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coNP

It is not known whether NP is closed under complementation.

Definition

coNP is the set of all languages Σ∗ \ A, where A is a language in
NP.

Say that the computation tree of a nondeterministic machine M
universally accepts input w if every branch of the computation tree
of M is accepting.

Let L∀(M) be the set of w such that M universally accepts w .

Theorem

coNP is the set of all languages L∀(M) where M is
nondeterministic polynomial time Turing machine.



Space Complexity

Definition

The space complexity of a TM that halts on all inputs is the
function f : N −→ N, where f (n) is the maximum number of tape
cells that M scans on any input of length n.

The space complexity of an NTM that halts on all inputs is the
function f : N −→ N, where f (n) is the maximum number of tape
cells that M scans on any branch of its computation on any input
of length n.

Intuitively, we expect space to beat time because space can be
reused whereas time cannot. (At least I haven’t found a way yet.)



Space Complexity Classes

Definition

Let f : N −→ N.

Define the space complexity classes, SPACE(f (n)) and
NSPACE(f (n)) to be the collection of all languages that are
decidable by an O(f (n)) space TM, resp., NTM.



SAT ∈ SPACE(n)

Remember SAT = { 〈φ〉 | φ is a satisfiable Boolean formula }.
Show that SAT ∈ SPACE(n).

M = “On input 〈φ〉, where φ is a Boolean formula:

1 For each interpretation π of the variables of φ:
If π |= φ, accept.

2 Reject.”



Example ALLNFA

Recall that

ALLNFA = { 〈A〉 | A is an NFA and L(A) = Σ∗ }

Currently, it’s known neither whether ALLNFA ∈ NP nor whether
ALLNFA ∈ coNP.



Example ALLNFA ∈ NSPACE(n)

M = “On input 〈A〉, where A = (Q,Σ, δ, q0,F ) is an NFA:

1 Place a marker on q0

2 Repeat 2|Q| times:
1 Let m ⊆ Q be the positions of markers.
2 (nondeterministically) pick an a ∈ Σ
3 change m to

⋃
q∈m δ(q, a).

4 If m ∩ F = ∅, accept.

3 reject.”

Note that M may use exponential time but linear space only.

2|Q| iterations are needed to ensure we can reach all possible
patterns of markers on states.

Why didn’t we introduce coNSPACE?



SPACE vs. NSPACE

Theorem (Savitch)

For any function f : N −→ N, where f (n) ≥ n,

NSPACE(f (n)) ⊆ SPACE(f 2(n)) .

To prove this, we need to simulate an f (n) space NTM
deterministically.

Bad proof idea: try all branches of the NTM’s computation, one
after the other. This requires storing a stack of choices made along
the branch. A branch that uses f (n) space may run for 2O(f (n))

steps, and each step may require recording a choice. So this
approach may use 2O(f (n)) space.



Savitch’s Proof Idea

Use binary (recursive) search to find an accepting branch of the
NTM’s computation.

After modifying the NTM to one that clears its tape before
accepting, also the final (accepting) configuration qacceptε is
unique.

The initial configuration for input w is q0w .

The number of different configurations of the NTM
N = (Q,Σ, Γ, δ, q0, qaccept, qreject) in f (n) space is at most:

k(n) = |Γ|f (n)︸ ︷︷ ︸
tape content

· (f (n) + 2)︸ ︷︷ ︸
head position

· |Q|︸︷︷︸
state

= 2O(f (n))



Savitch’s Proof Idea cont.

We build a TM M that decides L(N) in SPACE(f 2(n)).

On input w it outputs the result of

CanYield(q0w , qacceptε, k(|w |))

where CanYield(c1, c2, t) is a deterministic recursive procedure
that decides whether N can yield configuration c2 from c1 within t
steps.



Savitch’s Proof Idea cont.

CanYield(c1, c2, t) =

1 If t = 1
If c1 = c2 or if c1 can yield c2 in N, accept.
Reject.

2 Else (i.e. if t > 1) for each of the k(|w |) configurations cm of
N on input w using space f (|w |):

1 Run CanYield(c1, cm, b t2c).
2 Run CanYield(cm, c2, d t2e).
3 If both recursive calls accepted, accept.

3 Reject.



Savitch’s Proof Idea cont.

