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() Event-B: Informal Presentation

1 Intr oduction

It is our belief that the peoplein chage of the developmentof large and complex computersystems
shouldadopta point of view sharedoy all matureengineeringlisciplines namelythatof usinganartifact
to reasonabouttheir future systemduringits constructionIn thesedisciplines peopleusebiue-prints in
thewider senseof theterm, which allows themto reasorformally duringthe very constructionprocess.

Most of the time, in our discipline,we do not usesuchartifacts. This resultsin a very heary testing
phaseon the Pnalproduct,whichis well known to happermuite oftentoo late. The blue-print drawing of
our disciplineconsistf building models of our future systemsBut in noway is themodelof aprogram
the programitself for the simplereasonthatthe model,lik e the blue-grint, mustnot be executableyou
cannotrive theblue-printof acar Butthemodelof aprogramandmoregenerallyof acomplex computer
systemalthoughnot executableallows you to clearlyidentify the propertiesof the future systemandto
prove thatthey will bepreseatin it.

Building modelsof largesystemsoweveris notaneasytask.First of all becauseve lack experiencan
this activity. Suchadisciplinedoesnot exist in Academiawherequite oftenmodelbuilding is confused
with usinga very high level programminganguagenhereexecutionis thusstil presentMoreover, rea-
soningmeansensuringthatthe propertiesvhich debnethe future systemcanbe proved to be consistent.
As amatterof fact,doinga proof on a modelreplacesanimpossibleexecution.But again, the mastering
of formal proving techniqueshasnot yet enteredthe standardcurriculum of our discipline.As a conse-
guencepeoplearequite reluctantto adoptsuchanapproachsimply becauseéhey do notknow how to do
it.

We presentherethe way this approachcanbe encodedwithin a formal languagewhosesemanticss
simply givenby formalizing whatcanbe proved from a correspondindormal text.

In thisintroduction,we statein very generatermstheproblemswye wantto addressWe areessentially
concernedvith the developmentof comple systemgsectionl.1), which behae in a discretefashion
(sectionl.2). We areinterestedn exhibiting someform of reasoningvhich debnitelydepartsfrom that
implied by testingin the broadserseof theterm (sectionl.3). We shallthengive (section2) aninformal
view of thenotionof discreae modelwhichis calledhereEvent-B.

Thisdocuments the brstoneof bve companiordocumentslescribingdifferentfacetsof Event-B. The
otherdocumentsarethefollowing:

- (II) Event-B: Structue andLaws. This documentdescribeghe way Event-B modelscanbe debPned
andalsotherulesthatmug befollowedin orderto guaranteg¢hatan Event-Bmodelis coherent.

- (i) Event-B: MathematicalModel. This documentgives a mathematicaimodel of EventB thus
justifying thelaws thatweregivenin the previousdocumentThereadingof thisdocumentanbeskipped
withoutlosingthefull undestandingof theothers.

- (IV) Event-B: ExamplesThis documeniprovidesa numberof simpleexamplesin orderto illustrate
thematerialpresentedn the previousdocuments.

- (V) Event-B: MathematicalLanguage This documentpresentghe mathematicalanguagewe are
goingto use:First OrderPredicateCalculusextendedwith SetTheory

- (V1) Event-B: Syntaxof MathematicaLanguageThis documentcoversin detailthe syntacticstruc-
tureof theMathematicalL anguaye presentedh the previousdocumentlt alsoshavs how thetypecheck-
ing is done.Finally, it shavswhatis to beprovedin orderto ensureéhewell-dePnedassof amathematical
text.



1.1 Complex Systems

Herearethekindsof questionsve mightaskto begin with. Whatis comnonto, say anelectroniccircuit, a
bletransfemprotocol,anairline seatbookingsystemasortingprograma PC opertingsydem,anetwork
routing program, a nuclearplant control system,a SmartCardelectronicpurse,a launchvehicle Bight
controller etc.?Doesthereexist ary kind of unibPedapproachto in depthstudyandformal proof of the
requirementsthe specibcationthe designandtheimplementaton of systems thataresodifferentin size
andpurpose?

We shal only give for themomenta very generalanswe. Almostall suchsystemsarecomplex in that
they aremadeof mary partsinteractingwith a highly evolving andsametimeshostileervironment.They
alsoquite ofteninvolve sereral concurrentexecutingagents.They requirea high degreeof correctness.
Finally, mostof themaretheresultof aconstructiorprocesswhichis spreadver severalyearsandwhich
requiresalarge andtalentedteamof engineerandtechnicians.

1.2 Discrete Systems

Althoughtheir behaior is certainlyultimately continuousthe systemswhich werelistedin the previous
sectionaremostof the time operatingin a discrete fashion. This meanghattheir behaior canbe faith-
fully abstracted by a successiomnf steadystatesntermixedwith jumpswhich malke their statesuddaly
changeto others.Of cours, the numberof suchpossble changess enormousandthey areoccurringin
a concurrenfashionatanunthinkablefrequeng. But this numberandthis high frequeng do notchange
the very natureof the problem: suchsystemsareintrinsically discrete They fall underthe genericname
of transition systems. Having saidthis doesnot make us moving very muchtowardsa methodologybut
it givesusatleasta common point of departure.

Someof the exampleservisagedabove arepure programslin otherwords, their transitionsareessen-
tially concentrateth one medium only. Theelectroniccircuit andthesortingprogramclearlyfall into this
catayory. Most of theotherexampleshowever arefar morecomplec thanjust pureprogramsbeausethey
involve mary differentexecutingagentsandalsoa heavy interactionwith their environment. This means
thatthetransitionsareexecutedby differentkindsof entitiesactingconcurrentlyBut, again, this doesnot
changehevery discretenature of the problem,it only complicatesnatters.

1.3 TestReasoningversus Model (Blue Print) Reasoning

A very importantactiity, at leastin terms of time andmoney, concernedwith the constructbn of such
discretesystemss certainlythatconsistingof verifying thattheir Pnalimplementationsireoperatingn a,
socalled,correct fashion Most of thetime nowadaysthis actvity is realizedduringavery heary testing
phasewhich we shallcall a OlaboratorgxecutionO.

Thevalidationof adisaetesysterrby meansf suchOlaboratorgxecutionsds certainlyfar more com-
plicatedto realize,if notimpossiblein practice,in the multiple mediumcasethanin the singlemedium
one.And we alreadyknow however that programtesting,usedas a validationprocessn almostall pro-
grammingprojects,is by far anincompleteprocessNot so much, in fact, becausef the impossibility
to achieve a total cover of all executingcasesThe incompletenesss rather for us, the consequencef
the frequentlack of oracles which would give, beforehand andindependentlyof the testedobjects,the
expectedresultsof a futuretestingsession.

It is neverthelesghe casethattodaythe basicingredientsfor complex systemconstructionstill are a
very small designteamof smartpeople,managingan army of implementerseventually concludingthe
constructiorprocesswith along andheavy testingphaseAnd it is awell known factthattheteging cost
is at leasttwice thatof the puredevelopmenteffort. Is this a reasonablattitude nowadays?Our opinion
is thatatechnologyusingsuchanapproachis still in its infang/. Thiswasthe caseatthe beginningof last
centuryfor sometechnologes,which have now reachedh morematurestatus(e.g.avionics).



Thetechnologywe considetin thisshortpresentatiois thatconcernedvith theconstructiorof complex
discrete systems. As long asthe main validation methodusedis that of teding, we considerthat this
technologywill remain in an underdeelopedstate.Testingdoes not involve ary kind of sophisticated
reasoninglt ratherconsistf always postponing any serious thinking duringthespecibcatiomnddesign
phase The congruction of the systemwill alwaysbe re-adaptedndre-shapedaccordingto the testing
results(trial anderror).But, asoneknows, it is quite oftentoo late.

In conclusiontestingalwaysgivesashortsighteaperationaliew overthe systenin constructionthat
of execution.In othertechnologis, sayagain avionics, it is certainlythe casethat peopleeventuallydo
testwhatthey areconstructingbut the testing is just the routine confirmation of a sophisticatediesign
procesgatherthana fundamentaphasein it. As a matterof fact, mostof the reasonings donebefore
thevery constructiorof the Pnalobject.It is performedon variousOblugprintsOin the broadsenseof the
term, by applyingonthemsomewell debnedracticaltheories.

The purposeof this studyis to incorporatesucha OblueprintOapproachin the designof comple
discretesystems.It alsoaims at preseting a theory able to facilitate the elaborationof someproved
reasoning onsuchblueprints. Suchreasoningwill thustake placefar beforethe bnalconstructionin the
presentontext, the OblugprintsCare calleddiscrete models. \We shallnow give a brief informal overview
of thenotionof discretemodel.

2 Informal Overview of Discrete Models

In this section,we give aninformal descriptionof discretemodels.A discretemodelis madeof a state
and a number of transitions(sectio 2.1). For the sale of understandingye then give an operational
interpretationof discretemodels(section2.2). We then presentthe kind of formal reasoningwe want
to express(section2.3). Finally we briel3y addresghe problemof masteringthe compleity of models
(section2.4)by meanof threeconceps: rebnemengsection?.5),decompositiorfsection?2.6)andgeneric
development(section2.7),

2.1 Stateand Transitions

Roughly speaking,a discretemodelis madeof a state representedy somesignibcantconstats and
variablesat a certainlevel of abstractiorwith regardsto the real systemunderstudy Suchvariablesare
very muchthesameasthoseusedin appied sciencegphysics,biology, operationatesearchjor studying
naturalsystemsln suchsciencespeoplealsobuild modelslt helpsthemto infer somelaws onthereality
by meansf somereasonig, which they undertale onthesemodels.

Besideghe state the modelalsocontainsa numberof transitions thatcanoccurundercertaincircum-
stancesSuchtransitionsarecalledhere OgentsOEacheventis Prstmadeof a guard, whichis apredicate
built on the stateconstantsandvariables.It representshe necessary conditionsfor the eventto occur
Eacheventis alsomadeof an acrion, which describeghe way certainstatevariablesare modibedasa
consequencef theeventocaurrence.

2.2 Operational Inter pretation

As canbeseenadiscretedynamicalmodelthusindeedconstitutesa kind of statetransitionmachine We
cangive suchamadineanextremelysimple operational interpretation. Noticethatsuchaninterpretation
shouldnot be consideredsproviding ary operationakemanticdo our models(thiswill begivenlater by
meansof a proof system)jt is justgiven hereto supporttheir informal understanding.

First of all, the executionof an event,which describes certainobsenabletransitionof the statevari-
ables,is consideredo take no time. As animmediateconsequenceao two eventscanoccursimultane-
ously Theexecutionis thenthe following:



b Whenno eventguardis true, thenthe modelexecutionstops:it is said to have deadlocked.

b Whensomeevent guardsare true, thenone of the correspondingventsnecessally occursandthe
stateis modibedaccordingy, bnallythe guardsarechecledagain, andsoon.

This behaior clearlyshonvs somepossiblenon-determinisnfcalledexternalnon-determiism) assev-
eralguardsmight be true simultaneouslyWe make no assumption concerninghe specibaventwhichis
indeedexecutedamongthosewhoseguardsaretrue. Whenonly oneguardis true at atime, the modelis
saidto bedeterministic.

Notethatthe factthata modeleventuallydeadlo&s is not at all mandatory. As a matterof fact, most
of the systemawe studynever deadlockthey runfor ever.

2.3 Formal Reasoning

Thevery elementarymachire we have describedn the previous secton, althoughprimitive, is neverthe-
lesssufpcientlyelaborateo allow usto undertale sorre interestingformal reasoningln thefollowing we
ervisagetwo kindsof discrée modelproperties.

Thebprstkind of propertieghatwe wantto prove aboutour models,andhenceultimatelyaboutour real
systemsare,so called,invariant properties. An invariantis a condtion on the statevariablesthat must
hold permanentlyln orderto achieve this, it is just requiredto prove that,undertheinvariantin question
andundertheguardof eachevent,theinvariantstill holdsafterbeingmodibedaccordingo thetransition
associatedavith thatevent

We might alsoconsidemmore complicatel forms of reasoningnvolving conditionswhich, in contrast
with the invariants,do not hold permanently The correspondingtatenentsarecalledmodalities. In our
approachwe only conside a very specialform of modality called reachability. What we would like to
prove is thatan eventwhoseguardis not necessarilyrue now will neverthelessertainlyoccurwithin a
certainpnitetime.

2.4 Managing the Complexity of ClosedModels

Note that the modelswe are going to constuct will not just describethe control part of our intended
systemlt will also containa certainrepresentationf the ervironmert within which the systemwe build
is supposedo behae. In fact, we shall quite often essentiallycongruct closed models ableto exhibit
the actionsandreactionswhich take placebetweena certainervironmentanda correspondingpossibly
distributed,controller which we intendto construct.

In doingso,we shallbe ableto plungethe modelof the controllerwithin anabstactionof its environ-
ment,whichis formalizedasyet anothemodel. The stateof sucha closedsystemthuscontainsphysical
variables,describingthe ervironmentstate aswell aslogical variables,describingthe controller state.
And, in the sane way, the transitionswill fall into two groups:thoseconcernedy the ervironmentand
thosecorcernedby the controller We shall also have to put into the modelthe way thesetwo entities
communicate.

But aswe mentionedearlier the numberof transitionsin the real systemsunderstudy is certainly
enormousAnd, needlesgo say the numberof variablesdescribingthe stae of suchsystemsis also
extremelylarge.How arewe goingto practicallymanagesucha compleity? The answetrto this question
lies in three conceptsrefinement (section2.5), decomposition (section2.6), and generic instantiation
(section2.7).1t isimportantto noticeherethattheseconceptsrelinkedtogetherAs a matterof fact,one
rePnesa modelto later deconposeit, and,moreimportantly onedecomposeg to further more freely
rebndt. And Pnally agenerc modeldevelopmentanbelaterinstantiatedthussazing theuserof redoing
almostsimilar proofs.



2.5 Rebnement

Rebnemendllows usto build amodelgradually by makingit moreand moreprecisethatis close to the
reality. In otherwords,we arenot goingto build a singlemodelrepresentinggnceandfor all our reality
in aBatmanner:this is clearly impossibledueto the size of the stateandthe numberof its transitions.
It would alsomake theresultingmodelvery difbcultto masterif notjustto read.We arerather goingto
constructan orderedsequencef embeddednodels whereeachof themis supposedo be a rebnement
of theoneprecedingt in thatsequenceThis meanghata repPnedmoreconcretemodelwill have more
variablesthanits abstration: suchnew variablesarethe consequencef a closerlook at our system.

A usefulanalogyhereis thatof thescientisiooking throughamicroscopeln doingso,therealityis the
same the microscopedoesnot changet, our look at it is only more accurate: somepreviously invisible
partsof therealty arenow revealedby the microsope.An even more powerful microscopewill reveal
moreparts,etc.A rePnedmodelis thusonewhichis spatiallylargerthanits previousabstractions.

And correlatvely to this spatial extension, thereis a correspondingtemporal extension: thisis because
the new variablesare now ableto be modibedby sometransitionswhich coud not have beenpresenin
the previous abstractionsimply becausehe variablesconcernedlid not exist in them.Practicallythis is
realizedby meansof new events involving the new variablesonly. Suchnew eventsrebPnesomeimplicit
eventsdoingnothingontheabstractionRebPnemenuill thusresultin adiscreteobsenation of ourreality,
whichis now performedusing afiner time granularity.

Rebnemenits alsousedin orderto modify the statesothatit canbeimplementedon a computerby
meansof someprogrammig languageThis secondusageof rePnements calleddata-refinement. It is
usedasa secondechniquepncethe modelhasbeengraduallyconstructed.

2.6 Decomposition

RebPnementloesnot solve completelythe masteringof the compleity. As a modelis more and more
rePnedthe numberof its statevariablesandthat of its transitionsmay augmentin sucha way that it
becomesmpossibleto managethe whole. At this point, it is necessaryo cut our singlerebnedmodel
into severalalmostindependentpieces.

Decompositionis preciselythe processhy which a single modelcanbe split into variouscomponent
modelsin asystematidashion.ln doingso,we reducethe compleity of the whole by studying,andthus
rebning,eachpartindependentlyf the others.The very debnitionof sucha decompositionmplies that
independentebPnementsf the partscould alwaysbe put togetheragain to form a single modd thatis
guaranteedo be a rebnemenbf the original one. This decompsition processcanbe further appliedon
the componentsandso on. Note thatthe decomposednodelcould alreadyexist andbe developed thus
allowing to mix atop down approactwith abottomup one.

2.7 Generic Developmen

Any modeldevelopmentdoneby applyingrePnemenandde@mmposition is parameterizetty somecar
rier setsandconstantsglemedby meansof anumberof properties.

Sucha genericmodel could then be instantiatedwithin anotherdevelopmentin the sameway as a
mathematicatheorylike, say grouptheory canbe instartiatedin a more specibPanathematicatheory
This canbe doneprovided one hasbeenableto prove that the axiomsof the abstracttheory are mere
theoremsn thesecondne

Theinterestof this approactof genericinstantiationis thatit savzesusredoingthe proofsalreadydone
in theabstractevelopmeit.
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(1) Event-B: Structure and Laws

1 Intr oduction

This document contains a complete description of the structure of Event-B. It also contains the rules that
must be proved in order to ensure that an Event-B development is correct. It is decomposed into four
sections dealing with models and contexts (section 2), refinements (section 3), decomposition (section 4),
and generic instantiation (section 5).

2 Modelsand Contexts

This section contains the description of an Event-B model and of the associated context. In section 2.1,
the state and event structures of a model are described. Then in sections 2.2, 2.3, and 2.4 you will find
a description of generalized substitutions defining the transition associated with an event. In section 2.5,
the notion of context, allowing us to define the parametric structure of a model, is described. Finally, in
section 2.6 you will find the consistency rules which must be proved for an event model to be correct.

2.1 Stateand Events.

A formal discrete model is made of four elements: (1) a name, (2) a list of distinct state variables, collec-
tively denoted by v, (3) a list of named predicates, the invariants, collectively denoted by I(v), and (4) a
collection of transitions (here called events). This is illustrated in Fig. 1. The invariant /(v) yields the laws
that the state variables v must always fulfil. These laws are formalized by means of predicates expressed
within the language of First Order Predicate Calculus with Equality extended by Set Theory.

Name

Variables

Named Invariants

Events

Fig. 1. A Model

An event, is made of three elements: (1) a name, (2) a list of named predicates, the guards, collec-
tively denoted by G(v), and (3) a generalized substitution denoted by S(v). This is illustrated in Fig.



Name

Named Guards

Generalized Substitution

Fig. 2. An Event

2. The guards G(v) state the necessary conditions for the event to occur, and the generalized substitu-
tion S(v) defines the state transition associated with the event. Among these events, a special one, called
initialization, allows one to define an initial situation for a model: this event has no guard. For later con-

venience, an event E with guard G(v) and generalized substitution S(v) can be given the syntactic form
shown in Fig. 3.

E £ when G(v) then S(v) end

Fig. 3. Syntactic form of an event

Events can be grouped to form, so-called, arrays of events. Besides the normal elements of an events
(name, guards, and generalized substitution), an array of events has two more elements: (1) a list of local

distinct indices, collectively denoted by 4, and (2) a list of array conditions, collectively denoted by C(z).
This is illustrated in Fig. 4.

Name

Indices

Array Conditions

Named Guards

Generalized Substitution

Fig. 4. An array of events

In Fig. 5, is shown the syntactic form of an array of events.



array ¢ where
C(9)
E + then
when G(i,v) then S(i,v) end
end

Fig. 5. Syntactic form of an array of events

2.2 GeneralizedSubstitutions.

We have three kinds of generalized substitutions for expressing the transition associated with an event: (1)
the deterministic multiple substitution, (2) the empty substitution, and (3) the non-determinitistic multiple
substitution. The shapes of these constructs are shown in Fig. 6

Kind GeneralizedSubstitution
Deterministic xz = E(v)
Empty skip

any t where

P(t,v)
Non-deterministic then
x:= F(t,v)
end

Fig. 6. Kinds of Generalized Substitutions

In the deterministic and non-deterministic cases, x denotes a list of variables of v which are all distinct.
In the deterministic case, F(v) denotes a number of set-theoretic expressions corresponding to each of the
variables in x. In the non-deterministic case, ¢ denotes a collection of distinct fresh variables which are
local to the generalized substitution, P(¢,v) denotes a conjoined list of predicates, and F'(t,v) denotes a
number of set-theoretic expressions corresponding to each of the variables in z. As can be seen, not all
variables in v are necessarily assigned in a substitution since x does not necessarily cover v.

The variables that are placed on the left hand side of the assignment operator “:=" in a generalized
substitution are called the left variables of that substitution. The ones occurring on the right hand side are
called the right variables. Some state variables can be left and right variables at the same time in a given
substitution. In the generalized substitution skip, the variables v are all, by convention, left as well as right
variables.

In the initialization event mentioned in section 2.1, all state variables are left variables only (thus the
generalized substitution skip is not possible).



2.3 GeneralizedSubstitutions Syntactic Facilities

In this section, we define a number of syntactic facilities allowing us to denote generalized substitutions
in a way which is slightly different from the one used in the previous section. All such new forms however
are defined in terms of the ones we introduced in the previous section. They are just proposed here as
shorthands and can thus always be eliminated.

We first introduce two constructs by means of the operators :| and : €. They are shown in Fig. 7 under
the form of two rewriting rules.

New Construct Rewritten New Construct Rewritten
any z where any z where
Pz, z,y) z € S(v)
z:| P(zo,z,y) | then x 1€ S(v) then
xTr =z xTr =z
end end

Fig. 7. Rewriting Rules for the :| and :€ operators

The first one is to be read “x becomes such that the predicate P(zg, x,y) holds”, where = denotes some
distinct variables of v, y denotes those variables of v that are distinct from x, and x¢ denotes the values of
the variables x before the substitution is applied. The second one is to be read “x becomes a member of
the set S(v)”. In both rewritten generalized substitutions, z denotes a number of distinct fresh variables.
Each of them corresponds to the variables of x.

The next series of constructs allows one to define the different substitutions of an event in a separate
manner: this is done by means of the parallel operator “||”. The definition of this operator takes the form
of a number of rewriting rules corresponding to the combination of the two basic generalized substitutions
presented in section 2.2 (skip is not concerned by these rewriting rules). These rewriting rules are shown
in Fig. 8 and 9. In all cases, x and y denote distinct variables of v. In the last case of Fig. 9, the fresh
variables in ¢ and v must be distinct. Thanks to these rewriting rules, it is possible to completely eliminate
the ¢||” operator.

Combination Rewritten

z:= E(w) || y:= F(v) z,y = E(v), F(v)

any ¢ where any t where

P(t,v) P(t,v)
then |l y:= F(v) | then

x = E(t,v) xz,y = E(t,v), F(v)
end end

Fig. 8. Rewriting Rules for the Parallel Operator (1)



Combination Rewritten
any t where any t where
P(t,v) P(t,v)
z:= E(v) || then then
y = F(t,v) z,y = E(v), F(t,v)
end end
any t where any u where any t,u where
P(t,v) Q(u,v) P(t,v) A Q(u,v)
then || then then
x = E(t,v) y = F(u,v) xz,y = E(t,v), F(u,v)
end end end

Fig. 9. Rewriting Rules for the Parallel Operator (2)

2.4 Before-After Predicates Associatedwith a GeneralizedSubstitution.

The before-after predicate of a generalized substitution denotes the condition defining the binary relation
associated with the corresponding transition. It is expressed in terms of the state variable values connected
by this relation. By convention, the before values of the variables v are also denoted by v and the after
values are denoted by v’. More generally, if « denotes a number of state variables of the model, we
collectively denote by = and 2’ their values before and after the transition. The before-after predicate is
defined in Fig. 10 for the three basic generalized substitutions presented in section 2.2.

GeneralizedSubstitution

Before-after Predicate

xz = E(v)

o= Ew) Ny =y

skip

any t where P(t,v) then z:= F(t,v) end Jt-(P(t,v) A 2’ = F(t,v)) N y' =y

Fig. 10. Before-after Predicates

In the table of Fig. 10, the letter y denotes the set of variables of v which are distinct from those in z.
As can be seen, such variables are not modified by the substitution, as shown by the equalities y' = y in
the before-after predicates. It is thus important to note that the before-after predicate of the substitution
of an event is not a universal property of that substitution: it depends on the variables of the model where
the event resides. The most obvious case is that of the empty substitution.

Note that since the generalized substitution of the initialization event has no right variables (see end of
section 2.2), the before-after predicate of its generalized substitution is rather simply an after predicate.



2.5 Contexts

In the previous sections, we have considered that a discrete model was made of a number of variables,
invariants, and events. There is a need for a secondary component besides the models envisaged so far,
it is called a context. As we shall see in section 5, contexts will play a very important réle in the generic
instantiation mechanism. In fact, the contexts associated with a given model define the way this model is
parameterized and can thus be instantiated.

A context is made of the following elements: (1) a name, (2) a list of distinct carrier sets, collectively
denoted by s, (3) a list of distinct constants, collectively denoted by ¢, and (4) a list of named properties,
collectively denoted by P(s, c). This is illustrated in Fig. 11

Name

Carrier Sets

Constants

Named Properties

Fig. 11. Context

The carrier sets are just represented by their name. The different carrier sets of a context are completely
independent. The only requirement concerning such sets is that they are supposed to be non-empty. The
constants are defined, usually non-deterministically, by means of the properties P(s, c), which are predi-
cates.

