary-place predicates. Predicates with an 
increasing number of arguments form ,a hierarchy of mathematical structures, requiring 
increasing rank tensors to represent them. The levels of this, hierarchy are related to the rank of ' 
the tensor products used to represent the relevant concepts. A predicate of n arguments 
corresponds td, a concept of dimensionality n, and is represt;nted by a tensor product iJf rank 
n+ 1. Halford et al. (in press) have proposed that human information processing capacity is 
determined by the number of interacting dimensions. This idea of processing capacity contrasts 
with other conceptions of capacity in long-term memory (the number of items that can be 
stored without interference), or short-term sto~age (the number of items that can be maintained 
in a short term buffer without decay or displacement). It is superficially similar to buffer 
storage in that it limits the number of items that can be simultaneously available forproeessing, 
however it goes beyond the concept of storage in that it specifies the rank of the interactions 
that can be processed in parallel. 

The number of possible bindings of arguments to predicates, increases combinatorially as the 
number of arguments increases. In the STAR model this requires a combinatorial increase in 
the resources required to represent predicates of increasingly higher rank and there are likely to 
be practical limits in what can be physically implemented. Halford et aL (in press) propose 

. that tensor products of rank fi~ probably represent the upper limit of human information 
processing capacity (i.e., four independent and one dependent dimension can be 
simultaneously processed). Higher place predicates could be represented by processes such as. 

o chunking (or reifica,tion, e.g., as used by Smolensky, 1990), however, such representations 
do not permit arbitrary interactions to be processed simultaneously (Halford et aI., in press). 

, The critical' aspect with respect to resource limitations is not the actual limit, but rather it is the 
potentiaL to equate different capabilities with different ranks, preferably in correspondence with 
cognitive developmental stages. " 

,. 
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Section 3 Discussion: Human memory and analogical reasoning 

In the previous sections, we have reviewed the tensor model of memory (Humphreys et al.,. . 
1989; Wiles et aI., 1990) and the STAR model of analogy'(Halford et aI., in press) .. 
Similarities between the mechanisms underlying these models have been identified via the use 
of the same tensor formalism, and we are left with.the strong impression that the memory and 
analogy models lie at either end of a Continuum. The ability to draw together information from 
diverse sources and see the similarities - tril'ditionall y viewed as the process under! ying . 

· analogical thought - can be seen to be based on mechanisn:iS that arise from the computational 
properties of memory. For example in the A:B::C:? analogy, first a predicate bundle is 
retrieved in response to the two arguments,. A and B, which is then combined with a third 
argument, C to retrieve the' argument bundle for the target.. These steps can be viewed as' a 
sequence of memory access operations. Conversely, the memory task "find a word associated 
with both A and B" can be viewed as a subcase. of. the missing object analogy (case 2 in the 
taxonomy in section 2). One object from source and target domain, and the relation, 
"associated.with" are initially provided, however, the task differs from the direct application of 
case 2 as there is an additional constraint on the correspondence. The task is to find an object 
that fills the role of both missing objects. In. this example, we see that a traditional memory 

· task can be viewed from the perspective of an analogical reasonfug framework. . . . 

The tensor memory :and STAR models use the same tensor formalism; but the original . 
motivations underlying their deve.1opment were very different. The key issues in developing 
the memory model centred on rapid learning, the need for a context cue to isolate episodic 
events, and the need for a variety of access processes to account for generalisations over 
episodic events, and recall and recognition. In section 1 we reviewed how the rank 3 tensor is 
an appropriate model for addressing these issues. In the second section, we reviewed Halford 
et al.'s (in press) STAR model of analogical reasoning. The key issues in developing the 
STAR model concerned distributed representations of predicate-argument bindings and the use 
of these representations for solving analogical tasks. Predicate-argument binding in the STAR 
model is a process that combines .elements into more complex structures (using the tensor 
product) to retrieve stored information. 