How much space does M use?

Because each recursive call of CanYield(c1, c2, t) roughly halves
the value of the third argument the maximum recursion depth is
dlog2 te. The initial value for t is k(|w |) = 2O(f (|w |)).

So the maximum recursion depth is O(f (|w |)).

Each recursive call should store the values of the arguments on a
stack. The size of such a stack frame is O(f (|w |)).

Altogether M thus uses O(f 2(|w |)) space.



NB

One technical problem is that we don’t know whether it is safe to
assume that f (n) can be computed in the space given. To avoid
this problem we could modify M to try f (n) = 1, 2, . . .. We’d
modify CanYield(c1, c2, t) to stop and complain if the current
configuration size is exceeded and then start over with the next
size.



PSPACE

Definition

PSPACE =
⋃

k∈N
SPACE(nk)

We could also define NPSPACE =
⋃

k∈N NSPACE(nk), however

PSPACE = NPSPACE

by Savitch’s theorem.



Relationships

P ⊆ NP ⊆ PSPACE = NPSPACE ⊆ EXPTIME

where EXPTIME =
⋃

k∈N TIME(2n
k
).

Proof of PSPACE ⊆ EXPTIME.

A TM that uses f (n) space and halts will pass through no more
than f (n)2O(f (n)) configurations, all of which must be distinct.



PSPACE-Completeness

Definition

A language B is PSPACE-complete if

1 B ∈ PSPACE

2 B is PSPACE-hard, i.e., every A ∈ PSPACE is polynomial
time reducible to B.



Quantified Boolean Formulas
We can extend propositional logic over atomic propositions Prop
by adding quantifiers:

φ→ p | φ ∧ φ | ¬φ | (φ) | ∀p(φ) | ∃p(φ)

p → x | y | . . .

The semantics for the extension can be given by treating
quantifiers as abbreviations:

∀x(φ) = φ[true/x ] ∧ φ[false/x ]

∃x(φ) = φ[true/x ] ∨ φ[false/x ]

where φ[t/x ] is the result of substituting t for all (free) occurrences
of x in φ.



QBF is PSPACE-complete

A sentence of quantified boolean logic is a formula that

1 has no free (unquantified) variables, and

2 is in prenex normal form (i.e., all quantifiers are at the front).

The truth value of a sentence does not depend on an assignment π.

Theorem

QBF = { 〈φ〉 | φ is a true sentence } is PSPACE-complete.



Proof: QBF ∈ PSPACE

T = “On input 〈φ〉, where φ is a sentence:

1 If φ is quantifier-free, evaluate it and accept if it’s true and
reject otherwise.

2 If φ is ∃x (ψ), recursively call T on ψ[false/x ] and ψ[true/x ].
Accept, if either result is accept and reject otherwise.

3 If φ is ∀x (ψ), recursively call T on ψ[false/x ] and ψ[true/x ].
Accept, if both results are accept and reject otherwise.”



Proof: QBF is PSPACE-hard

To prove hardness we recycle two proof ideas: Cook’s to encode
TM configurations and Savitch’s to compress search trees.

Let A ∈ PSPACE, say, A ∈ SPACE(nk) as witnessed by TM M.

On input w we build a sentence

φcstart,caccept ,h

that is true iff M accepts w in at most h = 2dn
k

steps where M has

no more than h possible configurations of length nk when computing on

a word of length n = |w |.



The sentence φc1,c2,t

encodes ingredients of a TM configuration of length up to nk as in
the Cook-Levin theorem using ` = O(nk) variables.

For t = 1 we encode that c1 = c2 or c1 yields c2 (in a single step).

For t > 1 we try

φc1,c2,t = ∃m
(
φc1,m,t/2 ∧ φm,c2,t/2

)
where ∃m abbreviates ∃m1, . . . ,∃m`—we quantify over a whole
row of the tableau used to encode the computation of M.

This almost works; the only flaw is that the formula’s size is
exponential in n



The sentence φc1,c2,t cont.

To fix this, we replace the conjunction by a quantification:

φc1,c2,t = ∃m
(
∀(c3, c4) ∈ {(c1,m), (m, c2)}

(
φc3,c4,t/2

))

—The End—
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