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Abstract. Let predicate P be converted from Boolean to numeric type
by writing 〈P 〉, with 〈false〉 being 0 and 〈true〉 being 1, so that in a
degenerate sense 〈P 〉 can be regarded as ‘the probability that P holds in
the current state’. Then add explicit numbers and arithmetic operators,
to give a richer language of arithmetic formulae into which predicates
are embedded by 〈·〉.
Abrial’s generalised substitution language GSL can be applied to arith-
metic rather than Boolean formulae with little extra effort. If we add
a new operator p⊕ for probabilistic choice, it then becomes ‘pGSL’: a
smooth extension of GSL that includes random algorithms within its
scope.
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weakest preconditions, B, GSL.

1 Introduction

Abrial’s Generalised Substitution Language GSL [1] is a weakest-
precondition based method of describing computations and their
meaning; it is complemented by the structures of Abstract Machines,
together with which it provides a framework for the development of
correct systems. In this paper we extend it to probabilistic programs,
those that implement random algorithms.

Most sequential programming languages contain a construct for
‘deterministic’ choice, where the program chooses from a number of
alternatives in some predictable way: for example, in

if test then this else that end (1)

the choice between this and that is determined by test and the cur-
rent state.
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In contrast, Dijkstra’s language of guarded commands brings
nondeterministic or ‘demonic’ choice to prominence, in which the
program’s behaviour is not predictable, not determined by the cur-
rent state. At first [2], demonic choice was presented as a consequence
of ‘overlapping guards’, almost an accident — but as its importance
became more widely recognised it developed a life of its own. Nowa-
days it merits an explicit operator: the construct

this [] that

chooses between the alternatives unpredictably and, as a specifica-
tion, indicates abstraction from the issue of which will be executed.
The customer will be happy with either this or that ; and the imple-
mentor may choose between them according to his own concerns.

With the invention of ‘miracles’ [12, 16, 18] the two forms of choice
were unified, showing demonic choice to be the more fundamental:
that innovation is exploited in GSL whenever one writes

test → this [] ¬test → that (2)

instead of the more conventional (1) above.

Early research on probabilistic semantics took a different route:
demonic choice was not regarded as fundamental — rather it was
abandoned altogether, being replaced by probabilistic choice [8, 4,
3, 7, 6]. Thus probabilistic semantics was divorced from the contem-
poraneous work on specification and refinement, because without
demonic choice there is no means of abstraction.

More recently however it has been discovered [5, 15] how to bring
the two topics back together, taking the more natural approach of
adding probabilistic choice, retaining demonic choice and seeing de-
terministic choice again as at (2). Probabilistic choice too is a special
case of demonic choice: both deterministic and probabilistic choice
refine demonic choice, but neither refines the other.

Because the probabilistic/demonic semantics is an extension of
predicate transformers, it is possible to present its main ideas in the
GSL idiom, which is what we do in this paper. The result could be
called ‘pGSL’.
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In Sec. 2 we give a brief and shallow overview of pGSL, somewhat
informal and concentrating on simple examples. Sec. 3 sets out the
definitions and properties of pGSL systematically, and Sec. 4 treats
an example of reasoning about probabilistic loops.

An impression of pGSL can be gained by reading Sections 2 and
4, with finally a glance over Sections 3.1 and 3.2; more thoroughly
one would read Sections 2, 3.1 and 3.2, then 2 (again) and finally 4.
The more theoretical Sec. 3.3 can be skipped on first reading.

2 An impression of pGSL

Let angle brackets 〈·〉 be used to embed Boolean-valued predicates
within arithmetic formulae which, for reasons explained below, we
call expectations ; in this section we allow them to range over the unit
interval [0, 1]. Stipulating that 〈false〉 is 0 and 〈true〉 is 1, we make
the expectation 〈P 〉 in a trivial sense the probability that a given
predicate P holds: if false, P is said to hold with probability 0; if
true, it holds with probability 1.

For our first example, we consider the simple program

x: = −y 1
3
⊕ x: = +y , (3)

over variables x, y: Z, using a construct 1
3
⊕ which we interpret as

‘choose the left branch x: = −y with probability 1/3, and choose
the right branch with probability 1 − 1/3’.

