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Overview

� Moving to 3D:

� What happens to translate, scale, rotate?

� Some mathematical foundations.

� Modeling transforms. 

� Polygons, surfaces, solids and more.

� modeling techniques.
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3D!!

� What does 3D mean? 

� Means extra dimension. Rather than just x, y, 
now x, y, z!

� Allows us to model 3D worlds, even if the final 
output is still a 2D monitor

� VERY IMPORTANT: We can write cool games!
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Example 3D program

� Toy1.java

� OpenGL application

� Look at all the different aspects: shading, colour, 
structure shape

� ~100 lines (this is why we like OpenGL).

� We'll be discussing how for the rest of the 
course.
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How to think of OpenGL

� Only a few commands that actually do anything:

� glBegin, glEnd, glVertex, glNormal, glTexture

� Everything else is setting up the hardware for 
these commands.

� Things like glColor, glMatrixMode, etc "set up" 
the graphics card to affect how it handles the 
active instructions

� Illustrate with Toy1.java
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Primitives

� 2D

� Points 

� Lines

� Polygons

� Curves

� 3D: All of 2D +

� Surfaces (including polygon meshes)

� Solids
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Matrices for 3D transformations

� In 2D, we used 3x3 matrices.

� Why? 

� Allowed us to represent any affine transformation as a 
matrix.

� In particular, allows us to represent translations, since 
3rd column contains the translation.

� So, in 3D, we use 4x4 transformations
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Translation

� As you would expect:

� In OpenGL: glTranslatef(xt, yt, zt)

Translate� xt , yt , zt �= [
1 0 0 xt

0 1 0 yt

0 0 1 zt

0 0 0 1
]
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Scale

� As you would expect:

� In OpenGL: glScalef(xs, ys, zs)

Scale� xs , ys , zs�= [
xs 0 0 0
0 ys 0 0
0 0 zs 0
0 0 0 1

]
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Rotate

� In 3D ... it's tricky.

� In 2D, can only rotate by theta around a point.

� But in 3D, can rotate about any arbitrary axis!

� But ... let's start with rotations around x, y, z 
axes.
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But first ...

� Demo 3D axes

� Note: Right-handed coordinate system

Left hand 
coord system

x

z

y

Right hand 
coord system

x
z

y
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X-rotation

Rotx ��� = [1 0 0 0
0 cos� � sin� 0
0 sin� cos� 0
0 0 0 1

]
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Y-rotation

Roty ��� = [ cos� 0 sin� 0
0 1 0 0

� sin� 0 cos� 0
0 0 0 1

]
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Z-rotation

Rotz��� = [cos� � sin� 0 0
sin� cos� 0 0

0 0 1 0
0 0 0 1

]
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OpenGL is really 3D always!

� In Assignment 1, you used OpenGL for 2D stuff.

� But really OpenGL is always 3D. 

� For 2D, you are assumed to be looking from 
positive z axis down to origin.

� And really you are just drawing on the x-y plane!

� So rotation about z is the same as the 2D 
rotation ... just ignore the z!
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What about other axes?

� Euler's theorem: "Any sequence of rotations 
about a point can be represented as a rotation 
about a single axis at that point."

� Can actually calculate rotation about an arbitrary 
axes in terms of a sequence of rotations about x, 
y and z axes ... but messy!!

� OpenGL function: 
glRotatef(angle, ux, uy, uz)
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WARNING: 3D Rotations are tricky

� Rotations do NOT commute in 3D.

� Example: Rotate 90 degrees about x axis, then 
45 degrees around y axis vs other way around.

� Toy3 demo
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Aside: OpenGL and concurrency

� Think of OpenGL as a machine that you send 
data to like a pipe

� But Java is multithreaded

� Events are handled by a different thread from 
rendering

� Hence, must be careful to ensure that only one 
thing is sending data down pipe at a time

� Can cause mysterious crashes otherwise
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Some mathematical revision

� Need to discuss some stuff on vectors etc.

� Matrices, vectors, bases are the foundation of 3D 
graphics. You can't even use OpenGL properly 
unless you understand this stuff.