Each model may reference a context. When it is the case, a model is said to “see” that context. When
a model M sees a context C, then all carrier sets and constants defined in C can be used in M. In Fig.12,
you can see the contents of models and contexts and their relationship.

Name Name
Variables sees Carrier Sets
Named Invariants j Constants
Events Named Properties
MODEL CONTEXT

Fig. 12.Model and Context Relationship



2.6 ConsistencyProofsfor an Event System:Feasibility and Invariance Presewation

Let M be a model with variables v, seeing a context C with carrier sets s and constants c. The prop-
erties of constants are denoted by P(s,c) and the invariant by I(s,c,v). Let E be an event of M with
guards G(s, ¢, v) and before-after predicate R(s, ¢, v, v"). When dealing with an array of events, the guards
G(s, c,v) are extended with corresponding array conditions.

We first have to express that, under the properties P(s, ¢), the invariant I(s, ¢, v), and the guard G(s, ¢, v),
the before-after predicate indeed yields at least one after value v’ defined by the before-after predicate
R(s,c,v,v’). This is the feasibility statement FIS. We then express that the invariant is maintained. This
is the invariant preservation statement INV. These two statements are shown in Fig. 13.

P(s,c) A I(s,c,v) A G(s,c,v) = T~ R(s,c,v,v") FIS

P(s,c) A I(s,c,v) A G(s,c,v) A R(s,c,v,v") = I(s,c,v) INV

Fig. 13. Feasibility and Invariant Preservation Statements

In Appendix 1, we give the special forms of these laws for the various kinds of event we may have
(deterministic or non-deterministic).

There is a special rule for the initialization event. Let RI(s,c,v’) denote the after predicate of the
generalized substitution associated with this event. The two simplified statements to prove, INI_FIS and
INI_INV, are given in Fig. 14.

P(s,c) = 3v'-RI(s,c,v") INI_FIS

P(s,c) A RI(s,c,v) = I(s,c,v') INI_INV

Fig. 14. Feasibility and Invariant Preservation Statements for the Initialization

It is sometimes useful to state that the model which has been defined is deadlock free, that it can run
for ever. This is very simply done by stating that the disjunction of the event guards always hold under the
properties of the constant and the invariant. This is shown on Fig. 15 where G1(s, c,v), ..., Gn(s,¢,v)
denote the guards of the events.

P(s,c) N I(s,c,v) = Gai(s,c,v) V ... V Gu(s,c,0) DLKF

Fig. 15. Deadlock Freeness



3 Rebnement

In this section we define the refinement of models and contexts. This is first described in section 3.1.
In sections 3.2, 3.3, 3.4, and 3.5 we present in more detail the refinement of events and the rules to be
followed in order to prove that a refinement is correct. Finally, in sections 3.6 and 3.7 we study a number
of extra concepts related to refinements.

3.1 Model and Context Rebnements

From a given model M, a new model N can be built and asserted to be a refinement of M. Model M will
be said to be an abstraction of N, and model N will be said to be a refinement of M or a concrete version
of it. Likewise, context C, seen by a model M, can be refined to a context D, which may be seen by N.

Variables Sets
sees
MODEL CONTEXT
M Events Properties c
A A
refines refines
Variables Sets
CONCRETE sees c CONCRETE
i — onstants
MODEL Invariants CONTEXT
N D
Events Properties

Fig. 16.Model and Context Refinements

This is represented in Fig. 16. Note that it is not necessary to refine context C when refining model M. In
this restricted case, model N just sees context C as does its abstraction M. This is illustrated in Fig. 17.

The sets and constants of an abstract context are kept in its refinement. In other words, the refinement of
a context just consists of adding new carrier sets and new constants to existing sets and constants. These
are defined by means of new properties. In the case illustrated on Fig 16, model N, which sees context D,
can thus use all carrier sets and constants defined in D as well as in C. From now on, to simplify matters, s
will denote the accumulated carrier sets, and ¢ will denote the accumulated constants seen from a model
refinement.

The situation is not the same when refining models. The concrete model N (which supposedly sees con-
crete context D) has a collection of state variables w, which must be completely distinct (in first approxi-
mation) from the collection v of variables in the abstraction M. Model N also has an invariant dealing with



Variables Sets
sees
ABSTRACT Invariants ———— Constants ABSTRACT
MODEL CONTEXT
M Events Properties C
A
refines
sees
Variables
CONCRETE
Invariants
MODEL
N
Events

Fig. 17. Special Case of Model and Context Refinements

these variables w. But contrary to the case of abstract model M where the invariant exclusively depended
on the variables v of this model, this time it is possible to have the invariant of N, not only depending on
variables w of N, but also on the variables v of its abstraction M. This is the reason why we collectively
name this invariant of N the gluing invariant J(s, c,v,w): it “glues” the state of the concrete model N to
that of its abstraction M.

The development process we have seen so far was limited to two levels: an abstraction and its refine-
ment. Of course, this process can be extended to more refinements as shown in Fig. 18. Note however that
a gluing invariant links two successive models only. In other words, the variables mentioned in a gluing
invariant are only those of the corresponding model and of its abstraction.

3.2 Rebnemenbof Existing Events

The new model N has a number of events. Each event in the abstract model M has to be refined by one
or several events in the concrete model N. This is illustrated in Fig. 19. It means that when proposing an
event in a concrete model one must say explicitely which event it is supposed to refine (if any).

Suppose we have an abstract event with guard G(s, ¢,v) and before-after predicate R(s,c,v,v") and
a refining concrete event with guard H (s, ¢, w) and before-after predicate S(s, ¢, w, w’). The refinement
statements to prove are shown in Fig. 20. The first law, FIS_REF, expresses that the refined event is fea-
sible. The second and third laws, GRD_REF and INV_REF express the correct refinement of the concrete
event with respect to the corresponding abstract one. In Appendix 2 we give the various simplifed forms
of these laws fort the various cases of event refinement.



sees

M1 C1

Y

A
refines refines

M2 | C2

refines ? T refines

Mn [ »| Cn

Fig. 18.Model and Context Refinements

abstract event

Name

Named Guards

Generalized Substitution

refines refines
Name Name
Named Guards concrete events Named Guards
Generalized Substitution Generalized Substitution

Fig. 19. An abstract event is refined by one or several concrete events
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P(s,¢) N I(s,c,v) A J(s,c,v,w) A H(s,c,w)
= FIS_REF
Jw’ - S(s,c,w,w)

P(s,c) N I(s,c,v) AN J(s,c,v,w) N H(s,c,w)
= GRD_REF
G(s,c,v)

P(s,c) A I(s,c,v) A J(s,c,v,w) A H(s,c,w) A S(s,c,w,w’)
= INV_REF
Iv" - (R(s,c,v,v") A J(s,¢c,v",w'))

Fig. 20.Refinement laws

3.3 Merging and RebPning Existing Events

It is also possible for several abstract events to be merged before being refined to a single concrete event.
This is shown in Fig. 21. For this to be possible however, the abstract merging events must fulfil a special
constraint: all their generalized substitutions must be identical.

This process of merging and refining is made of two phases. The merging events are first implicitly
transformed into a single abstract merged event. This event has a guard formed by taking the disjunction
of the guards of the merging events. It has the same generalized substitution as the ones of the merging
events. This is indicated in Fig. 22. Then this abstract merging event is refined as explained in section 3.2.

Note that the merging of two arrays of events require that they have tha same indices and the same array
conditions.

3.4 Intr oducing New Events in a RebPnement

New events can be introduced in a refinement. In this case, the refinement mechanism is slightly different
from the one described in sections 3.2 and 3.3 for events already existing in the abstraction. This kind
of refinement has two special constraints which are the following: (1) each new event refines an implicit
skip event, and (2) the new events should not together diverge (run for ever) since then the abstract events
could possibly never occur.

We now formalize these two constraints. Suppose we have an abstract model M seeing a context C as
above. This model is refined to a more concrete model N seeing the refinement D of context C, again as
above. In the refined model N, we supposedly have a new event with guard H(s, ¢, w) and before-after
predicate S(s, ¢, w,w’). The first constraint (refining skip) leads to refinement statements as indicated in
Fig. 23. Note that these laws are just special cases of similar laws given in Fig. 20.

The second constraint (non-divergence of the new events), imposes to exhibit a variant V (s, ¢, w),
which is a well-founded structure (e.g. N, <). And it is then necessary to prove that each new event
decreases that same variant. This leads to a non-divergence statement as indicated in Fig. 24. Note that
more generally, the variant could be any expression whcih is proved to be decreased by a well-founded
relation.

11



Name Name

Named Guards abstract events Named Guards
Generalized Substitution Generalized Substitution
merge—refines merge—refines

concrete event

Name

Named Guards

Generalized Substitution

Fig. 21. Several abstract events are merged and then refined to a concrete event

Abstract merging events Abstract merged event

E £ when G(v) then S(v) end
EF £ when G(v) v H(v) then S(v) end
F + when H(v) then S(v) end

Fig. 22. Abstract merging of two events

P(s,¢) N I(s,c,v) AN J(s,c,v,w) N H(s,c,w)
= FIS_REF
Jw' - S(s,c,w,w)

P(s,c) A I(s,c,v) A J(s,c,v,w) A H(s,c,w) A S(s,c,w,w')
= INV_REF
J(87 C7U7w/)

Fig. 23.Refinement statement of a new event
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P(s,c) A I(s,c,v) A J(s,c,v,w) A H(s,c,w) A S(s,c,w,w’)
= WFD_REF
V(s,c,w) €N A V(s,c,w') < V(s,c,w)

Fig. 24. Non-divergence statement

3.5 Relative DeadlockFreeness

The relative deadlock freeness is the property which says that a concrete model cannot deadlock more
often than its abstraction. There are two kinds of relative deadlock freeness: the weak one and the strong
one. For each abstract event E;, we can state one or the other.

The weak relative deadlock freeness expresses that the guard G;(s, ¢, v) of an abstract event E; implies

the disjunction of the concrete guards Hi(s,c,w), ..., Hpy(s,c,w) of the refined abstract events dis-
jointed with the disjunction of the guards Ni(s,c,w), ..., Nu(s,c, w), of the new events. This is stated
in Fig. 25.

P(s,c) A I(s,c,v) A J(s,c,v,w) A Gi(s,c,v)
= W_DLK_E;
Hi(s,c,w) V ... V Hp(s,c,w) V Ni(s,c,w) V ... V Np(s,c,w)

Fig. 25. Weak relative deadlock freeness

The strong relative deadlock freeness expresses that the guard G, (s, ¢, v) of an abstract event E; implies
the disjunction of the guard H;(s,c, w), of the event F; refining E;, and of those guards, Ni(s, ¢, w),
., Np(s, ¢, w), of the new events. This is stated in Fig. 26. Note that when event E; is refined by several

P(s,¢) N I(s,c,v) A J(s,c,v,w) A Gi(s,c,v)
= S DLK_E,
H;(s,c,w) V Ni(s,c,w) V ... V Nyu(s,c,w)

Fig. 26. Strong relative deadlock freeness

concrete events as explained in section 3.2, then H;(s, ¢, w) in Fig. 26 stands for the disjunction of the
guards of these events. Arrays of events (see section 2.1) always follow strong relative deadlock freeness.

3.6 Anticipating New Events

Some of the new events introduced in a model N are said to be anticipating events. Such events are refining
the implicit event skip as other non-anticipating new events do. But they can keep the variant introduced
with N either smaller (as other new event do) or unchanged. This constraint of anticipating events must

13



hold in further refinements with regards to the introduced variants. At some refining stage however, say P,
a previous anticipating event can become “new”. Its only constraint then is to strictly decrease the variant
introduced at this stage, but it is not required that it refines skip.

3.7 External Variables and External Events

In this section, we introduce external variables and external events. These features will play an important
réle in the mathematical justification of refinement and in the decomposition mechanism (section 4).

In each model M, the variables are partitioned in two categories: the external variables, e, and the
internal variables, 7. Let model N be a refinement of model M, and let f be the external variables of N
and j its internal variables. The nature of the external variables e of M just implies that these variables are
Sfunctionally dependent of the external variables f of N in the gluing invariant linking both models. This
is expressed by means of the following gluing invariant where h is supposed to be a function which does
not depend on the internal variables i or j:

J(S7C7Z7J) /\ e= h(87c7 f)

Besides external variables, there exist some external events. Such events only depend on the external
variables. In other words, their guards and generalized substitutions do not use internal variables. External
events are refined to other external events in the most general terms. Suppose we have an external event
in model M with guard G(s, ¢, ¢) and before-after predicate R(s,c,e,e’). It is then refined to an exter-
nal event with guard G(s, ¢, h(f)) and before-after predicate R(s, ¢, h(f), h(f’)). The latter is indeed a
refinement of the former since we can prove the three laws FIS_REF, FIS_GRD, and FIS_INV of Fig. 20:

h(s,c, f) N G(s,e,h(f)) = 3f - R(s,c,h(s,c, f), h(s,c, f))

P(s,c) AN I(s,c,v) A J(s,c,1,5) N e

P(s,c) N I(s,c,0) N J(s,¢,0,5) N e= his,c.f) N G(s,c,h(s,c, f)) = G(s,ce)

P(s,c) A I(s,c,v) A J(s,c,i5) A e= hs,c, f) N G(s,c,h(f)) AR(s,c,h(s,c, f),h(s,c, ['))
=

36/'(R(S,C,€,€/) A J(S7Ca7;7j) A el: h(s,c, f/))

The second and third laws are easily provable. The first one however, the feasibility law, imposes that we
have the following extra law:

P(s,c) A I(s,c,v) A G(s,c,e) AN R(s,c,e,e’) = Af - (e’ = h(s,c, f))

Now the feasibility is easily provable since we supposedly already have the feasibility of event in M with
guard G(s, ¢, €) and before-after predicate R(s, ¢, e, €’) according to FIS on Fig. 13:

P(s,c) A I(s,c,v) AN G(s,c,e) = Fe’ - R(s,c,e,e’)

14




4 Decomposition

4.1 Partitioning the events and the Variables

At some point in a development, it is appropriate to decompose a model M into several sub-models. For
the sake of simplicity, we suppose that we only have two sub-models, N and P. The decomposition is done
by partitioning the events of M in two groups: those going into N and those going into P.

Likewise, we must partition the variables of M in two groups: those going into N and those going into
P. However, this partitioning is in general not possible since we always have some variables that must be
shared by both sub-models.

4.2 External Variables and Events

The shared variables mentioned in the previous section are present in both sub-models under the form
external variables, which we have introduced in section 3.7. Together with the external variables, we must
also introduce some external events, which simulate in each sub-model the way the external variables are
handled in the other. This is illustrated in Fig. 27. As can be seen, variable v2 is external. We also have
external events e3_ext in N and e2_ext in P.

variables
vl, v2,v3
invariant MODEL M
events
el,e2,e3, ed
decomposes decomposes
internal ¢ | ¢ ! internal
variable externa external variable
vl variable variable v3
v2 v2
MODEL N | jnvariant invariant| MODEL P
X external external X
internal internal
event events
events event
el, €2 e3_ext e2_ext €3, ed

Fig. 27. Decomposition

4.3 PossibleRecompositon

Once the decomposition is accomplished, the sub-models can be refined independently. For example,
model N is refined to model NR with internal variables w1 and external variables w?2. And model P is re-
fined to model PR with internal variables w3 and external variables w2. There are some constraints which
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must be observed however: the shared variables v2 which are external and common in both decomposed
models must be refined in the same way. This is very simply accomplished by having the same functional
gluing invariant v2 = h(w2) in both sub-models.

It is then possible to re-compose models NR and PR to form model MR. This is done by conjoining
the invariants of both models and removing the external events. But we now have to prove that the re-
composed model MR is indeed a refinement of the original model M. In order to do so, it is sufficient to
prove the following:

External events e3_ext in N and e2_ext in P are refined to events e3 and e2 in M.

Decomposition thus appears to be just an abstraction as indicated on Fig. 28.

5 Generic Instantiation

Generic instantiation is another proposal for solving the difficulties raised by the construction of large
models. Suppose we have done an abstract development A with models M1 to Mn and corresponding
contexts C1 to Cn as shown on Fig. 29.

This development is in fact parameterized by the carrier sets s and the constants c that have been
accumulated in contexts C1 to Cn. This development is said to be generic with regards to such carrier sets
and constants. Remember that such sets are completely independent of each other and have no properties
except that they are supposed to be non-empty. The constants are defined by means of some properties
P(s, ¢), which stand here for all properties accumulated in contexts C1 to Ch. In fact, in all our proofs of
this development, s and c appear as free variables. Moreover, the constants properties P(s, c) appear as
assumptions in all statements to be proved, which are thus of the following form as can be seen in proof
obligations FIS and INV (Fig. 13), FIS_REF, FIS_REF, and INV_REF (Fig. 20), WFD_REF (Fig. 24),
W_DLK_E; and S_DLK_E; (Fig. 25 and 26):

P(s,c) N A(s,c,...) = B(s,c,...)

Suppose now that in another development B, we reach a situation with model N seeing a certain context
D (after some model and context refinements), as shown on Fig. 30.

The accumulated sets and constants in context D are denoted by ¢ and d respectively. And the ac-
cumulated properties in context D are denoted by Q(¢, d). We might figure out at this point that a nice
continuation of Development B would simply consist in reusing Development A with some slight changes
consisting of instantiating sets s and constants ¢ of Development A with expressions S(t,d) and C(t, d)
depending on sets and constants ¢ and d of Development B.

Let M1/, ... Mn’ be the models of Development A after performing the instantiations on the various
invariants and events which can be found in M1 to Mn. The effective reuse is that shown in Fig. 31.

As can be seen, instantiated models M1/, ... Mn’ implicitly “see”context D. It remains, of course, to
prove now that model M1’ refines model N. Once this is successfully done, we would like to resume De-
velopment B after Mn’. To do so, it is then necessary to prove that all feasibility, invariant, and refinement
proofs performed in the Development A are still valid after the instantiation. Remember that all statements
proved in the Development A were of the following form:

P(s,c) N A(s,c,...) = B(s,c,...)
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Fig. 28.Recomposition
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sees
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refines 1 T refines
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Mn — | Cn

Fig. 29. Development A

refines T T refines

sees
N ———| D

Fig. 30. Development B

refines | refines

sees
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N
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M1’ sees

refines T
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Fig. 31. Generic Instantiation of Development A as a continuation of Development B
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As a consequence, they all look as follows after instantiation:
P(5(t,d), C(t,d)) A A(S(t,d),C(t,d),...) = B(S(t,d),C(t,d),...)

But we have now to remove P(S(t,d), C(t,d)), since contexts C1 to Cn have disappeared as shown on
Fig. 31, and replace it by the new set and constant properties (¢, d), namely:

Q(t,d) N A(S(t,d),C(t,d),...) = B(S(t,d),C(t,d),...)

In order to prove this statement from the previous one, it is just sufficient that Q(¢, d) implies P(S(¢, d), C(t, d)).
In other words and quite intuitively, the instantiated properties of the constants of Development A should
become mere theorems in Development B. This is indicated as follows:

Q(t,d) = P(S(t,d),C(t,d)) INS

Appendix 1: SpecialCasesof the Invariant Laws

We instantiate the general forms of the laws INV and FIS of section 2.6, namely:

P(s,c) N I(s,c,v) A G(s,c,v) = ' R(s,c,v,v) FIS

P(s,c) A I(s,c,v) A G(s,c,v) A R(s,c,v,v") = I(s,¢,v) INV

to the various shapes of the generalized substitutions involved in an event. We have two cases to consider
(since skip trivially maintains an invariant).

(1) Given a deterministic event of the form:

when G(s,c,v) then x:= E(s,c,v) end

then law FIS is trivially true and law INV simplifies to the following:

P(s,c) AN I(s,c,v) AN G(s,¢,v) = [z:= E(s,¢,v)] I(s,c,v) INV_1

(2) Given a non-deterministic event of the form

when G(s,c,v) then
any t where P(t,s,c,v) then z:= E(t,s,c,v) end
end

19



then law FIS and INV becomes the following:

I(s,c,v) N G(s,c,v) = Tt-P(t,s,c,v) FIS_2

I(s,s,v) N G(s,c,v) N P(t,s,c,v) = [z:= E(t,s,c,v)]I(s,c,v) INV_2

Appendix 2: SpecialCases of the RebPnementLaws

We instantiate the general forms of the refinement laws FIS_REF, GRD_REF, and INV_REF given
in section 3.2, namely:

P(s,c) A I(s,c,v) A J(s,c,v,w) AN H(s,c,w)
= FIS_REF
FJw’ - S(s, c,w,w)

P(s,c) N I(s,c,v) A J(s,c,v,w) N H(s,c,w)
= GRD_REF
G(s,c,v)

P(s,c) N I(s,c,v) A J(s,c,v,w) A H(s,c,w) A S(s,c,w,w)
= INV_REF
v - (R(s,c,v,v") A J(s,c,v',w'))

to the various cases of event refinements. In fact, we have four cases to consider. In what follows in order
to simplify things, we omit to mention the carrier sets s and the constants c.

(1) Here is the first special case where the abstract and refined events are as follows :

when G(v) then z:= E(v) end when H(w) then y:= F(w) end

Then FIS_REF is trivially true and the other two laws are as follows:

I(v) AN Jw,w) AN Hw) = G(v) GRD_REF_1

I(w) A Jw,w) AN Hw) = [x,y:= E@), F(w)]J(v, w) INV_REF_1

(2) The second special case of abstract and concrete events is as follows:
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when
G(v)
then
any t where
P(t,v) when H(w) then y:= F(w) end
then
x = E(t,v)
end
end

Again law FIS_REF is trivially true and the other two laws are as follows:

I(v) A Jw,w) AN Hw) = G(v) GRD_REF_2

I(v) A Jw,w) AN Hw) = Ft-(P(t,v) A [z,y:= E(t,v), F(w)]J(v,w)) INV_REF_2

Note that law INV_REF_2 can still be simplified provided the user gives some witness W (w) for the
existentially quantified variable ¢. This yields:

I(w) A Jw,w) A Hw) = P(W(w),v) A [x,y:= E(W(w),v), F(w)]J(v,w)

(3) The next special case of abstract and concrete events is the following:

when
H(w)
then
any u where
when G(v) then z:= E(v) end Q(u, w)
then
w = F(u,w)
end
end
In that case, the three laws are simplified as follows:
I(v) A Jw,w) AN Hw) = Ju-Q(u,w) FIS_REF_3
I(v) A Jw,w) A Hw) N Q(u,w) = G(v) GRD_REF_3

I(w) A Jw,w) AN Hw) N Qu,w) = [z,y:= EW), F(u,w)]J(v,w) INV_REF_3
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(4) The final special case of abstract and concrete events is then the following:

when when
G(v) H(w)
then then
any t where any u where
P(t,v) Q(u, w)
then then
v:= E(t,v) w = F(u,w)
end end
end end

In that case, the three laws are simplified as follows:

I(w) A Jw,w) AN Hw) = Fu-Q(u,w) FIS_REF_4

I() A J(v,w) A H(w) = G(v) GRD_REF_4

I(v) A J(w,w) A Hw) A Q(u,w) = Ft-(P(t,v) AN J(E(t,v), F(u,w))) INV_REF_4

Notice that one may provide some witness for the existentially quantified variables ¢. For example a
witness W (u, w) for ¢, would transform law INV_REF_4 into the following, which can be further de-
composed:

I(v) A Jw,w) AN Hw) N Q(u,w) = P(W(u,w),v) A J(E(W (u,w),v), F(u,w))
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Event-B: Mathematical Model

1 Intr oduction

This document contains the mathematical justification of the laws which have been proposed in the com-
panion document entitled Event-B: Structure and Laws. The laws of model and refinement consistencies
are presented in section 2 and 3 under the form of a set-theoretic model and corresponding proofs. The
laws of decomposition are then justified in section 4 under the forms of a proof performed within the First
Order Predicate Calculus.

In this presentation to simplify matters, we suppose that we have models defined without contexts.

2 Initial Model Set-theoretic Representation

In this section our intention is to formally justify the invariant verification statements, namely FIS and
INV, which were proposed in in section 2.6 of the document entitled Event_B: Structure and Laws. For
this, we shall develop a set theoretic representation of the discrete models we have presented.

We suppose that the state variables v are all together moving within a certain set .S involving the invariant
I(v). Each event can be represented by a certain binary relation p. The fact that the invariant I(v) is
preserved by event p is simply formalized by saying that p is a binary relation built on S

p C SxS

In order to link this set-theoretic representation to the previous verification statements, it suffices to for-
mally define S and p. It involves the invariant I(v) for the set S, and the guard G(v) and before-after
predicate R(v, v') for the relation p. This yields:

) = {vlI(v)}
D = {v—v |[I(v) A Glv) A R(v,0')}
dom(p) = {v[I(v) A G(v)}

The last equality states that G(v) and I(v) together denote the genuine domain of the relation p. But the
domain of p is defined to be the set

{v|I(v) A Gv) A V- R(v,v")}

This leads to the following, which is exactly FIS:



I(v) A G(v) = T R(v,v) FIS

And the translation of the predicate p C S x S yields exactly the desired result, INV, namely:

I(v) A G(v) A R(v,v') = I(v') INV

3 RePnementSet-theortic Representation

As in the previous section for invariants, our intention is to formally justify in this section the refinement
verification statements, namely FIS REF, GRD _REF, INV_REF, which have been proposed in section
3.2 of the document entitled Event_B: Structure and Laws. For this, we shall extend the set theoretic
representation of section 2.