Recall that for any predicate P over final states, and a standard1

substitution S, the predicate [S]P acts over initial states: it holds
in those initial states from which S is guaranteed to reach P . Now
suppose S is probabilistic, as Program (3) is; what can we say about
the probability that [S]P holds in some initial state?

It turns out that the answer is just [S] 〈P 〉, once we generalise
[S] to expectations instead of predicates. We begin with the two
definitions

[x: = E]R =̂ ‘R with x replaced everywhere’2 by E (4)

[S p⊕ T ]R =̂ p ∗ [S]R + (1−p) ∗ [T ]R , (5)

1 Throughout we use standard to mean ‘non-probabilistic’.
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in which R is an expectation, and for our example program we ask

∣∣∣∣∣

what is the probability that the predicate ‘the final
state will satisfy x ≥ 0’ holds in some given initial
state of the program?

∣∣∣∣∣

To find out, we calculate [S] 〈P 〉 in this case; that is

[x: = −y 1
3
⊕ x: = +y] 〈x ≥ 0〉

≡3 (1/3) ∗ [x: = −y] 〈x ≥ 0〉
+ (2/3) ∗ [x: = +y] 〈x ≥ 0〉

using (5)

≡ (1/3) 〈−y ≥ 0〉 + (2/3) 〈+y ≥ 0〉 using (4)

≡ 〈y < 0〉 /3 + 〈y = 0〉 + 2 〈y > 0〉 /3 . arithmetic

Our answer is the last arithmetic formula above, which we could call
a ‘pre-expectation’ — the probability we seek is found by reading off
the formula’s value for various initial values of y, getting

∣∣∣∣∣∣

when y is negative, 1/3 + 0 + 2(0)/3 = 1/3
when y is zero, 0/3 + 1 + 2(0)/3 = 1
when y is positive, 0/3 + 0 + 2(1)/3 = 2/3 .

∣∣∣∣∣∣

Those results indeed correspond with our operational intuition about
the effect of 1

3
⊕.

The above remarkable generalisation of sequential program cor-
rectness is due to Kozen [8], but until recently was restricted to
programs that did not contain demonic choice []. When He et al. [5]
and Morgan et al. [15] successfully added demonic choice, it became
possible to begin the long-overdue integration of probabilistic pro-
gramming and formal program development: in the latter, demonic
choice — as abstraction — plays a crucial role in specifications.

To illustrate the use of abstraction, in our second example we
abstract from probabilities: a demonic version of Program (3) is much

2 In the usual way, we take account of free and bound variables, and if necessary
rename to avoid variable capture.

3 Later we explain the use of ‘≡’ rather than ‘=’.
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more realistic in that we set its probabilistic parameters only within
some tolerance. We say informally (but still with precision) that

• x: = −y is to be executed with probability at least 1/3,
• x: = +y is to be executed with probability at least 1/4

and
• it is certain that one or the other will be executed.






(6)

Equivalently we could say that alternative x: = −y is executed with
probability between 1/3 and 3/4, and that otherwise x: = +y is
executed (therefore with probability between 1/4 and 2/3).

With demonic choice we can write Specification (6) as

(x: = −y 1
3
⊕ x: = +y) [] (x: = −y 3

4
⊕ x: = +y) , (7)

because we do not know or care whether the left or right alternative
of [] is taken — and it may even vary from run to run of the program,
resulting in an ‘effective’ p⊕ with p somewhere between the two
extremes.4

To examine Program (7), we define the generalised substitution

[S [] T ]R =̂ [S]R min [T ]R , (8)

using min because we regard demonic behaviour as attempting to
make the achieving of R as improbable as it can. Repeating our
earlier calculation (but more briefly) gives this time

[Program (7)] 〈x ≥ 0〉

≡ 〈y ≤ 0〉 /3 + 2 〈y ≥ 0〉 /3
min 3 〈y ≤ 0〉 /4 + 〈y ≥ 0〉 /4

using (4), (5), (8)

≡ 〈y < 0〉 /3 + 〈y = 0〉 + 〈y > 0〉 /4 . arithmetic

Our interpretation is now

4 A convenient notation for (7) would be based on the abbreviation

S [p,q]⊕ T b= S p⊕ T [] S q⊕ T ;

we would then write it x: = −y [ 1
3

,
3

4
]⊕ x: = +y.



