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On coinduced corepresentations 

William H. Wilson 

We prove a Frobenius reciprocity type theorem for coinduced 

comodules. 

16A62 

We shall assume familiarity with the notation and results of the first 

two chapters of Sweedler [IJ. Throughout this paper, C and D will 

denote coalgebras over a field k , and f: C ~ D will denote a coalgebra 

surjection. W will be a right D-comodule with structure map ~W and V 

will be a right C-comodule with structure map WV ' EC' ED' 6C' fiD will 

denote the counits and comultiplications of C and D . 

Trushin [2, page 176], has defined the coinduced comodule W~ C to 

be the kernel of the map 
II( W 

~ = I (l ® f ® l) (l ® "'CHljiw ® l) I '/'0, c .,.)1 '0, D'0, C 

with structure map lji = (l ® '" ) I . 
~DC C ker~ 

We shall use comod-C arid cornod-D to denote the categories of right 

D- and C-comodules respectively, and F to denote the forgetful functor 

F : comod-C + cornod-D . 

THEOREM. For every W E comod-D and every V E cOlllod-C , there is CO'/, 

isomorphism 

Pvw ' cornod..clV, W # C) .,. cornod-D(FV, W) 

which is naturaZ in V and w. 

Proof. If ~ V + W ~ C is a morphism of C-comodules, then we set 
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pvw($) = ~ 0 [1 ® Eel 0 F$ , where ~ W® k + W is the scalar 

multiplication map. We also define 

AVW : comod-D(FV, W) + comod-C(V, W dI el 

by 

AVW(X) = (X ® 1) 0 iJV for X E comod-D(FV, W) • 

We have to check that 

(1) PVW(~) is a D-comodule morphism, 

(2) im AVW(X) ~ ker ~ = W ®D e, 

(3) AVW(X) is a D-comodule morphism, 

(4) Pvw and AVW are inverse to each other, and 

is natural in V and W . 

(1) We must show that 

that is, that the outside rectangle of the following diagram commutes. 

This will follow if we show that sub diagrams (A) to (G) commute. 



... _._------

Corepresentations 101 

~ 
1®0 v , rille c 'w ~ 'w 

~vl (A) WAcl ~ (c) 

I@:;' M8G\3C J®J®l, Ii®D&7 

I 
<101 

\\1®oc (D) ,,\&:c ~w 

(F) fI&J8l'< J®jl&L' fI8Ill8k 

J®f J®J®f (E) l&J 

10D-q®l=--

(A) commutes, since ~ is a C-morphism. 

(B) commutes, by definition of W ~ C . 

Easy calculations show that (C), (D), (F), and (G) commute. 

(E) may not commute in general, but 

commutes, by definition of coalgebra, so (E) commutes in this context. 

(2) We must show that 

Now since X is aD-morphism, 
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(~w ® 1) (X ® l)~V = (X 01 ® 1)(1 ® f ® 1) (~V ® 1J~V 

= (1 ® f® i)(x ® 1 ® 1)(1 ® ~c)~V 

since Wv is a C-comodule structure map; so 

as required. 

(3) Obviously the diagram below conmlUtes, so AVW(X) is a 

C-comodule morphism; 

(4) If ~ E comod-C(V, WeP C) , then 

AVW(pVW(~)) (~® 1)(1 ® EC ® 1) (~® l)~V 

(~® 1)(10 EC ( 1) (1 ® ~C)~ 

since $ is a C-comodule morphism, 

= (~01)ll®ED®1)(1®f®1)(1®~C)~' since 11 =EC ' 

= (~0 1)(10 ED ® 1) (~w ® 1)~ , since im ~ ~ ker ~ , 

= $ , by a comodule axiom. 

If X E comod-D(FV, W) , then 

PVW(AVW(X)) = ~(1 ® EC)(X ® l)~V 

= ~(1 ® ED) (1 ® f)(x ® l)~V since Evf = EC ' 

= ~(1 ® EJ (X ® 1)(1 ® f)~v 

= ~(l ® ED)~WX since X is a V-morphism, 

= X by a comodule axiom. 

(5) Naturality. We must show that the following diagram commutes: 



where 

~-.. --~.~.---.-----

n 

If 

Corepresentations 

PV2W2 
COmOd-C(V

2
,W:f9Vcl ------->, comod-V(FV

2
, W

2
l 

comod-C(n,f0l) 1 lcomod-v(Fr},8) 

comOd-C(v1'W1~C) , comOd-V(FV
1

,w
1

) 
PV1W1 

E comod-C\V1 , v2l and e E comod-D(W
2

, w1l 

$ E comOd-C(V2 , 

P
V1W1 

(comod-C(n, 

W2~ c] , then 

8 ® l)($)l = ~(1 ® Ecl of[(e®l)o 8 0 nl 

= 8 0 ~\1 x ECl 0 F$ 0 Fr} 

= e 0 \~ (1 x ECl 0 F$ 1 0 Fr} 

= comod-V(Fr}, 8) (P
V2W2 

($)) . 
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