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Errata. 

• Insert in bibliography: 
J D Dixon, 1967 The Fitting subgroup of a linear 

solvable group, J. Austral. Math. Soc. 7 
pages 417-424 

J D Dixon, 1968 
linear group, 

The solvable length of a solvable 
Math. Zeit.107, pages 151-158 

• page 45, J!.l and page 49,.e .10*: the reasoning is 
wrong, but the conclusions that €:p (\ C; = F and 

x q 
Gp n Cq = K can be reached hy other means. In the 
second case it seems to be necessary to use the 
absolute irreducibility of Ap (see page 50, .£.e.l,2). 



The statement below is inserted to explain 
an unproven assertion in chapter 3. The 
fact that it was unproven was pointed out 
to me by the examiners. 

The conclusion (at the bottom of page 
34) that G/A ~ S3 ~ Sp(2,2) is unwarranted 
at that stage. However, we can show that 

the matrices [~ ~] and [~ ~] in Sp(2,2) 

are induced by matrices g and h in GL(2,P) 
acting on A/F via 

aF ........ [a,gJF and aF 1-+ [a,h]F ; 
the equation-solving on page 3grexplicitly 
produces such matrices g and h. Hence 
NGL (2,P)(A)/A has elements of order 2 and 3 

so has order at least 6, but is embedded in 
Sp(2,2) so has order exactly 6. It follows 
that NGL (2,P)(A) is soluble, so by the 

maximality of G, NGL (2,P)(A) = G. So 
G/A ~ S3' 
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Sumrnarl· 

This thesis examines several unrelated aspects of 

primitive irreducible linear groups. The initial section 

is introductory. In ch~pter 1, it is shown that the 

Fitting subgroup of a certain subgroup of finite index 

3 

in a primitive irreducible linear group is always nilpotent 

of class at most two. In the next chapter, results of 

D.A. Suprunenko on the structure of maximal soluble 

irreducible and maximal soluble primitive irreducible 

linear groups are extended, as much as possible, to the 

nonm8~imal, nonsoluble case. In chapter 3, it is shown 

that under certain conditions on the field, maximal 

soluble primitive irreducible linear groups of degree 2 

are split extensions of their Fitting subgroup by the 

symmetric group of degree 3. In the final section, a 

result of Suprunenko on tensor product decomposttions of 

maximal soluble primitive irreducible linear groups is 

exammned from another angle, again without as~mming that 

the group is maximal soluble. 
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O. Introduotion: Definitions. Notation. Basio Results. 

The following is a list of non-standard notation 

that will be used, most other notation will agree with 

that used in Huppert, 1967. 

[X) • •• 

Pn • •• 

GL(n,P) ••• 

GF(q) • •• 

In • •• 
px 

• •• 

dimpK • •• 

CG(V) • •• 

NG(V) • •• 

Linear hull of X - see definition 0.2 

full ring of nxn matrioesover field P 

group of units of Pn 
Galois :fl;ieitiil of order q 

nxn identity matrix 

multiplicative group of field P 

dimension or degree of field K over P 
Q-\M.~ 

if V is a veoto~ s~aae 
, () - .....,&.U..eL 

if V is a veetep 6~aee -

{geG:'v'vf.V,vg 

{g e G: Vg = V} 

5 

Zn(G) • •• nth term of upper central series of group G 

A YZ B 

// 

• •• 

• •• 

central product of groups A,B amalgamating 

subgroup Z - see Huppert 1967 for a 

rigorous definition (page 49) 

denotes "end of proof" or "proof omitted" 

~: We assume that the reader is familiar with the notions 

of linear group, module, submodule, faithful module, 

irreducible module. In this section the notions of 

irreducible linear group and primitive linear group will 

be defined, and the following questions asked and partly 

answered: 

(i) how do subgDoups of primitive/irreducible groups behave? 

(ii) how do primitive/irreducible groups react to field extensions? 

(iii) how do tensor products of primitive/irreducible groups behave? 



~ Definition. For X£Pn ' the P-linear h@ [XJ of X 

is the smallest P-subalgebra of Pn containing X. 

~: Definition. Let G ~ GL(n,P) be a linear group. 

We say that G is irreducible, reducible, or completelY 

reducible according as p(n), the n-dimensional row vector 

space, is irreducible, reducible, or completely reducible 

as [Gl-module under the natural actmnn. 

0.4: Definition. -
space direct sum aecomposition of 

~ ••• ~ Qr be a vector 

p(n) with r ~ 1, and 

let G ~ GL(n,P) be a linear group acting on p(n) in such 

a way that eacg g e G permutes the subspaces Qi. Then 

{Qi} is called a system £! imprimitivitY!Q£ G, and G 

is said to be an imprimitive subgroup 

such decomposition exists, G and p(n) 

of GL(n,P). If no 

are called a primitive 

group and primitive G-module respectively. If G is 

imprimitive, it is not hard to see that there exists a 

minimal or complete system 2f imprimitivity, that is, one 

for which r (the number of spaces Qi) is maximal. It 

is also cle.ar that an irreducible group permutes any 

system of imprimitivity transitively. 

The next theorem is the answer to question (i) for 

irreducible and primitive irreducible groups. Since 

it is well-known, we omit the proof (see Huppert 1967, 

p565, for example). Succeeding results are consequences 

of Clifford's theorem which turn out to be useful later on. 
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0.5: Clifford's Theorem. Let G be an irreducible 

subgroup of GL(n,P) and H a normal subgroup of G. Then 

pen) is c.ompletely reducible into [H] -modules of equal 

P-dimension. If Wl , ••• ,Wr a~e the homogeneous 

components of pen) as [H)-module, then {Wl , ••• ,wr1 is 

a system of imprimitivity for G. Thus if G is also 

primitive, then pen) is completely reducible into 

[H] -isomorphic [HJ -modules. II 

~: Corollary: 

with G primitive. 

Let G, H be as in Clifford's theorem, 

Then: 

(i) H has a faithful irreducible representation 

over P, of degree dividing n. 

(ii) [H] is a simple algebra over P, and so is 

isomorphic to a full matrix algebra over a skewfiel~. 

Consequently, if H is Abelfuan, [H) is a field K extending 

P, such that diffipK divides n, and K(r) = p(n~ where 

r = n/diffipK. Further, CG(H) is embedded in GL(r,K). 

Proof: (i) By (0.5), pen) = Ql 6l ... 8l Qr' where the 

Qi are isomorphic irreducible [H)-modules of P-dimension 

n/r. We will prove that (H] acts faithfully on Ql' 

Suppose that h e[H1 tnduces the identity transformation 

on Ql' Every q co pen) can be written (uniquely) in the 

form 

and the primitivity of G guarantees that there exist 

[H]-isomorphisms Oil Ql--+Qi' SO 
-I _I 

qiOih = qiOi' but on the other hand 

1. Taken from varibus parts of Suprunenko, 1963. 
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-I -I 

qiGih = qih9i ' 

so qi h = qi and thus 

qh = (ql+···+qr)h = qlh+···+qrh = ql+ ••• +qr = q. 

So h induoes the identity transformation on all of p(n), 

that is, h = In' 

(ii) By Huppert 1967, page 469, every algebra with 

a faithful irreduoible module is simple, and by the well

known Wedderburn's theorem (Huppert 1967, page 472), [H] 

is thus isomorphic to a full kxk matrix ring over some 

skewfield. It is not hard to see that if H is Abelian, 

the skew field has to be oommutative and k = 1. 

Thus p(n) = qlK @ ••• @ qrK for any choioe of qi € Qi' 

qi ~ 0, since all the Qi are K-irreduoible. That is, 

p(n) = K(r) and dimpK = n/r. 

Finally, CG(H) = CG([H», and so each c € CG(H) is 

a K-linear transformation of K(r). II 

0.7: Corollary. (Comp?re Suprunenko 1963, page 58). 

If G is an irreduoible subgroup of GL(n,P) and Z is any 

central subgroup of G, then G can be embedded as an 

irreducible subgroup of GL(r,K), where K is an extension 

field of P of degree n/r, and Z { ~.Ir' If G is 

p(n)-primitive then it is K(r)-primitive too. 

Proof: The linear hull of Z is a commutative algebra of 

finite dimension over P. Also [zl £ Cp (G), which is 
n 

a skewfie·ld by Sohur's lemma (Huppert 1967, page 471). 

So [Z] has no zero divisors and thus is semisimple. As a 
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commutative semisimple algebra without zero divisors, [z] 
is a field (see Herstein 1968, p54). Call this field K. 