6

• When y is initially negative, the demon chooses the left branch
of [] because that branch is more likely (2/3 vs. 1/4) to execute
x: = +y — the best we can say then is that x ≥ 0 will hold with
probability at least 1/3.

• When y is initially zero, the demon cannot avoid x ≥ 0 — either
way the probability of x ≥ 0 finally is 1.

• When y is initially positive, the demon chooses the right branch
because that branch is more likely to execute x: = −y — the
best we can say then is that x ≥ 0 finally with probability at
least 1/4.

The same interpretation holds if we regard [] as abstraction. Sup-
pose Program (7) represents some mass-produced physical device
and, by examining the production method, we have determined the
tolerance as above (6) on the devices produced. If we were to buy one
arbitrarily, all we could conclude about its probability of establishing
x ≥ 0 is just as calculated above.

Refinement is the converse of abstraction: for two substitutions
S, T we define

S ⊑ T =̂ [S]R ⇛ [T ]R for all R, (9)

where we write ⇛ for ‘everywhere no more than’ (which ensures
〈false〉 ⇛ 〈true〉 as expected). From (9) we see that in the special case
when R is an embedded predicate 〈P 〉, the meaning of ⇛ ensures
that a refinement T of S is at least as likely to establish P as S
is. That accords with the usual definition of refinement for standard
programs — for then we know [S] 〈P 〉 is either 0 or 1, and whenever
S is certain to establish P (whenever [S] 〈P 〉 ≡ 1) we know that T
also is certain to do so (because then 1 ⇛ [T ] 〈P 〉).

For our third example we prove a refinement: consider the pro-
gram

x: = −y 1
2
⊕ x: = +y , (10)

which clearly satisfies Specification (6); thus it should refine Program
(7). With Definition (9), we find for any R that

[Program (10)]R
≡ ([x: = −y]R)/2 + ([x: = +y]R)/2
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≡ R−/2 + R+/2 introduce abbreviations

≡ (3/5)(R−/3 + 2R+/3)
+ (2/5)(3R−/4 + R+/4)

arithmetic

⇚ R−/3 + 2R+/3
min 3R−/4 + R+/4

any linear combination exceeds min

≡ [Program (7)]R .

The refinement relation (9) is indeed established for the two pro-
grams.

The introduction of 3/5 and 2/5 in the third step can be un-
derstood by noting that demonic choice [] can be implement by any
probabilistic choice whatever: in this case we used 3

5
⊕. Thus a proof

of refinement at the program level might read

Program (10)
= x: = −y 1

2
⊕ x: = +y

= (x: = −y 1
3
⊕ x: = +y)

3
5
⊕ (x: = −y 3

4
⊕ x: = +y)

arithmetic

⊒ x: = −y 1
3
⊕ x: = +y

[] x: = −y 3
4
⊕ x: = +y

([]) ⊑ (p⊕) for any p

≡ Program (7) .

3 Presentation of probabilistic GSL

In this section we give a concise presentation of probabilistic GSL

as a whole: its definitions, how they are to be interpreted and their
(healthiness) properties.

3.1 Definitions of pGSL substitutions

In pGSL, substitutions act between ‘expectations’ rather than pred-
icates, where an expectation is an expression over (program or state)
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variables that takes its value in the non-negative reals extended with
∞.5 To retain the use of predicates, we allow expectations of the form
〈P 〉 when P is Boolean-valued, defining 〈false〉 to be 0 and 〈true〉 to
be 1.

Implication-like relations between expectations are

R ⇛ R′ =̂ R is everywhere no more than R′

R ≡ R′ =̂ R is everywhere equal to R′

R ⇚ R′ =̂ R is everywhere no less than R′.