3.1 Setsand Relations

We suppose, as above, that the abstract state variables are within the set S. But we now have to make a
distinction between external and internal sets. So the set S is defined to be the cartesian product of the
sets F (standing for external set) and I (standing for internal set). The refined state variables are within
a certain set 7', which is also decomposed as the cartesian product of sets F' (refined external set) and
J (refined internal set). Let p represent an abstract event binary relation and let ¢ be the corresponding
refined event relation. We have then the following typing constraints:

p € ExI «— ExI

q € FxJ < FxJ

Let f and g denote the functions projecting the set E x I on the set ' and the set F' x J on the set F’
respectively. Formally

fe ExI—FE

g€ FxJ—F

We have then the following:

V(e,i)-(e€c ENiel = fle—i)=¢e)

V(f,j)- (fEFANjeT = g(f—j)=1f)




The external sets ' and F' are related by a certain rotal function %, which is thus typed as follows:

he F—=FE

All this can be illustrated in the following diagram:

ExI — ExI

3.2 Formal Debnition of Rebnement

In this section we present a formal definition of refinement, which is entirely based on the external sets.
This will result in a kind of ultimate definition of refinement. In the next section we shall however derive
some sufficient refinement conditions implying a formalization of the gluing invariant.

The previous diagram shows how one can link the external set F' to itself by navigating either through h,
£~ p, f,and h~! in the abstraction or through ¢!, ¢, and g in the refinement. These two compositions
result in two binary relations built on F'. Let us call them « and 3 respectively. The definition of refinement
follows: the event represented by the relation p is refined by that represented by the relation ¢ if the relation
[ is included in the relation a.. As can be seen, refinement is clearly defined relative to the external sets.

1. . Ll el
g 3459 g haf 7p7fah REF
ﬁ «

This means that every pair pertaining to the refined relation (3 is also pertaining to the abstract relation
«. However, we have no equality between these relations because the refined relation 5 might be more
deterministic than its abstraction . We might have some loss of information between the refined model
and its abstraction. What is important to note here is that no pair of external values in 3 can be outside the
abstraction «a: this constitutes the essence of refinement. If a pair of external values is linked through the
refined event ¢, it must also be linked through the abstract event p. In other words, the refined event must
not contradict the abstract one from the point of view of the external sets.



3.3 SufbcientRebnememn Conditions

We are now going to define a sufficient refinement condition for refinement. Let r be a toral binary relation
from the concrete set F' x J to the abstract set F/ x I. This relation formalizes the gluing invariant between

the refined state and the abstract one. Formally

Note that the symbol “«=" is used to define the set of fotal binary relations from one set to another. The
relation  must be compatible with the function h linking the external sets F' and E. In other words, if
the pair ¢ — d is linked to the pair a +— b through 7, then ¢ must be linked to a through h, that is to say:

re€ FxJ«ExI

a = h(c). This can be formalised by means of the following condition:

The introduction of the relation r leads to the following diagram:

r~tig © fihTt | CH

We now suppose that the following two extra conditions hold:

It is then easy to prove that these conditions are sufficient to ensure refinement, namely condition REF
above. It relies on the monotonicity of composition with regards to set inclusion and also on the associa-

tivity of composition:

ExI

q /
FxlI FxlI

Cc2

C3
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C C3
hif~tirtigsg

C Cc2
hif~tipirtiyg

- - ci

hif~tsp; fih™t

But it happens that condition C3 can be deduced from condition C1 and from the totality of r:

r~lyg C fi;h7t

rir~lig C orifihT!
g Crifih!
=

g—l

N

hif=tir

C1
Set Theory
id(T) Cr;r~t since reT « S

Set Theory
C3

As a consequence, there only remains condition C2. In order to translate this condition and thus establish
the verification statements FIS_REF, GRD_REF, and INV_REF, it suffices to link & x I, F' x J, p, q,
and r with this new formulation. This yields:

Note that the domain of the binary relation r is /' x J. The binary relation r is thus indeed a total relation

ExI = {v|I(v)}
FxJ = {w|3w-(Iv) A J(v,w))}

P = {v—v |[I(v) A Glv) A R(v,0v')}

q
, = {w—v|Iw) A Jv,w)}

dom(q) = {w|Jv-(I(v) A J(v,w)) N H(w) }

{w—w |Fv-(Iv) A Jlv,w)) AN Hw) A S(w,w')}

as required. The domain of the binary relation q is the set:

Thus our last constraint on the domain of ¢ leads to the following, which is exactly FIS_REF:

{w|Fv-(I(v) A Jv,w)) AN Hw) A Fw'- S(w,w')}

I(w) A Jw,w) AN Hw) = Jw' - Sw,w’)

FIS REF

The translation of condition C2, namely »~' ;¢ C p;r~!, yields the following:




I(v) A J(v,w) A Hw) A S(w,w') = Gw) A v - (R(v,v") A J,w'))

According to condition FIS_REF it can be split as follows yielding exactly GRD_REF and INV_REF

I(v) A Jw,w) AN Hw) = G(v)

GRD_REF

I(v) A Jw,w) A Hw) A S(w,w’) = Fo' - (R(v,v') A J,w'))

INV_REF

4 Decomposition

In this section we justify the decomposition presented in section 4 of the document entitled Event_B:
Structure and Laws. We recommend the reader to read again this short section as we shall use in what
follows the same convention as those used there.

4.1 DecomposingModel M into modelsN and P

We shall carry out the proof based on the example shown in Fig. 26 of the previous document which we

reproduce here:

variables
vl, v2,v3
invariant MODEL M
events
el, e2, e3, ed
decomposes decomposes
internal ¢ | ¢ | internal
variable externa externa variable
vl variable variable v3
v2 v2
MODEL N| invarian invariant
int I external external —; ¢ I
IZVZ;I::I event events “;Veel;?ta
el, e2 e3_ext e2_ext €3, e4

Suppose that the usage of the variables v1, v2 and v3 in model M is as follows:

MODEL P



events | variables
variable | events
el vl
vl el e2
e2 vl, v2
v2 e2 e3
e3 v2, v3
v3 e3 e4
e4 v3

Model M is then decomposed into models N and P. Model N uses variable v1 as an internal variable
and variable v2 as an external variable. It has events e1 and e2 plus an extra external events e3a (for
€3 abstracted) dealing with variable v2 only. Event e3a is supposed to be refined by event €3. In other
words, event e3a simulates in model N the behavior of event €3 in model P. This is summarized in the
following table:

model | internal variables | internal events | extemal variables | extemal events

N vl ele2 v2 e3a

Similarly, model P uses variable v3 as an internal variable and variable v2 as an external variable. It has
events €3 and €4 plus an extra external events e2a (for e2 abstracted) dealing with variable v2 only.
Event e2a is supposed to be refined by event €2. In other words, event e2a simulates in model P the
behavior of event €2 in model N. This is summarized in the following table:

model | internal variables | internal events | extemal variables | extemal events

P v3 e3ed v2 e2a

It can easily be seen that models N and P are both refined by model M. This is so because events el
and e2 of N are clearly refined by events €1 and €2 of M (they are the same); event €3a of N is refined
by construction by event €3 of M; finally event €4 of M clearly refines skip in N since it deals with
variables v3 which does not exist in N. And similarly for P. More precisely, let the guards and before-
after predicates of the four events be the following in model M:



events | guardsin M | before-after predicatesin M
el G1(vl) Eq(vl,v1)
e2 Ga(v1,v2) Es(vl,v2,vl’,v2)
e3 G3(v2,v3) E3(v2,v2",v3,v3')
e4 G4(v3) E4(v3,v3)

And they are the following in N and P

events | guardsin N | BA predicatesin N events | guardsin P | BA predicatesin P
el Gy (vl) Ey(vl,01")
e2 Ga(vl,0v2) | Ea(vl,v2,vl,v2) e2a Gaq(v2) Es,(v2,v2")
e3a G3q(v2) Es,(v2,v2") e3 Gs(v2,v3) | E3(v2,v3,v2,v3)
e4 G4(v3) E4(v3,0v3)

The condition expressing that event €2 is a refinement of event e2a is the following:

Ga(vl,v2) A Ey(vl,v2,v1",v2") = Goa(v2) N Egq(v2,0v2")

4.2 RebningModels N and P to Models NR and PR

Suppose that we now refine N to NR. Model NR has variables w1 and w2 together with the gluing invariant
J(vl,wl, w2) A v2=h(w2). Model NR has events e1r and e2r which are supposed to be refinements of
e1 and e2 respectively, and also event e3ar, which is a refinement of event €3a. This can be summarized
in the following table:



model | int. variables | int. events | ext.variables | ext.events

gluing invariant

NR wl elr,e2r w2 e3a J(vl,wl, w2) Av2 = h(w2)

Similarly, we refine P to PR Model PR has variables w3 and w2 together with the gluing invariant
K (v3, w3, w2) A v2=h(w2). Model PR has events €3r and e4r which are supposed to be refinements of
e3 and e4 respectively, and also event e2ar, which is a refinement of event e2a. Notice that both gluing
invariants J and K also depend on the external variable w2. This can be summarized in the following
table:

model | int. variables | int. events | ext.variables | ext. events gluing invariant

PR w3 e3r,e4r w2 e2a K(v3,w3,w2) A v2 = h(w2)

The guards and before-after predicates in NR and PR are as follows

events | guardsin NR BA pred.in NR events | guardsin PR BA pred.in PR
elr G1r(wl) Eqr(wl, wl’)
ezr Gor(wl,w2) | Eor(wl,w2,wl’,w2") | e2a Goar(w2) Eaur (w2, w2')
e3a G3ar(w2) Esr (w2, w2") e3r Gsr(w2,w3) | Esp(w2,w3, w2 w3’)
edr G4 (w3) Ey (w3, w3")

Let us now construct a model MR as follows. The state of MR is made of the three variables w1, w2 and
w3. The invariant of MR is J(v1,wlw2) A K(v3,w3,w2) A v2 = h(w2). The events of MR are
elr, e2r, e3r and e4r. Notice that e2ar and e3ar have been thrown away. This can be summarized in the
following table:

model | variables events gluing invariant

MR wl,v2,w3 | elre2re3redr | J(wl,wl,w2) N K(v3,w3,w2) A v2 = h(w2)




The guards and before-after predicates in MR are as follows:

events | guardsin MR | before-after predicatesin MR
elr G1r(wl) Eir(wl, wl’)
ezr Gar(wl, w2) Esp(wl, w2, wl’, w2')
e3r Gap (w2, w3) Es,. (w2, w3, w2, w3’)
edr G4 (w3) Ey (w3, w3")

Clearly NR and PR are refined by MR, but it is not obvious that M is refined by MR, this is precisely
what we have to prove. The situation is illustrated in the following diagram, where the arrows indicate a
refinement relationship:

N P
AN /!
oM
NR 1?7 PR
AN /!
MR

In what follows we shall prove that, provided e1r and e2r are refinements of €1 and e2 respectively in
NR, then they also are correct refinements of €1 and €2 in MR. Similar proofs can be conducted for the
other events of MR.

4.3 EventelrisaRebPnementfelin MR

The correct refinement condition of €1 to e1r within NR is the following:

Jwl,wl,w2) A v2=h(w2) A Gi(wl) A Epp(wl,wl’)
=
Gi(vl) A Fol'- (Ey(vl,vl’) A J(l,wl’jw2) A v2 = h(w2))

Under this hypothesis, the following correct refinement condition of €1 to e1r within MR clearly holds:

J(wl,wl,w2) A K(v3,w3,w2) Av2=h(w2) A Gi,(wl) A Ep.(wl,wl’)
=
Gi(vl) A Ful'- (Ey(vl,0l") A J(wl,wl’;w2) A K(w3,w3,w2) A v2=h(w2))
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As can be seen, condition K (v3, w3, w2) can be extracted from the existential quantification in the
consequent of this implication (this is so because K (v3, w3, w2) does not contain any reference to the
quantified variable v1’). It is then easily discharged because it is already present in the antecedent of the
implication.

4.4 Evente2risaRebnemenbfe2in MR

The situation is a bit different in the case of the event €2: this is because this event modifies variable v2.
Next is the correct refinement condition of €2 to e2r within NR:

Jwl,wl,w2) Av2=h(w2) A Gor(wl,w2) A Eap(wl, w2, wl’, w2")
=
Ga(vl,v2) A F(v1’,02") - (E2(vl,v2,01",02") A J(w1',wl’ w2") Av2 = h(w2'))

This can be simplified as follows:

Jwl,wl,w2) A Gor(wl,w2) A Eop(wl, w2, wl’, w2’)
=
Ga(vl, h(w2)) A Fvl’ (E2(vl, h(w2), vl h(w2")) A J(wl',wl’ w2"))

Under this hypothesis, the following correct refinement condition of €2 to e2r within MR must hold:

J(wl,wl,w2) A K(v3,w3,w2) A v2=h(w2) A Gar(wl,w2) A Eop(wl, w2, wl’ w2")
=
Ga(v1,v2) A F(vl',02") - (Ea(vl,v2,v1,02") A J(wl wl w2') A K(v3,w3,w2') A v2' = h(w2))

This can be simplified as follows:

J(wl,wl,w2) A K(v3,w3,w2) A Go.(wl,w2) A Es.(wl,w2,wl’ w2")
=
G2 (vl, h(w2)) A Fovl’ - (Ex(vl, h(w2),vl’, h(w2")) AN J(vl’',wl’ w2") N K(v3,w3,w2'))

As above with K (v3,w3,w2) in section 4.3, the condition K (v3,w3,w2’) can be extracted from the
existential quantification in the consequent of this implication. But this time the situation is different
from the previous one in section 4.3 as we still have the condition K (v3, w3, w2) in the antecedent, not
K (v3, w3, w2'), so that the proof is not trivial. Again, the presence of w2’ in the consequent is due to the
fact that v2 is modified by €2 and w2 by e2r. Fortunately, we have not yet exploited the fact that event
e2a of model P is refined within model N by event 2. The condition was stated at the end of section 4.1:

V(v2,v2') - (Ga(vl,v2) A Ea(vl,v2,v1,v2") = Gaa(v2) N Eaq(v2,v2'))

11




But we also know that external event e2ar is the most general event refining €2a under the gluing invariant
v2 = h(w?2). As a consequence we have:

Goar(w2) & Gag(h(w2))

Eour(w2,w2") <  Eau(h(w2), h(w2))

From this, we deduce

Ga(vl, h(w2)) A Ex(vl, h(w2),vl’ h(w2')) = Gour(w2) A Eogpr(w,w2")

Finally, we also have not exploited the fact that event e2a of P is refined to e2ar in PR. This yields:

K(v3,w3,w2) A v2=h(w2) A Gagr(w2) N Eagr(w2, w2’)
=
Goq(v2) A T2 - (Eaq(v2,v2") N K(v3,w3,w2') A v2' = h(w2'))

This can be simplified to the following:

K(v3,w3,w2) A Gagr(w2) A Eagr(w2,w2") = K(v3,w3, w2’)

Putting all these conditions together yields the following to prove, which now holds “trivially”:

K(v3,w3,w2) A Gogr(w2) N Eogr(w2,w2") = K(v3,w3,w2")
Ga(vl, h(w2)) A Es(vl, h(w2),vl’, h(w2")) = Gaogr(w2) N Eogr(w2,w2")

J(wl,wl,w2) A Gor(wl,w2) A Egp(wl,w2,wl’, w2’) =
Ga(v1, h(w2)) A Fol’- (Es(vl, h(w2), vl h(w2")) A J(wl,wl’, w2"))

Jwl,wl,w2) A K(v3,w3,w2) A Gaor(wl,w2) A Ea.(wl,w2,wl’,w2’)
=

Go(vl, h(w2)) A Fovl’- (Ea(vl, h(w2),vl, h(w2")) A J(vl',wl’, w2') A K(v3,w3,w2"))

12
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Event_B: Examples

1 Introduction

In this document, we provide some examples to illustrate what has been presented in the three other
companion documents. In the first of this examples in section 2 a small reactive system, whose goal is to
control cars on a bridge, is presented. The second example in section 4 shows how one can decompose a
system. And in the third example in section 5 the usage of generic instantiation is presented.

2 Carson a Bridge

2.1 Requirements

The system we are going to build is a piece of software connected to some equipment. Its goal is to control
cars on a narrow bridge. This bridge is supposed to link the mainland to a small island.

The system is controlling cars on a bridge connecting the mainland to an island FUN-1

This controller is equipped with two traffic lights.

The system is equipped with two traffic lights with two colors: green and red EQP-1

One of the traffic lights is situated on the mainland and the other one on the island. Both are close to the
bridge.

The traffic lights control the entrance to the bridge at both ends of it EQP-2

Drivers are supposed to obey the traffic light by not passing when a traffic light is red.

Cars are not supposed to pass on a red traffic light, only on a green one EQP-3

There are also some car sensors situated at both ends of the bridge.

The system is equipped with four sensors with two states: on or off EQP-4




These sensors are supposed to detect the presence of cars intending to enter or leave the bridge. There are
four such sensors. Two of them are situated on the bridge and the other two are situated on the mainland
and on the island respectively.

The sensors are used to detect the presence of car entering or leaving the bridge EQP-5

The pieces of equipment which have been described are illustrated on the following figure:

a

Bridge Mainland
]

]
Island

7E

This system has two main constraints: the number of cars on the bridge and island is limited,

The number of cars on bridge and island is limited FUN-2

and the bridge is one way.

The bridge is one way or the other, not both at the same time FUN-3

2.2 Initial Model: Limiting the Number of Cars

The first model we are going to construct is very simple. We do not consider at all the various pieces
of equipment, namely the traffic lights and sensors. Such equipment will be introduced in subsequent
refinements. Likewise, we do not even consider the bridge, only a compound made of the bridge and the
island together.

As a useful analogy, we suppose to see the situation from very high in the sky. Although we cannot
see the bridge, we suppose however that we can “see” the cars in the island-bridge and observe the two
transitions, ML_out and ML_in, corresponding to cars entering and leaving the island-bridge compound.
All this is illustrated on the following figures:



ML_out

Island Y

Mainland

+ bridge A

ML_in

Formalizing the state. The state is first made of a simple context containing a constant d which is a
natural number denoting the maximum number of cars allowed to be in the island-bridge at the same
time. This is formalized by the property named prp0_1.

The state is also made of a variable n denoting the actual number of cars in the island-bridge at a given
moment. Two invariants named invO_1 and invO_2 are used to define the variable n. Invariant inv0_1
says that n is a natural number. The first basic requirement of our system, namely FUN_2, is taken into
account at this stage by stating in invO_2 that the number n of cars in the compound is always smaller
than or equal to the maximum number d. Here is the formal state:

constants: d inv0_1: n! N
prp0_1: d! N
variables: n inv0 2: n" d

Events. At this stage we can observe two transitions corresponding to cars entering the island-bridge
compound or leaving it. Here is an illustration of the situation just before and just after an occurrence of
the first event, ML_out. As can be seen, the number of cars in the compound is incremented as a result of
this event.

Before After

Likewise, here is the situation just before and just after an occurrence of the second event, ML_in. As can
be seen, the number of cars in the compound is decremented as a result of this event.

Before After



These two events can then be defined in a simple way as follows:

n:=n-+1 n:=n#1

ML_out ML_in

The before-after predicates corresponding to these event actions are straightforward, namely n’ = n + 1
for ML_out, and n’ = n# 1 for ML_in.

Proving Invariant Preservation. Rule FIS applied to both events leads to the following, which holds
trivially:

d! N d! N

n !l N n! N

n" d n" d

$ $

Yn'a(n' =n+1) Y 'a(n’ =n# 1)

Invariant preservation rule INV applied to both events leads to the following statements:

d! N d! N d! N d! N
n! N n! N n! N n! N
n" d n" d n" d n" d
n'=n-+1 n=n+1 n=n#1 n=n#1
$ $ $ $
n'! N n'" d n'! N n" d
The variable n’ can be eliminated by replacing it by its value, yielding:
d! N d! N d! N d! N
n! N n! N n! N n! N
n" d n" d n" d n" d
$ $ $ $
n+1! N n+1" d n# 1! N n# 1" d

We notice that in the second case, n + 1 " d cannot be proved when n is already equal to d. And in the
third case, n# 1 ! N cannot be proved when n is already equal to 0. This is so because the proposed
events ML_out and ML_in are too primitive.



Improving the two Events We have to add guards to our events. They denote the necessary conditions
for these events to be enabled. For event ML_out to be enabled, it is required that n be strictly smaller
than d. And for event ML_in to be enabled, it is required that n be strictly positive. All this is indicated in
the following new versions of these events:

ML_out ML_in
when when
n<d 0<n
then then
n:=n+1 n:=n#1
end end

The statements to prove by applying rule INV are modified accordingly and are now easily provable:

d! N d! N d! N d! N

n! N n! N n! N n! N
n" d n" d n" d n" d

n<d n<d 0<n 0<n

$ $ $ $

n+1! N n+1" d n# 1! N n#1" d

Proving Deadlock Freeness Since our events are now guarded, it means that our system might deadlock
when both guard are together false. Clearly, we want to avoid this happening. We have thus to prove rule
DLKEF stating that one of the two guards is always true. In other words, cars can always either enter the
compound or leave it. This is to be proved under the property of the constant and under the invariant:

S 3
zZ

"d

n<d & 0<n

But we now discover that this statement cannot be proved when d is zero, which is quite obvious since then
no car can ever enter the compound nor, a fortiori, leave it. We have thus to add the following property,
named prp0_2, which was obviously forgotten:

prp0_2: 0<d

Conclusion of the initial model As we have seen, the proofs (or rather the failures of the proofs) allowed
us to discover that our events were too primitive and also that one property was missing in the context for
the constant d.



2.3 First Refinement: Introducing the One Way Bridge

In this first refinement, we introduce the bridge. This means that we are able to observe our system
more accurately. Together with this more accurate observation, we can also see more events, namely cars
entering and leaving the island. These events are called IL_in and IL_out. Note that events ML_out and
ML_in which were present in the initial model still exist in this refinement: they now correspond to cars
leaving the mainland and entering the bridge or leaving the bridge and entering the mainland. All this is
illustrated in the following figures:

One Way

Bridge

Il_out Ml_in

Refining the state. The state which was defined by the constant d and variable n in the initial model
now becomes more accurate. The constant d remains, but the variable n is now replaced by three new
variables. This is because now we can see cars on the bridge and on the island, something which we could
not distinguish in the previous abstraction. Moreover, we can see where cars on the bridge are going:
either towards the island or towards the mainland.

For these reasons, the state is now represented by means of three variables a, b, and c. Variable a
denotes the number of cars on the bridge and going to the island, variable b denotes the number of cars
on the island, and variable ¢ denotes the number of cars on the bridge and going to the mainland. This is
illustrated on the following figure:

Formally the refined state is represented by a number of new invariants. First, variables a, b, and c are
all natural numbers. This is stated in invariant inv1_1, inv1_2, and inv1_3. Then we express in the, so-
called, gluing invariant, that the sum of these variables is equal to the previous abstract variable n which
now disappears. This is expressed in invariant inv1_4. And finally, we state that the bridge is one way,
this is our basic requirement FUN-3, by saying that a or ¢ is 0. Clearly they cannot be both positive since
the bridge is one way. Note that they can be both 0 however. This is expressed in invariant inv1_5. Here
is the formalization of these invariants:

invli.1: a! N

constants: d invli_4: a4+b+c=n;
invli_2: b! N

variables: a,b,c invli5: a=0 & ¢=0
invli.3: ¢! N




Refining the Abstract Events. The two abstract events ML_out and ML_in have now to be refined
as they are not dealing with variable n any more but with variables a, b, and c. Here is the proposed

refinement of event ML_out, which is presented together with its abstraction.

Likewise, here is the proposed refined version of event ML_in, which is also presented together with its

abstraction.

abstract_ML_out concl:lrete_ML_out
when when
n<d at+b<d
c=0
then
then
n:=n-+1 .
end a:=a+1
end

abstract_ML_in concrete_ML_in
when when
0<n O<ec
then then
n:=n#1l ci=c# 1
end end

Proving that the Refinement of Abstract Events are Correct. Applying Rule FIS_REF to the refined
event holds trivially. Likewise, applying rule GRD_REF to both refined events leads to the following,
which holds trivially:

Applying rule INV_REF to both events leads to the following after some simplifications. Both statements

hold trivially.
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a=0 & ¢=0 a—tl(;)—i—ch—n_
a+b<d gzc €=
C:0 $

$

n<d 0<n




1
g%dN d! N
0<d
n! N
n" d n! N
a! N n" d
b! N a! N
el N b! N
. — c! N
Z+l())+8f_cn0 a+b+c=n
+ B a/:O & C:O
gib<d 0<ec
$a+1| N $c#l! N
. = at+b+c# 1l=n#1l
Zi}i%+&cfj()+l a=0&c#1=0

Introducing New Events. We now have to introduce some new events corresponding to cars entering
and leaving the island. Next are the proposed new events. A can be seen , such events indeed refine skip as
they only modify variables a, b and c in such a way that the abstract variable n remains constant according
to invariant inv1_4.