The rest follows from (0.5) and arguments similar to those 

of (0.6). // 

(0.7) and (0.8) shed some light on the question: 

wheil de:linear groups remain irreducible and/or primitive 

after the field has been extended? 

~: Proposition. Let G be an irreducible subgroup of 

GL(n,P). Then there exists a finite extension field K 

of P, and a subgroup H of GL(r,K), where r = n/dirnpK, 

such that H is isomorphic to G and also absolutely 

irreducible. (Taken from notes on linear groups b~ 

B.A.F. Wehrfritz.) 

Proof: By Schur's lemma, D = Cp (G) is a division ring. 
n 

By Herstein 1968, pl05, we can choose a maximal subfield 

K of D with the following properties: K contains pX. In; 

K = CD(K); n = dirnpK.m for some integer m. pen) is 

naturally a vector space over K, and since K-linear maps 

are a fortiori P-linear, there exists a K-algebba 

isomorphism p: Cp (K}--ISn' 
n 

Since KC;; Op (G), GC Op (K), .so we can set H = Gp. 
n· n 

Now Cp (K) n Op (G) = Cp (K) n D = GD(K) = K. That H 
n n n 

.9 

is absolutely irreducible now "follows from Ourtis and Reiner, 

1962, (29.13). // 

Note that if G is primitive, then so is H. 



It is not hard to see that if a tensor product of groups 

is irreducible or primitive, then the factors are,cto1it. It 

10 

is well-known that if the factors are absolutely irreducible, 

then the tensor product is, too. With regard to field 

extensions, we have 0.7 and 0.8, but note that an arbitrary 

field extension can destroy both primitivity and irreducibility. 
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~. Fitting Subgroups of Primitive Irreducible Linear Groups. 

In this chapter, we examine Fitting subgroups in primitive 

irreducible linear groups. In the case of a linear group 

over an algebraically closed field, it is known (see 

Suprunenko 1963, p60) that irreducible nilpotent linear 

groups are never primitive: this fact lends interest to 

the discussion. In fact we shall prove that primitive 

irreducible groups can be nilpotent in the case of aertain 

finite fields. The first such example was shown to me by 

M.F. Newman. 

~: Definition. The Hirsch-Plotkin radical, J (G), of a 

glll'l6m.p G, is def'lhned to be the subgroup generated by all 

the locally nilpotent normal subgroups of G. The Fitting 

sUbgrotii:p Fit(G) of G is defined to be the subgroup of G 

generated by.all the nilpotent normal subgroups of G. 

Clearly Fit(G) ~ peG). It is known that the Fitting 

subgroup of a finite group is nilpotent, and that the 

Hirsch-Plotkinradical of any group is the unique maximal 

locally nilpotent normal subgroup of that group. 

~: Lemma (P.J. Cossey). 

such that Z(Z2(G» = Z(G). 

Let G be a nilpotent group 

Then G is of class at most 2. 

Proof: Let c be the class of G. By Huppert 1967, III.2.11b, 

Kc_l (G/Z) ~ Z(G/Z) = Z2/Z, where Kc_l denotes the c-l st 

term of the lower central series. Hence, either c = 2, 
, 

or there exists a commutator [Xl' ... 'XC_I) € Z2('\ (G "Z) • 
• By Huppert 1967, III.2.11c, G commutes with Z2' so 

I 
Therefore Z 2 t""I G G Z (2Q) = Z, by hypo the sis. 



In particular, [xl' ••• ,xc_~ € Z, c!hntradicting the 

previous statement that [Xl' •.• ,xc_J € Z2 ('\ (G"Z). II 

1:1: Theorem. Let G be a primitive irreducible subgroup 

of GL(n,P), F a maximal Abelian normal subgroup of G, and 

Then fit(V) is nilpotent of. class at most 

12. 

Proof: (i) We first establish that G/V is finite, by 

embedding it in the Galois group of a finite field extension. 

I claim that the P-linear hull of F is a field extending 

P: this is just what 0.6(ii) says. Oall the field K. 

Olearly G normalises K, so induces automorphisms of K 

fixing P. The kernel of this indicated map from G to 

Gal(K;P) is CG(F) = V. 

1964, theorsm 14.2. 

Hence G/V is finite by Adamson 

(ii) Next we show that a normal nilpotent subgroup 

N of G, if contained in V, is of class at most 2. 

Clearly F = Z(V). By 0.6(i), Z2(N) has a faithful 

irreducible representation over P of some degree dividing n. 

It follows from 0.7 that Z(Z2) = Z2 n r.I, where K is an 

extension field of P of finite degree, and I is an 

identity matrix of suitable size. By the remark at 

the beginning of this paragraph, we can assume without 

loss of generality that F ~ N and so F 'Z(N). It 

follows that F ~ Z(Z2(N», and so, by the maximality of 

Similarly F = Z(N). Thus, by 1.2., 

N is of class at most 2. 

(iii) Now let M be a normal nilpotent subgroup of 



V such that M 2 F. Because V is of finite index in G, 

there are only finitely many groups conjugate to M in G. 

Clearly all of these are normal nilpotent subgroups of 

V, so by Fitting's theorem (Huppert 1967, III.4.l), the 

subgroup N that they generate is again nilpotent. 

Further, N 4 G, N ~ V, so by the part above, N is of class 

at most 2, and hence so is M. 

A standard Zornts lemma argument using the fact 

that normal nilpOtencb subgroups of V are of class at most 

2 shows that V has a maximal nilpotent normal subgroup, 

which is, of course, of class at most 2. . Fitting's 

theorem guarantees its uniqueness, so this maximal 

nilpotent normal subgroup is the Fitting subgroup of 

V. II 

A result will be proved in chapter 2 that will show 

that even the Hirsch-Plotkin radical of V is nil potent 

of class at most 2, (so that in particular., g(V) = Fit(V». 

1.4: Corollary. If G is a primitive irreducible 

subgroup of GL(n,P) whose maximal Abelian normal subgroup 

is identical with its centre, then Fit(G) is nilpotent 

of class at most 2. In particular, this happens if 

P is algebraically closed. 

Proof: The f~rst part is obvious. By 0.6(ii), the 

linear hull of F is a field extending P and of finite 

dimension over P. If P is algebraically closed, this 

forces [FJ = P, and so F = Px.ln n G ,Z(G). Here F 
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is, of course, the maximal Abelian normal subgroup of G. II 



We now proceed to construct counterexamples to the 

conjecture that Fit(G') is always of class at most 2 for 

primitive irreducible linear groups G. We do this by 

constructing high class nilpotent linear groups which 

are primitive and irreducible: in such a case, of course, 

Fit(G) = G • 

.b.2.: Numerical lemma. If k > 2 and m ~ 2. 

km _ 1 > 3im(k - 1). 
(j 

Proof: (a) For k) 3, it is easy to check that 

km-l > 3~m h .... 2 w en m,#, • 

. m-I km-2 k ~m Hence K + + ••• + + 1 > 3 for m> 2, 

so that ~ - 1 > }m(k - 1). 
. 1 

(b) For It = 2, we have to prove that 33"m< 2m - 1. 

This is trivial for m = 2. Suppose induc~ively that 
:l. • • 

33"J -< 2 J _ 1-

]~hen '3(j+~)/3 < (2 j - 1).3~ -< 2(2 j - 1) < 2 j +1 - 1. 

So by induction, (b) is proved. 

~: Proposition. Let p be 

every Galois field GF(pr) has 

a prime number. Then 

a faithful irreducible 

II 

representation whose ·representation module is primitive, 

of degree r, over GF(p). 

Proof: V.4.1 of Huppert 1967 guarantees a faithful 

irreducible representation. 

there to obtain the degree. 

We examine the pro.of given 

GF(pr) is a simple 

commutative GF(p)-algebra, so its only proper Figh~ 

ideal is (0). Huppert's proof says that GF(pr)/(o) 

is a faithful irreducible GF(PY')-module. But 

14 
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dimGF(p)GF(pr)/(O) = r. 

It remains to prove that GF(pr)/(O) is primitive. 