Note that |= P ⇒ P ′ exactly when 〈P 〉 ⇛ 〈P ′〉, and so on; that is
the motivation for the symbols chosen.

The definitions of the substitutions in pGSL are given in Fig. 1.

3.2 Interpretation of pGSL expectations

In its full generality, an expectation is a function describing how
much each program state is ‘worth’.

The special case of an embedded predicate 〈P 〉 assigns to each
state a worth of 0 or of 1: states satisfying P are worth 1, and states
not satisfying P are worth 0. The more general expectations arise
when one estimates, in the initial state of a probabilistic program,
what the worth of its final state will be. That estimate , the ‘expected
worth’ of the final state, is obtained by summing over all final states

the worth of the final state multiplied by the probability the
program ‘will go there’ from the initial state.

Naturally the ‘will go there’ probabilities depend on ‘from where’,
and so that expected worth is a function of the initial state.

When the worth of final states is given by 〈P 〉, the expected
worth of the initial state turns out — very nearly — to be just the
probability that the program will reach P . That is because

expected worth of initial state

5 This domain, more general than the [0, 1] of the previous section, makes the defi-
nitions easier. . . but perhaps makes intuition harder. In any case, the healthiness
conditions of Sec. 3.3 show that we can restrict attention to [0, 1] if we wish, as
indeed we do again in Sec. 4.
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The probabilistic generalised substitution language pGSL acts over ‘expectations’
rather than predicates: expectations take values in R≥0 ∪ {∞}.

[x: = E]R The expectation obtained after replacing all free
occurrences of x in R by E, renaming bound vari-
ables in R if necessary to avoid capture of free vari-
ables in E.

[P | S]R 〈P 〉 ∗ [S]R, where 0 ∗ ∞ b= 0.
[S [] T ]R [S]R min [T ]R
[P =⇒ S]R 1/ 〈P 〉 ∗ [S]R, where ∞∗ 0 b=∞.
[skip]R R
[@z · S]R min z · ([S]R), where z does not occur free in R.
[S p⊕ T ]R p ∗ [S]R + (1−p) ∗ [T ]R

S ⊑ T [S]R ⇛ [T ]R for all R

• R is an expectation (possibly but not necessarily 〈P 〉 for some predicate P );
• P is a predicate (not an expectation);
• ∗ is multiplication;
• S, T are probabilistic generalised substitutions (inductively);
• p is an expression over the program variables (possibly but not necessarily a con-

stant), taking a value in [0, 1]; and
• z is a variable (or a vector of variables).

Fig. 1. pGSL — the probabilistic Generalised Substitution Language
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≡ (probability S reaches P )
∗ (worth of states satisfying P )

+ (probability S does not reach P )
∗ (worth of states not satisfying P )

≡ (probability S reaches P ) ∗ 1
+ (probability S does not reach P ) ∗ 0

≡ probability S reaches P ,

where matters are greatly simplified by the fact that all states sat-
isfying P have the same worth.

Typical analyses of programs S in practice lead to conclusions of
the form

p ≡ [S] 〈P 〉

for some p and P which, given the above, we can interpret in two
equivalent ways:

1. the expected worth 〈P 〉 of the final state is at least6 the value of
p in the initial state; or

2. the probability that S will establish P is at least p.

Each interpretation is useful, and in the following example we
can see them acting together: we ask for the probability that two
fair coins when flipped will show the same face, and calculate

[
x: = H 1

2
⊕ x: = T ;

y: = H 1
2
⊕ y: = T

]
〈x = y〉

≡ 1

2

⊕, : = and sequential composition

[x: = H 1
2
⊕ x: = T ](〈x = H〉 /2 + 〈x = T 〉 /2)

≡ (1/2)(〈H = H〉 /2 + 〈H = T 〉 /2)
+ (1/2)(〈T = H〉 /2 + 〈T = T 〉 /2)

1

2

⊕ and :=

6 We must say ‘at least’ in general, because of possible demonic choice in S; and some
analyses give only the weaker p ⇛ [S] 〈P 〉 in any case.
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≡ (1/2)(1/2 + 0/2) + (1/2)(0/2 + 1/2) definition 〈·〉

≡ 1/2 . arithmetic

We can then use the second interpretation above to conclude that
the faces are the same with probability (at least7) 1/2.