IL_in —out
when when
0<b
0<a
a=0
then
a,b:=a# 1,b+1 then
’ ’ b,c:=b# 1,c+1
end
end

Proving that the New Events are Correct We leave it as an exercise to the reader to state and prove that
these events refine skip. We now have to prove that new events do not diverge. For this, we have to exhibit
a variant and prove that is decreased by both new events. The proposed variant is the following:

variant_1: 2' a—+b

Applying rule WFD_REF leads to the following obvious statements to prove:



d! N
|
d! N 0<d
0<d |
n! N " N
" n" d
n" d I N
a! N @
’ b! N
b! N |
el N c.bN
) _ a+b+c=n
Zt%—i_&f_cn—() a=0 & ¢c=0
— - 0<b
0<a
$ $a:0
2" (a# 1)+b+1<2" a+bd 2 at+(b#1) <2 a+b

No Deadlock. Finally, we have to prove that the refined events and new events do not together deadlock.
This is so because the abstraction did not deadlock. Rule W_DLK leads to the following to prove (it is
simplified because we already proved that the abstraction did not deadlock):
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2.4 Second Refinement: Introducing the Traffic Lights

At this point, the situation is a bit magic. It seems that car drivers can count cars and thus decide to enter
into the bridge from the mainland (event ML_out) or from the island (event IL_out). In reality, as we
know, the drivers follows the indication of the traffic lights, they clearly do not the count of the cars,
which is impossible.

This refinement then consists in introducing first the two traffic lights, named ml_tl and il_tl, then the
corresponding invariants, and finally some new events that are able to change the colors of the traffic
lights. The next figure illustrates the new physical situation which can be observed:



ml_tl

ISLAND MAINLAND
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il_tl

Refining the State Two new variables are introduced, ml_t! (for mainland traffic light) and ¢l_tl (for
island traffic light). These variables take values O (for red) or 1 (for green): this is formalized in invariants
named inv2_1 and inv2_2. Since drivers are allowed to pass when traffic lights are green (1), we better
ensure by two invariants named inv2_3 and inv2_4 that when ml_tl is green then the guard of events
ML_out holds, and that when 4l_t[ is green then the guard of events |L_out holds. Here is the refined
state:

inv2_1: mi_tl ! {0,1}
constants : d
inv2_2: 4l_tl ! {0,1}
variables : a,b,c,
inv2.3: mli_tl=1 % a+b<d ( ¢c=0
mi_tl, il_tl

inv2.4: i tl=1% 0<b ( a=0

Refining Abstract Events Events ML_out and IL_out are now refined by changing their guards to the
test of the green value of the corresponding traffic lights. This is exactly what car drivers are doing. This is
here where we implicitly assume that drivers obey the traffic lights, as indicated by requirements EQP-3.
Note that events IL_in and ML_in are not modified in this refinement. Here is the new version of event
ML _out presented together with its abstraction:

abstract_ML_out concrete. ML_out
when
- when
¢=0 mi_tl =1
a+b<d -
then
then
a=at1 a=a+1
end
end

And here is the new version of event IL_out presented together with its abstraction:
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abstract_IL_out concrete. IL ot
when
when
o i_tl=1
0<bd _
then then
bc:=b# 1,c+1 bc:=b# 1,c+1
end
end

Introducing New Events We have to introduce two new events to turn the value of the traffic lights
color to green when they are red and when the conditions are appropriate. The appropriate conditions,
once again, are exactly the guards of the abstract events ML_out and IL_out. Here are the proposed new
events:

ML_tl_green IL_tl_green
when when
mi_tl =0 i _tl=0
a+b<d 0<bd
c=0 a=0
then then
mi_tl =1 i tl=1
end end

Proving that the Events are Correct. Proving that the concrete events correctly refine their abstraction
is easily done and left to the reader. But we have some problems with proving that they maintain the
new invariants. For example, here is the statement to be proved (after some simplification) concerning the
preservation of invariant inv2_4 by event ML_out:

a! N
i_tl=1% a=0 ( 0<d
mi_tl =1

$
itl=1% a+1=0 ( 0<b

This statement cannot be proved when ¢/_t[ is green (1). Likewise the following statement concerning the
preservation of invariant inv2_3 by event IL_out cannot be proved when mi_tl is green (1):

c! N

mi_tl=1% ¢c=0( a+b<d
il tl=1

$

mli_tl=1% c+1=0( a+b#1<d

What these failures show is that both lights cannot be green at the same time, on obvious fact, which we
have forgotten to state. We thus now introduce it as an extra invariant:

11



inv2.5: ml_tl=0 & il_tl=0

But this new invariant has to be preserved and this is clearly not the case with the proposed new events
ML_tl_green and IL_tI_green unless we correct them by turning to red the other traffic light, yielding:

ML_tl_green IL_tl_green
when when
mi_tl =20 il_tl=0
a+b<d 0<bd
c=0 a=0
then then
ml_tl =1 il tl:=1
i_tl:=0 mi_tl:=0
end end

When trying to prove the preservation of invariant inv2_3 by event ML_out, we are again in trouble. Here
is the corresponding (simplified) statement to prove:

mi_tl=19% ¢c=0 ( a+b<d
mi_tl =1

$

mi_tl=1% ¢c=0 ( a+l+b<d

As can be seen, this statement cannot be proved when a + 1 + b is equal to d unless ml_tl is set to red (0).
In fact, when a + 1 + b is equal to d, it means that the entering car is the last one allowed to enter at this
stage because more cars would violate requirement FUN_3, which says that there are no more than d cars
in the island and bridge. This indicates that event ML_out has to be split into two events (both refining
their abstraction however) as follows:

ML_out_1 ML_out 2
when

when
ml_tl =1 ml_tl=1
-_— 7 then

then o

o 1 a=a+1

g'_a+ mi_tl ;=0

en end

Likewise, invariant inv2_4 cannot be maintained by event IL_out when b is equal to 1. In this case the last
car is leaving the island. As a consequence the island traffic light has to turn red. Here is the simplified
statement which has to be proved:

$ a=0( 0<b

itl=1$% a=0 ( 0<b#1
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As for event ML_out, we have to split event IL_out as follows:

IL_out_1 'L—Oﬁ”—z
when when
it =1 =1
thelr)n): 1 then
bye:=b# 1,c+1 be:=b# 1,c+1
d i _tl:=0
en end

No divergence of new events We have now to prove that the new events cannot diverge for ever. For
this, we must exhibit a certain variant that must be decreased by the new events. In fact, it turns out to
be impossible. For instance, when a and c are both 0, meaning that there is no car on the bridge in either
direction then the traffic lights could freely change color for ever as one can figure out by looking at the
new events ML_tl_green and IL_tI_green:

ML_tl_green IL_tl_green
when when
mi_tl =0 i_tl=0
a+b<d 0<bd
c=10 a=0
then then
mi_tl =1 i tl=1
i_tl:=0 mi_tl :=0
end end

What could then happen is that the light colors are changing so rapidly that the drivers can never pass. We
have to make the color changing in a more disciplined way, that is only when some car has passed in the
other direction. For this we introduce two more variables ml_pass and il_pass. Each of them can take
two values 0 and 1. When ml_pass is equal to 1 it means that one car at least has passed on the bridge
going to the island since mainland traffic light last turned green, and similarly when il_pass is equal to 1.
These variables are formalized in the following invariants:

inv2_ 6: ml_pass ! {0,1}

inv2_7: il_pass ! {0,1}

We must now modify events ML_out_1, ML_out_2, IL_out_1, and IL_out_2 to make mi_pass or
1l_pass to 1 since a car has passed in the proper direction.

13



IL_out_2
ML_out_1 ML_out_2 IL_out_1 when
when when when PR
mi_tl =1 mi_tl =1 il tl =1 o
at+b+1¥d ha+b+1=d by 1 o
then then then w1
=a+1 a:=a+1 b:=b#1 = i
a.l—a — ml_tl =0 ¢ =cH+1 Ql.;l?_o
% ml_pass = ]_ il_paSS e 1 7/ - = 0
end d  — il_pass :=1
end end w_pass -= -
end

But we must also modify event ML_tl_green and IL_tl_green to reset mi_pass and il_pass and also
add in their guards the conditions il_pass = 1 and ml_pass = 1 respectively in order to be sure that
indeed a car has passed in the other direction. This yields the following:

ML_tl_green IL_tl_green
when when
mi_tl =0 i_tl=0
a+b<d 0<b
c=0 a=0
il_pass =1 ml_pass =1
then then
mil_tl =1 il _tl:=1
i _tl:=0 mi_tl =0
ml_pass :=0 il_pass :=0
end end

Having done all that, we can now state what is to be proved in order to guarantee that there is no divergence
of the new events. The variant we can exhibit is the following:

variant_2 : ml_pass + il_pass

And the statements to be proved are the following:

mi_tl =0 i _tl=0
at+b<d b>0
c=0 a=0
il_pass =1 ml_pass =1
$ $
il_pass < ml_pass + il_pass ml_pass < ml_pass + il_pass

At this point we figure out that it cannot be proved unless mi_pass = 1 in the first case and il_pass = 1
in the second one. We have two solutions: either to strengthen the guards of events ML_tl_green and
IL_tl_green (adding to them the extra guards mi_pass = 1 and il_pass = 1 respectively) or adding
some extra invariants. The first solution seems to be the more economical one, yielding:
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ML_tl_green
when
mil_tl =0
a+b<d
c=0
il_pass =1
ml_pass =1
then
ml_tl =1
il_tl:=0
ml_pass := 0
end

No Deadlock It remains now to prove that we have no deadlock. The statement to prove is then the
disjunction of the various guards with some simplified assumption (we do not need all invariants):

IL_tl_green
when
W_tl=0
0<b
a=0
ml_pass =1
il_pass =1
then
il tl:=1
mi_tl :=0
il_pass :=0
end

d! N
0<d
mi_tl ! {0,1}
d_tl ! {0,1}

ml_pass ! {0,1}
il_pass ! {0,1}

I
—_ O

0( a+tb<d( ¢=0( mlpass=1 ( il_pass=1) &
(a=0( b>0( mipass=1( il_pass=1) &

This statement can be simplified to the following:
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(b<d ( ml_pass
(b>0 ( ml_pass

1
1

( il_pass=1) &
( il_pass=1)

Unfortunately, this statement cannot be proved unless we add the following two extra invariants:
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inv2.8: mi_tl=09% mi_pass=1

inv2. 9: i tl=0% il_pass=1

As a consequence, we can now remove the guards mi_pass = 1 and il_pass = 1 in events ML_tl_green
and IL_tl_green since they are implied by the guards ml_tl = 0 and il_tl = 0. We figure out that our
choice of strengthening the guard of these events was the wrong one. We should have added the two
invariants. It remains for us to prove that the two new invariants inv2_8 and inv2_9 are indeed preserved
by all events. We leave this as an exercise to the reader.

Conclusion of the Second Refinement. During this refinement, we have seen again how the proofs (or
rather the failures of the proofs) have helped us correct our mistake or enlarge our model. If fact, we
discovered 4 errors, we introduced several extra invariants, we corrected four events, and we introduced
two more variables.

3 Third Refinement: Introducing Car Sensors

Let us consider the events ML_out_1, ML_out_2, IL_out_1, IL_out_2, ML_in, and IL_in:

IL_out_2
ML_out_1 ML_out_2 IL_out_1 when
when when when it =1
ml =1 mi_tl =1 i_tl=1 b= 1
a+b+1)xd atb+l=d by 1 then
then then
then b:=0b#1
—at1 a:=a+1 b:=0#1 cim et
@:=a o ml_tl =0 ci=c+1 o
ml_pass := 1 . i _tl:=0
ml_pass =1 tl_pass =1 . o
end il_pass =1
end end
end
ML_in IL_in
when
when
0<a
O0<ec
then
then
co—c# 1 a:=a# 1
end. b:=b+1
end

We can observe these events happening in the real world, but it is now important to have the controller
being aware of them. For this, we introduce in this refinement some sensors able to communicate these
transitions to the controllers, namely the passing of cars from the mainland to the bridge and vice-versa
and from the bridge to the island and vice-versa. For doing this, we put four such sensors at both ends of
the bridge as indicated on the following figure:
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A sensor can be in one of two states: either on or off. It is on when a car is “on” it, off otherwise.

As a consequence, we shall enlarge our state with four variables corresponding to each sensor state:
ml_out_sr, ml_in_sr, il_out_sr, and ¢l_in_sr. They are defiined in invariants inv3_1 to inv3_4:

constants : d

variables : a,b,c, inv3_1: mli_out_sr ! {0,1}
ml_tl,il_tl inv3_2: mli_in_sr ! {0,1}
ml_pass,il_pass inv3_3: il_out_sr ! {0,1}
ml_out_sr, mi_in_sr, inv3_4: il_in_sr ! {0,1}

il_out_sr,il_in_sr

We also clearly have the new invariants stating that when the state ¢/_in_sr is 1, then a is positive. In
other words, there is at least one car on the bridge, namely the one that sits on the sensor il_in_sr. We
have similar invariants for ¢/_out_sr and ml_in_sr, yielding:

inv3 5: i insr=1% a>0
inv3 6: i _outsr=1% b>0

inv3 7: mliinsr=19% ¢>0

3.1 Refining abstract events.

It is now easy to proceed with the refinement of abstract events. This is done in a straightforward fashion
as follows:
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ML_out_1
when
ml_tl=1
a+b+1¥d

ml_out_sr =1
then

a:=a+1

mi_pass =1

ml_out_sr :=0
end

ML_out_2
when
mil_tl =1
a+b+1=d

ml_out_sr =1
then

a:=a+1

mi_tl:=0

ml_pass =1

ml_out_sr :=0
end

IL_out_1
when
il_tl=1
b¥1
il_out_sr =1
then

b:=0b#1
c:=c+1
il_pass =1

il_out_sr:=0
end

IL_out_2

when
i_tl=1
b=1
il_out_sr=1

then
b:=b#1
c:=c+1
i_tl:=0
il_pass :=1
il_out_sr:=0

end

ML_in
when
ml_in_sr =1
then
ci=c# 1
ml_in_sr :=0
end

IL_in

when
il_in_sr=1

then
a:=a#l
b:=b+1
i_in_sr =0

end

ML_tl_green
when
ml_tl =0
a+b<d
c=0
il_pass =1

ml_out_sr =1

then
ml_tl =1
il_tl:=0
ml_pass :=0
end

IL_tl_green
when
i_tl=0
a=0
ml_pass =1
il_out_sr =1
then
il tl:=1
mi_tl:=0
tl_pass :=0
end

As can be seen, we have added the guards ml_out_sr = 1 and il_out_sr = 1 to the events ML_tl_green
and IL_tl_green since there is no point in turning a traffic light to green when there is no car willing to
pass. Note that this is a design decision as opposed to a requirement.

3.2 Correct Refinement

Proving that the previous events refine their abstract counterparts is left as an exercise to the reader.

3.3 Adding New Events

We now add four new events corresponding to cars arriving on the various sensors:

ML_out_arr
when
ml_out_sr =0
then
ml_out_sr :=1
end

ML_in_arr
when
mil_in_sr =0
c>0
then
ml_in_sr:=1
end

IL_in_arr
when
i_in_sr =0
a>0
then
il_in_sr =1
end

IL_out_arr
when
il_out_sr =0
b>0
then
il_out_sr:=1
end
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3.4 Refinement of new events.

The new events clearly refine skip as they do not work with old variables. We leave it to the reader to
prove that they preserve the new invariants.

3.5 No divergence of new events.

We have to exhibit a variant which is decremented by all new events. Here it is:

variant_3: 4# (ml_out_sr + ml_in_sr + il_out_sr + il_in_sr)

We leave it as an exercise to the reader to prove that this variant is decreased by the new events.

3.6 No Deadlock

Again, we leave it to the reader to prove that this third refinement does not deadlock.

3.7 Conclusion of the Third Refinement

The final structure of the system is shown on the following figure:

ml_in_01

miin_10 I————

ml out 01 Constant: d

ml_out_10 B———| Variables: a, b, c,
il_in_01 il_pass, ml_pass
ilGn 10 Il— ml_in_sr, ml_out_sr,
il_out_01 il_in_sr, il_out_sr
Out_O1 oy

il_out_10 12 Events

As can be seen, we now have one constant, nine variables, eight input wires, two output wires and twelve
events.

4 Example with Decomposition: The Two-phase Handshake Protocol

Our next example is a presentation of the very classical two-phase handshake protocol. This protocol is
supposed to transfer a file from one agent, the Sender, to another one, the Receiver. These agents are
supposed to reside on different sites, so that the transfer is not made by a simple copy of the file, it is
rather realized gradually by two distinct programs exchanging various kinds of messages on a network.
Such programs are working with different contexts and on different machines: the overall protocol is
indeed a distributed program.
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4.1 Protocol Initial Specification

What we are going to develop here is not directly the distributed program in question. We are rather
going to construct a model of its distributed execution. In the context of this model, the file to transfer is
formalized by means of a constant total function f from the interval 1 to n to some set D (where n is a
constant positive natural number). The file f is supposed to “reside” at the Sender’s site. At the end of this
protocol execution, we want the file f to be copied without loss nor duplication on the Receiver’s site.

carrier sets: D

prp0_1: n ! Ny
constants: n, f inv0_1: g! 1..n*~ D
prp0_2: f! 1..n* D

variables: ¢

The very global transfer action of the protocol can be abstracted by means of a single event called trm
as follows:

trm %+ begin g := f end

This event does not “exist” by itself. In other words, it is not part of the protocol: it is just a time
snapshot that we would like hopefully to observe. In the “reality”, the transfer of the file f is not done
in one shot, it is made gradually. But, at this very initial stage of our approach, we are not interested in
this. In other words, as an abstraction, and regardless of what will happen in the details of the distributed
execution of the protocol, its final action must result in the possibility to observe that the file f has indeed
been copied in the file g.

It should be noted that, at this point, we are not comitted with any particular protocol: this specification
is thus, in a sense, the most general one corresponding to a given class, namely that of file transfers.
Some more sophisticated specifications could have been proposed, in which the file might have only been
partially transfered.

4.2 Protocol First Refinement

We are now going to refine the file transfer done in one shot by the previous abstract event trm acting
“magically” on the Receiver’s side. For this, we have a number of concrete events corresponding to the
various phases of the protocol. They are aiming at transfering the file piece by piece. Of course, the
abstract event trm should not disappear: it will have a concrete counterpart in which the same observation
as in the abstraction must be possible.

These phases are informally behaving as follows: the Sender has a local counter, s, which records the
“index” of the next datum to be sent to the Receiver (initially, s is set to 1). When a transmission does
occur, the data item d, which is equal to f(s), is sent to the Receiver, the counter s is incremented, and
the new value of s is also sent together with d to the Receiver (event snd). Notice that the Sender does
not immediately send the next item. It waits until it receives an acknowledgement from the Receiver. This
acknowledgement, as we shall see, will also take the form of a counter.
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The Receiver is also supposed to have its own local counter, r, initially set to 1. When receiving a
pair “index-datum”, the Receiver compares the received counter with r and accepts the datum if the
counter it receives is different from r (event rcv). In this case, r is incremented and then sent back as an
acknowledgment. When the Sender receives a number r which is equal to its own counter s, it consider
that the acknowledgement is effective and proceeds with the next item, and so on.

The Sender and the Receiver are thus connected by means of two channels as indicated in the previous
figure: the data channel and the acknowledgement channel. The state variables are declared as follows:

carrier sets: D
invi_1: s! 1..n+1 invi_3: s! r..r+1
constants: n, f
invi.2: ! 1.n+1 invli 4: g=1..r#1af
variables: g¢,s,r,d

Invariants inv1_1 and inv1_2 correspond to the declarations of s and r. Invariant inv1_3 states that
the counter s is at most one more than the counter 7. This invariant is the key of the protocol, since it will
allow us to replace in a subsequent refinement s and r by their parities. Invariant inv1_4 states that the
result file corresponds exactly to the r # 1 first elements of the original file f. It remains now for us to
formalize the channels. For the moment (in this refinement) the data channel contains the counter s of the
Sender and also some data item d. As the counter s has already been formalized,we only have to define
the invariants corresponding to d, formally:

invl.5: d! D

invli 6: skr $ d=f(s#1)

Invariant inv1_6 states that the transmitted data d is exactly the (s # 1)th element of the input file f
when s is different from 7. The Acknowledgment channel just contains the counter r of the Receiver. Next
are the various events. They encode the informal behavior of the protocol as described above:
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1
snd & rcv £ trm £
when
when when
ST s¥ET s=r
sEn+1 then s=n+1
then
. g(r):=d then
d:= f(s) ri=r+1 ski
s:=s+1 ’ P
end end
end

4.3 Protocol Second Refinement

In this refinement, we shall give the final implementation of the two-phase handshake protocol. The idea
is to observe that it is not necessary to transmit the entire counters s and r through the data and acknowl-
edgment channels. This is so for three reasons: (1) the only tests made on both sites are equality tests
(s = rors ¥ r), as can be seen in the events defined at the end of the previous section), (2) the only
modifications of the counters are simple increments (again, this can be seen in the events defined in the
previous section), and (3) the difference between s and r is at most 1 (look at invariant inv1_3). As a
consequence, these equality tests can be performed on the parities of these pointers only. These are thus
the quantities we are going to tranfer between the sites. Here are a few obvious definitions concerning the
parities of natural numbers

prp2_1: parity ' N* {0,1}
prp2_2: parity(0) =0

prp2_3: ,z8z! N $ parity(z+ 1) = 1# parity(x))

It is then easy to prove the following result, which we are going to exploit. It says that the comparison
of two natural numbers is identical to the comparison of their parities when the difference between these
two numbers is at most one.

thm2_1: ,z,y8z! N ( y! N( 2! y..y+1 ( parity(x) = parity(y) $ x=y)

We introduce two new variables p and ¢ defined to be the parities of s and 7 respectively:

carrier sets: D
inv2_1: p = parity(s)
constants: n, f, parity
inv2_2: q = parity(r)

variables: ¢,s,7,d,p,q

The refined events are as follows:
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snd + N
when rC\;thn trm £
p=q . when
sEn+1 b= pP=q
then
then s=n+1
d:= f(s) g(r) :=d then
5::s+1 ri=r4l skip
pézl#p q:=1%#q end
end end

It can be seen that each counter s or 7 is now used on one site only. So the only data transmitted from
one site to the other are d and p from the Sender to the Receiver and ¢ from the Receiver to the Sender.
We can also observe that the event trm does not do anything any more (although it refines its abstraction).
In fact, the transfer is now entirely made by the two other events. The validation of this little development
requires 19 proofs among which 4 had to be done interactively (easily).

4.4 Decomposition

Before decomposing, let us rename the two events snd and rcv as follows:

snd ~> send_data

rcv ~ send_ack

Our last refinement is now decomposed into two models called: Sender and Receiver.

The Sender has internal variable s and external variable d, p, and q.

carrier sets: D invS_ 0.1: s! 1..n+1
constants: n, f prpS0_1: n ! N invS_ 02: d!' D
internal variables: s prpSO0_2: f! 1..n* D invS_0.3: p! {0,1}
external variables: d,p,q invS_0_4: ¢! {0,1}

The internal event of Sender is send_data and its external event is called receive_ack.

send_data

Wl;ei q receive_ack +
syl when

then P74

then

d:= f(s) 4001
s:=s+1 en(ql“{’}
p:=1#p

end
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The Receiver has internal variable g and r and external variable d, p, and q.

invT 0_1: g! N*D

carrier sets: D invlT_0_2: » ! {0,1}
internal variables: g¢,r invT_03: d! D
external variables: d,p,q invT_0_4: p! {0,1}

invT_0.5: ¢! {0,1}

The internal event of Receiver is send_ack and its external event is called receive_data.

Se:viEﬁCk E receive_data +
PEq when
then thfn_ q
g(r) =d d' D
r.=r+1 | (0,1}
q:=1#q b ’
end end

Sender
send_data *

when

p=4q

sEn+1
then

d:= f(s)

s:=s+1

p:=1#p
end

receive_ack +
when

PFQq
then

q:! {0,1}
end
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Putting the two models next to each other shows the communication between them.

Receiver

receive_data +
when
p=q
then
d:!! D
p:! {0,1}
end

send_ack *
when

then
g(r):=d
r:=r-+1
qg:=1%#¢q
end




In order to prove that the decomposition is correct, we have then to prove that the external event re-
ceive_ack of Sender is an abstraction of the internal event send_ack of Receiver. And symetrically, we
have to prove that external event receive_data of Receiver is an abstraction of internal event send_data
of Sender. Such proofs are easy.

S Example with Instantiation

In this example, we are going to perform three developments. The second will use an instantiation of
the first one. Then we shall refine the result of this instantiation. And the third development will use an
instantiation of the second one.