Let F denote the multiplicative group of GF(pr), and 

suppose that tQl, ••• ,Qk\ is a system of imprimitivity 

'" for F. Set N = CJ NF(Qi); it is easy to see that 
'-1 

FIN acts as a permumation group on the Qi. Pick a non-

zero q E Ql: if f E NF(Ql) then there are at most 

IQ1'(0)\ choices for qf and any choice completely 

determines the corresponding f. Now \Q11 = pr/k, so 

I N I ~ INF (~l)\ ~ pr/k - 1. Now an Abelisn permutation 

group of d;gree k has order at most 3k/3 (Dixon 1967, 

page 418), so our assumption of imprimitivity leads to 

the conclusion that F has orser at most 3k/3 .(pr/k_ 1). 

This contradicts the numerical lemma 1.5. II 
By theorem 4.3.1 of Herstein 1968, for every 

g e Gal(GF(pr);GF(p», there exists a matrix C(g) in 

GL(r,p) such that C(g) induces by conjugation the 

automorphism g on the isomorphic copy of GF(pr) in 

GL(r,p) v (0) described in 1.6. 

extended by the above Galois group is embedded as a 

primitive irreducible subgroup of GL(r,p), because 

the mapping . g .... C(g) 

1968, lemma 4.4.2). 

is an isomorphism (by Herstein 
(~ 

"To achieve the stated aims, it remains to prove 

that this split extension is sometimes nilpotent of 

class higher than 2. Let us denote our split extension 

by the symbol Gr.p where the subscripts have the obvious 

meaning. 
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~: Theorem. Gr,p is nilpotent of class j if pr - 1 

divides (p - l)j but not (p - l)j-l. This is the 

case if r=2 and p is a lil!ersenne prime, that is, one 

of the form p = 2q - 1. The class of G2,2q_l is q + 1. 

The largest known Mersenne prime is, I believe, 

211213 _ 1. ~ 1'1(1,,:1 _"~ \ 

Proof: The Galois group of GF(pr) over GF(p) is cyclic 

of order r - ;I;et us suppose that the copy of the Galois 

group in Gr is generated by a matrix y. and that the ,p 
copy of GF(pr)x is generated by a matrix f. Caloulating, 

[f ,yJ = f P- l ; using this fact, it is not hard to check 

that Gr,p is nilpotent of olass j, where j is as in the 

statement of the theorem. 

If r=2 and p = 2q - 1, then we want to show that 

p+ 1 divides (p - l)q but not (p - l)q-l - that is, 

that 2q divides (2q - 2)q but not (2q - 2)q-l. But this 

is clear. II 
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2. The Struoture of Primitive and Imprimitive Irreduoible 

Linear Groups. 

The results in this seotion oan often be used as tools 

to solve problems about linear groups in general. One 

reduoes the given problem to one about irreducible linear 

groups, then to primitive irreduoible linear groups. 

The main theorem of this section oan then be used, giving 

information about the structure of primitive irreducible 

linear groups. 

Examples of this process are to be found in Dixon 

1967, 1968. 

Most of th~ results of this section were proved, 

under the additional assumption that the grcilUPS in 

question are maximal soluble subgroups of GL(n,P), by D.N. 

Suprunenko, and are to be found in his book (Suprunenko 

1963). 

We begin by stating a well-known result (see Curtis 

and Reiner 1962, for example) which often enables the 

reduction to the irreducible case, mentioned above, to 

be made: 

~: Theorem. If G is a reducible subgroup of GL(n,P), 

then there exists a matrix x e GL(n,P) such that for all 

g e G, = 

where the Qi are irreducible representations of degrees 
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is a unitriangularizable group, nilpotent of class at 

most r. // 

The next result is the one that is supposed to enable 

us to reduce from the imprimitive case to the primitive 

case. 

~: Theorem. Let G be an imprimitive irreducihle 

subgroup of GL(n,P) and let tQl' • • • ,Qk\ be a 

complete system of imprimitivity for G in pen) • Set 
I< 

H = Q NG(Qi)' Hi = NG(Qi) and l1i = NG(Qi)j • 
Qi 

Then H <l G, G/H is isomorphic to a transitive subgroup 

of Sk' the symmetric group of degree k, and H is 

isomorphic to a subgroup of 111X ••• X Iik (here "X" means 

external direct product). The groups ni are primitive 

irreducible subgroups of GL(n/k,P). We also have that 

G is embedded in the permutational wreath product of Hl 

by G/H,.withG/H here considered as a perm1;l.tation group 

of degree k. This embedding in turn embeds in GL(n,P). 

The new representation of G on pen) thus obtained is that 

induced from Hl ~ G: that is, p(n)!l! Ql G , where the 

lefthand side is considered as a G-module via the new 

representation, and the Q1 in the righthand side is 

considered as Hl-module in the natural way. 

Proof: Let g9 be the perm~ttion of {Q1' ••• ,Qk} induced 

by g If: G, then Q is a homomorphism of Gonto a subgroup 

of Sk which is transitive because G .is irreducible, and 

clearly the kernel of Q is H. 
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Define a map fA from H into Hl x ••• x Hk by, for g e H, 

gf = (g~Qi ••• ,g\Q)' 

For g,h E H, it is not hard to see that (gh)IQi = g~i.hf~' 
so r is a homomorphism, and is clearly monic. 

We next show that Hi is primitive and irreducible. 

For notational convenience, we only show this for i=l. 
proper 

Irreducibility: suppose that RI is a non-trivial Hl -

-invariant subspace of Ql' Let l=gl' ••• , gk be a 

full set of coset representatives of Hl in G - it is 

easy to verify that [G:Hi ] = k for all i-and observe 

that since G is irreducible, 

pen) = Qlgl $ ••• $ Qlgk; 

by renumbering the gi if necessary, we can. assume that 

Qlgi = Qi' Consider the subspace R of pen) defined 

by R = Rlgl $ ••• $ Rlgk - clearly R is a proper 

non-trivial G-invariant subspace of pen), contradicting 

the assumed irreducibility of G. So the subspace RI 

cannot exist and RI is irreducible. 

li'rimitivi ty: suppose {Qll' ••• ,Ql£f is a system of 

imprimitivity for Rl in Ql' We shall show that 

{Qij = Qljgi: i=l, ••• ,k; j=l, ••• ,!} ~s a system of 

imprimitivity for G, contradicting the minimality of 

{Ql' ••• ,Qk}' unless 1.= 1, so establishing the 

primitivity of HI' 

For each g e G, Qijg = Qljgig 

= Ql jhl gic( (some hI G HI' 0( e S1:) 

= Ql, jJl gi<o/ (some ~. I! S..e) 

= Q iDI, j~ • 

19 



So {Qij3 is a system of imprimitivity for G, as claimed. 

Since elements of G permute the cosets of HI' suitably 

ordered, in the same way as they permute the subspaces Qjt' 

G is embedded in the permutational wreath product of HI 

by 99, where 9 is as in the first line of this proof, via 

the Frobenius embedding. Now HI has a representation on 

p(n/k) (namelyh- h!Ql); it follows that HI Wr G9 has 

a representation on p(n),:l:n which each copy of HI 

acts on a copy of p(n/k), and the g9 t s permute the copies 

of p(n/k) in the same way that they permute the copies 

of HI in tlil,e wreath product. According to Kovacs 1967, 

this representation is (isomorphic to) that induced from 

the representation of HI referred to above. But, 

by Curtis and Reiner 1962, (50.2), the representation 

induced from that of HI is equivalent to the original 

faithful irreducible imprimitive representation of G on 

p(n). That is, p(n) ~ QIG in the sense of the 

statement of the theorem. II 

~: Corollary. If G is a maximal soluble irreducible 

imprimitive subgroup of GL(n,P), the above result can be 

sharpened by adding: G = nl Wr G9, and ni is a maximal 

soluble primitive irreducible subgroup of GL(n/k,P). 

The wreath product above is intended in the obvious 

sense - G9 permutes copies of nl in the same way as it 

permuted copies of HI in 2.2. 

Proof: nl Wr G9 is embedded in GL(n,P), and contains 

(a conjugate of)G. Equality follows from maximality. 

20 



The reason for the maximality and solubility of the Ri 

is clear. II 

2.4: Lemma. Let. H ~ L be subgroups of GL(n,P) -
such that [H,Ll' PX.In,and put K = CH(L). Then 

[H:K] ~n2, ~ ~ K, and the elements of any transversal 

from K to H are linearly independent over P. 