But part of the above calculation involves the more general ex-
pression

[x: = H 1
2
⊕ x: = T ](〈x = H〉 /2 + 〈x = T 〉 /2) ,

and what does that mean on its own? It must be given the first
interpretation, since its post-expectation is not of the form 〈P 〉, and
it means

the expected value of 〈x = H〉 /2+ 〈x = T 〉 /2 after executing
x: = H 1

2
⊕ x: = T ,

which the calculation goes on to show is in fact 1/2. But for our
overall conclusions we do not need to think about the intermediate
expressions — they are only the ‘glue’ that holds the overall reason-
ing together.

3.3 Properties of pGSL

Recall that all GSL constructs satisfy the property of conjunctiv-
ity8 [1, Sec. 6.2] — that is, for any GSL substitution S and post-
conditions P, P ′ we have

[S](P ∧ P ′) = [S]P ∧ [S]P ′ .

That ‘healthiness property’ [2] is used to prove general properties of
programs.

7 Knowing there is no demonic choice in the program, we can in fact say it is exact.
8 They satisfy monotonicity too, which is implied by conjunctivity.
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In pGSL the healthiness condition becomes ‘sublinearity’ [15], a
generalisation of conjunctivity:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Let a, b, c be non-negative finite reals, and R, R′ expec-
tations; then all pGSL constructs S satisfy

[S](aR + bR′ ⊖ c) ⇚ a[S]R + b[S]R′ ⊖ c ,

which property of S is called sublinearity.
We have written aR for a ∗R etc., and truncated sub-
traction ⊖ is defined

x ⊖ y =̂ (x − y) max 0 ,

with syntactic precedence lower than +.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Although it has a strange appearance, from sublinearity we can
extract a number of very useful consequences, as we now show [15].
We begin with monotonicity, feasibility and scaling.9

monotonicity: increasing a post-expectation can only increase the
pre-expectation. Suppose R ⇛ R′ for two expectations R, R′;
then

[S]R′

≡ [S](R + (R′ − R))
⇚ [S]R + [S](R′ − R) sublinearity with a, b, c b= 1, 1, 0

⇚ [S]R . R′ −R well defined, hence 0 ⇛ [S](R′ −R)

feasibility: pre-expectations cannot be ‘too large’. First note that

[S]0
≡ [S](2 ∗ 0)
⇚ 2 ∗ [S]0 , sublinearity with a, b, c b= 2, 0, 0

so that [S]0 must be either 0 or ∞. We say that S is feasible if
[S]0 ≡ 0.
Now write maxR for the maximum of R over all its variables’
values, and assume that S is feasible; then

9 Sublinearity characterises probabilistic and demonic substitutions. In Kozen’s orig-
inal probability-only formulation [8] the substitutions are not demonic, and there
they satisfy the much stronger property of ‘linearity’ [9].
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0
≡ [S]0 feasibility above

≡ [S](R ⊖ maxR) R⊖maxR ≡ 0

⇚ [S]R ⊖ maxR , a, b, c b= 1, 0, maxR

where we assume for the moment that maxR is finite so that it
can be used in sublinearity. Now from 0 ⇚ [S]R⊖maxR we have
trivially that

[S]R ⇛ max R , (11)

which we have proved under the assumption that S is feasible
and maxR is finite — but if maxR is not finite, then (11) holds
anyway.
Thus we have shown in any case that feasibility implies (11); but
since (11) implies feasibility (take R =̂ 0), it could itself be taken
as the definition.10

scaling: multiplication by a non-negative constant distributes through
feasible11 substitution. Note first that [S](aR) ⇚ a[S]R directly
from sublinearity. For ⇛ we have two cases: when a is 0, trivially
from feasibility

[S](0 ∗ R) ≡ [S]0 ≡ 0 ≡ 0 ∗ [S]R ;

and for the other case a 6= 0 we reason

[S](aR)
≡ a(1/a)[S](aR) a 6= 0

⇛ a[S]((1/a)aR) sublinearity using 1/a

a[S]R ,

thus establishing [S](aR) ≡ a[S]R generally.