Th~ main differenCes between the tensor memory and STAR models lie in the complexity of the 
structures proposed for solving different tasks. Since the structures are implemented as tensors 
of varying rank, the memory and analogical models of suchtaiokscan be viewed as lying on a 
continuum, on which memory tasks require simpler ranked tensors, and analogical tasks 
require representations of greater complexity. Tensors of increasing rank form naturally into a 
scale of representations of increasing computational. power. The simplest level, rank 1, 

. corresponds to a memory trace. The importance of such simple traces lies in the dimension of 
similarity that can be defined between traceS. Rank 2 corresponds to association between traces 
and allows retrieval of 0 ne trace given the other. It can also represent predicates of one 
argument. Rank 3 permits assoqiation between traces to be distinguished in different contexts. 
It also permits reasoning 'about binary relations to be undertaken (a simple form of analogical' 

, mapping). Rank 4 permits reasoning about binary operations, and rank 5 permits reasoning' 
about compositions of binary operations (see Table 2). Tasks that might naturally be modelled 
using tensors of higherrank are likely to be recoded into combinations of lower rank tasks . 

. The processes that are described in Table 2 cIiri be viewed both as basic memory processes and 
· as basic reasoning prOcesst;s in the tensor product formalism. They are th.e basic processes that 
are involved in building complex relations from simpler elements, a process that is fundamental 
toailalogical reasoning. . 

. . 

In passing, we note that the hierarchy of increasing rank tensors is suggestive of differences.in 
cognitive ability, both. in the cognitive development of an individual through maturation, and 
between different species through evolutionary change. Weorily note the similarities here, and 
leave development of these ideas for future study. . 
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Table 2. Summary of the psychological motivations 
for increasing the rank of tensor memories. 

Complexity 

Rank I . 

Rank 2 

Rank 3 

Rank 4 

RankS 

Motivation 

Need for a mechanisql to represent similarity b.etween items. 

Need for a mechanism to represent associations between pairs of 
items (thiS can be extended to associations between any number 
of items). 

Need to distinguish associations ofitemsin different contexts. 
Need a mechanism to represent the binding between a predicate 
and two arguments .. 

Need a mechanism for representing binary operations (or 
bindings between a predicate and three arguments). . 

. Need a mechanism to reprfisent composition of binary operations. 

Implementation: The memory and analogy models differ in the ways that they have been 
implemented.' Because Humphreys et al. are concemed with modelling memory, the values 
$tored in their tensor products are interpreted as weights, whereas Halford et al. are concerned 
with modelling dynamically-created representations, so they interpret the values as activations. 
Mathematically these processes are equivalent and the analogical reasoning model is consistent 
with a memory retrieval view of analogies; That is, wh~n a set of arguments are entered into a 
representation and a predicate bundle obtained as output, it would be appropriate to think of the 
arguments as cues for the retrieval of the predicate bundle. Similarly, when a predicate bundle 
is presented a:nd a set of arguments obtained as output, the predicate hundle is serving as cue 
for retrieval of the arguments. Furthermore the process of using the inner product,of a vector 
representing an output bundle and a vector representing a predicate or ~rgument is the same 
mathematical operation as the recognition procedure used in the memory models. This does not 
necessarily imply that analogical reasoning operates directly on semantic memory. It is 
possible that it takes place in a temporary representation that is a copy of information in 
semantic memory. . 

Issues addressed by both models 

The use of the tensor product as a representatiOIi mechanism in both models provides a way of 
linking the research areas of memory and analogical reasoriing. Traditionally, memory and 
analogies have been investigated using very different experimental tasks and different 
computational modelling frameworks. The use of a common framework allows us to see how 
the issues from one area caq inform research in the other. In particular, both tensor models 
implicitly exhibit several properties that have been explicitly incorporated in many current 
memory models and in' other kinds of models. These include. the superposition of memory 
traces, the intrinsically parallel nature of memory access, and the requirement that eacbmemory 
access involve the Use of a cue or combination of cues.' . . . ' 

Superimposed repre~entations: The process of adding information to the teDsor memory js, by 
defInition, a superposition process. Each memory trace (the tensor product of the cues and 
targets, or predicates and arguments) is added to the existing memory structure. '. , . 
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A second use of superimposed representations occurs in access processes, in the guise of, 
vector bundles (superimposed traces of rank 1). Target bU,ndles (linear combinations of target 
vectors) retrieved in response to an access cue form an intermediate stage of representation in 
the memory intersection process (Wiles et aI., 1990). In'the STAR model, vector bundles are 
required as intermediate stages in analogical reasoning tasks. For example, predicate bundles 
used in the solution of an A:B::C:? (the missing object) analogy are superimposed 
representations of all the predicates that relate the two arguments in the source domain (see 
Figure 8). 