Proof: Let {ap •.. ,at} be any finite subset of:'a 

transversal from K to H, and suppose that it is 

linearly dependent over P. By renumhering if necessary, 

we can assume that 

Al a l + ••• + "-sas = 0 

is a nontrivia.l linear relation of minimal length 

s ~ 2. In particular, for all i, '>..i -f. O. Suppose 

that for each xe L, [al,x] = [a2 ,x]. Then 

(al a 2-
l ,x)a = [a':!.,x] [a2 ,x]-1 = 1, 

so (al a2 -1 ,x] = 1, and a l a2 -1 E K. This contradicts 

the choice of the ai' so there exists some y £L such 

that 

Thus 0 = ~l(Alal+ ••• +Asas) - (Alal+ ••• +~as)Y 

= 2:; (~l -~)Aiai 
and this relation is non trivial, since the coefficient 

of a 2 is nonzero. It is of length at most s-l: this 

contadicts the minimality of s. So {al , ••• ,a~is 

linearly independent over P, whence t ~ n2 , and even 

[H:K] ~ n2 • 
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If x ~ H, yE! L, then xy =?..,yx for some A€P. 

Thus (det x).(det y) = "n(det y).(det x), which shows 
,n n ,\n n n that ~ = 1. Thus x Y = A,YX = yx , and hence 

n x E. K. n That is, H '" K. II 

2.5: Definition. Symplectic groups. Let V be a 

vector space over P and f: VxV ~ P a bilinear form on 

V. f is called an alternating form if for all v € V, 

f(v,v) = 0, and non-degenerate if f(v,V) =(0) implies 

that v = O. It can easily be shown that 

{g € GL(V):V u,v e V f(ug,vg) = f(u,v)} 

is a subgroup of GL(V), for any bilinear form f. 

In the case where f is alternating, the above group is 

called the full symplectic group on y with respect to f. 

It can be shown (e.g. Huppert 1967, II.9.6) that a 

nondegenerate symplectic spaee, that is, a space 

V together with a non-degenerate alternating form, 

is always of even dimension - di~V = 2k for some k, 

and that the full symplectic group on V is determined 

up to isomorphism by the number k and the f:Leld P. 

In view of this, we are justified in denoting the 

full symplectic group on p(2k) by Sp(2k,P) (or Sp(2k,q) 

if P = GF ( q) ~ • 

We also quote from Huppert 1967, II.9.13b the fact 

that the order of Sp(2k,p) is 

k2 2k 2k-2 2 p .(p - l)(p - l) ••• (p - 1). 

2.2. 



The following is the theorem which provides 

information~Ebout the structure of primitive irreducible 

linear groups. 

bj: Theorem. Let G be a primitive irreducible 

subgroup of GL(n,P), and let F be a maximal Abelian 

normal subgrcup ofG. Put V = CG(F) and define A 

to be a subgroup of V maximal with respect to A/F 

being am Abelian normal subgroup of G/F. Then A 

is the Fitting subgroup of V, so is the unique subgroup 

of V maximal with respect to A/F being an Abelian normal 

subgroup of G/F, and 

of a 

(i) F is a subgroup of the multiplicative groQP 

field K contained in Pn ' and diffipK divides n; 

(ii) AlF is a direct product of elementary 

Abelian Sylow subgroups Ap./F, where IA/FI = 
2 ~ 

2kl 2kt 
PI •• 'Pt 

, r , herer = n/diffipK. In fact, A is the central 

product of its subgroups ~i amalgamating F; 

(iii) V/CV (A/F) is isomorphic to a subgroup 

of Sp(2kl ,Pl) x ••• x Sp(2kt ,pt); 

(iv) G/Vr is isomorphic to a subgroup of Gal(K;P), 

and so the index of V mn G is at most diffipK; 

(v) CV(A/F) = A YF CV(A). 

Proof: Part (i) is simply (0.6), together with the 

trivial relation F ~ [F]x. 

(a) zeAl = F. A ~ CG(F), so F,CG(A), but also 

F ~ A, hence F ~ A\ n CG(A) = ZeAl. In particular, 

A is nilpotent of class at most 2, so in view of 1.3, 
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A ~ Fit(V), and hence, by the maximality of A, A = Fit(V). 

(b) Sylow subgroups of A/F are elementary Abelian. 

Let Ap/F be a Sylow p-subgroup of A/F and suppose that 
e-l 

it has e~ponent pe, e ~ 2. Set B = AP • Then B is 

characteristic in Ap' and Ap is normal in both A and G, 

so B is normal inG. Since, by (a), A is class 2 nilpotent, 
e e 

we have 
e 

[x,y] Pc, = [xp ,y] = 1 for all x,y E Ap' because 

xP € F. Hence, for all x,y e Ap' 
e-l e-l e e-2 

[xp ,yp ] = [xP ,y p 1 = 1 since 

e - 2 ~ O. Thus B is Abelian, so contained in F~ 

I e-l But this means that Ap F has exponent p ,contradiction. 

(c) V is isomorphic to an irreducible subgroup of 

GL(r,K), where r - n/dimpK, and IA/F! = di~[A] ~ r2. 

(Her. (A) denotes either the P-linear hull of A or the 

K-linear hull, which are identical in this instance.) 

The first part follows from (0.6(i». The second part 

now follows from lemma 2.4, which says that 

di~ [AJ = I A/F I ~ r2, since as remarked above, 

the two available notions of linear hull are here equiv-

alent. 

{\a), Cb), and (c) together prove 

except for the assertion that IAp./FI 
1. 

which will appear as a consequence of section 

(f). 

(d) Z(Ap~ = F for all primes p. 

Z(~) is an Abelian normal subgroup of G containing F, 

so is equal to F by the latter*'s maximality property. 



(e) Lemma A: If A/F has an element of order j, 

then so does F. 

proof of lemma A: Let a € A be such that aF has order j. 

Because of the facts that A/F is finite and that c-lc'e F 

imp::ties [a,c] = [a,c'J , it is true that {[a,c]: c EA} 

is a finite subgroup of F and hence of ~. Now every 

finite subgroup of the multiplicative group of a field 

is cyclic, so Ua,c]: c E A} is a cyclic group, of order 
v .,., 

j " say. Thus v C EA, 1 = [a, cl J = (a J , c] , so that 

aF has exponent j' - and j must divide j'. On the 

other hand, [a,c] j = [aj,c] = I, so j' divides j. So 

j = j'. and {[a,c]: c EA} and a fo:trtiori F contains 

an element of order j. //lemma A 

Note for future use the fact that since all finite 

subgroups of multiplicative groups of fields are cyclic, 

F has exactly one cyclic subgroup of order laFI. 

(f) VIC~(AlF) is isomorphic to a subgpoup of 

Sp(2kl~1} x ••• x Sp(2kt~tl. 

Since AplF, for p prime, is an elementary Abelian 

p-group, it can be regarded as a vector space over GF(p). 

It follows that V/CV(AplF) induces by conjugation a 

group of invertible linear transformations of Ap/F. 

(Linearity follows from (ab)h = a~h and (aj)h = (ah)j 

for a,b /OAp' h e V, and integers j.) 
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By lemma A, we can choose an element epE F withlepl= p for 

each non-trivial Ap/F. By the proof of lemma A, 

for each pair x,y E Ap ' we can write 



[x,y] = ep
u for some u € GF(p). We define a mapping 

f: Ar/F x Ar/F _ GF(p) by (xF,yF)f = u and claim 

that f is a non-degenerate alternating form. It is 

easy to check that f is well-defined; that f is 

bilinear follows from the class 2 nilpotency of A • p' 

that f is alternating is obvious. Further, 

(xF ,Ar/F)f = (0) if &: only if (x, Ap1 = 1 

if & only if xl: Z(Ap ) = F 

if & only if xF = lA /F' p 
so f is non-degenerate as claimed. Consequently, 

Ar/F is a symplectic space of even dimension, 2k, say. 

Now suppose that (xF,yF)f = u, in the usual 

notation. For all he V = CG(F), 

(xh ,~) = [x,y) h = (ep ~h = ep u. 

Hence «xF)h,(YF)h)f = (xF,yF)f which means that 

each h € V induces a symplectic transformation of 

AP/F. So V/CV(Ar/F) is isomorphic to a subgroup of 

Sp(2k,p) • 

Clearly CV(A/F) = 

V/CV(A/F) = V/«(IiCV(Ap./F», and by a well-known 
l. 

and straightforward result, the right-hand side of 

the last equation is isomorphic to a subgroup of 

n~=l(V/C1r(Ap/F». Hence V/CV(A/F) is isomorphic 
l. 

to a subgroup of Sp(2kl ,Pl) x ••• x Sp(2kt ,pt) as 

claimed. This proves statement (i1i) of the theorem. 