That completes monotonicity, feasibility and scaling.

The remaining property we examine is probabilistic conjunction.
Since standard conjunction ∧ is not defined over numbers, we have
many choices for a probabilistic analogue & of it, requiring only that

0 & 0 = 0, 0 & 1 = 0, 1 & 0 = 0 and 1 & 1 = 1 (12)

10 We can define fis (S) to be 〈[S]0 = 0〉.
11 The feasibility restriction is because when [S](0 ∗ R) is infinite, it does not equal

0 ∗ [S]R.
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for consistency with embedded Booleans.
Obvious possibilities for & are multiplication ∗ and minimum

min, and each of those has its uses; but neither satisfies anything
like a generalisation of conjunctivity. Instead we define

R & R′ =̂ R + R′ ⊖ 1 , (13)

whose right-hand side is inspired by sublinearity when a, b, c =̂ 1, 1, 1.
We now establish a (sub-) distribution property for it.

While discussing conjunction we restrict our expectations to the
unit interval [0, 1], as we did earlier, and assume all our substitutions
are feasible.12 In that case infinities do not intrude, and we have from
feasibility that R ⇛ 1 implies

[S]R ⇛ max R ⇛ 1 ,

showing that the restricted domain [0, 1] is closed under (feasible)
substitutions.

The distribution property is then a direct consequence of sublin-
earity.

sub-conjunctivity: the operator & subdistributes through substi-
tutions. From sublinearity with a, b, c =̂ 1, 1, 1 we have

[S](R & R′) ⇚ [S]R & [S]R′

for all S.

Unfortunately there does not seem to be a full (rather than sub-)
conjunctivity property.

Beyond sub-conjunctivity, we say that & generalises conjunction
for several other reasons. The first is of course that it satisfies the
standard properties (12).

The second reason is that sub-conjunctivity implies ‘full’ con-
junctivity for standard programs. Standard programs, containing no
probabilistic choices, take standard 〈P 〉-style post-expectations to

12 We could avoid the feasibility assumption by using the domain [0, 1]∪∞, but in this
presentation it is simpler not to introduce ∞.
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standard pre-expectations: they are the embedding of GSL in pGSL,
and for standard S we now show that

[S](〈P 〉 & 〈P ′〉) ≡ [S] 〈P 〉 & [S] 〈P ′〉 . (14)

First note that ‘⇚’ comes directly from sub-conjunctivity above,
taking R, R′ to be 〈P 〉 , 〈P ′〉.

Then ‘⇛’ comes from monotonicity, for 〈P 〉&〈P ′〉 ⇛ 〈P 〉 whence
[S](〈P 〉 & 〈P ′〉) ⇛ [S] 〈P 〉, and similarly for P ′. Putting those to-
gether gives

[S](〈P 〉 & 〈P ′〉) ⇛ [S] 〈P 〉 min [S] 〈P ′〉 ,

by elementary arithmetic properties of ⇛. But on standard expec-
tations — which [S] 〈P 〉 and [S] 〈P ′〉 are, because S is standard —
the operators min and & agree.

A last attribute linking & to ∧ comes straight from elementary
probability theory. Let A and B be two events, unrelated by ⊆ and
not necessarily independent; then

∣∣∣∣∣∣∣∣∣

If the probability of A is at least p, and
the probability of B is at least q,
then the most that can be said about the joint event
A∩B in general is that it has probability at least p&q
[19].

∣∣∣∣∣∣∣∣∣

The & operator also plays a crucial role in the proof (not given
in this paper) of the probabilistic loop rule presented and used in
the next section [13].

4 Probabilistic invariants for loops

To show pGSL in action, we state a proof rule for probabilistic loops
and apply it to a simple example. Just as for standard loops, we can
deal with invariants and termination separately.

We continue with the restriction to feasible programs, and ex-
pectations in [0, 1].
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4.1 Probabilistic invariants

In a standard loop, the invariant holds at every iteration of the loop:
it describes a set of states from which the loop will establish the
postcondition, if termination occurs.

