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Abstract. The µ-calculus is a powerful tool for specifying and verifying
transition systems, including those with demonic (universal) and angelic
(existential) choice; its quantitative generalisation qMµ extends that to
probabilistic choice. We show for a finite-state system that the straightforward denotational interpretation of the quantitative µ-calculus is equivalent to an operational interpretation given as a turn-based gambling
game between two players.
Kozen defined the standard Boolean-typed calculus denotationally; later
Stirling gave it an operational interpretation as a turn-based game between two players, and showed the two interpretations equivalent. By
doing the same for the quantitative real-typed calculus, we set it on a
par with the standard calculus, in that it too can benefit from a solid
interface linking the logical and operational frameworks.
Stirling’s game analogy, as an aid to intuition, continues in the more general context to provide a surprisingly practical specification tool, meeting
for example Vardi’s challenge to “figure out the meaning of AF AX p” as
a branching-time formula.
We also show that memoriless strategies suffice for achieving the minimax
value of a quantitative game, when the state space is finite.

1

Introduction

The standard µ-calculus, introduced by Kozen [15], extends Boolean dynamic
program logic by the introduction of least (µ) and greatest (ν) fixed point operators. Its proof system is applicable to both infinite and finite state spaces; recent
results [33] have established a complete axiomatisation; and it can be specialised
to temporal logic.
General µ-calculus expressions can be difficult to use, however, because in all
but the simplest cases they are not easy on the intuition, especially for example
with the nesting of alternating fixed points: even the more specialised temporal
properties (particularly “branching-time properties”) are notoriously difficult to
specify [31]. Stirling’s “two-player-game” interpretation alleviates this problem
by providing an alternative and operational view [30].
The quantitative modal µ-calculus acts over probabilistic transition systems,
extending the above from Boolean- to real values; and it would benefit just as

much from having two complementary interpretations. We provide them, and
show that over a finite state space they are equivalent: one interpretation (defined earlier [19, 12, 7]) generalises Kozen’s; the other (defined here) generalises
Stirling’s.
The contribution of this paper is the definition of the Stirling-style quantitative interpretation, and the proof of its equivalence to the Kozen-style quantitative interpretation. We show also that memoriless strategies suffice, for both
interpretations, again when the state space is finite.
The Kozen-style quantitative interpretation is based on the extension [14,
24] of Dijkstra/Hoare logic to probabilistic/demonic programs (corresponding
to the ∀ modality): it is a real-valued logic based on greatest pre-expectations
of random variables, rather than weakest preconditions of predicates. It can
express “the probability of achieving a postcondition” (since the probability of
an event is the expected value of its characteristic function), but it applies more
generally to other cost-based properties besides. Although the former may be
more intuitive, the extra generality of a “logic of expectations” seems necessary
for compositionality [17].
Converting predicates “wholesale” from Boolean- to real-valued state functions — due originally to Kozen [13] and extended by us to include demonic
(universal) [24] and angelic (existential) [16] nondeterminism — contrasts with
probabilistic logics using “threshold functions” [2, 25] that mix Boolean and numeric arguments: the uniformity in our case means that standard Boolean identities in branching-time temporal logic [1] suggest corresponding quantitative
laws for us [20], and so we get a powerful collection of algebraic properties “for
free”. The logical “implies” relation between Booleans is replaced by the standard “≤” order on the reals; false and true become 0 and 1; and fixed points are
then associated with monotonic real -valued functions. The resulting arithmetic
logic is applicable to a restricted class of real-valued functions, and we recall its
definition in Sec. 3.
Our Stirling-style quantitative interpretation is operational, and is based on
his earlier strategy-based game metaphor for the standard µ-calculus. In our
richer context, however, we must distinguish nondeterministic choice from probabilistic choice: the former continues to be represented by the two players’ strategies; but the latter is represented by the new feature that we make the players
gamble. In Sec. 4 we set out the details.
In Sec. 5 we give an example of the full use of the quantitative aspects of the
calculus, beyond simply calculating probabilities.
The main mathematical result of this paper is given in Sec. 6. Stirling showed
that for non-probabilistic formulae the Boolean value of the Kozen interpretation
corresponds to the existence of a winning strategy in his game interpretation. In
our case, strategies in the game must become “optimal” rather than “winning”;
and the correspondence is now between a formula’s value (since it denotes a real