� Remember: Linear algebra is your friend.

/home/lambert/graphics/slides/model/COMP3421-model.odp 

COMP3421: Comp Graphics - Modeling Slide 19

Let's start at the very beginning ...

� What is a vector?

� Very general idea, but we are concerned with 
vectors in Rn.

� A vector is a direction and magnitude, doesn't 
have a location.

� Vector from point p1 to point p2 is p2-p1.

/home/lambert/graphics/slides/model/COMP3421-model.odp 

COMP3421: Comp Graphics - Modeling Slide 20

Vector diagram

p2 (5,4)

p1 (1,2)

Vector p1p2 = (4,2)

Also  Vector p1p2 = (4,2)!!
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Vectors - cont'd

� Notation: 

� Vectors can be multiplied by scalars e.g. 2(1,3) 
=(2, 6).

� A linear combination of

where the alphas are all real numbers.  

�v1, �v2,..., �vn

is
� 1 �v1�� 2 �v2� ...�� n �vn

�v
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Linear combination - example

� Can think of any point in 3D space as being a 
linear combination of i, j, k, where:

e.g.

� i,j,k are called the standard basis (we'll define a 
basis soon). 

�i = �1,0,0� ,�j = �0,1,0� ,�k= �0,0,1�

�5,2,3�= 5�i � 2�j � 3�k
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Dot product

� Operation on 2 vectors that returns a scalar.

or more simply as matrix multiplication

[a1

a2

a3
]	 [b1

b2

b3
]= a1b1� a2b2� a3b3

�a	 �b= �aT �b
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Norm

� A fancy word for "length"

� Definition: 

� Same as saying

� To normalise a vector divide by its norm.

� A vector that has been normalised has length 1 
and is called a unit vector.

� Unit vectors are very useful.  


 �a
= � �a	 �a


 �a
= � a1
2� a2

2� a3
2
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� If we have
and the angle between          is   

then 

Weird properties of the DP

�u ,�v
�u ,�v �

cos� = �u	 �v

�u

 �v


�u

�v
�
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Proof -> OHP
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Implications

� If the angle between two vectors is 90 degrees, 
then the dot product is zero, since cos 90o=0. 
These vectors are called orthogonal. 

� If we have unit vectors (reminder: length of 1), 
then the equation reduces to:

� That's pretty cool! We'll make use of it later for 
calculating lighting.

cos� = �u	 �v
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Cross product

� Operation on 2 vectors that returns a vector.

� Cross product of 2 vectors is orthogonal (fancy 
word for perpendicular) to both vectors.

� Cross product of 2 orthogonal unit vectors is a 
unit vector

[a1

a2

a3
]× [b1

b2

b3
]= [a2b3� a3b2

a3b1� a1b3

a1b2� a2b1
]
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Cross product

� Example -> OHP: i x j and j x i

� NB: Cross Prod is order dependent .. in particular 

� How to decide direction without calculations?

� Use right-hand rule.

�a× �b= � �b× �a
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Example break!

� Dot products

� Norms

�

� Cross product
(both ways) i.e

y

x
z

v2

v1

(1,0,0)

(1,1,0)�

�

�v1× �v2
�v2× �v1
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Vectors and Homogenous Coords

� Recall: Vector is difference between two points.

� Now T(p2-p1) = T.p2 -T.p1

� But in homogeneous coordinates, w=1, so when 
representing vectors in homogenous coordinates, 
w=0.

� i.e. vector (1,2,1) =          but point (1,2,1) =  [
1
2
1
0] [

1
2
1
1]
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Basis

� A basis is any set of vectors so that any point in 
the space can be represented by one and only 
one linear combination of the vectors.

� Example: standard basis i, j, k.

� Orthonormal basis: A basis where

� All the vectors in the basis are unit vectors.

� All the vectors in the basis are orthogonal to one 
another.
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Coordinate Spaces

� All bases have to have the same number of 
vectors in them. E.g. All bases for R3 have 3 
elements.