(g) G/V is isomorphic to a subgroup of Gal(KjP); 

IG/VI EO dilllp.K. 

Certainly G/CG(F) is isomorphic to a subgroup of 

Aut(F), and, since G is a matrix group, 

(fl + f 2 )g = fIg + f 2
g for fi e F, g e G, 

so G/CG(F) induces isomorphisms on the linear hull of 

F - namely K - as well. This proves the first claimlt~ 

the second follows from the first by Adamson 1964, 

theorem 14.2. This proves (iv). 

(h) Lj3mma B: We can write the group A in the 

form A = sgp(al' bl , ••• ,a.t,b.t,F), 

where i. = maxjk j , 

are aiF and biF. 

that ~i+l divides 

and [ai'biJ = €i is of order -Vi' 

The numbers Yi have the property 

Vi' and are all s'q,larefree. A'lso, 

as 

the ai'S are permutable, the bi's are permutable, and 

a i and b j are permutable for i/j. 

proof of lemma B: Let VI be largest among the orders 

of elements of A/F - that is, by (c), Yl = PI" 'Pt' 

By the proof of lemma A, A contains elements al'bl 
such that [al,bl] = El is of order Yl • Because of 

the class 2 nilpotency of A, both alF and blF must 

have order Y 1 • I claim that the group A can be 

written in the form 

Al = CA( al,b1 ). We prove this claim by showing 

that [A:A~ = y12. 

Now there are exactly Yl elements in A conjugate 

Specifically, the elements 



(b j) 
~ 1 = €ljal , j = l""'~l 

form a set of ~l elements conjugate in A to al , and 

the fact that, by the proof of lemma A, each [a~,x], 

x E A, is a power of El' entails that there can be no 

more than Yl such conjugates of al' Similarly, bl 
has ~l conjugates. Thus 

On the other hand, the 

Cl(. (3 
al lbl 1 all belong to distinct cosets of Al in A, 

since ~l fl ] 'Xl ["'1 h] h 
[ a1 9f ,bl = El and a1,al bl = "'1 • 

Since the crucial properties of A are inherited 

by its subgroups, and since Al is a proper subgroup of 

A unless 1. = 0, this proves the theorem by induction on 

the order of A/F. Note that the permutability of 

ai's and bj'S and the other propertaes in the statement 

of the lemma are trivial consequences of the definition 

of Al and Y l' 

(j) C",(A/F) = CV(A) YF...!. 

We know already that A n CV(A) = Z(A) = F, and 
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that F ~ CG(V), so that F ~ Z(CV(A». Since the centre of 

CV(A) = CG(A) is an Abelian normal subgroup of G, the 

maximality of F yields that F = Z(CV(A». Also, of 

It therefore rema~ns only 

to shGW that A and CV(A) together generate Cv(A/F). 



SUppose c € cv(A/F). Decompose A as in the 

preceding lemma (B), and observe since [ai'c] €. F 

and c e 

we have 

and A is nilpotent of class 2, 
~ " = [ai~,cl = 1 and similarly 

= 1. 

Thus, by the uniqueness of the cyclic subgroup 

of F generated by €i' 

E'?:i = i for some integer ~i 

Sejr.' a = 

shaws that 

so that tai'a] = [ai'c] and [a,biJ = [c,bJ. 

Now when [x,y] €. F and x,y e: CG (F), it is true that 

[x;l,yJ =[x,y]-l, and from this fact and the nilpote~wy 

class 2 of A we can deduce that 

[ai'a-lc] = (a-lc,biJ = 1 

for i = l, ... ,-t, that is, a-lc E CV(A). But .itllIis 

th -1 "th -1 C ( ) means at c = a. a c , w~ a EA, a c € V A , so 

A and CV(A) generate CV(A/F) as claimed. 

This proves (v), and so completes the proof of 

theorem 2.6. 11 

2.9 



~: Corollary. If G is a group satisfying the 

hypotheses of 2.6, and H is a soluble oharacteristio 

subgroup of V, then 

(1) CH(A) = H n F = Z(H); and 

(2) H/Z(H) is finite. 

Before proving 2.7, we state a partioular case 

of it: 

~: Corollary. If, with notation as in 2.6, V is 

a soluble group, thenCV(A) = F, so CV(A/F) = A, so 
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V/A is isomorphio to a subgroup of Sp(2kl ,Pl)x ••• XSp(2kt ,pt) 

and G/F is finite. 

Proof of 2.8: Take H=V in 2.7, then CV(A) = F, so by 

(v) of 2.6, CV(A/F) = A. (Hi) of 2.6 and the finiteness 

of the symplectic groups involved and of G/V, A/F 

lead to ~he two remaining conolusions. // 

Proof of 2.7: (la) CHCA) = H n F. Suppose not, then 

Cg(A)/F n H, being soluble, has a non-trivial 

charac teri stic Abelian Bubgroup - oall it L/F n H, say. 

We have L/Fn H ~ G/F () H, and thus L 4 G. I olaim 

that LA/F is Abelian. For Le H implies that 

F n L = F (\ H () L = F (\ H, 

so that L/Ff'l H = L/F n L ~ LF/F is Abelian. 

Therefore LFA/F is Abelian, and of oourse LFA = LA. 

Clearly LA ~ G! and LA", V, so by the maximali ty 

property of A, A = LA and LC A. So 

F (\ H cL CA. 

whioh is oontained in Z(A) = F. Henoe: L ~ F, 



and, of course, L ~ H. So we have 

F " H c: L ~ F n H. 

This contradiction establishes (la). 

(lb) H n F = Z(H). H ~ CG(F), so F ~ CV(H), 

so F" H ~ CV(H) " H = Z(H). Conversely, Z(H) is 

an Abelian normal subgroup of G, so that Z(H).F is 

also an Abelian normal subgroup of G, in view of the 

fact that F ~ CV(H). By the maximality of F, as 

usual, F = Z(H).F, so Z(H) c:: F " H. 

(2) To establish that H/Z(H) is finite, we 

observe that H/CH(A/F) is finite, since it is part 

of the automorphism group of the finite group A/F; 

it therefore remains to show that CH(A/F)/F n H is 

finite, (in view of (lb». 

Because H ~ V, each h e CH(A/F) induces a well

-defined homomorphism Ph of A/F into F, given by 

aF....- [a,h). 

Since A normalises H, im Ph~ H, so in fact in &n F, 

and so h ~Ph is a map of CH(A/F) into 

Hom(A/F,F n H). It is not hard to see, using the 

definition of CH(A/F), that this map is a homomorphism 

and that ker(h ~ Ph) = CH(A) = F" H by (la) 

above. Since A/F is a torsion group and is finitely 

generated, and F n H is locally cyclic, 

Hom(A/F,F n H) is finite. 

CH(A/F)/F" H is finite. 

It follows that 

1/ 
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The next result uses Zassenhaus's theorem that 

locally soluble linear groups are soluble to prove 

a parallel result relating to nilpotency in 

primitive irreducible linear groups. This is then 

uss.d to prove a result promised in chapter 1, outlining 

a situation when the Hirsch-Plotkin radical is nilpotent. 

Zassenhaus's theorem can be derived from 2.8, in a 

fashion similar to the proof given in Suprunenko 1963, 

page 32 and preceding pages, but not briefly, so it 

will not be proved here. Another important result 

(used in the proof of Zassenhaus's theorem, in fact) 

which can be derived from 2.8 is the theorem of 

Mal'cev which says that a soluble linear group always 

has a triangularizable normal subgroup of finite index. 

2.9: Corollary. Let G and V be as in the statement 

of 2.6, and let H be a locally nilpotent characteristic 

subgroup of V. Then H is nilpotent. 

Proof: Since H is locally nilpotent, it is certainly 

locally soluble, so by Zassenhaus's theorem H is 

soluble. Thus, by 2.7, H/Z(H) is finite, and so 

nilpotent. Thus H is nilpotent. II 

2.10: Corollary. Let V be as in 2.6. Then the 

Hirsch-Plotkin radical of V, J (V). is nilpotent, 

and so, by 1.3, y(V) is nilpotent of class.at most 2. 

Proof: j(V) is a characteristic subgroup of V, so 

by 2.9 is nilpotent. 
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For use in the next chapter, we also quote here 

some extra results obtained by Suprunenko for the 

case of a maximal soluble primitive irreducible subgroup 

of GL(n,P) - he obtains (in Suprunenko 1963) that, 

in the notation of 2.6, A/F has order exactly n2/m2, 

where m = diffipK. 

to prove. 