number, in the Kozen interpretation) and the expected winnings from the zerosum gambling game (of the Stirling interpretation). Since the gambling game
described by a formula is a “minimax”, we must show it to be well-defined (equal
to the “maximin”): in fact we show that both the minimax and the maximin of
the game are equal to the Kozen-style denotation of the formula that generated
it. We also prove that memoriless strategies suffice.
The benefit of this approach is to set the quantitative µ-calculus on a par
with standard µ-calculus in that a suitable form of “logical validity” corresponds
exactly to an operational interpretation. As with standard µ-calculus, a specifier
can build his intuitions into a game, and can then use the general features of
the logic to prove properties about the specific application. For example, the
sublinearity [24] of qMµ — the quantitative generalisation of the conjunctivity
of standard modal algebras — has been used in its quantitative temporal subset
qTL to prove a number of algebraic laws strongly reminiscent of those holding
in standard branching-time temporal logic [20].
Preliminary experiments have shown that the proof system is very effective
for unravelling the intricacies of distributed protocols [28, 21]. Moreover it provides an attractive proof framework for Markov decision processes [23, 9] and
indeed many of the problems there have a succinct specification as µ-calculus
formulae, as the example of Sec. 5 illustrates. In “reachability-style problems”
[6], proof-theoretic methods based on the logic presented here have produced
very direct arguments related to the abstraction of probabilities [22], and even
more telling is that the logic is applicable even in infinite state spaces [6]. All of
which is to suggest that further exploration of qMµ will continue to be fruitful.
In the following we shall assume generally that S is a countable state space
(though for the principal result we restrict to finiteness, in Sec. 6). If f is a
function with domain X then by f.x we mean f applied to x, and f.x.y is (f.x).y
where appropriate. We denote the set of discrete probability sub-distributions
over S by S: it is the set of functions from S into the real interval [0, 1] that
sum to no more than 1; and if A is a random variable with respect to
R some
probability space, and δ is some probability sub-distribution, we write δ A for
the expected value of A with respect to δ.3 In the Rspecial case thatPδ is in S and
A is a (bounded) real-valued function on S, in fact δ A is equal to s:S A.s×δ.s.

2

Probabilistic transition systems and µ-calculus

In this section we set out the language, together with some details about the
probabilistic systems over which the formulae are to be interpreted.
3

Normal mathematical practice is to write
of bound and free variables.

R

A dδ, but that greatly confuses the roles

Formulae in the language (in positive4 form) are constructed as follows, where
A, K and G all represent constant terms in the uninterpreted formulae:
φ

=
ˆ

X | A | hKiφ | [K]φ | φ1 ⊓ φ2 | φ1 ⊔ φ2 | φ1  G  φ2 | (µX · φ) | (νX · φ) .

It is well-known that these formulae can be used to express complex pathproperties of computational sequences; in this paper we shall interpret the formulae over sequences based on generalised probabilistic transitions5 in what we
call R.S, the functions t in S → S$ where S$ is just S with a special “payoff”
state $ adjoined. The transitions in R.S give the probability
of passage from
P
′
is
interpreted as
initial s to final (proper) s′ as t.s.s′ ; any deficit 1 − s′ t.s.s
P
the probability of an immediate halt with payoff t.s.$/(1 − s′ :S t.s.s′ ) .
This formulation of the payoff has three desirable properties. The first is
that that the probabilistically expected halt-and-payoff is just t.s.$. The second
property is that we can consider the probabilities of outcomes from s to sum to
1 exactly (rather than no more than 1), since any deficit is “soaked up” in the
probability of transit to payoff; that simplifies our operational interpretation.
The third property is that transitions preserve 1-boundedness of the expectations. Define the set of expectations E.S (over S) to be the set of 1-bounded
functions S → [0, 1]. If A in E.S gives a “post-expectation” A.s′ expected to
be realised at state s′ after transition t, then the “pre-expectation” at s before
transition t is
Z
R
A , where t.s under is restricted to states in S proper.6
t.s.$ +
t.s

It is the expected value realised by making transition t from s to s′ or possibly
$, and taking A.s′ in the former case. That this pre-expectation is also in E.S
allows us to confine our work to the real interval [0, 1] throughout.
Hence computation trees can be constructed by “pasting together” applications of transitions t0 , t1 , . . . drawn from R.S, with branches to $ being tips.
The probabilities attached to the individual steps then generate a distribution
over computational paths (which is defined by the sigma-algebra of extensions
of finite sequences, a well-known construction [10]).
We use the relation ≤ — “everywhere no more than” between expectations
(thus replacing “implies”):
A ≤ A′

iff

(∀s: S · A.s ≤ A′ .s) .

In our interpretations we will use valuations in the usual way. Given a formula
φ, a valuation V does four things: (i) it maps each A in φ to a fixed expectation
in E.S; (ii) it maps each occurrence of K to a fixed finite set of probabilistic
4

5
6

The restriction to the positive fragment is for the usual reason: that the interpretation of any expression (λX · φ), constructed according to the given rules, should
yield a monotone function of X.
They correspond to the “game rounds” of Everett [8].
To avoid clutter we will assume this restriction where necessary in the sequel.

transitions in R.S; (iii) it maps each occurrence of G to a predicate over S; and
(iv) it keeps track of the current instances of “unfoldings” of fixed points, by
including mappings for bound variables X. (For notational economy, in (iv) we
are allowing V to take over the role usually given to a separate “environment”
parameter.)
We make one simplification to our language, without compromising expressivity. The valuation V assigns finite sets to all occurrences of K, hence we can
replace each modality hKiφ ([K]φ) by an explicit maxjunct ⊔k:K {k}φ (minjunct
⊓k:K {k}φ) of (symbols k denoting) transitions k in the set (denoted by) K. We
do this because our interpretations do not distinguish between hKi or [K] when
K is a singleton set.
In the rest of this paper we shall therefore use the reduced language given by
φ

=
ˆ

X | A | {k}φ | φ1 ⊓ φ2 | φ1 ⊔ φ2 | φ1  G  φ2 | (µX · φ) | (νX · φ) .

We replace (ii) above in respect of V by: (ii’) it maps each occurrence of {k} to
a probabilistic transition in R.S.