� Points in the local coordinate space are 
expressed as linear combinations of the basis.

� Like we did before with i, j, k.

� The coefficients of the vectors can be made into 
a vector too!
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2D Example

� x and y are a basis and u 
and v are a basis.

� p's coordinates can 
obviously be stated in x,y 
coordinates.

� But can also be stated in 
u,v coordinates as u + 2v 
or even (1,2)

uv
!

x

y

uv

p
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3D example

� Say we have a basis uvn and we have a point p 
with coordinates in uvn space. How can we find 
its coordinates in xyz space? 

y

x

z

v

n

u
O

p
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3D more

� Say p=(a
1
,a

2
,a

3
)

uvn
. What are its coordinates in 

xyz space?

� Well, (a
1
,a

2
,a

3
)

uvn 
is short for:

� Plus, it's offset by O so the final equation is:

a1�u� a2�v� a3�n

a1�u� a2�v� a3�n� O
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As a matrix ...

� Now we have

� Can this be expressed as matrix? Yes! It's:

� Proof -> OHP

 

a1�u� a2�v� a3�n� O

[
ux vx nx Ox

uy vy ny Oy

uz vz nz Oz

0 0 0 1
]
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Another way to look at transforms

� So far, we have considered transformations as 
something that moves points.

� BUT: Can also think about it in terms of a 
transformation from one coordinate system to 
another!

� So rotations are a type of coordinate 
transformation. 
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What use is this?

� This transform is known as the local to world 
transform.

� It allows us to define objects in their own local 
coordinate space, then move them, rotate them 
etc to the position we like.

� We store the transform with the object.

� Allows hierarchical models as well. Objects within 
objects within objects.
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Two representations, same result

� The origin + basis representation (change of 
coordinate frame) and the product of affine 
transformations representation are the same.

� Any product of linear transformations (i.e. bottom 
row [0,0,0,1]) is equivalent to a change of 
coordinate system.

� How? Basis = first 3 columns, Translation = last 
column.
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Example 1: X-wing fighter

� Say you have a 3D model of an X-wing fighter.

� All points of the X-wing fighter are defined in the 
local coordinate space.

� Now you want to model a fleet of X-wings.

� How to do this?
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X-wing

� Solution

� Store one model of an X-wing.

� Have lots of local to world transformations, one for 
each x-wing. We can form the L->W transform by 
choosing the basis for it.

� To figure out coordinates in world space, apply the 
local to world transformation.

� Call this matrix M
world <- x-wing
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Example -> OHP

� Back of top cannons are at about(-14,-10,4) and 
(14,-10,4).

� Nose is at (0,-18,0)

�u= �0.05,0,0�
�v= �0,� 0.01,� 0.05�
�n= �0.0,0.05,� 0.01�
O= �1,1,1�
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But wait ... there's more!

� Why limit yourself to one level of local->world 
transforms?

� Example: Say we have a model of an R2D2 unit. 

� R2D2 is a robot that goes inside the X-wing.

� R2D2 defined in terms of its own coordinate 
system.

� R2D2 goes into X-wing goes into the scene.
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Composition

� Say matrix to place R2D2 in X-wing coordinate 
system is: M

X-wing<-R2D2

� How to find coordinates of R2D2 in world space?

� Matrix is: M
world <- x-wing

.M
X-wing<-R2D2

� But only need to compute above once. Then 
apply it to all the points on R2D2 ... and you're 
done. 
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Example -> OHP

� Crest of R2D2's head is at (0,3,0)

� Coordinates in X-wing coordinate space

�ur= �1,0,0�
�vr= �0,0,1�
�nr= �0,1,0�
O= �0,8,4�
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Generalisation: A scene graph

� Can actually turn this into a graph

World

Xwing1

R2D2 Pilot Torpedo

Left Arm Head

� Each node is an 
object

� Each edge has a 
transformation 
(4x4 matrix) 
associated with it

TIEFighter
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Scene graph vs Scene tree

� Previous was a scene tree. Can easily generalise 
to scene graph, e.g. 