5.1 First Development
Initial Model of First Development

We are given a carrier set A and two constant subsets I and S of it. Moreover, the intersection of W and
S is supposed to be non-empty. We are asked to provide any element z of W 0 S. Here is the formalization
of this problem.

carrier sets: A prp_D1_0_1: W1A
constants: W, S prp_D1_0_2: S1 A inv_D1.0_1: =z ! A
variables: =z prp_D1_0.3: WO0S¥Eo
init £ find +
begin begin
z:! A z:! WOS
end end

First Refinement of First Development

In this refinement, we introduce a second variable V. It is a subset of W and its intersection with .S’ is
supposed to be non-empty. V' is equal to W initially.

carrier sets: A
inv_D1_1_1: V1 W
constants: W, S
inv_D1.12: VOSXo

variables: z,V
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We introduce a new event remove. Given two distinct elements a and b of V' such that either ¢ is in S
or b is not in .S, then the action of remove consists in removing b from V. Intuitively, if a is in S, then
removing b form V' does not break the invariant V' 0 S }= @ (a still is in V' 0 .S). And if b is not in .S, we
can remove it from V' whatever the status of A. We leave the complete formal proof of this refinement as
an exercise to the reader.

remove +
any a,b where find £
init al 'V any y where
begin bl Vv y!' v
z:l A a¥b V ={y}
V=W (a! S &DbYS) then
end then =y
V:=V\{b} end
end

5.2 Second Development

Initial Model of Second Development

We are given a carrier set B and two constants r and U. The constant r is supposed to be a binary relation
built on B. This relation is a well order: it is a partial order (properties prp_D2_0_2 to prp_D2_0_4),
such that any non-empty subset V' of B has a smallest element with respect to r (property prp_D2_0_5).
The constant U is a non-empty subset of B. We are asked to find the smallest element = of U.

prp_D2_0_1: r! B2 B
prp_D2_0_2: id(B)1 r

prp_.D2_0_3: 707711 id(B)

carrier sets: B prp_D2.0._4: rsrd v
) V1B %
constants: r,U Vo &
pro_D2_0_5: ,V é§$
variables: = Waly! V ( V1r{y}])
prp_D2_0_6: U1l B
prp_D2 0.7: Uk o
inv_D2_0_1: z! B
init 4 find 4
begin begin
z:! B z:| (z! U (UL r{a}])
end end
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First Refinement of Second Development

We instantiate the first development by giving values to the parameters A, W, and S in it. These values

are defined as follows in terms of the carrier set B and constants r and U of the second development:

And we now have to prove the three properties prp_D1_0_1, prp_D1_0_2, prp_D1_0_3 after instanti-
ating them as above, namely

The first one is exactly prp_D2_0_6, the second is obvious, and the third is a direct consequence of
prp_D2_0_5 by instantiating V' with U. We now have to prove that event find in the second development
is refined by instantiated event find in the first development. This yields the following which trivially

holds:

T

A=18B

W =U

S ={z|z! B( U1 r{z}]}

U1l B

{z]z! B( U1r[{z}]} 1B

UO{zlz! B(ULr|{z}]} ¥ o

PUOA{zlz! B(U1 r[{z}]}$ ! U (U 1r{a}]

As a consequence, we get for free the instantiated refinement of the first development:

carrier sets:
constants:

variables:

B
r, U

z,V

init +
begin
z:! B
V.=U
end

inv_D2_1_1:

inv.D2_1.2: {z|z! B( UL1r[{z}]} 0OV } @

U1l r{{a}]} & U)Lr[{b}]

remove *+
any a,b where
a! 'V
bV
a¥b
then
V=V \{b}
end

find +
any y where
y!' v
vV ={y}
then
Ti=y
end
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Second Refinement of Second Development

We now refine remove by strengthening its guard. We also split remove in two events as follows:

remove_1 & remove_2 +

any a,b where any a,b where

al 'V al V

b!''Vv bl Vv

a¥b a¥b

at*b ! r b+*a ! r
then then

V=V \{b} V=V\{d}
end end

Third Refinement of Second Development

As an extra data-refinement, we introduce a constant n, which is a natural number, and a bijective function
F from the interval 0 .. n to the set U. We replace the variable V' by two natural numbers ¢, initialised to
0, and 7, initialised to n, both belonging to the interval 0 .. n. The gluing invariant inv_D2_3_3 stipulates

that V' is the image of the interval ¢ .. j under F'.

prp_D2_3_1: n! N

carrier sets: B prp_D2.3.2: F! 0..n—»U

constants: 7, U,n, I inv_D2 3 1: ¢! 0..n

variables: x,i,7j inv_D2_32: j! 0..n
inv_D2_3_3: V = F[i..j]

5.3 Third Development

Initial Model of Third Development

L L
init & remove_1 + remove_2 + find £
begin When . When . when
T ] B 1 ): ] 1 ): ] Z :]
C F)y+*F() ! r F(jH+F@E) ! r
1:=0 then
ji=n then then v = F(i)
T ji=7#1 i:=i+1 T
end end end end

In this development, we are given two constants: a natural number p and an injective function H from the
interval 0 .. p to the set of natural numbers. And we are asked to find the minimum z of the range of H.
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prp_D3_0_1: p! N
constants: p, H
prp.D3 0 2: H! 0..p—N
variables: =z

inv_D3_0_1: 2! N

init find +
begin begin
z:! N 2 := min(ran(H))
end end

First Refinement of Third Development

We instantiate the second development giving values to the parameters B, r, U,n, and F' in it. These
values are defined as follows in terms of the constants p and H of the third development:

N

B =
R={a+bla! N(b! N( a" b}
U:

ran(H)
n=mp
F=H

And we have to prove the seven properties prp_D2_0_1 to prp_D2_0_7 and the two proerties prp_D2_3_1
and prp_D2_3_2 after instantiating them. This can be done easily. We now have to prove that the instan-
tiated event find of the initial model of second development is a refinement of event find of the initial
model of the third development. This yields the following, which holds trivially:

z ! ran(H) ( ,y&(y! ran(H) $ z" y) $ 2= min(ran(H))

As a consequence, we obtain for free the instantiation of the third refinement of the second development,
that is

constants: p, H inv_.D3 1.1: 2! 0..n

variables: x,i,7j inv_D3_1.2: 5! 0..n
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init & remove_1 & remove_2 *+
begin when when
z:! N Z):.].. . Z)::] " )
P 0 H(i)" H(j) H(j)" H(i)
ji=n thgn 1 thgn "
7= 1:=1
end end end

From these events, we can easily construct the following piece of code:

i, j = 0,n;
while i} j do
if HG)" H(j) then

ji=7#1
else
=1+ 1
end
end ;
x:= H(i)

30

find +
when
1=
then

x = H(3)
end
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Event-B: Mathematical Language

1 Introduction

This document contains the definition of the MathematicalLanguaje we are going to use in Event-B.
It is made of four sections introducing successively the Proposition Language (section 3), the Predicate
Language (section 4), the Set-theoretic Language (section 5), and the Arithmetic Language (section 6).
Each of these languages will be presented as an extension of the previous one. Before introducing these
languages however, we shall give a brief summary of the Sequent Calculus (section 2).

2 Sequent Calculus

2.1 Definitions

(1) A sequents a generic name for “something we want to prove”. For the moment, this is just an infor-
mally defined notion, which we shall refine later. In what follows we shall use identifiers such as S1, S2,
etc. to denote sequents. The important thing to note at this point is that we can associate a proof with a
sequent. For the moment, we do not know what a proof is however. It will only be defined at the end of
this section.

(2) An inferencerule is a device used to construct proofs of sequents. It is made of two parts: the an-
tecedenpart and the consequengtart. The antecedent denotes a finite set of sequents while the consequent
denotes a single sequent. The inference rule, named r with antecendent A and consequent C is usually
written as follows:

ol

It is to be read:

Rule r yields a proof of sequent C as soon as we have proofs of each sequent of A

Note that the antecedent A might be empty. In this case, the inference rule, named say X, is written as
follows:

And it is to be read:



Rule x yields a proof of sequent C

(3) A Theoryis a set of inference rules.

(4) It is now possible to give the definition of the proofof a sequentvithin a theory 7. It is simply a finite
tree with certain contraints. The nodes of such a tree have two components: a sequent S and a rule r of the
theory 7. Here are the constraints for each node of the form S +— r: the consequent of the rule r is S, and
the sons of this node are nodes whose sequents are exactly all the sequents of the antecedent of rule r. As
a consequence, the leaves of the tree contain rules with no antecedent. Moreover, the top node of the tree
contains the sequent we want to prove. As an example, let 7 be the following theory:

s7 S2 S3 sS4 S5 S6
rl o r2 27 r3 === rd o r5S g r6 o r7
Here is a proof of the sequent S1:
S1
r3
7N
S2 S3 S4
rl rS r2
' !
S5 S6 S7
r4 ré r7

As can be seen, the root of the tree has sequent S1 which we want to prove. And it is easy to check
that each node, say node S3 — r$5, is indeed such that the consequent of its rule rS5 is the sequent S3.
Moreover, we can check that the sequents of the son nodes of node S3 — r5, namely, S5 and S6, are
exactly the sequents forming the antecedents of rule r5. This tree can be given another more vertical form,
which is the following, and which we shall adopt in the sequel:

S1 r3
S2 rl
S3 rs

S5 r4
S6 ré
S4 r2
ST r7

2.2 Sequents for a Mathematical Language

We now refine our notion of sequent in order to define the way we shall make proofs with our Mathemat-
ical Language. Such a language contains constructs called PredicatesFor the moment this is all that we
know about our Mathematical Language. Within this framework, a sequent has the following form:

HEG




where H is a finite set of predicates called the hypothesesind where G is a predicate called the goal. Note
that the finite set of hypotheses H might be empty. This sequent is to be read as follows:

Under the hypotheses of the set H, prove the goal G

This is the sort of sequent we want to prove. It is also the sort of sequent we shall have in the theories
associated with our Mathematical Language.

2.3 Initial Theory

We now have enough elements at our disposal to define the first rules of our proving theory. Note again
that we still don’t know what a predicate is. We just know that predicates are constructs we shall be able
to define within our future Mathematical Language. We start with three basic rules which we first state
informally. They are called HYP, MON, and CUT.

HYP: If the goal P of a sequent belongs to the set of hypotheses H of this sequent, then it is proved.
MON: Once a sequent is proved, any sequent with the same goal and more hypotheses is also proved.

CUT: If you succeed in proving a predicate P under a set of hypotheses H, then P can be added to the set
of hypotheses H for proving a goal Q.

These rules can be encoded as follows:

HF Q HFP HPFQ
HYP ———— MON ——— CUT
H P + P H P  Q HF Q

The previous theory can be given a more convenient tabular form, which we shall adopt in what follows.
We name it 70:

Antecedents | Consequent
HYP HP F P
70
MON | H - Q HP FQ
CUT H P H +
H P F Q Q

Note that in the previous rules, the letter H, P and Q are, so-called, meta-variablesThe letter H is a meta-
variable standing for a finite set of predicates, whereas the letter P and Q are meta-variables standing for
predicates. Clearly then, each of the previous “rules” stands for more than just one rule: it is better to call
it a rule schemaor a generic rule. This will always be the case in what follows.



3 The Proposition Language

In this section we present a first simple version of our Mathematical Language, it is called the Proposition
Language. It will be later refined to more complete versions.

3.1 Syntax

Our first version is built around three constructs called conjunction implication and negation Given two
predicates P and Q, we can construct their conjunction P A Q and their implication P = Q. And given a
predicate P, we can construct its negation — P. This can be formalized by means of the following syntax:

predicate ::= - predicate
predicate A predicate Syl
predicate = predicate

This syntax is clearly ambiguous, but we do not care about it at this stage. This will be studied and solved
in another companion document named Event-B:Syntaxof the Mathematical Language. In what follows,
in order to avoid ambiguities, we shall provide as many pairs of parentheses as needed.

3.2 Enlarging the Initial Theory

The initial theory 770 given in section 2.3 is enlarged with the following inference rules forming the
Theory 7 1:

Antecedents Consequent
H+ P
R1| | o HEPAQ

R2| HFPAQ | HLFP

R3I|HFPAQ | HFQ

T1
R4 | HP F Q H+ P=0Q

RS|HFP=Q | HP F Q

H, -Q F
RO |y -Q r

H Q F
RTTHQ F




As can be seen, rules R1, R2, and R3 are used to eliminate or introduce the A operator. Rules R4 and
RS are used to eliminate or introduce the = operator. And rules R6 and R7 are used to do proofs by
contradiction.

3.3 Replacing the Previous Theory

The previous Theory 71 is very natural and clearly in full accordance with our intuitive understanding of
conjunction, implication and negation. But it suffers a very important drawback: it is not very convenient
to use it to construct practical proofs because it offers too many possibilities.

We shall then propose another Theory called S1. Theory S1 can be constructed systematically from
Theory 71 but we shall not do this construction here. Theory S1 is certainly far less natural than Theory
71, but it offers the great advantage over Theory 7 1 to be almost deterministic. Almost only, but, at the
end of this section, we shall indicate a certain way of using it which makes it completely deterministic: it
means that at each step of the proof tree construction we shall have only one possibility of choosing an
applicable inference rule or no possibility at all in case of failure.

In fact, Theory S1 defines a, so-called, proof procedue for the simple Proposition Language so far de-
fined. It can be easily mechanized. But before doing this, we have to extend our proposition Language
with one predicate: _L. This predicate is just used in this theory. In other words, users of the Mathematical
Language are not allowed to use it. Here is Theory S1:

Antecedents Consequent
INI  HF =R = 1L HFR
AXM H, P, -P FR
HF-Q =R
ANDL | 5 T o HF-(P AQ) =R
AND2 HFP = (Q=R) |[HF (P AQ) =R S1

IMP1 HFP = (-Q=R)|HF =-(P = Q) =R

H F = R
IMP2H|_9F,:>R HF (P =0Q) =R
NEG HFP =R HF --P = R
DED |[H, P F R HEP =R

This theory has to be used with a, so-called, tactic telling us in which order the rules have to be applied.
Here is the tactic, where RULES is one of AXM, IMP1, IMP2, AND1, AND2, NEG:



INI ; (RULES' ; DED)'

This tactic has to be read as follows: First use rule INI once. Then start the following process: use any
rule in RULES as long as it is possible, then use DED once, and finally re-start this process.

3.4 Example

Here is an example of using the previous proof procedure. It is used to prove the following sequent:

FA=B)= (AAC)= (B AC))

Proof
FA=B)=(AAC)= (B ACQC)) INI
F-(A=B)= (AANC)= (B AC))= L IMP1
FA=B)=(-(AANC)= (B AC))= 1) IMP2
FB=(-(AAC)=(BAC)= 1) DED
BF-(AAC)= B AC)= L IMP1
BFAAC) =(-HBAC)= 1) AND2
BFA=(C=-BAC)= 1)) DED
BAFC=(-BAC)= 1) DED
B,ACF-BAC)= L AND1
B,ACF-C= L DED
B,A,C,-C F L AXM
B,ACF-B= 1 DED
B,A,C,—-B L AXM
F-A=(+-({(AANC)= B AC)= 1) DED
-AF-(AANC)= B AC))= L IMP1
~-AFAAC)=(-B AC)= 1) AND2
-AFA=(C=(-(BAC)= 1)) DED
“-AAFC=(-BAC)= 1) AXM

As can be seen, this proof procedure must be mechanized: there is no point in doing such a proof manually.

3.5 Methodology

The method we are going to use to build our Mathematical Language will be very systematic. It consists
of subsequently augmenting our syntax, and correlatively augmenting our available inference rules. At
each step of the construction, we shall have a natural Theory 7; and a corresponding practical Theory &;
which is derived from 7.

We shall use two different approaches for extending our language. Either the extension corresponds to
a simple facility. In other words, the new construct can entirely be defined in terms of existing ones. In
that case, we shall only augment the current practical Theory ;. Or the new construct is definitely new
and not related to any previous construct. In that case, we shall proceed differently. We first augment the
current natural Theory 7; and then derive from it a corresponding augmentation of the current practical
Theory §;



3.6 Extending the Proposition Language

The Proposition Language is now extended by adding two more constructs called disjunctionand equiv-
alence Given two predicates P and Q, we can construct their disjunction P v Q and their equivalence
P < Q. We also add one predicate: T. As a consequence, our syntax is now the following, where we have
underlined the new constructs:

Such extensions are defined in terms of previous ones by mere rewriting rules:

predicate

= L
I
- predicate

predicate A predicate
predicate Vv predicate

predicate = predicate
predicate < predicate

Predicate Rewritten

T -1

P VvQ -P = Q

PeQ | P=QAQ=P)

Theory S1 can be extended with the following rules which can be established easily after applying the

previous rewriting rules:

Antecedents

Consequent

OR1

-P=(-Q=R)

HF -(PVQ) =R

OR2

HE- (PVQ) =R

EQV1

HE -(PeQ) =R

EQV2

HE PsQ) =R

S2



4 The Predicate Language

In this section, we introduce the Predicate Language. The syntax is extended with a number of new
kinds of predicates and also with the introduction of two new syntactic categories called expressionand
variable A variable is a simple identifier. Given a list of variables X made of distinct identifiers and a
predicate P, the construct VX-P is called a universally quantipedpredicate Given a list of variables X
made of distinct identifiers, a list of expressions E of the same size as that of X, and a predicate P, the
construct [X := E]P is called a substitutedoredicate An expression is either a variable, a substituted
expressionformed in exactly the same way as a substituted predicate, or else a pairedexpressiorE — F,
where E and F are two expressions. Note that substituted predicates and expressions are given here in
order to be able to define the inference rules of quantified predicates in section 4.5. In fact, such constructs
will never be used by users of the Mathematical Language. Here is this new syntax:

predicate := 1
T
- predicate
predicate A predicate
predicate Vv predicate
predicate = predicate
predicate < predicate
Yvar _list - predicate SY3
[var_list := exp_list] predicate

expression ::= variable
[var_list := exp_list] expresson
expresson — expresson

variable identifier

Note that we have not defined any syntactic structures for the two syntactic categories var_list and
exp_list. They simply respectively denote finite sequences of variables and finite sequences of expres-
sions.

4.1 Predicates and Expressions

It might be useful at this point to clearly identify the distinction between a predicate and an expression. A
predicate P is a piece of formal text which can be provedwhen embedded within a sequent as in:

- P

A predicate does not denote anything. This is not the case of an expression which always denotes an
object An expression cannot be “proved”. Hence predicate and expression are incompatible. Note that for
the moment the possible expressions we can define are quite limited. This will be considerably extended
in the Set-theoretic Language defined in section 5.

4.2 Substitutions and Quantified Predicates

A construct such as X := E, embedded into the predicate [X := E]P, where X is a list of variables, E
is a list of expressions of the same size as X, and P is a predicate, is called a substitution The construct



[x := E]P is a transformation of the predicate P obtained by replacing in P the free occurrencesof
the variables of the list X by the corresponding expression of the list E. In section 4.3, we shall formally
define what we mean by a free occurrence of a variable in a predicate or expression. And in section 4.4 we
define rules to be applied in order to systematically perform such a transformation. Similar substitutions
can be used in an expression.

A predicate such as VX -P, where X is a list of variables made of distinct identifiers and P is a predicate,
is called a universally quantipedpredicate The predicate P is the scopeof the variables in X in this
quantified predicate. The variables of X are said to be boundin P. Other variables having occurrences
in P which are not bound are said to be free Informally speaking for the moment, saying that such a
predicate is proved means that all predicates of the form [x := E]P are then also proved. This will be
formalized by two inference rules in section 4.5.

4.3 Free and Bound Variable Occurrences

The non-freeness of a list of variables in a formula can be calculated by means of a number of rules. These
rules are defined on the structure of our Predicate Language. More precisely, the rules give meaning to the
condition | nPnK , where | is a list of variables and K is a predicate or an expression. A construct such
as | nPnK is to be read “variables of the list | are not free (bound) in K ”.

In the following table, X and y are meta-variables standing for a variable, | is a meta-variable standing
for a list of variables, P and Q are meta-variables standing for a predicate, E and F are meta-variables
standing for an expression, L is a meta-variable standing for a list of expressions, and K is a meta-variable
standing for a predicate or an expression.

Non-freeness Condition
NF1| x nbny X and y are distinct
identifiers
NF2 | (I,y)nbnP | nbnP and y nbnP
NF3| (I, y)nbnE | nbnE and y nPnE

NF4| xnbn(P AQ)| xnbnP and xnbnQ| N1

NF5| xnbn(P = Q)| xnbnP and x nPnQ

NF6 | x nbn-P X nPnP

NF7 | x nbnvx -P

NF8 | x nbnvy-P X nbny and x nbnP




Non-freeness Condition

NF9 | xnbn(Vl,y-P) x nen(vl-vy-P)

NF10 | x nbn[x :=E]K X nbnE

NF11| xnbn[y:=E]K x nbny and x nPnE and x nbnK

NF12| xnbn[l,x:=L,EJK| xnbrl:=L]K and x nbnE NZF1 (cont’d)

NF13| xnbn[l,y:=L,EJK| xnbny and x nbrl :=L]JK and x nbnE

NF4 | x nbnl,y x nfin | and x nfin y
NF15| x nbnL, E xnfin L and x nfin E
NF16 | x nbn(E — F) X nPnE and x nbnF

4.4 Substitution Rules

Substituted predicates or expressions can be calculated by means of the following rules defined on the
structure of the Predicate Language. In this table, we use the same meta-variable conventions as in the
previous table.

Substitution Definition
SUBI1 | [x := E]x E
SUB2 | [x :=E]y y if x nbny

SUB1
SUB3| x :=E](PAQ) | [x:=E]P A [x:=E]Q

SUB4 | x:=E](P=Q)| x:=E]P = [x:=E]Q

SUB5 | [x :=E]=P - [x:=E]P

10



Substitution Definition
SUB6 | [x :=E]Vx-P Vx-P
SUB7 | [x:=E|Vy-P Vy-[x:=E]P
if ynbnx and ynPnE
SUB8 | [x:=E]|Vl,y-P | x:=E]VI-Vy-P
SUBY9 | x:=E|(F —G)| x:=E|F — [x:=E]G
SUB10 | [I,x :=L,E]JF [z:=E][l :=L][x:=2]F
if znbn(l,x) and z nbn(L,E,F)

SUB1 (cont’d)

The application of these rules makes it possible to completely eliminate substitutions. Note that it is always

possible to transform a quantified predicate such as ¥x - P into the following equivalent one Vy - [X :

y]P provided y is not free in P. This transformation is called a change of variables

4.5 Universally Quantified Predicate Inference Rules

We now enlarge the initial theory 71 of section 3.2 with the following specific rules for universally

quantified predicates:

Antecedents Consequent
x nPnQ foreach Q in H
RS HEPp HF vx-P
R9| HF ¥x-P HE [x:=E]P

4.6 Replacing the Previous Theory Extension

T2

As for the case of the Proposition Language in section 3.3, we can replace the extension of previous section
by this one which is more convenient to use for mechanizing the proof construction of our Predicate
Language. Here is this extension of the practical Theory 52:

11



Antecedents Consequent

if Xx nPnR and x nbnH
ALL1 HEF-(W-P)=R

HEF -P=R S3

ALL2 |[H + (Vl,y-P)=R HE (V-Vy-P)=R

INS |H, ¥x-P  [x:=E]P= L|H, ¥x-P L

This theory has to be used with the following tactic, where RULES is one of AXM, IMP1, IMP2, ANDI1,
AND2, NEG, OR1, OR2, ALL1, and ALL2:

INI; ((RULES' ; DED)';INS)'

4.7 Extending the Predicate Language: Existential Quantification

The Predicate Language is now extended by introducing existentialquantibcatiorof predicates. Given a
predicate P and a list of variables X, made of distinct identifiers, we can construct the predicate I3X-P.
The new syntax is thus now as follows:

predicate = L
=
— predicate
predicate A predicate
predicate Vv predicate
predicate = predicate
predicate < predicate
Yvar _list - predicate
Jvar_list - predicate
[var_list := exp_list] predicate

Sy4

expression ::= variable
[var_list := exp_list] expresson
expresson — expresson

variable = identifier

This extension is defined as follows by a rewriting rule in terms of the universally quantified predicate:

12



Predicate

Rewritten

ax - P

VX =P

The previous practical Theory S3 can then be extended as follows after applying the previous rewriting

rule:

Antecedents

Consequent

XST1|H  (¥x--P) =R

HF -3 -P)=R

54

XST2

if x nPnR and x nPnH

HEP=R

HE (3x-P)=R

4.8 Extending the Predicate Language: Equality

The Predicate Language is once again extended by adding a new predicate, the equalitypredcate Given
two expressions E and F, we define the following construct E = F . Here is the extension of our syntax:

predicate

variable

=1
=

- predicate

predicate A predicate
predicate Vv predicate
predicate = predicate
predicate < predicate
Yvar _list - predicate

Jvar_list - predicate

[var_list := exp_list] predicate
expresson = expresson

expression := variable
[var_list := exp_list] expresson
expresson — expresson

identifier

We extend in a similar manner the rules of non-freeness as follows:

13
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Non-freeness

Condition

NF2
NF17 | xnbn(E =F) X nPnE and x nPnF
We also extend the substitution rules as follows:
Substitution Definition
SUB2
SUB11 | [x:=C](D =E) | [x CID = [x:=C]E

The natural Theory 7 2 is extended with two inference rules for proving equality predicates:

Antecedents Consequent

HF E=F
R10 H - [x:=EJP HF [x:=F]JP 73
R11 HEF E=E

Finally, we extend accordingly our practical Theory S4:

Antecedents

Consequent

EQLI H - -(E=E)=R
LBZ1 |H,E =F, [x:=EJP + x:=FP= L|HE=F [x:=EP F L
LBZ2 |H,E =F, [x:=FP + x:=EJP= L|HE=F [x:=FP F L

5 The Set-theoretic Language

Our next language, the Set-theoretic Language is now presented as an extension to the previous Predicate

Language.