Parallelism: The tensor framework provides parallelism as an intrinsic part of memory access 
in a way that runs counter to many of our intuitions. In.traditional computer models, parallel 
access is often conceptualised as a set of simultaneous accesses between an input cue and a set 

, of stored memory traces (the basis for parallel search). In tensor models, all memory traces 
are superimposed, and the individual traces no longer exist. Hence, it is not possible, even in 
principle, to search the memory traces individually. lnstead, the superimpoSed memory can be 
accessed in' a single operation that produces, any outputs related to the input cue. This sounds 
too good to be true and indeed, there· is a caveat: The superimposed memory produces 
superimposed outputs. This may be an advantage or disadvantage,. depending on ·the 

'circumstances. If individual outputs need to be distinguished, or a 'sirigle one isolated, then 
superposition may not be an advantage. However, if the superimposed outputs can be used in 

, further calculations, as in the analogical mappings in. the STAR model or the intersection 
processes in memory tasks, then a superimposecl vector is exactly the form that is required. 

. . 

Note that the problem of how to access individual memory traces is present inany model that 
uses superimposed traces, not just the tensor models we have discussed above. A mechllnism 

~. such as cue-based access is necessary, and others such as sequential search are precluded from 
consideration. 

Cue-based access: It has long been common in memory research to view memory as a Cue
based process (Anderson & Bower, 1973; Tulving, 1976). By this, it is meant that each 
memory access requires'an appropriate cue for memory retrieval. By contrast, models of 
higher-order cognitive processes based on the computer metaphor have typically placed 
emphasis on serial stages and search. as a fundamental memory access process. The tensor 
framework forces each access of the tensor representation to be based on the use <if a cue, or 
vector bundle of cues, regardless of whether it is part of a memory access, or analogical 
reasoning step. ' 

Note that we do not think that memory management and search techniques are in-elevant to 
memory and analogical research issues. Howeve,r; we think that they are based on intrinsically 
parallel processes, such as cue-based access to information stored by superposWon of 
distributed representations. One of the important conjectures of this research is that much more 
of what we consider higher-order cOgnitive processes may be memory related. A model of 

, hUman memory that provides representlltions and access processes for use as primitives in 
models of higher-orderprocesses should facilitate the exploration of such conjecture. 

The view of analogical processes as sequences of memory access operations breaks down the . 
distinction between memory and processing. This distinction has been further eroded in other 
neural networks models, such as the simple recurrent networks, in which distributed patterns 
of activation can be viewed as processing instructions (or operators) for the next step in a 
sequential process (Wiles & Bloesch, 1991). 

O/metaphors and models 

The advantage of the tensor framework, and more generally neural networks, is that they 
provide a different metaphor for modelling cognitive phenomena from the traditional sequential 
computers, one in which parallelism, cue-based access' and superposition are intrinsic 
properties of the processing ,mechanisms andunderJying representations. Axiomatically, the 
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primitives used to build a model constrain the systems that are built. We may not have exactiy 
the right set of primitives in the tensor models for memory and analogy, however, the very fact 
that we choose superposition as a storage m.echanism constrains our choice of retrieval 
processes. Pmcesses such as cue-based access could be implemented in traditional modelling 
frameworks, however, they would need to be explicitly constructed as part of the model. . 

