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On coinduced corepresentations

. William H. Wilson

We prove a Frobenius reciprocity type theorem for coinduced

comodules.

We shall assume familiarity with the notation and results of the first
two chapters of Sweedler [1]. Throughout this paper, € and D will
denote comlgebras over a field k , and f : ¢ + D will denote a coalgebra
surjection., ¥ will be a right D-comodule with structure map ww and V

will be a right C-comodule with structure map ¢V - Eps £ AC’ AD will
denote the counits and comultiplications of ¢ and D .

s Trushin [2, page 1761, has defined the coinduced comodule ¥ @P C to
be the kernel of the map

W w
- E=I(1®f®1}[1®ac}-(ww®1]|:/f@kc+){®k9@kc,

with structure mep ¥ D = 1e® AC]I
W e

We shall use comod-C and comod-D to denote the categories of right

kerg

D- and C(-comodules respectively, and F to denote the forgetful funcior

F : comod-C + comod-D .
THEOREM. For gvery W € comod-D and every V € comod-C , there is an

isomorphism

) Py @ comod-C(V, ¥ & €} + comod-D(FV, W)
which is natural in V and W .

Proof. If ¢ : V¥ @P ¢ 1is a morphism of C(-comodules, then we set
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DW(¢) =uo [l@EC) o Fp , vhexre Y : W® k + ¥ is the scalar

multiplication map. We also define

by

AVW : comod-D(FV, W) » ccmod-C(V, W @D C]

Apg(x) = (X ® 1) o g, for X € comod-D(FV, W) .

We have to check that

(1)

(2)
(3)
(W)
(5)

(1)
vy o {u

that is,

DVW{¢) is a D-comodule morphism,

im A () cker g =W @ C,

?\W(x) is a D-comedule morphism,

Prw and AVW are inverse to each other, and
Py is natural in ¥V and ¥ .

We must show that

cof1®e) o) =[weL(r®e,80V] o« [0 ov)];

that the outside rectangle of the following diagram commutes.

This will follow if we show that subdiagrams (A} to (@) commute.
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(F) WRO&K B MED@R
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WRIRC _EE§I+ W&,

(6)

! .

WD ———— BBD ———— WIRD —— .
e 18e B L

(A) commutes, since ¢ is & C-morphism.

{BR) commutes, by definition of W @P c .

Easy calculations show that {(C), . (F) and (G) commite.

- (E) may not commute in general, but

A L)

”“\\\

KRC 72

commutes, by definition of coalgebra, so {E) commutes in this context.
- (2) We must show that

Lereuies)(x®iy, = (y,&1)(xe Ly, .

Yow since x 1is a D-meorphism,
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(0, @ 1) (x ® 2, = (xB® 1O {17 ® 1)y, ® 1wy,

1efelxei1e1(188)y,,

since ibV is 2 (-comodule structure map; so
(U ® ) (x® 1y, = 1 F®1{1OA)(x® Ly,

as required.
(3) Ovviously the diagram below commutes, so AW()() is a

C-comodule morphism:

(3) It ¢ € comod<(v, W& ¢} , then
Aoy (8Y) = W@ (186, ® 1) (9 & 1)y,
he (18,8104,

since ¢ is a (-comodule morphism,

(U®1)[1®€D®l}(l®f® 1)[1@AC]¢ , since sbf =g,

e
L}

(1 ® 1}(1®5D®1)[¢W® o , since im ¢ G ker & ,

= ¢ , by a comodule axiom.
If ¥ € comod-D{FV, ¥} , then
oy () = u{1 ® e} (x ® 2wy,
=u(1®e (1@ NX® Y, since e f =€, ,
n1®e)(x @11 ® Fly,

u[l@ep]ll}wx since ¥ is & D-morphism,

1

= X by a comodule axiom.

{5) Naturality. We must show that the following diagram commutes:
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o Ov,
comod-C(VQ,Wég ) comod—D(FVz,We]
comod-C(n,001) comod-D(Fn ,B)
comod-C {Vl,wl@D ¢) - comod-D(FV .}

vhere 7 € comod-C{V , V,) and 0 € comod-D(W,, W) .

If ¢ € comod—C[VQ, Wé @P CJ , then

ov {comod-c{n, 8 ® 1)(¢)) = u{1 ® sc.] o FI{o®1) ¢ 8 on]

6 o nflx gc] o Fp o Fn
6o (u(1x ey o 7) oM

comod-D{Fny, 9)[DV2W2(¢)) . =
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