This result takes surprisingly long 
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3. Maximal Soluble Primitive Irreducible Subgroups of 

GL(2.P) • 

In this section, we apply results of Suprunenk@ 

1963 to the special case of maximal soluble primitive 

irreducible subgroups G of GL(2,P). We obtain results 

giving slightly more information than Suprunenko did 

in his book (section 2.3 of Suprunenko 1963) -

speoifically, we find that such groups are often split 

extensions under slight conditions on the field P. 

With notation as in 2.6 and the suceeding results, 

consider the normal series 

G !;o V "" A ~ F, 

we know that F is (by maximality of G) the whole 

multiplicative group of a field KC P2 and that 

diffipK divid7sthe degree of G - namely 2; that is, 

K = P or diffipK = 2. Further, bY the result mentioned 

at the end of the previous chapter, A/F has order 4 

in the former case and 1 in the latter case. Let us 

consider the latter case first. 

Case where di~K = 2. We have V = A = F and 

G/V is of order 2 by the maximality of G. If gV 

is a generator of G/V, then g is a non-scalar matrix 

whose square lies in F. 

Case where dimpK = 1. This time we have 

F = px.I2 and V = G. G/A is isomorphic to a subgroup 

of Sp(2,2) S S3' which is a soluble group, so by 

maximality of G, G/A is isomorphic to the whole of 
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Sp(2,2) = GL(2,2). Also A/F is generated by two 

elements aF and bF which have the properties 

laFI = IbFl = \[a,bll = 2. 

We need a lemma: 

3.1: Lemma. If c is a non-scalar 2x2 matrix over 

a field P of characteristic f 2, such that c2 is a 

scalar matrix, then 

c is x2 + detnc. 

the characteristic polynomial of 

If -det c has a s~uare root 

in P, then c is conjugate in GL(2,P) to 

± [(-deot c)t 0 J 
-(-det cr~' • 

otherwise, c is oonjugate to 

Proof: The second part is, of course, just a 

straightforward application of the theory of 

companion matrices to the conclusion of the first 

part. 

If we suppose that c = 

c2 , then the assumption that 

leads to the e~uations 

[: :]' and oalculate 

c2 is a soalar matrix 

p2 = s2, q(p + s) = rep + s) = o. 

If P + s were nonzero, then we would have p = s 

and q = r = 0, so that c would be scalar: a 

contradiction. Henoe p + S = o. 

35 



Thus det(c - x.I2) = (p - x)(s - x) - qr 

= det c - (p + s)x + x2 

= x2 + det c, 

as claimed. II 

The theorem sta'ted below embodies what is proved 

in this chapter: it outlines the structure of maximal 

soluble primitive ir:reducible subgroups of GL( 2,P), 

and specifies the st:rncture fairly precisely in the 

case when the fields K and P are equal. 

"bg: Theorem. Let G be a maximal soluble primitive 

irreducible subgroup of GL(2,P). Then either (i) G 

consists of the mu! t:iplicative group of an extension 

field K of P of degree 2 extended by a group of order 

2 which acts on K as a field automorphism fixing P, or 

(H) the. charactElristic'of P is ;to 2, and G is conjugate 

in GL(2,P) to one of the two following groups: 

(a) if the generators a,b below can both be 

chosen to be of orde:r 4, then G is conjugate to 

sgp(a,b,gl,h,Px.I2), 

where sgp(a,b) ':li! quaternions, sgp(a,b,px.I2) = A, 

a =[01 -1], b =[<x ~ J and 0(2 + (5
2 

+ 1 = 0., 

0. ~-c.-< 

gl = t [01, - (2) -- 1 eX. 0-\; f -t l] 

0<. -\ ~ - i ~ -0( .- :L 

, h 

and 

and if P contains a square root for -2, the extension 

of A by G/A splits; this being true also in case (b); 



(b) in the contradictory case to (a), G iill" 

conjugate'to sgp(a,b,gl'h,pX.I2 ), where this time 

sgp(a,b) is the dihedral group of order 8, A is as 

before, and 

a = 
[
1 . 0]." 
o -1 

gl = t(i+l) [-1 
,1 

1] with i 
2 = -1. 

-1 

Proof: The dimpK ~ 1 case has already been handled, 

and we know various thiBgs about a,b - in particular, 

that they satisfy the condition of lemma 3.1. 

(a) It is not hard to see that in this case, 

the generators a,b are of the second type indicated 

in lemma 3 ,1. For the moment, let us only assume 

that a is conjugate to (and so may be taken as equal 

to) 

[ 
0 11' and that, by the proof of 3.1, b 

is of th-edeftorma 0 [: -~J, 
G ~ (noting that this form is 

invariant under conjugation.) We will show that 

these conditions imply the condition of (a), so that 

to prove (b), it would only be necessary to consider 

the case when a is of the first type indicated in 

lemma 3.1. Calculating, using the fact that [a,b] = -I2 

we find r ~ .... +SCl" o«(&~ - "611 2 

l:-SO\{'(-S~) g(o(">.+~~2~ = -~(~'6-to().I2 
where S = det a. 
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2 ~2 2 2 \,,, " 2 Hence ~ = 0 \:' ' 0 =op~, o«o~ -~) = 0, amd ~~ = op • 
In order that b be nonsingular, therefore, at least 

one of ci,~ must be nonzero, whence X = Sp, that is, 

. ["'" V>]. 
b = g~ -01, 

We now recall that G/A is isomorphic to GL(2,2), 

which is generated by the matrices [~ ~J and 

On referring to the proof of this meomorphism in chapter 

2, we see that G is generated mod A by matrices g,h 

whose action on A is given by the formalae: 

-1 '\ g ag=Ab, 
J ... (1) 

-1· 1 g bg = fab, h- bh = p!a 

where A,r,~,~' are elements of pX. 

S~uaring the e~uations (l) and equating the 

coefficients gives 

det a/det b = A2 = X2, ~2 = l/det a, f2 = det bidet a, 

so that det a and det b must have square roots in P. 
2~ L 

Observing that for anyAmatrix 0, det(c/(det 0)2) = 1 

when det(;:c has a square root, we now assume without 

loss of generality that a and b both have determinant 

equal to 1. Thus ~= 1, 0(,2 + ~2 + 1 = 0, and 

a = [: -~l b '" [; -~l 
Furthermore, we now have A2 = X2 = ~2 = ~2 = 1, that 

is, each of A, X, ".,1 is.± 1. 
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For each of g,h we are now confronted with four sets 

of equations, depending on the values of the 'A's and 

f's. We designate the corresponding solutions as 

follows: g g g g h h h h ++ ' +- • -+ ' -- ' ++ ' +- , -+ ' -- , 

where the first sign indicates the value of ~. or~, 

and the second the value of f or r~ Then simple 

calculations show that if we have solutions g++, h++ 

then g+- = g++. b, g-- = g++.a, g-+ = g++.ab 

and h -1 h -1 h = a.h++ = h++.a, = a.h++.a, +- -+ ...., 
"-" 

are solutions for the remaining sets of equations. 

We may therefore assume without loss of generality 

that A. == X = r = f' = 1, and forget the notation 

above. 

We now substitute 
b =[~ P] 

~ -~ 

into equations (1) with A' , A = = fA = fA == 1, and, 

using the fact that 0(2 + ~ 2 + 1 = 0, solve. It 

turns out that h must be some scalar multiple of 

~-1 ] 
-01, 

and that either <>«3 + 0( + ~ == 0 or g is a scalar 

multiple of t [oG - \i! - 1. C>< + ~ .... :1.] 
""+~+1 ~_C>l.--i 

the above scalar multiple being chosen (after much labour) 
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so that g3 = I2 • We must dispose of the case <><0 + 0( + f = O. 



Observe that the only other restriotion plaoed on 

~,~ is that ~2 + ~2 + 1 = 0, whioh remains true when 

the transformations <><,1-'>-01, ~ t-) ~ and ot_lX, ~\-) -(5 are 

applied. Note that all of 

<><1"+ \>( + (S = 0 

t-6I)S-+'c-Diy+p,> = 0 

e< (-(B)~-~ -+ ('"(S) = 0 

oannot simultaneously be true in GUB ease, beoause they 

together imply that 2~ = 0, 2~ = 0, whioh is impossible, 

since char P ~ 2. Finally, oaloulate that conjugation 

by [~ ;] and [: -:] fixes a and takes b to [i'; :] 
and[O< ·-0 J respectively, thus effectively aocomplishing 

-~ -c<, 

the transformations C>/I-'>-ci,~ \-'> ~ and "" ~~ ,~I-'-'-(', again 

respectively. So we may assume that e<f + 0( +~ ~ O. 