S5



5.1 Syntax

We introduce another predicate the membeship predicateand a new syntactic category: set Given an
expression E and a set S, the construct E € s is a membership predicate. We also enlarge the expression
syntactic category by adding that a set is an expression. Finally, we introduce the sets constructs. Given
two sets S and t, the construct S x t is a set called the Cartesianproductof s and t. Given a set S, the
construct IP(s) is a set called the powersetof s. Finally, given a list of variables x with distinct identifiers,
a predicate P, and an expression E, the construct {x - P |E} is called a setdePnedn compehension
Here is our new syntax:

predicate = 1
T
- predicate
predicate A predicate
predicate Vv predicate
predicate = predicate
predicate < predicate
V var_list - predicate
Jvar_list - predicate
[var_list := exp_list] predicate
expresson = expresson
expresson € set

SY6
expression ::= variable
[var_list := exp_list] expresson
expresson — expresson
set
variable ::= identifier
set = Set x set
P(set)
{var_list - predicate | expression }
variable
5.2 Non-freeness and Substitution Rules
We first enlarge the non-freeness set of rules by adding the following ones:
Non-freeness Condition
NF18 | x nPn(s x t) X nPns and x nbnt
NF3
NF19 | x nbnP(s) x nbns
NF20 | xnbn{l-P|E} | xnbn(Vl-P = E =E)

15



Likewise, we add the following rules to the substitution ones:

Substitution Definition
SUB12 | [x :=E](sxt) [x:=E]Js x [x:=E]t
SUB13 | [x := E ] P(s) P([x :=E]s)
SUB14 | [x :=E]{x-P|F} |{x-P|F}
SUB15 | [x:=E|{y-P|F} |{y-[x:=E]P|[x:=E]F}
if ynbnx and ynPnE
SUB16 | [x :==E]{l,x-P|F}[{l,x-P|F}
SUB17 | [x :=E]{l,y-P|F}|{lLy-[x:=EJP|[x:=E]F}
if x nPny and | nbnx and |,y nbnE

5.3 Inference Rules

SUB3 (cont’d)

The inference rules for the set-theoretic Language are given under the form of equivalences to various
set memberships. They are all defined in terms of rewriting rules. Note that the first of this rule defines
equality for sets. It is called the extensionality axiom.

Operator Predicate Rewritten
Set equality s=t seP(t) A teP(s)
Cartesian product E—Fesxt EesAFet
Power set E € P(s) VX-(x €eE = x€8)
if X nPnE and X nbns
Set comprehension Ee{x-P|F} - (P AN E=F)
if x nbnE

SET1

As a special case, set comprehension can sometimes be written { F | P }, which can be read as follows:
“the set of objects with shape F when P holds”. However, as you can see, the list of variables X has
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now disappeared. In fact, these variables are then implicitly determinedas being all the free variables
in F. When we want that X represent only some but not all, of these free variables we cannot use this
shorthand.

A more special case is one where the expression F is exactly X, that is {X - P | X }. As a shorthand,
this can be written { X | P }, which is very common in informally written mathematics. But again, notice
that, contrary to intuition, the list of variables X has disappeared. Again, it will be determined as the free
variables of expression X. And then E € {X | P } becomes [X := E]P.

From now on, all extensions of the Set-theoretic Language will take the form of “simple facilities”, as
explained in section 3.5. And most of them are extensions of the Setsyntactic category. As a consequence,
the new syntax will be presented differently. The new constructs will be presented under the form of
rewriting rules. And since most of the new construct are sets, the rewriting rules will transform some set
membership predicates into simpler ones.

5.4 Elementary Set Operators

In this section, we introduce the classical set operators: inclusion, union, intersection, difference, exten-
sion, and the empty set.

predicate := ...
set C set
set n= ... SYy7
set U set
set N set
set \ set
{exp_list}
@
Operator Predicate Rewritten
Inclusion SCT SeP(T)
Union EcSUT EeS v EeT
Intersection EeSNT EeS AN EEeT SET2
Difference EeS\T EeS AN EET
Set extension Eec{a....b E=avVv ... Vv E=b
Empty set Eco L

17



5.5 Generalization of Elementary Set Operators

The next series of operators consists in generalizing union and intersection to sets of sets. This takes the
forms either of an operator acting on a set or of a quantifier.

set = ...
union(set) Sy8
|Jvar _list - (predicate | set)
inter(set)
(var_list - (predicate | set)
Operator Predicate Rewritten
Generalized union € union(S) Js-(s€S A Ee€s)

if snbnS

and S nbPnE

Quantified union

e Ux-(P[T)

X (P ANEE€T)
if X nPnE

SET3

Generalized intersection € inter (S) Vs-(s€S = E €59)
if snPnS and snbnE
Quantified intersection eNx-(P|T) | ™-(P = Ee€T)

if X nPnE

The last two rewriting rules require that the set inter(S) and () X - (P | T ) be well debnedThis is

defined in the following table:

Set construction

Well-definedness condition

inter (S)

S+£g

WF1

Ax-(P[T)

X PIT)#2

Note that well-definedness is studied in full details in the document entitled Event-B:Syntaxof Mathe-

maticalLanguage.
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5.6 Binary Relation Operators

We now define a first series of binary relation operators: the set of binary relations built on two sets, the
domain and range of a binary relation, and then various sets of binary relations.

set = ...
Set - set
dom(set) §)9
ran(set)
set «— set
Set «—» Set
Set «» Set
Operator Predicate Rewritten
Set of binary relations reS<—T rcsSxT
Domain E € dom(r) Jy-(E—y er)
if ynbnE and ynbnr
Range F eran(r) IX-(x—F €r) SETA
if x nPnF and X nbnr
Set of total relations reS«T reS—T Adom(r)=S
Set of surjective relations reS«T reS—T Aran(r)=T
Set of total and surjective relations reS«»T reS«>T AreS«T

The next series of binary relations operators define the converse of a relation, various relation restrictions
and the image of a set under a relation.
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set = ...
Sd! 1
set! set SY10
set" set
set L set
set “ set
set[set]

Operator Predicate Rewritten

Converse E—Fer'! F—Ee€r

Domain restriction E—F € S!r EeS N E~Fer

Range restriction E—F er" T E—Fer AN FeT SETH

Domain subtraction E—F € SLr EES AN E—Fer

Range subtraction E—F er~T E—Fer AN FET

Image F erlw] IX-(xew A xX—Fe€r)
if X nPnF and x nbnr and X nPnw

Our next series of operators defines the composition of two binary relations, the overriding of a relation
by another one, and the direct and parallel products of two relations.

set = ...
set ; set
Set o set
set |— set
set ® set
set || set

Sy11
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Operator Predicate Rewritten

Forward )
composition E—Fep;q X-(E—xep AN x—Fe€q)

if x nPnE and Xx nbnF and

X nbnp and X nPnq

Backward
composition E—Fe&qop E—Fepig SETG
Overriding E—~Fepl-q E—F e (dom(gt-p) Uq
Direct product E—~(F—G)ep®q E—Fep AN E—~Geq
Parallel product (E—~F)—(G—H)epllqg | E~Gep AN F—Heq

5.7 Functional Operators

In this section we define various function operators: the sets of partial and total functions, partial and total
injections, partial and total surjections, and bijections. We also introduce the two projection functions as
well as the identity function.

set +— set
set — set
set - set
set — set SY12
Set + Set
set — set
set —» set
prj; (set)

prj;(set)

id(set)
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Operator Predicate Rewritten

Set of partial functions feS+-T feS-T

(f'1;f) =id(ran(f))
Set of total functions feS—>T feS+-T A S=dom(f)
Set of partial injections feSwT feS+T f'leT+S
Set of total injections feS—T feS—>T f'leT+S
Set of partial surjections feSw»T feS+T T =ran(f)
Set of total surjections feS—>T feS—>T T =ran(f)
Set of bijections feS—»T fesS—T fesS—>T
First projection (E—F)—Geprji(r) | E—Fer G=E
Second projection (E—F)—Geprja(r) | E—Fer n G=F

Identity

E—F cid(S)

EeS N F=E

5.8 Lambda Abstraction and Function Invocation

We now define lambdaabstaction which is a way to construct functions, and also function invocation,
which is a way to call functions. But first we have to define the notion of patternof variables A pattern
of variables is either an identifier or a pair made of two patterns of variables. Moreover, all variables

composing the pattern must be distinct. For example, here are three patterns of variables:

abc
abc — def

abc — (def — ghi)

SETT

Given a pattern of variables X, a predicate P, and an expression E, the construct ! x - (P |E) is a lambda
abstraction, which is a function. Given a function f and an expression E, the construct f (E) is an expres-

sion denoting a function invocation. Here is our new syntax
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expression := ...
set (expression)

set = ... SY13
I pattern - predicate | expresson
pattern = variable
pattern — pattern
In the followig table, | stands for the list of variables in the pattern L.
Operator Predicate Rewritten

Lambda abstraction F—-GelL -PJ|E F—Ge{l-P|[L—E} | SET8

Function invocation F=f(E) E—F ef

The function invocation construct f (E ) requires a well-formedness condition, which is the following:

Expression Well-formedness condition

WF2

f(E) E € dom(f)

6 Arithmetic Language

6.1 Syntax

We add a new syntactic category: number. A number is an expression. Numbers are either 0, the sum,
product, or power of two numbers. We also add the sets N and succ.
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expression := ...
numbe

set = ..

N

succ Sy14
numbe =0

number + number
numbe s« number
number ~ numbe

6.2 Peano Axioms and Recursive Definitions

The following predicates are added systematically to the hypotheses of sequents to prove:

0 eN
succ € N—» N\ {0}

0e€S

Vn-(neS = succ(n) €S)
=

NCS

vS-

Va-(aeN = a+0 = a) AR1
Va-(aeN = ax0 = 0)
Va-(aeN = a~0 = succ(0))

Va,b-(aeN A beN = a+succ(b)

succ(a+ b))
Va,b-(aeN A beN = axsucc(bh) = (axb)+a)

Va,b-(aeN A beN = a“succ(h) = (a"b)xa)

6.3 Extension of the Arithmetic Language

We introduce the classical binary relations on numbers, the finiteness predicate, the interval between two
numbers, and the subtraction, division, and modulo constructs.
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predicate := ...
numbea < numbe
numbe < number

finite(set)
set = L., SY15
number .. number
numbe = ...
numbe — number
number / number
number mod number
card(set)
Operator Predicate Rewritten
smaller than or equal a<b dc-(ceN A b=a+c)
smaller than a<b a<b A a#b
interval ceca.b a<c A c<b
subtraction c=a-b a=b+c AR2
division c=alb dr-(reN A r<b A a=cxb+r)
modulo r=amodb | a=(ab)*b+r
finiteness finite(s) an,f-(n e N A f €l..n—>5s)
cardinality n = card(s) I -f el.n»s

The subtraction, division, modulo, and cardinal constructs are subjected to some well-formedness condi-
tions, which are the following:
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Number

Well-definedness condition

a—b b<a

a/b b#0
a mod b b#0
card(s) finite(s)

26
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1 Introduction

This document presents the technical aspects of the kernel mathematical lan-
guage of event-B. Beyond the pure syntax of the language, it also describes its
lexical structure and various checks (both static and dynamic) that can be done
on formulas on the language.

The main design principle of the language is to have intuitive priorities
for operators and to use a minimal set of parenthesis (except when needed
to resolve common ambiguities). So, the emphasis is really on having formulas
unambiguous and easy to read.

The first chapter describes the lexicon used by the language, then chapter
describes its (concrete) syntax. Chapter three introduces the notion of well-
formed and well-typed formula (static checks). Finally, chapter four gives the
well-definedness conditions for a formula (dynamic check).



2 Language Lexicon

This chapter describes the lexicon of the mathematical language, that is the
way that terminal tokens of the language grammar are built from a stream of
characters.

Here, we assume that the input stream is made of Unicode characters, as
defined in the Unicode standard 4.0 [4]. As we use only characters of the Basic
Multilingual Plane, all characters are designated by their code points, that is an
uppercase letter ‘U’ followed by a plus sign and an integer value (made of four
hexadecimal digits). For instance, the classical space character is designated by
U+0020.

Each token is formed by considering the longest sequence of characters that
matches one of the definition below.

2.1 Whi tespace

Whitespace characters are used to separate tokens or to improve the legibility
of the formula. They are otherwise ignored during lexical analysis.

The whitespace characters of the mathematical language are the Unicode
4.0 space characters:

U4-0020 U+00A0  U+1680 U+180E U+42000  U+2001
U+-2002 U+-2003 U+4-2004 U+-2005 U+42006  U+2007
U~+2008 U+2009 U+200A  U+200B U+2028  U+2029
U+202F  U4-205F U~+3000

together with the following control characters (these are the same as in the Java
Language):

U-+0009 U-+000A  U+000B U+000C  U+4000D
U+001C U+4001D  U4001E U+001F

2.2 ldentibers

The identifiers of the mathematical language are defined in the same way as in
the Unicode standard [4, par. 5.15]. This definition is not repeated here. Basi-
cally, an identifier is a sequence of characters that enjoy some special property,
like referring to a letter or a digit.

Some identifiers are reserved for the mathematical language, where a prede-
fined meaning is assigned to them. These reserved keywords are the following



identifiers made of ASCII letters and digits:

BOOL FALSE TRUE

bool card dom finite  id
inter max min mod pred
prjl prj2 ran succ union

together with those other identifiers that use non-ASCII characters:

Token Code points Token name

N U+2115 set of natu ral numbers
N; U+2115 TU+0031 set of positive numbers

P U+2119 power set

P, U+2119 TU+0031 set of non-empty subsets
Z U+2124 set of integers

2.3 Integer Literals
Integer literals consists of a non-empty sequence of ASCII decimal digits:

U-+0030 U+0031 U+0032 U+0033 U+0034
U+0035 U+0036 U+40037  U+0038 U-+0039

Note: There are two ways to tokenize integer literals: either signed or un-
signed. The first case as the advantage that it corresponds to classical usage
in mathematics. For instance, the string ! 1 is thought as representing a num-
ber, not a unary minus operator followed by a number. But, as we use the
same character to designate both unary and binary minus, this causes prob-
lems: the lexical analysis is no longer context-free, but depends on the syntax
of the language.

There are basically two solutions to this problem. One, taken in some func-
tional languages in the ML family and in the Z notation, is to use different
characters to represent the unary and binary minus operator. However, this
comes against mathematical tradition and is thus rejected. The second solution
is to consider that integer literals are unsigned. This second solution has been
chosen here.



2.4 Predicate symbols

The tokens used in the pure predicate calculus are:

Token Code point Token name

( U+0028 left parenth esis
) U+0029 rig ht paren thes is
" U+21D4 logica | equival ence
# U+21D2 logica | implication
$ U+2227 logica | and

% U+2228 logica | or

A U+00AC not sign

& U+22A4 tr ue predica te

' U+22A5 fal se predica te

( U+2200 for all

) U+2203 there exists

, U+002C comma

a U+00B7 middle dot

The symbolic tokens used to build predicates from expressions are:

Token

VA S N [ A 1

.*.

Code point

U+003D
U+2260
U+003C
U+2264
U+003E
U+2265
U+2208
U+2209
U+2282
U+2284
U+2286
U+2288

Token name

equals sign

not equal to

less- th an sign

less th an or equal to
grea ter-than  sign
greater than or equal to
element of

not an element of

subset of

not a subset of

subset of or equal to
neith er a subset of nor equal

to



2.5 Expr ession symbols

The following symbolic tokens are used to build sets of relations (or functions):

Token Code point Token name

0 U+2194 rela tion

D U+E100 tot al rela tion

@ U+E101 surj ective rela tion
()] U+E102 tot al surjectiv e rel ati on
3 U+21F8 parti al functi on
2 U+2192 tot al function

-3 U+2914 parti al injection

— U+21A3 tot al injection

-3 U+2900 parti al surj ectio n
—» U+21A0 tot al surjection

— U+2916 blecti on

The following symbolic tokens are used for manipulating sets:

Token Code point Token name

{ U+007B left curl y bra cket
} U+007D righ t curl y bra cket
32 U+21A6 maplet

@ U+2205 empty set

4 U+2229 int er section

5 U+222A union

\ U+2216 set minus

6 U+00D7 car tesian product

The following symbolic tokens are used for manipulating relations and func-
tions:
Token Code point Token name

[ U+005B left squar e bra cket
] U+005D righ t square bra cket
32 U+21A6 maplet

4 U+E103 rela tion overridi ng
7 U+2218 backw ard composition
; U+003B forward compositio n
8 U+2297 direct product

9 U+2225 parall el product

H1 U+223C tii de operato r

< U+25C1 domain restrict ion
K U+2A64 domain subtr action

> U+25B7 ra nge restri ction

[ U+2A65 ra nge subt ra ction



The following symbolic tokens are used in quantified expressions:

Token Code point

A U+03BB
" U+22C2

U+22C3
| U+2223

Token name

la mbda

n-ar y inters ecti on
n-ar y union

such th at

The following symbolic tokens are used in arithmetic expressions:

Token Code point

. U+2025
+ U+002B
! U+2212
U+2217
U+00F7
U+005E

:H:O:..

Token name

upto operator

plus sign

minus sign

asterisk oper at or
division sign

expo nentia tion sign



3 Language Syntax

This chapter describes the syntax of the mathematical language, giving the
rationale behind the design decisions made.

We first present the notation we use to describe the syntax of the mathe-
matical language. Then, we present the syntax of predicates and of expressions.
In each case, we first present a simple ambiguous grammar, then we tackle with
associativity and priorities of operators, giving a rationale for each choice made.
Finally, we give a complete and non-ambiguous syntax.

3.1 Notation

In this document, we use an Extended Backus-Naur Form (EBNF) to describe
syntax. In that notation, non-terminals are surrounded by angle brackets and
terminals surrounded by single quotes. The other symbols are meta-symbols:

¥ Symbol : := defines the non-terminal appearing on its left in terms of the
syntax on its right.

Parenthesis ( and ) are used for grouping.
A vertical bar | denotes alternation.

Square brackets [ and ] surround an optional part.

K K K K

Curly brackets { and } surround a part that can be repeated zero or more
times.

3.2 Predicates

The point here is to define a grammar which is quite similar to the one used
commonly when writing mathematical formulae but that should also be non-
ambiguous to the (human) reader.

3.2.1 A brst attempt

The grammar commonly used for predicates can loosely be defined as follows:

spredicate< = ( ;predicate<‘)’

| ;predicate<‘ ’;predicate<
| ;predicate<‘# ’ ;predicate<
|

s predicate<‘$’ ; predicate<



| ;predicate<‘98 ; predicate<

| ‘A’ ;predicate<

| ‘&’

| (L]

| “(;ident-list<‘8 ; predicate<
| 97 ;ident-list<‘& ; predicate<
| ‘Pnite’ ‘O ; expression<‘)’

| ;expression<‘=’;expression<
| ;expression<‘-’ ;expression<
| ;expression<‘+’ ;expression<

vident-list< = ident-list<‘,’ :ident<
| ;ident<

The ellipsis which appears at the end of the ;predicate< production rule
means that there are still more alternatives combining two expressions into a
predicate. All those alternatives are not really relevant at this point of the doc-
ument, but will be fully listed in the final syntax (see section 3.2.4 on page 10).

3.2.2 Associativity of operators

In this document, we use the term associativity with somewhat two different
meanings. In a mathematical context, when we write that an operator, say 7, is
associative, we mean that it has a special mathematical property, namely that
(x7y) 7z has the same value as  7(y 7 z). In a syntactical context, we say that
an operator is left-associative when formula z 7y 7 z (without any parenthesis)
is parsed as if it would have been written (z 7y) 7 z. To avoid any ambiguity,
we will always write associative in the algebraic sense when we refer to the first
meaning, the bare word associative always having the syntactical meaning.

Getting back to our predicate grammar defined above, we see that it is
somewhat ambiguous. A first point is that it doesn’t specify how one should
parse formulae containing twice the same binary predicate operator without any
parenthesis such as

P# Q# R
P$SQS$R

To solve that ambiguity, one specifies that each binary operator has a prop-
erty called associativity. The associativities defined for the event-B language
are the following:

Operator Associativity
" none
# none
$ left
% left

Caution



As a consequence, formula P# @Q# R is considered as ill-formed and not
part of the event-B language, whereas formula P$ Q $ R will be parsed as if it
actually were written as (P $ Q) $ R.

The rationale for these associativities is quite simple. Operator $ is associa-
tive in the algebraic sense, so formulae (P $ Q) $ R and P $ (Q $ R) have the
same meaning. Hence, one can pick up either left or right associativity for this
operator. We arbitrarily chose left associativity as it is the most commonly used
to our knowledge. The same rationale explains the choice of left associativity
for operator %

On the other hand, operator # is not associative in the algebraic sense
(P# Q)# R is not the same as P# (Q# R) (just suppose that predicates
P, Q and R are all ' ). As a consequence, we keep it non associative in the
language, rather than choosing an arbitrary associativity.

The case of operator " is somewhat special. This operator is indeed as-
sociative in the algebraic sense. However, mathematicians often write formula
P" Q" R when they actually mean (P" Q) $ (Q" R). Hence, we chose
to make that operator non associative in the event-B language to avoid any
ambiguity.

Finally, for the operators that build a predicate from two expressions (such
as =, -, etc.), the grammar given above doesn’t allow formulae like x = y = z,
so those operator can not be associative.

3.2.3 Priority of operators

Another source of ambiguity is the case where formulae contain two different
predicate operators without any parenthesis such as

P# Q" R
P$ Q%R
APs$Q
(xzdP %Q

This kind of ambiguity is generally resolved by defining priorities among
operators which define how much binding power each operator has. We will
use that mechanism here, retaining the most commonly used priorities. But,
with the addition that we want to forbid cases where those priorities are not so
well-accepted.

For instance, some people expect operators ‘$’ and ‘9% to have the same
priority, while others expect operator ‘$’ to have higher priority. So when faced
with formula P %Q $ R, some people read it as (P %Q) $ R while others read
it as P%(Q $ R), which is quite different (just replace P and @ by & and R by

to convince yourself).

To solve that ambiguity, we decided that operators ‘¢’ and ‘%6 indeed have
the same priority, but that one cannot mix them together without using paren-
thesis. So, P$ Q%R is considered ill-formed. One should write either (P$ Q) %R
or P$ (Q %R).

The priorities defined for the event-B language are the following (from lower



to higher priority)

(8P and ) &P (mixing allowed)
P# @ and P" @ (mixing not allowed)
P$ Q and P%Q (mixing not allowed)
Ap
We choose to give quantified predicates the lowest priority in order to ease
their reading when embedded in long formulae. The main consequence of this
choice is that the scope of the variables introduced by a quantifier is the longest
sub-formula. For instance, in formula ((zdP# Q)# R, the scope of variable x
extends until predicate () as can be easily seen by looking at matching paren-
thesis.
The following formulae show some examples of how those priorities are used
to replace parenthesis in some common cases:

P$SQ# R isparsedas (P$Q)# R
(z§yaP is parsed as (z&)yaP)
(x&P# @ 1isparsed as (zdP# Q)
(z&8P $ Q isparsed as (zdP$ Q)
(z8\P is parsed as (z&AP)
AP# @ isparsedas (AP)# Q
AP$ Q isparsedas (AP)$Q

One should notice the difference with classical B [1] where (z8P # Q is
parsed as ((xzd@P) # (@ whereas, again, it is parsed here as (zd P # Q).

3.2.4 Final syntax for predicates

As a result, we obtain the following non ambiguous grammar for predicates:
; predicate< u= {; quantifier<} ; unquantified-predicate<

‘(7 ;ident-list<‘@
)7 ;ident-list< ‘@&

s quantifier<

Jident-list< = ident<{ ¢, ;ident<}

s unquantified-predicate< = ; simple-predicate<[ ‘# ° ; simple-predicate<]
; simple-predicate<|[ " 7 ; simple-predicate<|

; stmple-predicate< s literal-predicate<{ ‘$’ ; literal-predicate< }

s literal-predicate<{ ‘98 ; literal-predicate<}

{ ‘A’ } ; atomic-predicate<

s literal-predicate<
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o 9

‘&’

‘bnite” ‘C ; expression<*)’

s pair-expression<; relop<; pair-expression<
‘O ;predicate<‘)’

; atomic-predicate<

;relop< SER
| [ | c_/7 | L. b | 4*.7 | c/ bl | C*/?
|

£_<’|é+7‘t>7|(7

Please note that for relational predicates, we are using <pair-expression>
instead of <expression>. That change will only allow expressions without quan-
tifiers on each side of the relational operator. As a consequence, when one wants
to use a quantified expression on either side, one will have to surround it with
parenthesis. For instance, predicate Axér - Z | x = id(Z) is not well-formed,
one must write instead (A\zé&r - Z | z) = id(Z).

3.3 Expr essions

The design principle for the syntax of expressions is the same as that of pred-
icates, namely to enhance readability. To fulfill this goal, we use the same
techniques: minimize the need for parenthesis where they are not really needed
and prevent mixing operators when such a mix would be ambiguous.