3

Logical interpretation: qMµ generalises Kozen’s logic

In this section we recall how the quantitative logic for nondeterministic/probabilistic
programs [14, 24] — from which we inherit the use of expectations, and the definition of ||{k}φ|| below — leads to a generalisation of Kozen’s logical interpretation
of µ-calculus for probabilistic transition systems.
Let φ be a formula and V a valuation. We write ||φ||V for its meaning, an
expectation in E.S determined by the following rules:
1. ||X||V =
ˆ
2. ||A||V =
ˆ
3. ||{k}φ||V .s

V.X .
V.A .
R
=
ˆ V.k.s.$ +
||φ||V .
V.k.s

4. ||φ′ ⊓ φ′′ ||V .s =
ˆ ||φ′ ||V .s ⊓ ||φ′′ ||V .s ; and
′
′′
||φ ⊔ φ ||V .s =
ˆ ||φ′ ||V .s ⊔ ||φ′′ ||V .s .
′
′′
5. ||φ  G  φ ||V .s =
ˆ ||φ′ ||V .s if (V.G.s) else ||φ′′ ||V .s .
6. ||(µX · φ)||V =
ˆ (µx · ||φ||V[x/X] ) where, in the semantics on the rhs, by
(µx · exp) we mean the least fixed-point of the function (λx · exp).
7. ||(νX · φ)||V =
ˆ (νx · ||φ||V[x/X] ) .
Note that in the valuation V[x/X], the variable X is mapped to the expectation x.
Lemma 1. The quantitative logic qMµ is well-defined — For any φ in the
language, and valuation V, the interpretation ||φ||V is a well-defined expectation
in E.S.
Proof. Structural induction, arithmetic and that (E.S, ≤) is a complete partial
order [19, 20].

4

Operational interpretation: qMµ generalises Stirling’s
game

In this section we give an alternative account of formulae φ (of the reduced
language), in terms of a generalisation of Stirling’s turn-based game [30]. It is
played between two players, whom we refer to as respectively Max and Min.
As in Sec. 3, we assume a probabilistic transition system R.S and a valuation
V. The game progresses through a sequence of game positions, each of which is
either a pair (φ, s) where φ is a formula and s is a state in S, or a single (p) for
some non-negative real number p representing a payoff. Following Stirling, we
will use the idea of “colours” to represent place-holders for possible return to
a fixed point. A sequence of game positions is called a game path and is of the
form (φ0 , s0 ), (φ1 , s1 ), . . . with (if finite) a payoff position (pn ) at the end. The
initial formula φ0 is the given φ, and s0 is an initial state in S. A move from
position (φi , si ) to (φi+1 , si+1 ) or to (p) is specified by the following rules.
1. If φi is φ ⊓ φ′ (resp. φ ⊔ φ′ ) then Min (Max ) chooses one of the minjuncts
(maxjuncts): the next game position is (φ′′ , si ), where φ′′ is the chosen ’junct
φ or φ′ .
2. If φi is φ  G  φ′ , the next game position is (φ, si ) if V.G.si holds, and
otherwise it is (φ′ , si ).
3. if φi is {k}φ then the distribution V.k.si is used to choose either the next
state s′ in S or possibly the payoff state $. If a state s′ is chosen, then the
next game position is (φ, s′ ); if $ is chosen, P
then the next position is (p)
and is final, where p is the payoff V.k.s.$/(1 − s′ :S V.k.s.s′ )7 and the game
terminates.
4. If φi is νX · φ (µX · φ) then a fresh “colour” C is chosen from some infinite
supply, and is bound to the formula φ[C/X] for later use; the next game
position is (C, si ).8
5. If φi is C the next game position is (φ′ , si ), where φ′ is the formula bound
previously to C.
6. If φi is A then the game terminates in position (p) where p = V.A.si .
A game path is said to be valid if it can occur as a sequence according to the
above rules. Note that along any game path at most one colour can appear
infinitely often:
Lemma 2. All valid game paths are either finite, terminating at some payoff
(p), or infinite; if infinite, then exactly one colour appears infinitely often.
Proof. Stirling [30].
7

8

P
Although p can exceed 1, if for example the denominator 1 − s′ V.k.s.s′ is very
small, the expected payoff for any game still lies between 0 and 1. If p is infinite,
however, then the probability of that branch is 0 and it cannot be selected.
This use of colours is taken from Stirling [30]. The device allows easy determination,
later on, of which recursion operator actually “caused” an infinite path, and is why
µ and ν need not be distinguished at this point; they generate the same tree.

To complete the description of the game, one would normally give the winning/losing conditions. Here however we are operating over real- rather than
Boolean values, and we speak of the “value” of the game. In the choices φ ⊔ φ′
(φ ⊓ φ′ ) player Max (Min) tries to maximise (minimise) a real-valued “payoff”
associated with the game,9 defined as follows. There are a number of cases:
– The play is finite, terminating in a game state (p); in this case the payoff is
p.
– The play is infinite and there is a colour C appearing infinitely often that
was generated by a ν; in this case the payoff is 1.
– The play is infinite and there is a colour C appearing infinitely often that
was generated by a µ; in this case the payoff is 0.