It remains to juggle g,h so that the extension of 

A by G/A splits. By trial and error, it was found 

that if we put = (here 

using the assumption that P contains a square root for 

-2), then [gl,hl ] = gl' g13 = I2 = h12, and thus 

sgp(gl,hl ) ~ S3; hence the extension splits. 

(As indicated in the statement of the theorem, 

one calculates that gl = t [eX- - ~ - 1 

o<.+~-l 

. ) 

(b) The proof of this part is similar to that 

of (a), with numerioal simplifications, so will be omitted. 
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This result attaches interest to fields which 

contain elements~,~ such that ~2 + ~2 + 1 ~ 0, and 

to fields which have square roots of -2. Clearly, 

~ebraically closed fields of characteristic ~ 2 

satisfy both conditions. Also, according to 

Herstein 1964, lemma 7.7, every finite field satisfies 

the first condition. Square roots of -2 are, of 

course, rarer in finite fields. 
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4. Tensor Produot Deoomposition of Primitive Irreduoible 

Linear Groups. 

We employ the notation of 2.4; G is a primitive 

irreducible subgroup of GL(n,P), F a maximal Abelian 

normal subgroup of G, V the aeniraliser of F in G, 

A/F maximal with respect to being an Abelian subgroup 

of V/F normml in G/F, and ~./F is the Sylow Pi- subgroup 
J. 

of A/F. 

In Supruneuko 1969 that author, using the extra 

assumption that G is also a maximal soluble subgroup 

of GL(n,P), shows that G is a tensor product of 

maximal soluble primitive irreducible subgroups of 
k i . 

GL(Pi ,p), J. = t h kl k t ( . 1, ... , , were n = Pl ••• Pt Pi prJ.me 

and distinct). In this section, we will investigate 

this decomposition without the extra assumption. Two 

approaches will be used: first we try to build up 

an .entire.ly group-theoretical decomposition inside V, 

then we obtain a description of V as a sort of 

subdirect tensor product of groups not necessarily 

contained in V. 

Recall from 0.6 that A has a faithful irreducible 

representation in GL(r,K), and that V is also embedded 

in GL(r,K). We shall find it necessary later to 

assume that this irreducible representation of A is 

absolutely irreduoible; the following example, pointed 

out by Dr M.F. Newman, shows that this absolute 

irreducibility condition does not always hold: 
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}5xamp1e: We work in GL(4,Q), where Q is the field of 

rational numbers. Set 

X = 0 -1 0 0 , Y = 0 -1 1 0 

1 0 0 0 1 0 0 1 

0 0 0 1 -1 0 0 1 

0 0 -1 0 0 -1 -1 0 

Z 1 -1 -1 -1 -1 and let G be the group = 2" 

1. -1 1 -1 generated by X,Y, and Z. 

1 -1 -1 1 

1 1 -1 -1 

It will be shown (i) that G splits into two equivalent 

representations in GL(4,C), (where C means complex nwnbers); 

(H) that F = sgp(X2 ,y2) is a maximal Abelian normal subgrpup 

of G and that A =sgp(X,XY,F) is such that A/F is a maximal 

Abelian normal subgroup of G/F; 

(iii) that A is irreducible on Q(4), but, by (i), not 

absolutely irreducible; 

(iv) that G acts primitively on Q(4). 

(i) If we conjugate X,Y,Z by the matrix T = o 0 

o 

o o ~1. 

then we get, respectively: 
o -i 

. 
1. 0 

X':. X , y T • .,. -I 0 0 2. T ~ 1 .. I -I 'l <9 0 
, 

~'l 0 0 T 'l 0 0 

0 0 'l $ 0 (} -I _'l 

Cl 0 -1 -1 0 (') -I 'l 
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Thus splits into two CG-modules of dimension 

2, and these are equivalent modules under the linear 

transformation diag(l,-l) as is easily checked. Thus, 

in addition, we have a faithful representation of G of 

degree 2, over the field C. A glance at chapter 3 and 

some easy calculations show that the group discussed in 

3.2(a) is essentially the same as our present representation 

of G of degree 2, over C. So this 2-dimensional 

representation is primitive and irreducible, and aihso we 

can identify F and A as a maximal Abelian normal subgroup 

respectively, of G. This proves (ii). and Fitting subgroup, 

(', ) (Hi) Since Q(4) 

2, it follows that if 

splits into irreducibles of dimension 

Q(4) had a A-submodule, this 

submodule would be of dimension'2:ailiso. So there would 

exist a vector V E .. such that y:, yX, and y-xY were , 
dependent over Q. Thus there would exist 

Y \ \Z 2 )2 that de t (X - r X - ... I 4 ) = (1\ + r + I = O. 

is impossible, so A is irreducible. 

>. ,r€ Q such 

But this 

(iv) It remains to prove that Q(4) is a primitive 

G-module. If not, then by theorem 2.2, there are two 

possibilities: either Q(4) has a system of imprimitivity 

of length 4, and so is monomial (i.e. G is conjugate to 

a group of monomiiiLl matrices), or it has a complete 

system of imprimitivity of length 2. 

In the monomial case, we check that by theorem 2.2, 

G/F acts as the full symmetric group of degree 4 on the 

system of imprimitivity. Since a permutation of order 

and degree both 4 is fixed-point-free, the matrices of G 
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inducing such permutations must have zero trace. But 

XY = [ -t 0 .., -t has order 
o -I +1 0 

4 modulo F yet has nonzero trace. 

(!) -1 -t 0, 

.... , e t!) -I 

It now remains only to dispose of the possibility 

that Q(4) has a complete system of imprimitivity {Ql,Q2}' 

Clearly the stabiliser in G of Ql would have to equal the 

stabiliser of Q2' and so the intersection H of the 

stabilisers is of index 2 in G. We will show that Q(4) 

is irreducible as H-module fliilr any possible H: this will 

contradict the requirement ·that Ql should be an H-submodule 

Since H has index 2 , it is not hardrto see toot 

H contains 2 2 Z, X , and Y. If H ~ X, then since H 4 G, 

XY ~ H, and so A ~ H , so H would be irreducible. Thus 

X q. H, and it follows from this that either Y or XY is in H. 

It is routine to check that for all }..,f e Q, the 

determinants of "I4+~Y + Z and ).. I4.+ lA XY + Z 

are nonzero, however, so in either case we obtain a 

contradiction to the reducibility property of H. II 



In 4.6 and 4.14 we shall use without reference the 

following result: 

4.0: Lemma. If Hl, ••• ,Hs are subgroups of a group:H 

such that for each i,j: 

Z(Hi ) = Z, a fi.xed subgroup of H 

and 

the subgroups Hi generate .H, 

then H = Hl ~ ••• Yz Hs • 

Proof: For each i, set Ri = sgp(H j : j/i). We must 

prove that lHi'Ril = (1) and Hi f\ Ri = Z. The first 

part is obvious, so we turn our attention to the second 

part. 

If x ( Hi (\ Ri then, by the first part, x ~ CH(ilIi ). 

= Z(Hi ) = Z. Since also x El Hi' we have x ~ H. (\ CH(H.) 
~. ~ 

Conversely, of course, Z ~ Hi (\ Ri' so Z = Hi f\ Ri and 

we are finished. / / 



4.1 Lemma. Let HI' H2 be subgroups of a group H, such 

that [Hl'H2J = (1). Then (CHCH(Hl),CnCH(H2)] = (1); 

in particular, if HI is Abelian, then so is CHCH(Hl ). 

Proof: [Hl ,H2J = 1 implies that H2 ~ CH(Hl)' 

easy to see that this entails that 

It is 

CHCH(Hl ) ~ CH(H~). 

That is, [CHCH(Hl ) ,H2J = (1). Repeating this 

prooess, we get [CHCH(Hl),CHCH(H2») = (1). II 

4.2 Notation. We will use the abbreviation Cp. for 
~ 

the group CGCG(~.) = CVCV(Ap .)' Easy manipulations 
~ ~ 

lead to the relations F S Ap. '5 Cp.';; V. 
~ ~ 

4.3 Corollary. [Cp'Cg] = (1) for p I q. 

Proof: If p I q, then [Ap,Aq] = (1) , hence, by 4.1, 

4.4 Lemma. If Hl ,H2 and H are as in 4.1, then 

(i) CH(Hl ) n CH(H2) = CH(sgp(Hl ,H2» 

(ii) sgp( CH(Hl ). CH(H2» s:. CH(Hl t"I H2). 