Showing the similarities between the tensor models of memory and analogy achieves two 
things:' The first is to deepen our understanding of analogy by showing how it can be related to 
memori-based processes. We do not mean to imply that memory processes alone underlie 
analogical reasoning, since clearly there is much more to analogical reasoning than the syntactic 
structure captured by the tensor productformalism. Rather, we have shown that the power of . 
the STAR'model to account for analogical phenomena derives from fundamentally memory

·.like processes. This raises a challenge to re-examine other cognitive models and see how much 
of their computational ability is based on the memory processes that they use and how they 
build complex relations from simpler elements, for example in variable binding. Establishing 
the memory primitives that are utilised by the STAR model also provides a solid framework for 
exploring what additional computational primitives are required for modelling higher cognitive 

. processes. The second outcome of linking memory to analogies is'to widen our understanding 
of. the nature of memory processes, by showing that the building of complex strucfures from 
simpler elements is not beyond the scope of memory modelling. In this sense, the connections 
between STAR and the tensor memory model are blurring our notions of structure and process 
in memory tasks. .. . '. . . . 

The tensor framework also captUres the nature of resource constraints. These constraints are 
derived from the computational structure of the model, rather than imposed a posteriori on a .. 
model with infinite competence. As mentioned in the last section, we do not expect that tensors 
of arbitrary rank can be stored in memory. Alternative techniques could use sequential stages 

. of processing in which information is encoded in several tensors of lower rank (for example· 
.using the technique of reification). Such techniques trade the flexibility of being able to access 
any combination of ranks for the ability to store predicates of higher rank. . . 

It should be noted that the kinds of resource cOnsiderations that are derived from the tensor . 
framework differ from those traditionally considered .for memory and analogical reasoning 
models. Typically, memory models are evaluated with respect to their capacity for storing and 
retrieving pa.tterns without error, or with acceptably Iow errors. The capacity issues that 
Halford et al (in press) have considered for the STAR model are related to the rank of the 
tensor, and can be viewed as the number of items thatcan simultaneously interact. This has· 
implications for memory, in terms of the number of items that can be flexibly combined in a. 
single memory access. Applying the limit of rank five proposed by Halford et al. (in press) 
suggests that the most complex memory access tasks would. have an upper limit of four access 
cues (one context and three cue vectors). This provides the potential for much more complex 
memory access operations thaD, have currently been considered, but this is a topic for future 
consideration. . 

Menwry, analogy and creativity 

Typically, the study of creativity from the psychologiCal viewpomt hasconcerned'performance 
factors and the conditions that promote it. For example, Matlin (1989) discusses definitions of 
creativity, how to meas~e it and factors influencing it. This is similar to research into the 
factors that influenced learning,in the 1950s, prior to the cognition revolution in learning and 
memory research. Our focus, by contrast, centres on the mechanisms of human creativity. In 
particular, we view crea~vity as an inherent aspect of the mechanisms that underlie memory 

. retrieval and analogical mapping. Although the simplest tasks in memory or analogy may show 
little creativity (corresponding to storage and retrieval, and graph matching, respectively) 

. typical tasks are much more complex and require more flexible and powerfUl mecharusrns. 

Memory and creativity: The simplest memory tasks involve the retrieval of information in the 
form in which it has been stored. This is analogous to computer memory tasks, and involves 
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no aspect of creativity or additional computation. In computer modelling and artificial 
intelligence, it often seems to be assumed that this is all there is to memory, and hence memory 
modelling need on,ly capture aspects of storage and retrieval. .. 

However, the fundamental reason why memory is of use in cognition is that events in the 
future that are similar to current events are likely to have similar outcomes. No event is ever 
replicated exactly, as contexts and incidental details change across episodes. Hence, variation 
in accessing information is required, mid novel contexts are the norm. The tensor memory 
model (and all distributed associative memory models) -relies on similarity of memory items. 
Similar cues access similar targets, and hence judgements of similarity are fundameIit<t1 to such 
models. For example, . human. memory tasks involve many uses of information, including 
retrieval of information given partial cues, use of information that was only incidentally 

. encountered, typicality judgements in which no context is provided, and blending of memories 
to synthesize information from different episodes. These are all tasks that are basic to creative 
cognition. Any model of their function requires a .set of memory primitives that have such : 
properties as basic functions, 'Or can be combined into algorithms that solve ~e tasks. 