5

Example: strategic software development

Typical properties of probabilistic systems are usually cost-based. The following
problem is an example — it also is an illustration of a property that lies strictly
outside the scope of threshold-based probabilistic logics.
A Major company (M ) has discovered a market opportunity for new
software: and it could publish a low-quality version early, to capture
that market and lock in its users; or it could publish later and at higher
quality, but then running the risk that an Alternative supplier (A) will
beat it to market. M ’s marketing strategists have to determine the timing
of their product launch.
The marketeers’ pressure for early publication comes from two sources
— they know that the internal cost of the product (a bounded integervalued variable c) will rise the longer it’s left with the developers, and
there is the increasing risk that A will publish first. They estimate that
A will publish (recorded by Boolean variable a) with probability no more
than some constant p per unit time.
The complementary argument, for delaying publication, is that the
more time spent on development the better the quality (variable q) of
the final product will be. That will save on maintenance costs later and
will enhance the company’s reputation.
Finally, because M is a much bigger company than A, it can be sure
that if M publishes first then A won’t publish at all. When M does
publish, M ’s profit is given by a function profit.c.q.a into [0, 1] of the
cost (c), the quality (q) and whether A has published already (a).
The situation is summed up by the transition system set out in Fig. 1: at
each time step M can choose either to publish immediately (by selecting the lefthand branch at ⊔M , and terminating), or to postpone publication and continue
development for another time step (by selecting the right-hand branch at ⊔M ).
9

In fact attributing the wins/losses to the two players makes it into a zero-sum game.

Initially c, q, a = 0, 0, false
√
The payoff is profit.c.q.a
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q: = (q + ∆q) ⊓ Q;
c: = (c + ∆c) ⊓ C

a: = true
If repeated forever, then the payoff is zero.

⊔M

—

⊓A

—

p⊕

—

√
Angelic choice (∃ modality) of whether M publishes ( ) or not (×).
(Chosen by Max in the game.)
Demonic choice (∀ modality) of whether A even considers (? ) publishing. (Chosen by Min in the game.)
Probabilistic choice of whether A publishes. (“Chosen” by chance.)

Function profit.c.q.a determines the payoff realised by M from publication of a product
with quality q and development costs c, and depends on whether A has published or
not (Boolean a).
In general, given a definition of profit.c.q.a, company M ’s optimal payoff can be computed to reveal the best timing for the launch of their product.
Fig. 1. Strategic software development

If M chooses the latter option then it risks A’s publishing first: in the worst case
(from M ’s point of view, the left-hand branch at ⊓A ) A does so with probability
p (the left-hand probabilistic branch at p ⊕). These steps are repeated until M
publishes or — the non-terminating case — forever, if M never publishes at all.
In that latter case, the payoff is 0.
The utility of our game interpretation in Sec. 4 is that we can easily use the
intuition it provides to write a formula describing the above system over the
state space (c, q, a): the expected payoff is (µX · profit ⊔ [K]X) , where K denotes
the set {k0 , k1 } of transitions
k0 =
ˆ q: = (q + ∆q) ⊓ Q; c: = (c + ∆c) ⊓ C
k1 =
ˆ (a: = true p ⊕ a: = false); k0 ,
and where “;” is sequential composition in the small programming language we
are using to describe the transitions. (We assume a valuation mapping profit to
profit etc.)
The choice implicit in [K] is the way we express probability ranges, if the
problem demands it: here, it is that the probability of A’s publishing is “no
more than p” is coded up as a choice between exactly p (if k1 is chosen at every
play) and 0 (if k0 is always chosen). Since the choice ⊓A can be resolved by player
Min to any probability in [0, 1], the overall probability range for A’s publishing
is [0, p].
Note that our transitions k0 , k1 take an initial state to a full- (rather than
sub-) distribution over final states, and that in this example there is no “immediate payoff” component (i.e. it is 0). This is of course a special case of the
transitions wePallow in R.S: in the notation of the introduction we just have
t.s.$ = 0 and s′ :S t.s.s′ = 1. The role of (and need for) the extra generality is
discussed in the conclusion.
We have used the least (rather than greatest) fixed point because “never
publishing” pays 0.
In the reduced language (at end of Sec. 2) we would write our formula as
Game

=
ˆ

(µX · profit ⊔ ({k0 }X ⊓ {k1 }X)) ,

and then the Kozen-style interpretation ||Game||V .s0 , given appropriate values
profit, k0 , k1 supplied by V, is a well-defined expectation as set out in Sec. 3. For
example when p is 1/3, and profit.c.q.a is defined to be10 (0 if a else q−c) — a
simple definition assuming all payoff is lost if A reaches the market first — then
a short calculation gives the value (8/9)(∆q − ∆c), assuming ∆q ≥ ∆c, initial
state q, c, a = 0, 0, false, and that the bounds Q, C are not too low. As we argue
for the general case in Sec. 6, this turns out to be the same as M ’s optimal
expected payoff in the game, whatever A’s strategy might be.
Alternatively, in the Stirling-style interpretation we generate a game-tree by
“unfolding” the transition system in Fig. 1. At each unfolding, M and A need
10

The profit function should be 1-bounded, but to avoid clutter we have not scaled it
down here (e.g. by dividing by Q ⊔ C).