Proof: Trivial manipulations. 

4.5 Proposition. CGCG(F) = F, and p I q implies 

Cp " Cq = F S;; Z(Cp )' 

II 

II 

Proof: By 4.1, CGCG(F) is Abelian; certainly it is 

a normal subgroup of G. 

But F is a maximal Abelian normal subgroup of G so 
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Finally F ~ Z(V) and F s; Cp c;;, V, so F G Z(Cp)l. II 

!.6: Corollary. The groups Cp _, i = l, ... t generate 
J. 

their central product amalgamating F: 

= 

Proof: The only non-trivial part is to show that Ap 

and CG(~) together generate all of CG(Ap/F). As 

usual, we can decompose Ap to obtain 

Ap = sgp(al,bl, ••• ,~,bk,F) 

where each al' each bl is of order p; 

[aj,b j ] = Ej • \I:jl = p, !; _ € F, while 
J 

all other pairs of a's and b's commute. Take any 

element c of CG(Ap/F), observe that for each i,j, 

[a1'c] ~ F and [c,bj1 lE F 

and [apc]p = [a/,cJ = 1 = [C,bj]P, so that we can 

wri te [ap c] = E.f', [c. b j1 = S!J' and set 

a -_ a"'l b(!' . a,t>(l<b f3k 1 1 ••• -K k· 

Calculations now show [apa] = [apc] for each i 

and (a,b j ] = [c,bj'~ for each j 

and consequently [ai,a-1cJ = [a-Ic,b j ] = 1-
-I 

That is, a c ~ CG(~) and 

c = a.a-Ic e sgIJl(Ap,CG(~» II 
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Proof: CGCG(Ap ) n (CG(Ap.).Ap .) = Z(CG(Ap.».Ap . 
~ ~ ~ ~ ~ 

= F. Api 

= Ap. • II 
~ 

4.9: Lemma. If F ~ Bi C;;;;; Ai <;;i H and F.;;:;, Z(Ai ) 

for all i, then YiAi/YiBi ~ Ef)i (Ai/Bi). 
F b 

Proof: Certainly 

(jji Ail <tiBi £:' Ef\ (Ai!Bi )· 

In general, if C -4 D and G is a homomorphism defined 

on D, then kerQj~ C entails that D/c ~ DQ/CQ: this 

is one of the Isomorphism Theorems. By its definition, 

Y iAi is a homomorphic image of .eiAi' and since F ~ Bi' 

the kernel of the defining homomorphism is contained in 

1/ 

.:t4~.=lO:::..!..: --,T .. h.:::e::.:.o~r.::e;.::.:m. (\,1 Cp{IA is isomorphic to a direct 

product of symplectic groups isomorphic to the Cp lA • 
i Pi 

Proof: In view of 4.9, it is only necessary to show 

that the C lAp are isomorphic 
Pi i 

Examination of the proof of 2.4 

C .CG(A IF)/CG(An IF) induces 
Pi Pi ~i 

transformations of Ap./F. Now 
~ 

tQ symplectic groups. 

shows that 

a group of symplectic 



The following discussion connects central products 

and tensor products, 

Suppose that Bl ,B2 are normal subgroups of G 

contained in V and intersecting in F, and that Ui is the 

faithful irreducible Bi-module provided by O,6(i) for 

i = 1,2, Observe that since K = [FJ is contained in 

the P-linear hull of Bi , the proof of O,6(i) can be 

extended to show that if for some fixed b i <C Bi and 

all u i E Ui 

b i = k, 

ui bi = kui for fixed k et K, then 

Construc.t U1 ~K U2, I claim that this is a 

Bl X B2 -module with action given by 

(ul Qb u2)(bl'b2) = ulbl Ill) u2b2, 

To see that this action is well-defined, we must show 
1'1 

that if f;, v jl ® v j2 = u1 C!Sl u2 ' ("*) 

then tVjlbl ~ v j2b2 = u1bl @ u2b2, 

Fortunately, since Ul ,U2 are vector spaces over the 

( 
-I 

field K,*) implies that n = 1 and vll = ~, v12 = k u2 
for some k € K, and then, since Bi s;::; V, 

(~)bl @ (k"'u2)b2 = ulbl I§:I u2b2• 

as required, 

Now suppose that (bl'b2 ) € Bl )( B2 induces the 

An argument similar to that 

above yields that there exists k E K such that 

VU1 €. Ul u1bl = kul and 'iu2 €. U2 u2b2 = k-'U2, 

The initial observation now implies that bl = k and 

b2 = k·' (and so, in particular, k €. F), By the 
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definition of Bl ~ B2 and the above remarks, 01 ~K 02 

is a faithful Bl Yr. 132 -module under the natural action. 

That is, 11 b Y b2 = bl I!! b2 
11 

1 • 

4.U: Corollary. Sgp(C
Pi

' i = l, ••• ,t) is the 

tensor product of its subgroups CPi ' 

Proof: Above remarks and 4.6. 

I~ would be preferable to show next that 

sgp(Cp .' i=l, ••• ,t) = V, at least in the case when 
J. 

A is an absolutely irreducible subgroup of GL(r,K), 

but I cannot do this; the difficulty seems to 

arise from the lack of Suprunenko's maximality 

condition. So inste~d, we move on to the second 

approach mentioned at the beginning of this section. 

4.12: Proposition. E~ A is absolutely irreducible 

as a subgroup of GL(r,K), then each x e V may be 

written as a product 

x = 

// 

where xi is an invertible element of C [~J CV(Api )' 
J. 

Proof: Remembering that each Ap.~ G, we have by 
J. 

0.6 that (Ap~ is a simple algebra. Our element 

x of V induces an algebra automorphism of LAp] since 
J. 

distributivity 

£I(a + b)x = 
of matrix multiplication entails 

-I x-1bx ft· b x ax + or ma rJ.ces a, • 

that 

So, 

by the Noether-Skolem theorem (Herstein 1968, theorem 

4.3.1), there exists xi in [A ) such that xi is 
--Pi 
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-i -I 
invertible and, for all a € Ap.'Xi aXi = x ax. 

~ 

Consider y = XI(x1 ••• Xt). Clearly y Eo CV. (AJ(A). 

Now V and [Al are embedded in Kr , and the absolute 

irreducibility of A means that CK (A) = K (see 
r 

Huppert 1967, V.ll.10). Thus y E K and we may 

write 

Finally, it is easy to see that 

II 

Motivated by the last line of the above proof, 

we invent the following notation: 

4.13: Notation. ~ denotes the group generated by p. 
~ . 

the nonzero elements of K and the matrices xi as x 

ranges over V. 

Calculations differing in no essential respect 

from those in 4.1, 4.3, 4.4, 

then [~p'~q] = (1) and 

4.5 show that if p I q, 

Up" Uq = r~ Z(Up). 

Thus, once again the Up. generate their oentra1 
J. 

produot. So 

4.14: Theorem. V is isomorphic to a subgroup of 

There remain some odds and ends to attend to. 

For instance, one oou1d remark that the Up. clearly 
~ 

induce a symp1ectic actimn on Ap./F. 
~ 

qqestion is: how well-determined are 

A.1ess trivial 

the Xi? To 

answer this, we refer to Lemma 3 of Suprunenko 1969. 
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It is proved there that the abso~ute irreducitility of 

A entails that of the Ap.: that is, Ap. is an 
~ ~ 

absolutely irreducible subgroup of GL(P~ ,K), where 

r = p~l ••• p~t is the prime decomposition of r. Hence 

OK k. (Ap.) = K as before with A. If there exist 
Pil ~ 

xi and xi' in [Ap.] such that for all a € Ap .• 
~ ~ 

xii aXi = (xi' r' aXi ' • then clearly 

xi' xi' E ClAp.J (~i) = K by the remark above. 
J. 

So x determines Xi up to a factor from K. 

To link the section with what Suprunenko 1969 

pro;vred, the maxima~ soluble primitive irreducib~e 

subgroup G of GL(n,P), P algebraically closed, 

must be equal to the whole 

of the maximality of G and 

are clearly soluble. 

of ~Pl ••• ~Pt by virtue 

the fact that the ~ 
Pi 
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