Analogy and creativity: Just as memory tasks vary from simple to complex, so also analogical 
mapping tasks vary in difficulty. The simplest analogical mapping tasks concern 
correspondence between elements in different domains (see case 1, in Section 2). In computer 
science, these are graph matching problems. However, like human memory processes, 
analogical mapping processes are required to solve tasks in which elements can be missing 
from one or both domains. . 

n.oTU>/<V~"""r··j TO' . 
As reHmSQ 10 above..fer practical memory systems, cognitive processes mnst function in novel 
contexts, and in a wider sense, also in. novel domains. In circumstances in which events are 
unfamiliar, and similarity to past events is not sufficient for providing' information about a 
novel domain, there is an alternative principle that can be employed. This is the similarity of 
the structure of the domain to a well-known domain, rather than the explicit similarity of events 
to past events. 

From a reasoning perspective; analogical mapping isa "heuristic" method in which structural 
similarity between domains allows correspondence to be established between elements. This 
can be explained as follows:' . Typically, in an analogical mapping task, a domain is described in 
terms of objects, their attributes and relations' between them. This can be charaCterized as 
structure within a domain. The underlying principles of analogical mapping are that structure 
that is similar between two domains allows correspondence to be established between their 
elements and that cClrrespondence between elements allows structure to be mapped between 
different domains. If a domain contained only isolated facts with no higher order relations, 
then there would be no basis for structural mapping. The process of finding correspondences 
between structure requires flexibility; as structures can be retrieved from partial cues (from 
either domain) and correspondence between elements can be based on partial matches. As 
discussed above, processes that are capable of such flexibility are an inherent part of creative 
cognition, arid are basic to modelling memory as well as analogy. 

Both the tensor memory and STAR models exhibit creativity as an inherent part of their 
processing, not as an added module beyond their norinaJ functioning range. Creativity in the 
tensor memory model arises from the flexibility of access processes and the intersection 
process. Several access processes were described for accessing information stored in a tensor 
memory. Information independent of context can be accessed via use of a fixed cue in place of 
a context vector, allowing general knowledge, or typicality information to be accessed . 

. Information that is, associated to more than one cue can be retrieved using an intersection 
process with two or more access cues. Creativity in the STAR model arises from similar 

. processes to the tensor model of memory, in terms of retrieval and re~ognition, but also from 
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the variety of ways in which informati0ll_can b~Qcessed using several accesses to the tensor 
. memory. For example, in the tas --t :babsrny;e;1 the predicate bundle representing all 

predicates ~he arguments, mothe nd ab . was fed back into the tensor with the rkvlMj 
argument,~, ·in a second cyc e to retrieve the argument bundle containing~ If 



correspondence between elements is known, then relations over those elements can be mapped 
between domains, and conversely; if domains share common relations, then element 
correspondences can be established. The cases we discuss in this paper are hybrids of these in 
which combinations of relations and arguments are known. 

Conclusions 

The teiI~or model of memory (Humphreys et al:; 1989) as it has been elaborated subsequently 
(Wiles etal.; 1990) and.the STAR model of analogical reasoning (HaJford et aI., in press) have 
contributed to computational approaches to creativity in two main ways. The memory model 
shows .how unrelated cues can be combined to retrieve an item which has a very weak 
association with both of them. It therefore shows how, in principle, items of information that 
initially have no apparent connection can be combined in a creative way. Analogical reasoning 
is creative in several ways: One is it permits formal correspondences to be recognized between 
situations that have no surface similarity. In this way, correspondences can be recognised 
between domains that previously were seen as unrelated. AI!other is that it permits new 
properties to be recognised (most notably in the missing base, incomplete target case). In this 
paper we have shown that the memory and analogical reasoning models share many basic 
processes, which we identified within the tensor formalism. The models have direct 
implementation in neural networks, and this creates a liIik to other neural network models that 
are known to be applicable to human perception, learning and cognition. All of this suggests 

. that we may have found an architecture with the potential to capture some of the basic processes 
underlying human cognition and human creativity. 
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(c) A tensor of rank: three isa three-dimensional structure .. 

I • 

. Figure 1. Tensor memory traces of increasing rank,. using graphical representations and 
numerical examples. Each memory trace is formed from the tensor (or outer) product of the 

. available vectors. . .. 
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a c v 
Figure 2. Rank-one tensor (vector) memory, V, formed; from the superposition (linear 
combination) of component vectors. 