to select a branch; and their selections could be different each time they revisit
their respective decision points. Let σM and σA be sequences (possibly infinite) of
choices to be made by M and A. When they follow those sequences, the resulting
game-tree generates a well-defined probability distribution over valid game paths
[10]. Anticipating the next section, let [[φ]]σVM ,σA denote that path distribution:
we can now describe M ’s actual payoff — a function of those strategies — as an
expected value
P.σM .σA

=
ˆ

Z

“profit applied to the final state” ,
σ

[[φ]]VM

,σA

with the understanding that the random variable over paths, in the integral’s
body, yields 0 if in fact there is no final state (infinite path).
As usual in game theory, when the actual strategies of the two players are
unknown (as in this case), we define the value of the game to be the the minimax
over all strategy sequences of the expected payoff — but the minimax is welldefined only when it is the same as the maximin, that is only if
⊔σM ⊓σA P.σM .σA

=

⊓σA ⊔σM P.σM .σA .

In some cases, the value of a game can be realised by memoriless strategies
— roughly speaking, a memoriless strategy is independent of the number of
unfoldings of the game-tree. Memoriless strategies are particularly important
for the efficient computation of expected payoffs [9], and in Sec. 6 we show they
suffice for qMµ when the state space is finite.
To summarise, in the next section we show that the techniques used in this
example are valid in general — that is, that the values of the games set out in
Sec. 4 are all well-defined, that they can be realised by memoriless strategies if the
state space is finite, and that the value corresponds exactly to the denotational
interpretation of Sec. 3.
For the current example, those results justify our using the Kozen-style interpretation to calculate M ’s optimal profit in the game, which in this simple
case led to a direct calculation. For more complex formulae, the optimal payoff is determined by constructing explicit automata based on the corresponding
games, and then applying model-checking methods [2].

6

Proof of duality

In this section we give our main result, the equivalence of the two interpretations
of a qMµ formula: the operational, “Stirling-game” interpretation, and the denotational “Kozen-logic” interpretation. In both cases we must address explicitly
the question of strategies, and whether they can or cannot have “memory” of
where the game or transition system has gone so far.

6.1

Duality over given strategies

We begin with the Stirling interpretation, and our first step will be to explain
how the games can be formalised provided the players’ strategies are decided
beforehand.
The current position of a game — as we saw in Sec. 4 — is a formula/
state pair. We introduce two strategy functions called σ and σ, to formalise the
players’ decisions as they go along: the functions are of type “finite-game-path
to Boolean”, and the player Min (resp. Max ), instead of deciding “on the fly”
how to interpret a decision point ⊓ (resp. ⊔), takes the strategy function σ (resp.
σ) and applies that to the sequence of game positions traversed so far with, say,
result “true” meaning “take the left subformula”.
These strategies model full memory, because each is given as an argument
the complete history of the game up to its point of use. (Note that the history
includes the current state s.)
The formalisation of the Stirling game is then in two stages. In the first stage
σ,σ
we construct a (possibly infinite) probabilistically-branching game-tree [[φ]]V .s,
using the given formula φ, the initial state s and the pre-packaged strategy
functions σ, σ.
For the second stage we use a function Val, from valid game paths to the
non-negative reals, which is defined to give exactly the “payoff” described at the
end of Sec. 4. Then we have
Definition 1. Value of fixed-strategy Stirling game — The value of a game
played from formula φ and initial state s, with strategies σ, σ, is given by the
expected value
Z
Val
σ,σ

[[φ]]V .s
σ,σ

of Val over the game-tree [[φ]]V .s generated by the strategies and the initial state.
The argument that this is well defined is the usual one, based on showing that
Val is a measurable function over the sigma-algebra defined by the tree.
Our second step is to show that the above game corresponds to a Kozen-style
interpretation over the same data: that is, we augment the semantics of Sec. 3
with the same strategy functions. For clarity we use slightly different brackets
σ,σ
|||φ|||V for the extended semantics.
The necessary alterations to the rules in Sec. 3 are straightforward, the principal one being that in Case 4, instead of taking a minimum or maximum, we
use the argument σ or σ as appropriate to determine whether to carry on with
φ′ or with φ′′ . (A technical complication is then that all the definitions have to
be changed so that the “game sequence so far” is available to σ and σ when
required. That can be arranged for example by introducing an extra “path so
far” argument and passing it, suitably extended, on every right-hand side.)
We then have our first equivalence:

Lemma 3. Equivalence of given-strategy games and logic —
mulae φ, valuations V, states s and strategies σ, σ, we have
Z
σ,σ
Val = |||φ|||V .s .