World

Xwing1 Xwing2

R2D2 Pilot Torpedo

Left Arm Head

TIEFighter



/home/lambert/graphics/slides/model/COMP3421-model.odp 

COMP3421: Comp Graphics - Modeling Slide 49

Why is this cool?

� Because it allows us to have libraries of objects.

� It's hierarchical, so we can have objects within 
objects.

� When we change the transform one node in the 
scene graph, all its children move, too! Good for 
animation. Even obeys laws of physics 
sometimes. e.g. ejecting R2D2.
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Example 2: Arm

� Arm-> Forearm -> Hand -> Fingers

� Transforming arm also moves forearm, hands, 
fingers.

� Transforming forearm also transforms hands & 
fingers.
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Revision

� Moving to 3D - implications.

� What happens to basic transforms.

� Mathematics of dot products, cross products etc.

� Bases; and the local-to-world transformation.

� Equivalence of coordinate frame and sequence-
of-affine transformation.

� Hierarchical modelling and scene graphs. 

/home/lambert/graphics/slides/model/COMP3421-model.odp 

COMP3421: Comp Graphics - Modeling Slide 52

Doing this all in OpenGL

� OpenGL has handy functions for working with 
hierarchical transforms

� Introduces concept of the matrix stack. 

� There are several stacks, but for now 
concentrate on modelview stack.

� Basic idea: We can use the stack to efficiently 
traverse the scene graph efficiently.
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Basic operations

� glMatrixMode(Mode) sets the matrix stack we 
want to use. For now, only concerned with 
GL_MODELVIEW.

� glPushMatrix() copies current top of matrix 
stack and pushes on top of stack.

� glPopMatrix() pops off the top of the stack

� glLoadIdentity() loads identity matrix onto 
top of stack
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How matrix stack is used.

� When you do glTranslatef(...) it actually 
postmultiplies the translation matrix by the matrix 
on top of stack and puts it back on top of the 
stack.

� Means that last matrix op is done first.
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Example

� Initialise stack with 
glMatrixMode(GL_MODEL_VIEW);
glLoadIdentity();

� Scale by 2
glScaled(1.0, 2.0, 1.0);

� Rotate around x by 90
glRotated(90, 1, 0, 0);

� Push on stack
glPushMatrix();

 
 

I

S(2)

S(2).R(90)

S(2).R(90)

S(2).R(90)
copy
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Example - cont'd

� Translate by a 
glTranslatef(a.x, a.y, a.z);

� Draw a point on screen.
glBegin(GL_POINTS);
glVertex3f(1,1,1);
glEnd();

would actually draw at S(2).R(90).Tr(a).(1,1,1)

� Pop off stack
glPopMatrix();

 
 

S(2).R(90)

S(2).R(90)

S(2).R(90)Tr(a)

S(2).R(90)

S(2).R(90)Tr(a)
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Example: X-wings and R2D2

� VRML Demo 

� OpenGL Demo 
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How is stack used?

� Any glVertex() calls are NOT done straight into 
world coordinates

� Matrix on TOP of stack is applied to any 
glVertex() calls.

� Effect: If we use top of stack to represent the 
product of all local to world transforms, then this 
puts point in world coordinates right off. 
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Modeling techniques

� How do we define shapes in 3D?

� In 2D: We had circles, bezier curves, polygons, 
lines ...

� How can we define surfaces? 

� How can we define solids?
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Technique 1: Polygon models

� Can model a surface as  a collection of polygons. 
A collection of polygons is usually called a mesh.

� But still a problem as to how we can come up 
with polygon coordinates. 

� Reality: For real-time rendering, most things get 
converted into polygons -so how to do this? 

� Example: ToyFinal
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But first ... what is a polygon?

� Sequence of points enclosing a plane.

� In 3D, we use polygons that only have one 
face ... there is no "back" of a polygon.

� How do you decide which way a polygon is 
facing?

Concave 
polygon

Convex
polygon
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Using the normal

� If not specified, use the right hand rule.