For a probabilistic loop we have a post-expectation rather than
a postcondition; but if that post-expectation is some 〈P 〉 say, then
— as an aid to the intuition — we can look for an invariant that
gives a lower bound on the probability that we will establish P by
(continuing to) execute the loop ‘from here’. Often that invariant
will have the form

p ∗ 〈I〉 (15)

with p a probability and I a predicate, both expressions over the
state. From the definition of 〈·〉 we know that the interpretation of
(15) is

probability p if I holds, and probability 0 otherwise.

We see an example of such invariants below.

4.2 Termination

The probability that a program will terminate generalises the usual
definition: recalling that 〈true〉 ≡ 1 we define

trm (S) =̂ [S]1 . (16)

As a simple example of termination, suppose S is the recursive pro-
gram

S =̂ S p⊕ skip , (17)

in which we assume that p is some constant strictly less than 1: ele-
mentary probability theory shows that S terminates with probabil-
ity 1 (after an expected p/(1−p) recursive calls). And by calculation
based on (16) we confirm that

trm (S)
≡ [S]1
≡ p ∗ ([S]1) + (1−p) ∗ ([skip]1)
≡ p ∗ trm (S) + (1−p) ,
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so that (1−p) ∗ trm (S) ≡ 1−p. Since p is not 1, we can divide by
1−p to see that trm (S) ≡ 1. That agrees with the elementary theory
above, that the recursion will terminate with probability 1 — for if
p is not 1, the chance of recursing N times is pN , which for p < 1
approaches 0 as N increases without bound.

4.3 Probabilistic correctness of loops

A loop is a least fixed point, as in the standard case [1, Sec. 9.2],
which gives easily that if 〈P 〉 ∗ I ⇛ [S]I then

I ⇛ [while P do S end](〈¬P 〉 ∗ I)

provided13 the loop terminates; indeed, for the proof one simply car-
ries out the standard reasoning almost without noticing that ex-
pectations rather than predicates are being manipulated. Thus the
notion of invariant carries over smoothly from the standard to the
probabilistic case.

When termination is taken into account we get the following rule
[13].

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

For convenience write T for the termination probabil-
ity of the loop, so that

T =̂ trm (while P do S end) .

Then partial loop correctness — preservation of a loop
invariant I — implies total loop correctness if that
invariant I nowhere14 exceeds T :

If 〈P 〉 ∗ I ⇛ [S]I
and I ⇛ T
then I ⇛ [while P do S end](〈¬P 〉 ∗ I) .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

We illustrate the loop rule with a simple example. Suppose we
have a machine that is supposed to sum the elements of a sequence

13 The precise treatment of ‘provided’ uses weakest liberal pre-expectations [13, 10].
14 Note that is not the same as ‘implies total correctness in those states where I does

not exceed T ’: in fact I must not exceed T in any state, and the weaker alternative
is not sound.
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[1, Sec. 10.4.2], except that the mechanism for moving along the
sequence occasionally sticks, and for that moment does not move.
A program for the machine is given in Fig. 2, where the unreliable
component

k: = k + 1 c⊕ skip

sticks (fails to move along) with probability 1−c. With what prob-

pre

s ∈ seq(u)
then

var k in

r, k: = 0, 1;
while k ≤ size(s) do

r: = r + s(k);
k: = k + 1 c⊕ skip ← failure possible here

end

end

end

Fig. 2. An unreliable sequence-accumulator

ability does the machine accurately sum the sequence, establishing

r = sum(s) (18)

on termination?

We first find the invariant: relying on our informal discussion
above, we ask

during the loop’s execution, with what probability are we in a
state from which completion of the loop would establish (18)?

The answer is in the form (15) — take p to be csize(s)+1−k, and let I
be the standard invariant [1, p.459]

k ∈ 1..size(s)+1 ∧ r = sum(s ↑ (k−1)) .

Then our probabilistic invariant — call it J — is just p ∗ 〈I〉, which
is to say it is
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if the standard invariant holds then csize(s)+1−k, the probability
of going on to successful termination; if it does not hold, then
0.

