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A functorial version of a

construction of Hochschild and Mostow

for representations of Lie algebras

William H. Wilson

Let g be a Lie algebra, h a complemented ideal of g , and W
an h-module. Hochschild and Mostow have described the
construction of a g-module "induced" from ¥ , which is finite-
dimensicnal provided W 1is finite-dimensional and satisfies a
nilpotent action condition. This note describes a modification
of their construection which is functorial and a weak adjoint to

the restriction functor from g-modules to h-modules.

Throughout this paper we shall suppose that g 1is a Lie algebra over
a field k , that h is an ideal of g , and that there is a subalgebra s
of g such that g=h® s . Uh, Ug will denote the universal enveloping
algebras of h and
g=h+8 with % €
Hochschild and Mostow [1]), a composition #* by

£ - Clearly, every ¢ € g can be written uniquely as
h

and & € 5 . This allows us to define, (with

(1) g*u =hu + (su-us) for g€ g, u €Un .

It can be shown that su - us € Uh , hence (1) determines a g-module

structure on Uh .

We shall use mod-h, mod-g to denote the categories of right h- and
g-modules, and F : mod-g + med-h to denote the restricition functor. Now

let # € mod-h - Then homk(Ug, W) has a g-module structure given by
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) = flgsu) for J"Ehomk(Uh=, W) , g€g,and uc€lh.

Construction of the functor I
Define a map Q‘W : W > hom, (Uh, ¥) by setting J (w)(w) =w.u for
w €W and u €Uh . It is easy to check that 3FJ is a Uh-monomorphism.
We define a2 g-submodule IW of homk(Ug, W) by setting IW = (:‘Lm 3W] g .
Now let jW be 3W with codomain restricted to be FIW . Let
W, W € mod-h and ¢ € homUh(W, W') . We define Iy : IV + IV by

() (1) = o Alu) for u ¢ Uh and f € IN . We must show
{(W)(f) e W' . Since f € IV , f may be written as

n

£= 1 dyle) s
=1
for suitable Wy €W, x; €lUg . Then, for u € Uh ,

({Zy) () 1)

° g m_’
El 1‘.21 Jw[wi) T’J(u)

(F w0}

f: "’["’?:] [a:'b * )

T =

_ [él G (0() .a:;l(u) ,

]
so ()(f) = T dn(w)) e, €W . If ¥ is enother h-module and
=1

Ppr o€ homUh(W', '} ,then (p' o) o F=y' o (P o f) ; it follows that I
has the multiplicative property of a functor.
LEMIA 1. j., <s natural in W .

Proof. We must show that if 1 € homUh(W, W') then

FI:,UOjW=jW.°U:. Suppose w € ¥ and u € Uh . Then
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(1Y © G witu) = (v © F,w)) () = plw.u) = pw).u = o (b)) (u)
= [jwl ° wJ(W)(H)

as required. |
LEMMA 2. I is a faithful functor,
Proof. If Iy =0 , then for al w €W , O = (Ilp)(jw{w)) ; 50
0 = [(rp)(G,()](1,) = @) . That is, y =0. 0
THEOREM 3. The functor I : mod-h + mod-g , described above, is an

injective veak left adjoint to F . That is, for W € mod-h and
V € mod-g , there ig an injection

8, : homUE(IW, V) - homUh(W, F¥)

WV
which is natural in W and V.

Proof. For ¢ ¢ hong(m’ V) , we define Bw(¢) =F¢ o J, . The
naturality of BWV follows from that of jW and the definition of SWV .

We must show that 0., 3is injective. Suppose that ¢ € homb,ﬁ(l'ﬁl, 1288

l’ ¢2
and that Fc])l ° Jy = F¢2 e dy - Then ¢1 and ¢2 coincide on im Jy -
Since d)l, ¢2 are Ug-homomorphisms, it follows that they must coincide on

(in 4,) .Ug = ¥ . o

THEOREM 4 (compare Hochschild and Mostow [7] and Zassenhaus [2]}.
Let g be a finite-dimensional Iie algebra over a field k of
characteristic zero, and let h be an ideal of g with complementary
subalgebra s . Let W be a finite-dimensional h-module on which [h, sl
acts nilpotently. Then IV , as defined above, is a finite-dimensional

_E-moa’.ule.
Proof. If {0} = Wog < W <0<l = W is a composition series for
W, then set S(W) = (W /W .} @ ...® (W,/W,) & (W /W) . By the Jordan-

Holder theorem, S{W) is determined up to isomorphism. Clearly, a
subalgebra of h acts rilpotently on W if and only if it annihilates

S(W) . Let us write d = dimk W , and let ann, () denote the

U

annihilator in Uh of an h-module ¥ . Obviously,
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(2) [annUh[S(W))]d € amn,, (W) € annUh[S(W)] .

Since, by hypothesis, [h, sl € an

@[S(W)] , it follows that anny_g(s(w)]

is a g-submodule of K . Hence (ann [S(W)]] is a E-submodule of

i .

If f € hom (Uh, #) and flanng (W)} = {0} , then for all =« € Ug ,

7| tamnyy 50))) < sl tammyy (5)) )
f_:_j‘[annyb(f'.’)] by (2},
- {0} .

Now iij annihilates a.nnyh(W) ; so IWN = (im jW] .Ug annihilates

(ann (S(W) . Let us write J = (a_nn [S(W)]] . Then it is easy to
see that IV 1is embedded in homk(Uh/J W) Since ¥ is finite~

dimensional, annUh(W) is of finite codimension in Uh . Hence, by (2),

annUh[S(W)) is of finite codimension in Uh . Now we appeal to a result

of Zassenhaus [Z, page 263], which states that if X, ¥ are ideals of [h
of finite codimensicon, then so is XY . We deduce from this that J is of

finite codimension in Uh , so that dimk homk(Ug/J, W) <o , and so

dimkIW<°°. o
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