A

B

C

D

Into the page

A

B

C

D

Out of the page
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Types of polygon

� Nasty polygons:

� Self-intersecting: Polygons that intersect themselves 
are evil.

� Non-planar: Not all vertices are in the same plane.

� Concave: Have internal angles greater than 180 
degrees. Complicate lots of things. 

� We'll assume we don't have any of these.
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Polygon Meshes

� A group of polygons with shared vertices. 

a

b

c

d

e

f

g

h

i

j k

l
m

n
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Efficient representation

� If we treat each polygon separately, there will be 
lots of duplicated points, wasting space and time.

� So, we use an "indexed face set" representation: 
list of points + list of polygons defined by indices 
into point list.

� OpenGL: Uses vertex arrays for polygon meshes 
or can you use triangle strips where each vertex 
gets used three times. 
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Patches

� Another way to describe surfaces is as patches, 
e.g. Bezier patches.

� Teapot base and spout are made from Bezier 
patches. 

� We'll explore Bezier patches, but just as there 
are other types of curve, there are other types of 
patches.
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Bezier Patches

� Each Bezier patch consists of 16 control points.

� Rather than interpolating over 1 variable, you 
interpolate over two variables. 

p� s ,t�= �
k= 0

3

bezk � t � bk � s�

p� s , t�= �
k= 0

3

��
j = 0

3

p j , k b j � t �� bk � s�
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What the equations mean

� A surface is a sequence of curves. 

� Each curve making up the surface is a Bezier 
curve.

� Each of the curves has its four control points 
determined by evaluating another Bezier curve.

� NOTE: Bezier curves AND surfaces are 3D, not 
2D any more.
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Bezier patch
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More complicated surfaces

� Can stick Bezier patches together.

� Same issues arise as in 2D with regards to 
continuity - so share edges
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Implicit representations

� Sometimes can also represent a circle by an 
implicit form.

� e.g. sphere:

� Means that our surface is the set of all points for 
which above equation is true (called the locus).

x2� y2� z2� r 2= 0
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Extrusions

� Remember Play-Doh or cookie machine?

� Who thought it would be useful now? 

� You have a shape like :

� Then you squeeze stuff through the hole.

� So you get a shape whose cross section is the 
same as the hole.
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Extrusions 2

� How to define a simple extrusion aka a prism

� Cross-section. Can be defined as any closed 2D 
shape, e.g. polygon, circle, etc.

� The length of the extrusion.

� You can extend the concept by sweeping the 
cross section along a general path in 3D, e.g. a 
bezier curve or a polyline? 
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Extrusions 3

� Can extend the concept even further. 

� What about if we associate a scale with each 
point?

� Size of extrusion depends on scale at particular 
point (e.g. with polylines, at each point in 
polyline, we define a scale as well). 

� E.g. modelling a snake that's just eaten. 
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Extrusions demo

� VRML demo of extrusions extrusion.wrl
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Surfaces of Revolution

� Another way to make a 3D shape is like the lathe 
that you used in woodwork.

� Also known as sweeps.

� Again, take a cross section and sweep, then 
rotate it around an axis 360 degrees.
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Example: Wine-glass
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Tesselation

� Taking such shapes and turning them into 
polygon meshes

� Quite easy to convert sweeps and extrusions into 
polygons IF polygons and polylines are used.

� Parametric patches can be turned into meshes 
easily by substitution at required detail level.

� More advanced techniques for patches improve 
quality with less polygons
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Constructive Solid Geometry

� CSG

� Our first real solid modelling technique.

� Basic idea: What happens when we apply logical 
ops like AND, OR, NOT, XOR to intersections?

� Problem: Very difficult to tesselate. 

� But ... not everything is polygons.
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Not on the exam: The teapot

� Why are computer graphics people obsessed 
with teapots?

� In OpenGL:
glutSolidTeapot(size)
glutWireTeapot(size)

� Based on a real teapot.

� Very difficult shape to render correctly. Had many 
nasty surfaces. 
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Teapot trivia

� Was hand digitised and described.

� Some hackers knew coordinates off by heart.

� Page 562 has actual coordinates.