. 

. 

+ c®d -- M 

Figure 3. Rank-two tensor (matrix)memory,·M, formed from the superposition of the tensor . 
product of cue. and target vectors. . 

-- T 

Figure 4. Rank-three tenspr memory, T, formed fromthe.superposition of the tensor products 
of cue, target and context vt:ctors; . 
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a a ® b a®x 
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x x®b x®x 

b x 
Figure 5. Rank-two tensor (matrix) memory with context vectors appended to the cue and 
target terins. The memory stores associations between cue and target, cue and context, and 

. target and context, but there is no three:-way association between context, cue and target, and 
this cannot.(even in principle) be constructed from the pairwise associations. . 
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'a®b®X' 
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L--__ I/, 
t "X 

a· '. 
" , 

b 
Figure 6( a1) Recognition: Matching of cue, a, target,b, and context, X, to the tensor memory, 
T. The match is calculated by taking the dot product between each element in the memory trace 
and each element in the tensor, (a®b®X) • T. A scalar value is produced. ' 
, , 

a T 

l 
target bundle 

,,' " '~"" 

b ~'match 
value' 

,7: " , 
Figure 6(aZ). The process described iD, (al)is mathematically equivalent to a retrieval to the 
cue and context, followed by a match to the target. 

Figure 6. Access proce~ses for the rank-three tensor memory. These proc~sses rely on 
mechanisrnsthat match to memory or retri~ve from memory. 
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a 

fixed 
vector,. r 

Figure 6 (b) Familiarity rating: Matching of cue, a, and target, b, to the tensor memory, T, 
using a fixed vector, r, (a®b®r) • T. This is the same as the recognition process except for the 
use of a lIXed vector in the place of context. A scalar value is produced. 

a T 

~. 
target bundle 

Fignre 6 (c) Cued recall: Retrieval from tl!e tensor memory, T, using a cue, a, and context, X . 
. . A target bundle is produced. 

...- " 
a • T 

"/ fixed , 
~ vector; r 

target bundle 
Figure 6 (d) Free association: Retrieval from the tensor memory, T using a cue, a, and fixed . 
vector, r. This is the same as the cued recall process except for the use of the fixed vector in " 
the place of context. . A target bundle is produced. . . " 
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Cue units 
(inputs) . 

Cl 

C2 

C3 

C4 

v 
Single unit 

T1 
(output) 

Figure.7 (a) ,Neural network implementation of a rank-one tensor (vector) memory. The 
elements in the tensor memory are represented by weights between 'the cue units and output 
(labelled V). ' 

M 
Cl T1 

.Cue units 
cz· T2 Target units 

, (inputs) C3 T3 (outputs) 

C4 T4 

Figure 7 (b) Neural network implementation of a rank-two tensor (matrix) 'memory. The 
'. elements in the tensor memory are represented by weights between the cue units and target 

units (labelled M). . 

Context units 
(inputs) y 

Cl 

, . Cue units C2 ......... ~~~~><~ 
(inputs) L T5 

C3 ..... _~ 

T6 
C4 '-J"_ 

T7 

--,.,.... TB 

Figure 7 (c) Neural network implementation of a rank-three tensor memory. The elements in .. 
the tensor memory are represented by multiplicative (or sigma-pi) weights between the cue, 
context and target units (labelled T). Not all connections are shown. (Adapted from Wiles et 
al. 1990) , 
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spectre 

Cue 1 

Mythicalbei"/, 

Cue 2 
rhymes with, post , 

ghost 

coast 
host 

toast 

.' . 

Figure 8 .. The intersection task requires finding a word that "means a mythical being" and 
"rhymes with post". Each cue accesses the set of all its associates. The solution lies in the 
intersection of these sets. (Adapted from Wiles et ai, 1990); .' 

T cue 1 .---
target bundle 

{dragon,spectre, 
uriicorn,ghost} 

. cue 2 --- T 
/. 

L...-~_ . .... ,,, r 

target bundle 
{coast, host, 
toast,ghost} 

~/ .. 