3.3.1 Some Fine Points

Before presenting a first attempt of the syntax of expressions, we shall study
some fine points about pairs, set comprehension, lambda abstraction, quantified
expressions, and first and second projections.

Pair Construction. Pairs of expressions are constructed using the maplet
operator ‘32. Contrary to classical B [1], it is not possible to use a comma
anymore. This change is due to the ambiguity of using commas for two different
purposes in classical B: as a pair constructor and as a separator. For instance, set
{1,2} can be seen as either a set containing the pair (1,2) or as a set containing
the two elements 1 and 2. That was very confusing.

In event-B, a comma is always a separator and a maplet is a pair constructor.
Below are some examples showing the consequences of this new approach:

Classical-B  Event-B

T, y- S x32y- S
r,y= 2zt x32y= 232t
f(@,y) f(z 32y)

The last example is particularly blatant of the confusion between separator
and pair constructor in classical B. When looking at formula f(z,y), one has
the impression that function f takes two separate arguments. But, this is not
always true. For instance, variable x could hide a non scalar value. For instance,

11



suppose that x = a 32 b, then the function application could be rewritten as
either f(a 32 b,y) or even as f(a,b,y). In that latter case, function f now
appears to take three arguments. This is clearly not satisfactory. In fact,
function f only takes one argument, which can happen to be a pair. In that
latter case, one should use a pair constructor to create that pair, that is use a
maplet operator.

Set Comprehension. There are now two forms of set comprehension. The
most general one is {x a P(x) | E(x)} which describes the set whose elements
are E(x), for all z such that P(z) holds. For instance, the set of all even natural
numbers can be written as {x az - N|2: z}.

The second form is just a short-hand for the first-one, which allows to write
things more compactly. That second form is { £ | P}. The difference with
the first form is that the variables that are bound by the construct are not
listed explicitly. They are inferred from the expression part. Continuing with
our previous example, the set of all even natural numbers can then be written
more compactly as {2: x | x - N}, which corresponds more to the classical
mathematical notation.

The rule for determining the variables which are bound by this second form
is to take all variables that occur free in E. Thus, if we denote by x the list of the
variables that occur free in F, then the second form is equivalent to {z 4P | E}.

Lambda Abstraction. For lambda abstraction, classical B [1] uses the form
(Ax &P | E) where z is a list of variables, P a predicate and E an expression.
This notation is fine when z is reduced to only one variable. For instance,
expression (Ax Az - N | z + 1) denotes the classical succesor function on
natural numbers. It is equal by definition to the set {x &z - N |z + 1}.

But things get more complicated when x represents more than one variable.
For instance, what is the meaning of expression (Aa,b &P | E). In classical
B, the latter expression is defined as the set {a,b aP | a 32b 32 E}. This is
clearly unsatisfactory for event-B, as it turns out that, in the former expression,
the comma that appears between a and b is not only a separator between two
variables, but also a hidden pair constructor, as one can see when writing the
equivalent set comprehension.

The crux of the matter is that the list of variables z introduced above, is
much more than a simple list. Indeed, it describes the structure of the domain of
the function defined by the lambda abstraction. For instance, when one writes,
in classical B, the expression (Aa,b & P | E), one means that the domain of
that function is A6 B (where A and B are the types of bound variables a and
b). Hence, the use of a comma is not appropriate here, as advocated in the
paragraph above about Pair Construction.

The cure is easy, just say that x is not a list of variables, but a pattern that
specifies the structure of the domain of the lambda abstraction. The example
above is then to be written as (Aa 32 b & P | E). Moreover, this can be
generalized to arbitrary domain structure by allowing arbitrary patterns after
the lambda operator. The only constraints are that those patterns should be
constructed out of distinct variables, pair constructors and parenthesis. The
definition of the lambda abstraction (Az &P | E) becomes {X 4P | © 32 E}
where X is the list of the variables that occur in x.

12



Other Quantified Expressions. The other quantified expressions are the
quantified union and intersection. In this paragraph, we shall only consider
quantified intersection, but everything will also apply to quantified union, mu-
tatis mutandis. |

A quantified intersection expression has the form (| 2z &P | E) where z is a
list of variables, P a predicate and F an expression. It’s defined as being a short
form for the equivalent expression inter({z a P | E}) which mixes generalized
intersection and set comprehension. But, as we have seen above, we also have a
short form for writing set comprehension. The question then arises whether we
could also define a short form for genqralized intersection. The answer is yes.
We then have a second form which is ( E | P) and which is defined has being
equal to inter({ £ | P}).

Projections. In classical B [1], the first and second projection operators take
two sets as argument, as for instance in the expression prj;(A, B). In that
expression, arguments A and B are used for two different purposes. On the one
end, they allow to infer the type associated to the instantiated operator. On
the other hand, they define the domain of the instantiated operator, which is
A6 B.

This approach seems unnecessarily restrictive, as it puts a strong constraint
on the domain of the operator, namely that it must be a cartesian product.
So, in event-B, these operators become unary and take a relation as argument.
The argument is then their domain. The upgrade path from classical B is quite
straightforward, just replace prj;(A4, B) by prj;(A6 B).

3.3.2 A First Attempt

An ambiguous grammar for event-B expressions can loosely be defined as follows:

; expression< = expression<; binary-operator<;expression<
| ; unary-operator<; expression<
| ;expression< b’
| ;expression<‘[ ;expression<‘]
| ;expression<‘( ; expression<‘)’
| N ;ident-pattern<‘@ ;predicate<‘| ; expression<
| quantifier<;ident-list<‘@ ; predicate<‘|’ ; expression<
| ; quantifier<;expression<‘|’ ; predicate<
| 4 ;ident-list<‘@ ;predicate<‘|’ ; expression<‘}’
| {7 ;expression<‘|’ ;predicate<‘}’
| ‘bool’ ‘(" ; predicate<‘)’
| [ ;expression-list<] ‘}’
| “C ;expression<‘)’

|

|

|

|

|

Lg’

‘7| ‘N | Ny’

‘BOOL’ | ‘TRUE’ | ‘FALSE’
;ident<

s integer-literal<

13



;bz‘nary_ope,r.ator<::: 4327 | LO 9 | LD ) | AQ ) | 4@ ) | (2’ | (2 ) | (%7 | L>_>’ | (%’

|‘_)9’|L>_»7|‘57|‘47|‘\’|L6’|L8’|L9,|‘77|‘.’|L&,|
ﬁ<’ | ‘h? ‘ 4>7 | ‘!>7 I L..’ | L+’ | C! ) | 6:7 | LO’ | Cmo’d’ | ﬁ#?

sunary-operator<:= ‘1’ | ‘card’ | ‘P’ | ‘Py’ | ‘union’ | ‘inter’ | ‘dom’ | ‘ran’ |
priz’ | ‘prip’ | fid’

s quantifier< =
sident-pattern< ::= ;ident-pattern<‘32 ;ident-pattern<
| ‘(C ;ident-pattern<‘)’

| ;ident<

; expression-list<::= ; expression-list<‘,’ ; expression<
| ;expression<

As can be seen, there are many expression operators in the event-B language.
So, we’ll need to take a divide and conquer approach: to make things easier to
grasp, we will first try to group all those operators into some categories.

3.3.3 Operator Groups

Basically, there are several kinds of expressions. The most important ones are
shown in Figure 3.1. This figure reads as follows: there are three top-level kinds
of expressions: sets, pairs and scalars. Relations and sets of relations are some
special kinds of set. For instance, a relation between a set A and a set B is
a subset of A6 B. The set of all relations between A and B is the set of all
subsets of A6 B. Integers and booleans are also some special kind of scalar
expression.

expression

pair

[ reIation] [set of reIations}

Figure 3.1: Kinds of expressions

We now define groups of similar expression operators (see Table 3.1 on the
following page). The groups are defined by considering the shape of the operator
(binary, unary, quantified, etc.) but also the kind of operator arguments and
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Group Description Repr.
Quantification Given a list of quantified identifiers,
operators a predicate and an expression, these AP | B
P operators produce a new expression.
Pair constructor Gi.ven two expressions, it produces a E32F
pair.
Set of relations Given two sets, these operators pro-
. SABT
constructors duce a set of relations.
Binary set Given two sets, these operators pro- $5 7T
operators duce a new set.
Interval constructor Given two integers, this operator i
produces a set.
Arithmetic Given one or two integers, these op- it
operators erators produce a new integer. J
Relational and Given a relation and an expression,
. . these operators produce a new ex- r[s]
functional image .
pression.
Unary relation Given a relation, this operator pro- !
operator duces a new relation.
Tightly bound Given an expression, these operators P(S)
unary operators produce another expression.
Predicate Given a predicate, this operator pro-
. . bool(P)
conversion duces a new boolean expression.
Given a list of expressions, or a list
Set enumeration of quantified variables, a predicate (.}

and comprehension

and an expression, this operator pro-
duces a set.

Table 3.1: Groups of similar expression operators
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result. For each group, we will give one operator which will be used in the sequel
as a distinguished representative of its group.

When examining that table, we can remark an interesting point: the oper-
ators that belong to the last three groups have the special property of being
bounded: when one encounters such an operator, one can find easily where the
expression involving that operator starts and where it ends: unary and ‘bool’
operators are always followed by a formula enclosed within parenthesis; set enu-
merations and comprehensions are enclosed within curly brackets. This is also
the case of atomic expressions like integer and boolean literals or identifiers.

On the other hand, the operators of the other groups are not bounded by
themselves, so one needs to define priorities and associativity laws for them in
order to resolve potential ambiguities. We will first start by defining priorities
between groups, then we will refine each group separately.

3.3.4 Priority of Operator Groups

We arbitrarily choose to define relative priorities such that groups of operators
are sorted by increasing priority in table 3.1 on the page before. As a conse-
quence, quantification operators have the lowest priority.

That order has been chosen because it reduces the number of needed paren-
thesis when writing most common expressions. Here are a few example to
illustrate this. Each expression is stated twice, first without parenthesis, then
fully parenthesized:

A5 B32C isparsedas (A5 B)32C
a+ b32c¢ isparsed as (a+ b) 32¢
a.. b5 C isparsedas (a..b)5C
a+b..c isparsedas (a+b)..c
" 15s isparsedas (r'1)5s
r' 1(s) is parsed as (r' 1)(s)
Also, we give the lowest priority to quantification operators so that, when
embedded in a formula, they have to be written surrounded by parenthesis.
This is consistent with the choice made for quantified predicates. An example

formula is
(\zé&- Z|z+ 1) 1(3)=2

3.3.5 Associativity of operators

Now, that priorities of groups have been defined, we will resolve remaining
ambiguities separately for each group, defining how operators of each group can
be mixed.

Quantification Operators. In this group, there is not much room for ambi-
guity, as when we encounter two quantification operators, it comes right from
their syntax that the second one will be embedded in the first one. The only op-
tion left is whether the second quantified expression should be enclosed within
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parenthesis or not. We decide not to enforce parenthesis in this case. As a
consequence, formula

xax! Z| &= x|y5 {0}

is parsed as
zax! Z|(w&=x]y5{0}).

Pair Constructor. This group contains only the maplet operator, so we only
have to define an associativity property for that operator. Although the maplet
operator is not associative in the algebraic sense, it is very common usage to
parse it as left-associative, so we shall keep that property. Then, an expression
of the form a 32b 32 ¢ will be parsed as (a 32b) 32c.

Set of Relations Constructors. No operator in this group is associative
in the algebraic sense. However, we decide to parse them as right-associative.
That choice is justified by the fact that we will parse function application as
left-associative (this will be stated when we reach the Relational and functional
image paragraph on the following page). As a consequence, one can write
f(a)(b) when one actually means (f(a))(b). Then, to be consistent, one should
also be able to describe properties of function f without parenthesis, so formula
f- A2 BB C should be parsed as f - AZB (B3 ().

Binary Set Operators. This group contains various operators which are
more or less compatible each with the other. So, let’s first see how one can
safely mix these operators in a formula, from a mathematical point of view.
Table 3.2 on the next page shows operator compatibility. We write a cross at
the intersection of a row and a column if the two operators are compatible in
the following sense: operator 0p,o. is compatible with operator 0pey if and only
if the following equality holds

(A Oprow B) 0pcol C' = A OProw (B 0pcol O).

For instance, the cross at the intersection of row two and column three tells us
that (A4 B)\ C = A4 (B\ C) and the cross at the intersection of row nine
and column seven tells us that (A<1r)8 s= A< (r8 s).

We can see that the shape is quite irregular and that there are not so many
cases where operators are compatible. So, to have an unambiguous language,
we should stick to that compatibility relation and forbid any unparenthesized
combination of incompatible operators. When two operators are compatible,
we parse them as left-associative. Otherwise, one needs to use parenthesis to
resolve ambiguities. For instance, formula S5 T'5 U is parsed as (S5 T) 5 U,
while formula §'5 T'4 U is ill-formed and is rejected. One has to make precise
the meaning of that last formula, writing either (S5 T) 4 U or S5 (T 4 U).

There is only one case where we want to allow the combination of two incom-
patible operators: we parse the cartesian product operator as left-associative.
This exception to the above rule is justified by the fact that we want to be
consistent with the left-associativity we have given to the maplet operator.
Then, one can write ¢ 32 b 32 ¢ - A6 B6 C when one actually means
(a320) 32¢c- (A6 B)6 C.
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5 4\ 6 7 ; 8 94 gk > b
5|6
4 6 6 6 6
\
6
7 6
; 6 6 6
8
9
4 6
< 6 6 6 6 6 6
K 6 6 6 6 6 6
>
[

Table 3.2: Compatibility of binary set operators

Interval Constructor. This group contains only one operator: ‘..”. There is

no point in having this operator used twice in the same formula (which would
give the nonsensical formula a .. b .. ¢). So, this operator is parsed as non-
associative.

Arithmetic Operators. For these operators, we choose to retain the Ada
language specification for defining priorities and associativity: operators ‘+’ and
‘I 7 both have the same priority and are parsed as left-associative, operators ‘: ’,
‘O’ and ‘mod’ have higher priority and are also parsed as left-associative. Note
that this choice is different from the one made for instance in the C language,
where there is a special priority for unary ‘! ’. We did not retain that last point
as it can lead to valid but hard to read expressions like a + ! | ! | b which
means a + b.

Finally, the exponentiation operator has the least priority and is parsed as
non-associative.

Relational and Functional Image. We choose to make these operations
left-associative, although they are not associative in the algebraic sense. This
follows common usage and is indeed important to have easy to read formulas.
If these operators were not associative, one would have to write quite intricate
formulas just to express successive function application: ((f(a))(b))(c). With
the left-associativity we’ve added, this becomes f(a)(b)(c).

Jd 1

)

Unary Relation Operator. This group contains only one operator
which can be repeated, obviously, so that 7' ' 1 is parsed as (r' 1)' 1.
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3.3.6 Final syntax for expressions

As a result, we obtain the following non ambiguous grammar for expressions. An
important point is that non-terminals are named after the group of the top-level
operators appearing in their production rule. This can be somewhat misleading
as, for instance, <pair-expression> can be derived as formula Z, which is clearly
not a pair. However, we didn’t find a better way to name non-terminals (just
numbering them 1, 2,...would miss some information).

‘N ;ident-pattern<‘d ; predicate<‘|’ ; expression<
‘W 7 sident-list< ‘8 ; predicate<‘|’ ; expression<

Y, 7 expression<‘|’ ;predicate<

‘; " vident-list<‘@ ; predicate<‘|’ ; expression<
¢ ; expression<‘|’ ; predicate<

; pair-expression<

; expression<

s ident-pattern<{ ‘32 ;ident-pattern<}
‘(’ ;ident-pattern<‘)’
vident<

s ident-pattern<

; pair-expression<

s relation-set-expr<{ ‘32’ ; relation-set-expr<}
s relation-set-expr< = ;set-empr<{ ;relational-set-0p<;set-empr<}

LO’|LD’|LQ’|L@’
£237|L27|(>%7|£>_)7|(%7‘L_»7|£)_»7

s relational-set-op<

; set-expr< n= interval-expr<{ ‘5’ ;interval-expr<}

| ;interval-expr<{ ‘6’ ;interval-expr<}

| interval-expr<{ ‘4’ ;interval-expr<}

| ;interval-expr<{ ‘7’ ;interval-expr<}

| ;interval-expr<‘9Q ;interval-expr<

| [ ;domain-modifier<] ;relation-expr<
; domain-modifier< = ;interval-expr<( ‘<’ | ‘K’)
; relation-expr< = ;interval-expr<‘8’ ;interval-erpr<

| ;interval-expr<{ ‘; ;interval-expr<}

[ ; range-modifier<]
| ;interval-expr<{ ‘4’ ;interval-expr<}
A\ sinterval-expr<| ; range-modifier<
4 g

srange-modifier< = (‘D> | ‘b)) ;interval-expr<
sinterval-expr< u= ;arithmetic-expr<[ ‘.. ; arithmetic-expr<|
sarithmetic-expr< == [ 1 7] ;term<{ (‘+7 |1 7)) ;term<}
; term< w= factor<{ (.7 | ‘O’ | ‘mod’ ) ;factor<}
s factor< = ;image<| ‘# ;image<]
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s image< n= ;primary<{ ‘[ ;expression<‘] | ‘( ; expression<‘)’ }
s primary< = simple-expr<{ < 1}

s simple-expr< == ‘bool’ ‘(" ;predicate<‘)’
| ;unary-op<‘(’ ; expression<‘)’
| “C ;expression<‘)’
| Y ;ident-list<‘@ ;predicate<‘|’ ; expression<‘}’
| {;expression<‘|’ ;predicate<‘}’
| [ ;expression<{ ‘) ;expression<} ]}’
| ‘2’| ‘N’ |‘Ny’ | ‘BOOL’ | ‘TRUE’ | ‘FALSE’ | ‘@’
| ;ident<
| ;integer-literal<

s unary-op< = ‘card’ | ‘P | ‘Py’ | ‘union’ | ‘inter’ | ‘dom’ | ‘ran’ | ‘prj;’
| prip” | id’
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4 Static Checking

This chapter describes how mathematical formulae (predicates and expressions)
are to be statically checked for being meaningful. We first describe an abstract
syntax for formulae. Then, we state the static checks that are to be done, based
on that abstract syntax:

¥ well-formedness,

¥ type-check.

4.1 Abstract Syntax

In this section, we specify an abstract syntax for mathematical formulae. This
abstract syntax is based on the concrete syntax described in Section 3.2.4 on
page 10 and Section 3.3.6 on page 19. The difference is that the abstract syntax
only conserves the essence of the concrete syntax. So, all concrete matter like
priorities and tokens do not appear anymore.

The abstract syntax is described using production rules. Each rule has its
own label. It is made of a left-hand part which denotes some kind of formula
(predicate, expression, identifier list, expression list) and a right hand part which
denotes a list of sub-formulae together with some attributes. To distinguish an
attribute from a sub-formulae, we enclose the former within square brackets.
Moreover, to make rules short, we use single letters, possibly subscripted, to
denote formulae: a P denotes a predicate, F an expression, L a list of identifiers,
I an identifier, M a list of expressions, and @) a pattern for lambda abstraction.

The production rules for predicates are:

pred-bin P ;= P; P [pred-binop]
pred-ure: P ::= P,
pred-quant: P ::= L; P; [pred-quani]
pred-lit: P ::= [pred-lif]
pred-sinp: P ::= E;
pred-rel P ::= E; E, [pred-relop]

where

pred-binop - {land, lor, limp, leqv}

pred-quant - {forall, exists}

pred-lit - {bigye, bfalse} &
equal, notequal, It, le, gt, ge,

d-relop - . .
prea-relop in, notin, subset, notsubset, subseteq, notsubseteq

21



The production rules for lists of identifiers and identifiers are:

ident-list: L ::= I I, ... I,
ident I ::= [name]
where
1+ n

name is a string of characters.

The production rules for expressions are:

expr-bin: £ = FEy Ep [expr-binop]
exp-una E = FEj [expr-unop]
exp-lambda: £ = Q. P1 F;
expr-quantl: £ = L; Py By [expr-quant]
expr-quant2: £ = E1 P [expr-quani]
expr-bool: £ = P,
exor-esd: E = My
exg-ident E = I;
expr-atom: E = [expr-lif]
exp-int: E = [int-lif]
pattern: @ = Q1 Q2
pattern-ident Q = I;

expr-list: M ::= E1 E, ... E,
where
rel, trel, srel, strel,

pfun, tfun, pinj, tinj, psur, tsur, tbij,
E bunion, binter, setminus, cprod, dprod, pprod,

E funimage, relimage, mapsto,

expr-binop -

bcomp, fcomp, ovl, domres, domsub, ranres, ransub,

9 upto, plus, minus, mul, div, mod, exgn
uminus, converse, card, pow, pow1,
union, inter, dom, ran, prjl, prj2,id
expr-quant - { qunion, ginter, cset}
expr-lit - {integer, natural, naturall, bool, true, false, emptyset}
int-lit is an integer number.

exrpr-unop -

4.2 Well-formedness

Each occurrence of an identifier in a formula (that is a predicate or an expres-
sion) can be either free or bound. Intuitively, a free occurrence of an identifier
refers to a declaration of that identifier in a scope outside of the formula, while a
bound occurrence corresponds to a local declaration introduced by a quantifier

in the formula itself.

For a formula to be considered well-formed, we ask that, beyond being syn-

tactically correct, it also satisfies the two following conditions:

1. Any identifier that occurs in the formula, should have only free occurrences

or bound occurrences, but not both.
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2. Any identifier that occurs bound in the formula, should be bound in ex-
actly one place (i.e., by only one quantifier).

These conditions have been coined so that any occurrence of an identifier in
a formula always denotes exactly the same data. This is a big win in formula
legibility.
For instance, the following formula is ill-formed (it doesn’t satisfy the first
condition)
(Ma- Z|z+ D(z)= 2+ 1

it should be written
MNy&y- Zly+ (x)=z+ 1.

And the following formula is also ill-formed (failing to satisfy the second
condition)
(Ma - Z|xz+1)= (& - Z|xz+ 1)

it should be written
(M&r- Z|lz+ 1= (w&- Z|y+ 1) .

The rest of this section formalizes these well-formedness conditions using an
attribute grammar formalism on the abstract syntax of formulae. For that, we
add three attributes to the nodes of the abstract syntax tree:

¥ Attribute bound is synthesized and contains the set of identifiers that occur
bound in the formula rooted at the current node.

¥ Attribute free is synthesized and contains the set of identifiers that occur
free in the formula rooted at the current node.

¥ Attribute wff is synthesized and contains a boolean value which is TRUE
if and only if the formula rooted at the current node is well-formed.

The value of these three attributes are given by the following set of equations
on the production rules of the abstract syntax:

pred-bn: P ::= P, P, [pred-binop]
P.bound = Pi.bound5 P>.bound
P.free = P1.free 5 P;.free

Pr.wff= TRUE
| $ Pruff= TRUE
Puff= boolf $ Pi.freed Pr.bound= @
0 $ Prboundd Pr.free= @
$ Pi.bound4d Ps.bound= @

pred-ure: P = P,
P.bound = Pj.bound
P.free = Py.free
Puff = P.wff
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pred-quant: P ::= L1 Py [pred-quant]
P.bound = Py.bound5 Lj.free
P.free = Py.free\ Lq.free
' Li.wff= TRUE
P.uff= bool0 $ P .uwff= TRUE 3
$ Pi.bound4d Ly.free= @

pred-lit: P ::= [pred-lit]

P.bound = @
P.free= @
P.wff= TRUE

pred-sinp: P = Ej
P.bound = Ey.bound
P.free = Ej.free
P.uwff = Ei1.wff

pred-rel P = E; E, [pred-relop]
P.bound = Eq.bound5 E,.bound
P.free = El.fr_ee 5 FEs.free

Er.wff= TRUE
/'$ E,uff= TRUE %
P.uff = bOOI; $ FEi.freed Er.bound= @
0 $ FEiboundd Er.free= @
$ FEi.boundd E,.bound= @

ident-list L::= 1, I, ... Iy
L.bound = &
L.free = {k& - 1..n| Ix.name}
L.wff= bool((i,jé- 1.n$j- 1..n$i% j# Ii.name* Ij.name)

expr-bin: E ::= Ey E, [expr-binop]
FE.bound = Eq.bound5 E5.bound
E.free = Ej.free 5 Ep.free

E;.wff= TRUE
/'$ Euwff= TRUE %
E.wff = bOOI; $ Ei.freed Er.bound= &
0 $ Eiboundd Er.free= @

$ FEi.boundd E,.bound= @
expr-una E = Ej [expr-unop]
FE.bound = FEj.bound
E.free = FEj.free
E.wff= Er.wff

expr-lambda: £ ::= Q1 P F1

24



E.bound = Pi.bound 5 Fy.bound5 Qi.free
E.free = (Py.free 5 Ey.free) \ Q1.free

' Q1.wff= TRUE

P.wff= TRUE

E;.wff= TRUE

Pi.free 4 Ep.bound = &

Py.bound 4 Ej.free= &

Pi.bound 4 Eq.bound= @

P1.bound 4 Q1.free= @

Ej.bound 4 Q1.free= @

E.wff = boo

O\\\\_\\\\\\
AR e R ]

exp-quantl: F = L1 P1 F; [expr-quant]

E.bound = Py.bound5 FEi.bound5 Li.free
E.free = (Py.free 5 Ey.free) \ Ly.free

' Li.wff= TRUE

Pr.wff= TRUE

E;.wff= TRUE

Py .free 4 Ej.bound = &

Py.bound 4 Ei.free= &

Pi.bound 4 Ep.bound= @

Pi.bound 4 Lq.free= &

FEj.bound 4 Li.free= @

E.wff = boo

o\\\\_\\\\\\
AR AR r ]

exp-quant2: E = FE; P [expr-quani]

E.bound = Pi.bound5 FEy.bound5 Ej.free
E.free = Py.free\ Ej.free
Br.wff= TRUE
I $ PLuff= TRUE
— / 1.wﬁ
E.wff b00|0 $ Prboundd Ei.bound= @
$ Pi.boundd E;.free= &

exp-bool: E = P,

FE.bound = Py.bound
E.free = Pj.free
E.wff = Pr.wff

exp-esd: F = M

FE.bound = M.bound
E.free = M.free

E.wff= M.wff
exp-ident. E ::= I
E.bound = &
E.free = {I,.name}
E.wff= TRUE
exp-atom: E = [expr-lit]
E.bound = @
E.free= &
E.wff= TRUE
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expr-int: E = [int-lif]

E.bound = @
E.free= @
E.wff= TRUE

pattern: @ = Q1 Q2

Q.bound = &

Q.free = Q1.free 5 Q,.free
Q.wff= TRUE
pattern-ident @ = I;

Q.bound = @

Q.free = {I1.name}
Q.wff= TRUE

expr-list: M = Eq Ey ... Ej
M.bound = (v k& - 1..n| Ex.bound)
M.free= ( k& - 1..n| Eg.free) 1
(W kdi- 1.n# Ecuwff= TRUE) g
/ 3 (i,jé-1.n$j-1.n$i%xj
M. wjff = boolé) 4 # Ei.bound4 Ej.bound= @
$ (4,78-1.n$j-1.n$i%xj
# Ej.bound 4 Ej .free= @

4.3 Type Checking

Type checking consists of checking, statically, that a formula is meaningful in a
certain context. For that, we associate a type with each expression that occurs
in a formula. This type is the set of all values that the expression can take.
Then, we check that the formula abides by some type checking rules. Those
rules enforce that the operators used can be meaningful. Unfortunately, type
checking, as it is a static check, can not, by itself, prove that a formula is
meaningful. For some operators, like integer division, we will also need to check
some additional dynamic constraints (e.g., that the denominator is not zero).
This will be specified in the well-definedness dynamic checks (see chapter 5 on
page 40).