For all qMµ for-

σ,σ

[[φ]]V .s

Proof. (sketch) The proof is by structural induction over φ, straightforward except when least- or greatest fixed-points generate infinite trees. In those cases
we consider longer and longer finite sub-trees of the infinite tree: as well as the
valid paths already described, they may contain extra finite paths, ending in µor ν-generated colours that indicate unfoldings yet to come.
Extend the path-valuation function Val so that it assigns 0 (resp. 1) to a
finite
path ending in a µ- (resp. ν-) colour. It can be shown that the function
R
Val is continuous over a limit of a subtree-ordered sequence of partial trees,
(·)

provided there is a single colour such that every extra finite path in any tree in
the sequence terminates in that colour. In that case the game’s overall value is
the limit of the non-decreasing (resp. non-increasing) sequence of values assigned
by the extended V to the finite trees.
Since, in a single µ- (resp. ν-) structural induction step, the infinite paths assigned 0 (resp. 1) by Val are exactly those containing infinitely many occurrences
of the associated fixed colour, a limit of trees as above can be constructed. And
each of any µ- (resp. ν-) generated infinite path’s prefixes is assigned 0 (resp. 1)
appropriately by the above extension of Val to finite colour-terminated paths.
For a full proof see [26].
Lem. 3 is the key to completing the argument that the value of the Stirling
game is the minimax over all strategies of the expected payoff: recalling the
issues raised at the end of Sec. 5, we must do that to show it to be well defined.
That is, in the notation of this section we must establish
Z
Z
⊓σ ⊔σ Val =
⊔σ ⊓σ Val .
(1)
σ,σ

[[φ]]V .s

σ,σ

[[φ]]V .s

The utility of Lem. 3 is that it allows us to carry out that argument in a denotational rather than operational context — we can avoid the integrals, and simply
σ,σ
σ,σ
show ⊓σ ⊔σ |||φ|||V = ⊔σ ⊓σ |||φ|||V instead.
In fact we show (1) to be even simpler — it is given by the original Kozen
interpretation ||φ||V with its ⊓ and ⊔ operators still in place, which therefore is
the value of the Stirling game.
6.2

Full duality, and memoriless strategies

Let formula φG be derived from φ by replacing each operator ⊓ in φ by a specific
state predicate drawn from a tuple G of our choice, possibly a different predicate
for each syntactic occurrence of ⊓. Similarly we write φG for the derived formula

in which all instances of ⊔ are replaced one-by-one by successive state predicates
in a tuple G. With those conventions, we will appeal to Lem. 10 that for all qMµ
formulae φ over a finite11 state space S, and valuations V, there exist predicate
(tuples) G and G as above such that ||φG ||V = ||φ||V = ||φG ||V .
For example, if the formula φ is (µX · A1 ⊔(νY · A2 ⊓{k}(A3 ⊔(X GY )))) ,
ˆ (G1 ) and G =
ˆ (G1 , G2 ) so that
then we are saying we can find tuples G =
ˆ (µX · A1 ⊔ (νY · A2  G1  {k}(A3 ⊔ (X  G  Y ))))
φG =
ˆ (µX · A1  G1  (νY · A2 ⊓ {k}(A3  G2  (X  G  Y ))))
φG =

and

are both equivalent to φ under || · ||V .12
The proof of Lem. 10 is by induction, intricate only in one case, where we rely
on techniques due to Everett [8].13 That part of the proof, together with several
preliminary lemmas, is given in the appendix; the full proof is given elsewhere
[26].
Lemma 4. Minimax well-defined for Kozen interpretation —
mulae φ, valuations V and strategies σ, σ, we have
σ,σ

⊓σ ⊔σ |||φ|||V

=

σ,σ

⊔σ ⊓σ |||φ|||V

.

For all qMµ for(2)

Proof. From monotonicity, we need only prove lhs ≤ rhs. Note that from Lem. 10
we have predicates G and G satisfying
||φG ||V

=

||φ||V

=

||φG ||V ,

(3)

a fact which we use further below.
To begin with, using the predicates G from (3), we start from the lhs of (2)
and observe that
σ,σ
≤
⊔σ |||φG |||σV ,
⊓σ ⊔σ |||φ|||V
(4)
(in which on the right we omit the now-ignored σ argument), because the ⊓σ
can select exactly those predicates G by an appropriate choice of σ. We then
eliminate the explicit strategies altogether by observing that
⊔σ |||φG |||σV

≤

||φG ||V ,

(5)

because the simpler || ||-style semantics on the right interprets ⊔ as maximum,
which cannot be less than the result of appealing to some strategy function σ.
We can now continue on our way towards the rhs of (2) as follows:
=
11
12

13

||φG ||V
||φ||V

carrying on from (5)
first equality at (3)

Finiteness is needed in Case G of the lemma’s proof.
In fact it is easy to show that all three formulae are then equivalent to φG,G , but we
do not need that.
Unfortunately Everett’s work as it stands is less than we need, so although we borrow
his techniques we cannot simply appeal to his result as a whole.

=
≤
≤

||φG ||V
σ
⊓σ |||φG |||V
σ,σ
⊔σ ⊓σ |||φ|||V ,

second equality at (3)
as for (5) above, backwards
as for (4) above, backwards

and we are done.
The proof above establishes the duality we seek between the two interpretations.
Theorem 1. Value of Stirling game —
defined, and equals ||φ||V .

The value of a Stirling game is well-

Proof. Lem. 3 and Lem. 4 establish the equality (1), for well-definedness; the
stated equality with ||φ||V occurs during the proof of the latter.
Finally, we have an even tighter result about the players’ strategies:
Lemma 5. Memoriless strategies —
There exists a memoriless strategy G
which, if followed by player Max, achieves the value of the Stirling game against
all strategies of player Min. (A similar result holds for player Min.)
Proof. Directly from Lem. 10 and Thm. 1.