1 
rnatch value 

Figure 9. Calculation of.whetherthe intersection is empty using a tensor memory,. Since the 
task is semantic, a fixed vector, r, is used in place of a Context vector. Each cue individually 
retrieves a target bundle corresponding to all its associates {dragon, spectre, unicorn, ghost} 
and {coast, toast, host, ghost} respectively. If the match between the target bundles is not 
zero, then there is at least.one item in the intersection. Although the match can be calculated on 
the target bundles alone, the items in the intersection cannot be retrieved from the tensor 
memory or the target bundles dirtfctly. . . 
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cu~ T cue 2 'T 

target bundle 
{dragon,spectre, 
unicorn,ghost} 

1 --.. 

-

A 

target bundle 
{ghost} 

target bundle. 
{coast, host, 
toast,ghost} 

Figure 10: Implementation of the interseCtion task, using tensor memories. Since the task is 
semantic, a fixed vector, r, is used as a context vector. Each cue individually retrieves a target 
bundle corresponding to all its associates {dragon, spectre, unicorn, ghost} and {Coast, toast, 
host, ghost} respectively; Selection of the item (or items) that occur in both sets is calculated 

.. using a second tensor memory, A, that only stores itemjnforrnation (i.e, A is an auto:-
associative memory, A = ~i aj€laj €laj, where aj E{dragon, spectre, unicorn, ghost, post, 

. coast, toast, host}); Retrieval from A using the two' target bundles from the first stage' 
produces {ghost} (a target bundle corresponding to the sing1,e item in the intersection). . 
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Definition 

M: R(e) ~ R(e') 

M: R(ei,e j) ~ R(ei.ej) 

e.g. (a>b) ~ (c>d) 

M: R(ej. ej' ek) ~R(ei.ej. eic) 

e.g. (a>b>c) ~(r>s>t) 

M: R(ej.ej,ek.el) ~ 
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Representation 
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Figure 11. The mapping hierarchy: Mapping tasks and their tensor product representation, 
from the simplest element-to--elenient mapping, to the most complex multiple-systems 
mapping. (From Halford et al., in press). ' 
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- ./ 

woman T' 
, -----.. 

mare 
, -----.. T 

foal 

predicate 'bundle' 
{LOVESL->, 

MOTHER_OFLJ, 
FEEDSl.->, 

LARGER-THANL->} 

\ .. .-. 

predicate bundle 
{ MOTHER_OFL->, 

LARGER-THANL-> } 

match 
value 

, Figure 12. Solving a case 1 analogy using the STAR model: The tensor, T,bas been trained 
on a number of predicate-argument triples. To test the validity of the hypothesis "mother: 
baby:: mare: foal", the STAR model solves the problem in two steps; On the first step, the 
arguments "woman" and "baby" are used to retrieve the predicate bundle, {loves, mother_of, 
feeds, larger_than}, and the arguments "mare" and "foat" are tised to retrieve the predicate 
bundle, {mother_of, larger_than}. In the second step, a ,match between the two predicate 
bundles, is calculated by forming their dot product. If the match value is non-zero, then the 

, analogy is valid. (This is similar to the procedures described in Figure 9, with the output 
, bundles representing relations, rather than arguments.) , 
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woman 

mare 

1/ . '-----t--"· ~. 
baby 

T 

! 
argument bundle 

{foal} 

. predicate bundle 
{MOTHER_OFL,.J } 

. I 

I , 
predicate bundle· 

{ MOTHER_ OFL,.J} 

Figure 13. Solving a case 2linalogy using the STAR model: The tensor, T, hasbeen trained 
on a number of predicate-argumenuriples. Given the task "mother: baby:: mare: 1", the 
STAR model solves the problem in two steps. On the first step, the arguments "woman" and· . 
"baby"_are used to retrieve the predicate bundle, {loves, mother_of, feeds, larger_than}. In 
the second step, this predicate bundle is fed back into the tensor with the argument, "mare", 
producing the argument bundle {foal, rabbit} with foal strongly represented, and rabbit weakly 
represented. (Adapted from Halford et aI., in press). . 
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