The result of type checking is twofold. Firstly, it says whether a given
formula is well-typed (that is abides by the type checking rules). Secondly,
it computes an enriched context that associates a type with every identifier
occurring free in the formula.

In the sequel of this section, we shall first specify more formally concepts such
as type, type variable, typing environment and typing equation. Then, we shall
specify type checking using an attribute grammar formalism as was done for
well-formedness. Finally, we give some illustrating examples of type-checking.

4.3.1 Typing Concepts

As said previously, a type denotes the set of values that an expression can take.
Moreover, we want this set to be derived statically, based on the form of the
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expression and the context in which it appears. As a consequence, a type can
take one of the three following forms:

¥ a basic set, that is a predefined set (Z or BOOL) or a carrier set provided
by the user (i.e., an identifier);

¥ a power set of another type, such as P(Z);
¥ a cartesian product of two types, such as Z 6 BOOL.

A type variable is a meta-variable that can denote any type. In the sequel,
we shall use lowercase Greek letters (a, G, 7, ...) to denote type variables.

A typing environment represents the context in which a formula is to be
type checked. A typing environment is a partial function from the set of all
identifiers to the set of all possible types. For instance, the typing environment

{‘a’32Z,b’ 32P(Z 6 BOOL),‘c’ 32}

says that identifier ‘a’ has type Z, identifier ‘b’ has type P(Z 6 BOOL) (i.e.,
is a relation between integers and booleans) and identifier ‘c’ is typed by type
variable a.

If an identifier 7 has been defined as a carrier set, then it will appear in the
typing environment as the pair ¢ 32 P(¢).

A typing equation is a pair of types. In the sequel, we will write typing
equations as 7, = 7, instead of the more classical pair 7, 32 7. This is mere
syntactical sugar to enhance legibility.

A typing equation is said to be satisfiable if, and only if, there exists an
assignment to the type variables it contains such that, when replacing these
type variables by their value, the two components of the pair are equal (i.e.,
denote the same type). For instance, typing equation a 6 BOOL = Z 6 (3 is
satisfiable (take Z for o and BOOL for (3). In contrast, type equation P(a) = Z
and Z = ‘S’ are unsatisfiable (in the last sentence, remember that ‘S’ denotes a
carrier set).

Similarly, a typing equation is said to be uniquely satisfiable if, and only if,
there exists a unique assignment of type variables that satisfies it. For instance,
a = Z is uniquely satisfiable (the only assignment that satisfies it is to take
Z for «), while the type equation a = 3, although satisfiable, is not uniquely
satisfiable (to satisfy it, we only need that o and 3 are assigned the same type,
but that type is arbitrary).

These two notions of satisfiability are extended to sets of type equations,
with the additional proviso, that the satisfying assignment of type variables
is done globally for all type equations in the set. For instance, the set {a =
Z, 3= BOOL} is (uniquely) satisfiable, while the set {a = Z, o = BOOL} is
not satisfiable, although each equation, taken separately, is satisfiable.

4.3.2 Specibcation of Type Check

The abstract grammar of expressions is extended with the following attributes:

¥ Attribute ityvars (resp. styvars) is inherited (resp. synthesized) and con-
tains the set of type variables that have been used so far.

27



¥ Attribute ityenv (resp. styenv) is inherited (resp. synthesized) and con-
tains the current typing environment.

¥ Attribute ityegs (resp. styeqs) is inherited (resp. synthesized) and contains
the set of typing equations that have been collected so far.

¥ Attribute type is synthesized and contains a type.

These attributes are added to all non-terminals, except type which is not
defined for predicates (there is no type associated with a predicate) nor list of
identifiers.

Type checking then consists of initializing the attribute grammar by giving
values to inherited attributes of the root R of the tree and then evaluating
the attribute grammar. Type check succeeds iff, after evaluation, the set of
typing equations R.styegs is uniquely satisfiable. Moreover, in case of success,
the resulting typing environment is R.styenv, where all type variables have been
replaced by the values that satisfy the latter set of typing equations.

Initialization of the attribute grammar consists of the following three equa-
tions (where R denotes the root of the tree):

R.ityvars = @
R.ityenv = initial typing environment
R.ityeqs %)

Please note that the initial typing environment must not contain any type
variable.

The rest of this section describes the equations for each production rule of
the attribute grammar. In some places, we use a shortcut to denote some set of
equations. The notation

A.inherited = B.synthesized

means
A.ityvars = B.styvars

A.ityenv = B.styenv
A.ityeqs = B.styeqs

We also use the term fresh type variable to denote a type variable which
doesn’t occur in attribute ityvars of the left hand side of a production rule. For
instance, in the equations of production rule pred-rel o denotes a type variable
such that « 4/ P.ityvars.

The set of equations of the attribute grammar is:

pred-bn: P ;= P, P [pred-binop]
Py .inherited = P.inherited
P;.inherited = Py.synthesized
P.synthesized = Ps.synthesized

pred-ure: P ::= P,

Py .inherited = P.inherited
P.synthesized = Pj.synthesized
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pred-quant: P ::= L1 Py [pred-quant]
Lj.inherited = P.inherited

P .inherited = Ljy.synthesized

P.synthesized = Pj.synthesized

pred-lit: P ::= [pred-lif]
P.synthesized = P.inherited

pred-sinp: P = Ej
Let a be a fresh type variable in

Ey.ityvars = P.ityvars 5 {a}
FEj.ityenv = P.ityenv
FEy.ityeqs = P.ityegs
P.styvars = FEj.styvars

P.styenv = Ej.styenv

P.styeqs = FEi.styeqs 5 { E1.type = P(«a)}

pred-rel P ::= E; E, [pred-relop]
Let a be a fresh type variable in
E;.ityvars = P.ityvars 5 {a}
Eqityenv = P.ityenv
Fy.ityegs = P.ityegs
Es.inherited = FE1.synthesized
P.styvars = F».styvars
P.styenv = FEy.styenv
P.styeqs = Fsp.styeqs 5 E

where E is defined in the following table.

Es.type = P(a)

P.pred-relop E
| | ; FEi.type = « =
equal, notequa -

% Es.type = « s

Eq.type = Z

1ta le? gt7 ge Eztype =7

2
FEiy.type = «
in, notin

subset, notsubset,
subseteq, notsubseteq

0,

] &
Ej .type = P(«)

Es.type = P()

ident-list L:= 1, I, ... I
I .inherited = L.inherited
Ip.inherited = I,.synthesized

In .inherited = I, 1.synthesized
L.synthesized = Iy .synthesized
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ident I ::= [name]
if I.name - dom(!.ityenv) then
1.synthesized = I.inherited
I.type = I.ityenv(I.name)
else let « be a fresh type variable in
1.styvars = I.ityvars 5 {a}
1.styenv = I.ityenv 5 {I.name 32 o}
I.styeqs = 1.ityeqs
I.type = «

expr-bin: E ::= Ey E, [expr-binop]
Let a, B, v and § be distinct fresh type variables in
Ey.ityvars = Elityvars 5 {a, 3,7, 0}
FE1.ityenv = E.ityenv
Fh.ityeqs = E.ityeqs
FEs.inherited = FEi.synthesized
E.styvars = Ej.styvars
E.styenv = Ej.styenv
FE.styeqs = FEy.styeqs 5 E
E.type= 71
where E and 7 are defined in Table 4.1 on the next page.

expor-una E = Ej [expr-unop]
Let a and 3 be distinct fresh type variables in
Ey.ityvars = E.ityvars 5 {«, 0}
FEhatyenv = Elityenv
FEi.ityeqs = FE.ityeqs
E.styvars = Ej.styvars
E.styenv = Ej.styenv
FE.styeqs = Fj.styeqs 5 E
FE.type= 1
where E and 7 are defined in Table 4.2 on page 32.

expr-lambda: £ ::= Q1 P1 E;
Q1.inherited = E.inherited
P .inherited = Q1.synthesized
FE1.inherited = Pj.synthesized
FE.synthesized = F1.synthesized
E.type = P(Q1.type 6 Ej.type)
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E.expr-binop E T
o E;.type = P(a 6 () 3
unimage -
% Eb.type = « 2
. Ey.type = P(a 6 3)
relimage Ep.type = P(q) P(B)
mapsto ) Eq.type 6 Es.type
rel, trel, srel, strel, pfun, % E1.type = P(a) &
tfun, pinj, tinj, psur, tsur, Ey.type = P(J) P(P(a 6 p))
thij
% &
Ej . type = P(a
bunion, binter, setminus E;.tzze - PE a; P(a)
2
Eq.type = P()
cprod Ey.type = P(B) ) P(a 6 B)
0 E;.type = P(a 6 f) -
dprod | Eptype= P(a 6 ) ) P(a6 (36 7))
” E;.type = P(a 6 ) -
pprod . Ea.type = P(36 4) i P((a6 3)6 (76 9))
" Eytype= P(36 7)
beomp o Es.type = P(a 6 ) . P(a6 7)
0 E;.type = P(a 6 () -
fcomp By type = P(36 ) . P(a 6 v)
0 E;.type = P(a 6 () -
ovl E,.type = P(a6 f3) ; P(a 6 f)
0 E;.type = P(«) -
domres, domsub Ey.type = P(a 6 B) ) P(a 6 B)
0 E;.type = P(a 6 f) -
ranres, ransub — P(a 6 p)
J%/;U-type = P(9) e
FEq.type = Z
upto Ey.type = Z P(Z)
% &
plus, minus, mul, div, Eq.type = Z 7
mod, expn Es.type = Z

Table 4.1: Typing equations and resulting type for binary expressions.
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FE.expr-unop E T
6 7
uminus Ey.type = Z Z
7
converse B .type = P(a 6 B) P(36 )
6 7
card E;y.type = P(a) Z
6 7
pow, powl E;y.type = P(a) P(P(c))
6 7
union, inter Ex .type = P(P(a)) P(a)
6 7
dom E1.type = P(a 6 ) P(a)
6 7
ran Er.type = P(a 6 ) P(3)
6 7
prijl E;.type = P(a 6 () P(a6 36 «)
7
prj2 Ej.type = P(a 6 3) P(a6 56 )
6
id E7.type = P() P(a 6 )

Table 4.2: Typing equations and resulting type for unary expressions.
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expr-quantl: FE .= L1 P, E; [expr-quant]
Let a be a fresh type variable in
Ly.ityvars = E.ityvars 5 {a}
L1.ityenv = E.ityenv
L1.ityeqs = FE.ityeqs
Py .inherited = Lj.synthesized
Ej.inherited = Pj.synthesized
E.styvars = Fn.styvars
FE.styenv = FEj.styenv
E.styeqs = FE1.styeqs 5 E
E.type = 1
where E and 7 are defined in the following table.

E.expr-quant E T
6
qunion, ginter Ej.type = P(a) P(a)
cset o P(E1.type)
expr-quant2: F = F; Py [expr-quani]
Let a be a fresh type variable in
Eq.ityvars = Elityvars 5 {a}
FE1.ityenv = FE.ityenv
Fh.ityeqs = E.ityeqs
Py.inherited = FEi.synthesized
E.styvars = Py.styvars
FE.styenv = Py.styenv
E.styeqs = Py.styeqs5 E
E.type = 1
where E and 7 are defined in the following table.
E.expr-quant E T
6
qunion, ginter B .type = P(a) P(a)
cset 1] P(E;.type)

expr-bool: £ 1= P,
Py .inherited = FE.inherited
E.synthesized = Py.synthesized
FE.type = BOOL

exr-esd: F .= M
M .inherited = E.inherited
FE.synthesized = M.synthesized
E.type = P(M.type)
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expr-ident: E ::= I
11 .inherited = E.inherited
E.synthesized = I1.synthesized
E.type = I.type

expr-atom: E ::= [expr-lit]
Let a be a fresh type variable in
E.styvars = E.ityvars5 {a}
E.styenv = E.ityenv
FE.styeqs = E.ityeqs
E.type = T
where 7 is defined in the following table.

E.expr-lit T
integer, natural, naturall P(Z)
bool P(BOOL)
true, false BOOL
emptyset P(a)

expr-int: E = [int-1if]
E.synthesized = FE.inherited
FE.type = Z

pattern: @ 1= Q1 Q2
Q1.inherited = Q.inherited
Q2.inherited = Q1.synthesized
Q.synthesized = Qo.synthesized

Q.type = Q1.type 6 Q2.type

pattern-ident @ ::= I;
Iy .inherited = Q.inherited
Q.synthesized = I;.synthesized
Q.type = I1.type
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expr-list: M ::= F1 E, ... E;
Fq.inherited = M .inherited
FEs.inherited = Ei.synthesized

E, inherited = Eny 1.synthesized
M .styvars = FEy, .ityvars

M .styenv = Ej .ityenv +
; FEy.type = Ep.type g
Es.type = Es.type
M.styeqs = Ey.ityeqs 5 .
Eny 1.type = En.type
M .type = Ey .type

4.3.3 Examples

In this subsection, we present a few examples of the type-checking algorithm in
action on various formulae.

Formulaz- Z $ 1+ z. Figure 4.1 shows the dataflow for the type-checking
of this formula. Each step of the type-checking algorithm is shown as a circled
number, with edges relating them. The numbers appearing on the left of a node
corresponds to the computation of inherited attributes, numbers on the right to
the computation of synthesized attributes.

pred-bin
[land]

pred- reI pred rel

[m] [le]
expr-lit expr-int \
eXPr-ldent % % expr—ldent

ident ident
% 195

Figure 4.1: Type-check of formula - Z $ 1+ x.

Assuming that the typing environment is initially empty, the initial compu-
tation at step 1 is:

ityvars = @
1: 8 ityenv 1%
1tyeqs

I
Q
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Then, we process down the tree, adding a type variable at the - operator:

ityvars = & ityvars = {a}
2:8 ityenv = & 3, 4:8 ityenv = &
ityeqs = O ityeqs = @

Examining the first occurrence of variable x, we find that it is not present in
the environment, so we create a new type variable for it. This is then propagated
in the tree:

styvars = {a, 5} ) _ styvars = {a, 5}
_ ityvars = {«a, 5} _
B I S e
ityeqs = &
type = 3 - type = P(Z)

We now reach the - operator again, where we add our first type equations
and propagate the attribute values:

styvars = {a, 5} Z:tyvars = {a, 5,7}
9: styenv = w32ﬁi . & 10, 11: ityenv = wﬁSZﬁ: . &
styeqs P(Z) = P(a) ityeqs = P(Z) = P(c)

Continuing our traversal of the tree, we get:

styvars = {a, 3,7}

= ityvars = {a, 5,7}
L styenv = %ﬂszﬂi N & 13. 14: ityenv = §g 323 &
8 styegs — B © 8, =4 s
P(Z) = P(c) wyeqs = —
O P(Z) = P(a)

We now reach the second occurrence of variable x and, now, it is present in
the typing environment, so we just read its type from there, and propagate it:

styvars = {«a, 3,7}

styenv = {g 32 3} &

15,16:8 3 =a,
styeqs P(Z) = P(«)
type =

Reaching operator +, we add two new typing equations and propagate them
to the root:

styvars = {a, 3,7}

styenv = {x 323} +

_ g =
17, 18: o { B(Z) = P(a)’
styeqs = ( 7 =7 ﬁ

g =7

In the end, we obtain a system of four typing equations with two type vari-
ables. This system is uniquely satisfiable by taking @ = Z and 3 = Z. Hence,
the formula type checks. Moreover, its resulting typing environment is {2 32 Z} .

36



pred-rel
[equal]

/L

expr-lit expr-lit
[emptyset] [emptyset]

Figure 4.2: Type-check of formula @ = &.

Formula @ = @. The type-checking dataflow for this formula is given in
Figure 4.2.

The attribute values computed by the algorithm are (supposing that the
initial typing environment is empty):

styvars = {«a, 5}

Z'tyvarsi z z.tyvarsi ta} styenv = &
1:8 ityenv = @ 2:8 ityenv = & 3: styegs = @
ityeqs = O ityeqs = O -
" e type =B
ityvars = {a, B} jiyfe/zzs: {;7577} Zyzzzsz {a, 8,7}
4:8 ityenv = @ 5.8 °%Y - 6:8 5% &, &
ityeqs = & styeqs = styeqs = B = a
type =~ Y N=a

In the end, we obtain a system of two typing equations with three typing
variables. This system is satisfiable, but not uniquely. Hence formula @ = &
does not type-check.

Formula z/ S $ @ . xz. The type-checking dataflow for this formula is
given in Figure 4.3.

pred-bin
[land]

pred-rel pred-rel
[subseteq] [subset]

ident ident ident

Figure 4.3: Type-check of formula z/ S $ @. z.

Here, we assume that variable S denotes a given set. Thus, our initial

37



typing environment is {S 32 P(S)}. The attribute values computed by the
type-checking algorithm are:

ityvars = & ityvars = {a}
1, 2: 8 ityenv = {S 32P(5)} 3, 4:8 ityenv = {S 32P(S5)}
ityeqs = O ityeqs = O
styvars = {, O} & . _
t = 5 32P(5), e %2}2 P(S) &
5, 6: senv =g 325 7, 8:8 ityenv = ’
" - x 320
yeqs ityeqs = @
type = [
styvars = {y, 0} & styvars = {y, 0} &
y _ S 32P(9), y _ S 32P(9),
9,10:§ *" T 2 325 11:§ "V T g 328 &
styeqs = & _ g = P(a),
e = B(S) e = p(s) = Bla)
ityvars = {y, O} & ityvars = {pv, 3,7} &
ityenv = 5 32P(S), ityenv = 5 32F(S),
. _ = P(a), . _ = P(«),
ityeqs = P(S) = P(a) ityeqs = P(S) = P(a)
styvars = §g, 3,7, 0} ityvars = §g. 5,7, 0}
_ §32P(9),
styenv = o 32 2 ityeny = S 32 P(S),
14: . _ ﬂ — P(Oé), 157 16: (yUI‘ 32? b &
styeqs = P(S) = P(a) ityeqs = g(S) ; sz;a
type = P(9)
t = ) ) ,5
_ S 32P(S), styenv = ’
styenv = 328 vx 320 +
17, 18: %" & 19, 20: B = Pa)
’ _ B = P, ’ {0 2 oo
styeqs = P(S) = P(a) styegs = P(S) = P(a),
we = ( B(O) = P(y).(
g =PO)

In the end, we obtain a system of four typing equations with four typing
variables. This system is uniquely satisfiable taking « = v = 6 = S and
B = P(S). Hence formulaxz/ S $ @ . =z type-checks and the resulting typing
environment is { S 32P(S),z 32P(S5)}.

Formula z = TRUE. The type-checking dataflow for this formula is given in
Figure 4.4 on the following page.
Assuming that initially  denotes an integer (non empty initial typing envi-
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pred-rel
[equal]

N

. expr-lit
expr-ident P

[true]
ident é
[x]

Figure 4.4: Type-check of formula z = TRUE.

ronment), we obtain the following values for attributes:

ityvars = & ityvars = {a}
1:8 ityenv = {x 327} 2, 3:8 ityenv = {z 327}
ityeqs = @ ityeqs = @
styvars = {a} .
_ ityvars = {a}
4, 5: styenv _ {ws322} 6:8 ityenv = {x 327}
styeqs = 0 ityeqs = O
type = 7 yeq
styvars = {a} styvars = {a}
7. styenv f {z 327} 3: styenv = {g 327} R
styeqs = O ; _ 7 =«
type = BOOL S = BOOL = a

In the end, we obtain a system of two typing equations with one typing
variable. This system is not satisfiable, therefore the formula does not type-
check (remember that we initially assumed that variable x denotes an integer).
If the initial typing environment would have been empty, then the formula would
type-check.
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5 Dynamic Checking

Static checks are not enough to ensure that a formula is meaningful. For in-
stance, expression £ Oy passes all the static checks described above, nevertheless
it is meaningless if y is zero. The aim of dynamic checking [2, 3] is to detect these
kind of meaningless formulas. This is done by generating (and then proving)
some well-definedness lemma.

The rest of this chapter specifies how to produce these well-definedness lem-
mas. This is done by specifying a WD operator that takes a formula as argument
and the result of which is the well-definedness lemma of that formula.

5.1 Predicate Well-De bnedness

Table 5.1 on the next page specifies the WD operator for predicates. In that
table, letters P and @ denote arbitrary predicates, letters E and F' denote
expressions, and letter L denotes a list of identifiers.

5.2 Expr ession Well-De Pnedness

Tables 5.2 on page 42 and 5.3 on page 43 specify the WD operator for expres-
sions. In these tables, letter P denotes an arbitrary predicate, letters E and F'
denote expressions, letter () denotes a lambda pattern, letter L denotes a list
of identifiers, letter I denotes an identifier, letter n denotes a literal integer.
We also denote by Fg the list of the free variables that appear in expression F
(that is E.free) and by Fq the list of the free variables that appear in pattern
Q. Finally, letter = denotes a fresh variable (that is a variable that does not
occur free in the formula for which we compute the well-definedness lemma).
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Predicate WD Lemma
P$Q P#Q WD(P) $ (P# WD(Q))
P%Q WD(P) $ (P %WD(Q))
P Q WD(P) $ WD(Q)
Ap WD(P)
(L&P  )L&P (LAWD(P)
& &
brite( E) WD(E)
E=F E%F
pel L ;/_ L WD(E) $ WD(F)
El F E*F

Table 5.1: WD lemmas for binary and unary expressions.
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Expression

WD Lemma

F(E)

WD(F) $ WD(E) $ E - dom(F)
$ F'L({EY < F)/ id(ran(F))

E[F] E32F
EOF FEDF
E@ F FE@® F
EBF E2F
E-3F E—F
E3F FE-F
E~F ES5F
E4F E\F
E6 F E8 F
E9F ETF
E;F E4 F
E<F EXF
E>F EbF
E.F E+ F
E! F E:F

WD(E) $ WD(F)

EOF E mod F

WD(E) $ WD(F) $ F = 0

E#F

WD(E)$ 0+ E$WD(F)$ 0+ F

' E E'1
P(E) P1(E)
dom(E) ran(E)
prjs(E) pri>(E)
id(E) union(E)

WD(E)

card(E)

WD(FE) $ bnite( E)

inter( £)

WD(E)$ E* @

Table 5.2: WD lemmas for binary and unary expressions.
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WD Lemma

Expression
\Q 4P| E (Fo &WD(P)$ (P # WD(E))
{ LLéél‘Dpl 'E? (L aWD(P)$ (P # WD(E))
) E|P )
(F|P) (FE AWD(P)$ (P # WD(FE))
b ((L AWD(P) $ (P # WD(E)))
Larle $ (LAaP)
! (Fe &WD(P)$ (P # WD(E)))
ElF $ OFc 4P)
bool(P) WD(P)
{E1, E», ..., En} WD(E1) $ WD(E,) $ 484% WD(E})
I y/
N N;
BOOL  TRUE &
FALSE @

n

Table 5.3: WD lemmas for other expressions.
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