7

Conclusion

Our main contribution has been to introduce a novel game-based interpretation
for the quantitative µ-calculus qMµ over probabilistic/angelic/demonic transition systems, probabilistically generalising Stirling’s game interpretation of the
standard µ-calculus, and to show it equivalent to the existing Kozen-style interpretation of qMµ. The interpretations are general enough to specify cost-based
properties of probabilistic systems — and many such properties lie outside standard temporal logic. The Stirling-style interpretation is close to automata-based
approaches, whilst the Kozen-style logic (studied more extensively elsewhere
[20]) provides an attractive proof system.
Part of our generalisation has been to introduce the Everett-style “payoff
states” $ into Stirling’s generalised games. Although many presentations of probabilistic transitions (including our earlier work) do not include the extra state,
giving instead simply functions from S to S which in effect take the primitive
elements of formulae to be probabilistic programs, here our primitive elements
are small probabilistic games [8]. The probabilistic programs are just the simpler special case of payoff 0. The full proof [26] of Lem. 10 makes that necessary,
since we treat the G/ν case via a duality, appealing to the G/µ case. But it is a
duality under which probabilistic programs are not closed, whereas the slightly
more general probabilistic games are closed. Thus we have had to prove a slightly
more general result.

8

Related work

Probabilistic temporal logics, interpreted over nondeterministic/probabilistic transition systems, have been studied extensively, most notably by de Alfaro [5],
Jonsson [11], Segala [29] and Vardi [32]. Condon [3] considered the complexity of underlying transition systems like ours, including probabilistic (but 1/2 ⊕
only), demonic and angelic choice, but without our more general expectations
and payoffs. Monniaux [18] uses Kozen’s deterministic formulation together with
demonic program inputs to analyse systems via abstract interpretation [4].
The quantitative µ-calculus has not received as much attention. Huth and
Kwiatkowska [12] use real-valued expressions based on expectations, and they
have investigated model-checking approaches to evaluating them; but they do
not provide an operational interpretation of the logic, nor have they exploited
its algebraic properties [20]. Narasimha et. al. [25] use probability thresholds,
and restrict to the alternation-free fragment of the µ-calculus; however for that
fragment they do provide an operational interpretation which selects the proportion of paths that satisfy the given formula. Their transition systems are
deterministic.
De Alfaro and Majumdar [7] use qMµ to address an issue similar to, but not
the same as ours: in the more general context of concurrent games, they show
that for every LTL formula Ψ one can construct a qMµ formula φ such that
||φ||V is the greatest assured probability that Player 1 can force the game path
to satisfy Ψ .
The difference between de Alfaro’s approach and ours can be seen by considering the formula Ψ =
ˆ (µX · {k}atB ⊔ {k}X) over the transition system
V.k

=
ˆ

(s: = A 1/2 ⊕ s: = B) if (s = A) else (s: = A)

operating on state space {A, B}. (In fact formula Ψ expresses the notorious
AF AX atB [31] in the temporal subset [20] of qMµ, where V.atB.s =
ˆ 1 if (s =
B) else 0 . Player 1 can force satisfaction of Ψ with probability 1 in this game,
since the only path for which it fails (all A’s) occurs with probability 0; so de
Alfaro’ construction yields a different formula φ such that ||φ||V = 1.
Yet ||Ψ ||V for the original formula is only 1/2, which is the value of the Stirling
game played in this system. It is “at each step, seek to maximise (⊔) the payoff,
depending on whether after the following step ({k}) you will accept atB and
terminate, or go around again (X).” Note that the decision “whether to repeat
after the next step” is made before that step is taken. (Deciding after the step
would be described by the formula (µX · {k}(atB ⊔ X)).) The optimal strategy
ˆ (µX · {k}atB if atA else {k}X).
for Max is of course given by ΨatA =
Finally, our result Lem. 5 for memoriless strategies holds for all qMµ formulae,
whereas (we believe) de Alfaro et. al. treat only a subset, those formulae encoding
the automata used in their construction.
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A

Memoriless strategies suffice

We show that for any formula φ, possibly including ⊓ and ⊔ strategy operators, there are specific state predicates (collected into tuples G and G) that can
replace the strategy operators without affecting the value of the formula. The
inductive proof is straightforward except for replacement of ⊔ within µ (and,
dually, replacement of ⊓ within ν). For this G/µ case we need several technical
lemmas and definitions; the other cases are set out at [26].
Because the argument in this section is mainly over properties of real-valued
functions, we shift to a more mathematical style of presentation. Variables
f, g, . . . denote (Curried) functions of type expectation(s) to expectation, and
w, x, . . . are expectations in E.S. For function f of one argument we write µ.f
for its least fixed-point.
Definition 2. Almost-linear — Say that an expectation-valued function f of
possibly several expectation arguments x, y, · · · , z is almost-linear if it can be
written in the form
f.x.y · · · .z

=
ˆ

w + g.x + h.y + · · · + i.z ,

(6)

where w is an expectation and g, h, · · · , i are linear expectation-valued functions
of their single arguments.
Lemma 6. Every ⊓/⊔-free formula φ, possibly containing free expectation variables X, Y, . . . , Z, denotes an almost-linear function of the values assigned to
those arguments.
Proof. (sketch) What we are claiming is that the function
f.x.y · · · .z