Having chosen a possible invariant, to check it we calculate
[
r: = r + s(k);
k: = k + 1 c⊕ skip

]
J

≡ [r: = r + s(k)]
c ∗ [k: = k + 1]J + (1−c) ∗ J

; and c⊕

⇚ drop (1−c) ∗ J , and :=

[r: = r + s(k)]

csize(s)+1−k ∗

〈
k ∈ 0..size(s)

r = sum(s ↑ k)

〉

≡ csize(s)+1−k ∗

〈
k ∈ 0..size(s)

r + s(k) = sum(s ↑ k)

〉
: =

⇚ 〈k ≤ size(s)〉 ∗ J ,

where in the last step the guard k ≤ size(s), and k ≥ 1 from the
invariant, allow the removal of +s(k) from both sides of the lower
equality.

Now we turn to termination: we note (informally) that the loop
terminates with probability at least

csize(s)+1−k ∗ 〈k ∈ 1..size(s)+1〉 ,

which is just the probability of size(s) + 1 − k correct executions of
k: = k + 1, given that k is in the proper range to start with; hence
trivially J ⇛ trm (while), as required by the loop rule.

That concludes reasoning about the loop itself, leaving only ini-
tialisation and the post-expectation of the whole program. For the
latter we see that on termination of the loop we have 〈k > size(s)〉∗J ,
which indeed ‘implies’ (is in the relation ⇛ to) the post-expectation
〈r = sum(s)〉 as required.

Turning finally to the initialisation we finish off with
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[r, k: = 0, 1]J

≡ csize(s) ∗

〈
1 ∈ 1..size(s)+1
0 = sum(s ↑ 0)

〉

≡ csize(s) ∗ 〈true〉
≡ csize(s) ,

and our overall conclusion is therefore

csize(s)
⇛ [sequence-accumulator ] 〈r = sum(s)〉 ,

just as we had hoped: the probability that the sequence is correctly
summed is at least csize(s).

Note the importance of the inequality ⇛ in our conclusion just
above — it is not true that the probability of correct operation is
equal to csize(s) in general. For it is certainly possible that r is cor-
rectly calculated in spite of the occasional malfunction of k: = k+1;
but the exact probability, should we try to calculate it, would de-
pend intricately on the contents of s. (It would be 1, for example,
if s contained only zeroes, and could be very involved if s contained
some mixture of positive and negative values.) If we were forced to
calculate exact results (as in earlier work [20]), rather than just lower
bounds as we did above, this method would not be at all practical.

Further examples of loops, and a discussion of probabilistic vari-

ant arguments, are given elsewhere [13].

5 Conclusion

It seems that a little generalisation can go a long way: Kozen’s use of
expectations and the definition of p⊕ as a weighted average [8] is all
that is needed for a simple probabilistic semantics, albeit one lacking
abstraction. Then He’s sets of distributions [5] and our min for de-
monic choice together with the fundamental property of sublinearity
[15] take us the rest of the way, allowing allowing abstraction and
refinement to resume their central role — this time in a probabilistic
context. And as Sec. 4 illustrates, many of the standard reasoning
principles carry over almost unchanged.

Being able to reason formally about probabilistic programs does
not of course remove per se the complexity of the mathematics on
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which they rely: we do not now expect to find astonishingly simple
correctness proofs for all the large collection of randomised algo-
rithms that have been developed over the decades [17]. Our contri-
bution — at this stage — is to make it possible in principle to lo-
cate and determine reliably what are the probabilistic/mathematical
facts the construction of a randomised algorithm needs to exploit. . .
which is of course just what standard predicate transformers do for
conventional algorithms.

Finally, there is the larger issue of probabilistic abstract ma-
chines, or modules, and the associated concern of probabilistic data
refinement. That is a challenging problem, with lots of surprises: us-
ing our new tools we have already seen that probabilistic modules
sometimes do not mean what they seem [11], and that equivalence
or refinement between such modules depends subtly on the power of
demonic choice and its interaction with probability.
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