=
ˆ

||φ||V[x,y···z/X,Y ···Z]

can be written in the form given on the right at (6), provided φ contains no ⊓
or ⊔. This is a straightforward structural induction over φ, given in full at [26].
Definition 3. Almost less-than — For non-negative reals a, b, write a hh b for
a > 0 ⇒ a < b; write the same for the pointwise-extended relation over expectations. Note that a hh b implies a ≤ b on this domain.
Definition 4. ok functions — Say that an expectation-to-expectation function
f of one argument is ok if for all expectations x with x hh f.x we have that (⊔n ·
f n .x) = µ.f .
(Note that (⊔n · f n .x) ≥ (⊔n · f n .0) = µ.f trivially if f is monotonic.)
Lemma 7. If f is almost-linear then f is ok in each argument separately.
Proof. (sketch) This technical result says in effect that if expectation x is increased by applying an almost-linear f of one argument, then the states s at
which x.s is non-zero eventually do not affect the terms f n .x in the supremum
— whence we might as well take f n .0, which limit gives the right-hand side.
A full proof is given at [26].
Lemma 8. All ⊓/⊔-free formulae φ denote ok functions of their free expectations X, Y, · · · , Z taken separately.
Proof. Lemmas 6 and 7.
Lemma 9. For any monotonic and continuous14 function f over expectations,
and any ε > 0, there is an expectation x such that µ.f − ε ≤ x and x hh f.x ,
where we write “−ε” to subtract the constant function of that value.
This technical result forms the core of Everett’s argument [8]; note it does not
depend on f ’s being ok. We give a full proof of it at [26].
We can now sketch the proof of the main result of this section.
Lemma 10. Fixed strategies suffice — For any formula φ, possibly containing strategy operators ⊓/⊔, and valuation V, there are state-predicate tuples G/G
— possibly depending on V — such that
||φG ||V
14

=

||φ||V

=

This is continuity in the usual sense in analysis.

||φG ||V .

Proof. (sketch) We give only the µ-case of an otherwise straightforward induction over the size of φ; a full proof may be found at [26].
Suppose we are considering (µX · φ). Let f be the function denoted by φ
with respect to a single expectation-valued argument x supplied for the variable
X, with the values of any other free variables in φ fixed by the environment V;
for any G, G let functions fG and fG,G s be derived similarly from φG and φG,G .
Case G: We must show µ.f = µ.fG for some G;15 note that µ.f ≤ µ.fG trivially,
since f ≤ fG . Since φ is smaller in size than (µX · φ), our inductive hypothesis
provides for any x a Gx so that fGx .x = f.x; take x = µ.f and therefore choose
G so that fG .(µ.f ) = f.(µ.f ) = µ.f . Thus µ.f is a fixed-point of fG , whence
immediately µ.fG ≤ µ.f .
Case G: In this case must show µ.f = µ.fG for some G; again it is trivial that
µ.fG ≤ µ.f for any G.
For the other direction, in fact we show that for any ε > 0 there is a Gε such
that µ.fGε ≥ µ.f − ε — whence the existence of a single G satisfying µ.fG ≥ µ.f
follows from the finiteness of the state space (since the set of possible strategy
tuples for this f is therefore finite as well, and so there must be one that works
for all ε).
′
Because we know inductively that f is a minimax16 over strategy tuples G′ , G
of almost-linear functions fG′ ,G′ , that those functions are continuous by construction, and that the minimax is finite because there are only finitely many strategy
′
tuples G′ , G for this f , we know that f is continuous itself, and by Lem. 9 we
therefore have an expectation xε with
µ.f − ε ≤ xε

and

xε hh f.xε .

(7)

To get our result we need only show in addition that xε ≤ µ.fGε for some Gε .
From our inductive hypothesis we can choose Gε so that f.xε = fGε .xε ,
whence from (7) we have xε hh fGε .xε .
Now in fact fGε is ok (see below), so that from Def. 4 we have (⊔n · fGn .xε ) =
ε
µ.fGε ; but then xε hh fGε .xε ≤ (⊔n · fGn .xε ) = µ.fGε . Thus we have xε ≤ µ.fGε ,
ε
and we are done.

To see that fGε is ok, consider any x such that x hh fGε .x . We note that the
formula φGε — from which fGε is derived — is the same size as φ, and therefore
smaller than (µX · φ),17 so that it satisfies the inductive hypothesis and we can
apply the argument of Case G to it: thus we have a G′ with µ.fGε = µ.fG′ ,Gε .
15

16
17

Note that (µX · φ)G is the same as (µX · φG ) — it is syntactic substitution — so
that µ.(fG ) is indeed the correct denotation.
An argument similar to that used in Lem. 4 makes this explicit.
But φGε is is not a subformula of (µX · φ), which is why we do not use structural
induction.

Since fGε .x ≤ fG′ ,Gε .x we have x hh fG′ ,Gε .x — and we recall from Lem. 8 that
fG′ ,Gε is ok. Hence (⊔n · fGn′ ,G .x) = µ.fG′ ,Gε , and we can conclude with
ε

(⊔n ·

fGn .x)
ε

Thus fGε is indeed ok.

≤ (⊔n · fGn′ ,G .x) = µ.fG′ ,Gε
ε

= µ.fGε .

