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Efficient computation of robust average of
compressive sensing data in wireless sensor
networks in the presence of sensor faults
Chun Tung Chou, Member, IEEE, Aleksandar Ignjatovic̀, Wen Hu, Senior Member, IEEE
Abstract—Wireless sensor networks (WSNs) enable the collection of physical measurements over a large geographic area. It is
often the case that we are interested in computing and tracking the spatial-average of the sensor measurements over a region of the
WSN. Unfortunately, the standard average operation is not robust because it is highly susceptible to sensor faults and heterogeneous
measurement noise. In this paper, we propose a computational efficient method to compute a weighted average (which we will call
robust average) of sensor measurements, which appropriately takes sensor faults and sensor noise into consideration. We assume
that the sensors in the WSN use random projections to compress the data and send the compressed data to the data fusion centre.
Computational efficiency of our method is achieved by having the data fusion centre work directly with the compressed data streams.
The key advantage of our proposed method is that the data fusion centre only needs to perform decompression once in order to
compute the robust average, thus greatly reducing the computational requirements. We apply our proposed method to the data collected
from two WSN deployments to demonstrate its efficiency and accuracy.
Index Terms—Wireless sensor networks, compressive sensing, distributed compressive sensing, fault tolerance, data fusion, robust
averaging
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I NTRODUCTION

This paper considers the fusion of distributed compressive sensing [7], [15], [16] data in a wireless sensor
network (WSN) [5]. Compressive sensing is a collection
of recently proposed sampling and signal reconstruction
methods. A promise of compressive sensing is that it
can obtain a good approximation of an unknown signal
by performing a small number of generalised measurements, called projections, provided that the unknown
signal is compressible. For WSNs, it means that compressive sensing can be used to reduce the bandwidth
requirement and lower the energy consumption.
Given that sensor faults (e.g. offset, stuck-at errors
and variation of sensor measurement noises etc. [17],
[27] etc.) are common in WSNs, many WSN designers
choose to deploy redundant sensors so that neighbouring sensors should return the same reading if they are
noise-free and not faulty. For these WSNs, the users will
be interested to compute the average of the data from
neighbouring sensor nodes. Unfortunately, the standard
average operation is not robust when there are sensor
faults, therefore it is important to appropriately modify
the averaging process to take into account the presence
of faults. This paper proposes a method to compute
a robust average of sensor measurements, which ap• C.T Chou and A. Ignjatovic̀ are with the School of Computer Science and
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propriately takes sensor faults and sensor noise into
consideration, in a computational-efficient manner. Our
proposed method achieves computational efficiency by
working on the compressed data, which has a smaller
dimension compared with the original data.
Figure 1 depicts a “standard” method in which distributed compressive sensing [16] can be used to compute a robust average in a WSN. Instead of sending
the original sensor measurements, each sensor performs
projections on its sensor measurements to produce a
lower bandwidth compressed data stream. These compressed data streams are then transmitted over the WSN
to reach the data fusion centre where these data streams
are decompressed to retrieve the original signals (or
more precisely, an accurate approximation of the original
signals because the compression is lossy). Based on the
decompressed data streams, the data fusion centre can
examine which of the signals are faulty. Assuming that
we are interested in calculating the average of the data,
we can now use the decompressed data streams to determine suitable weights for this averaging operation, e.g.
by weighting noisy signals less than the clean signals.
The key advantage of this method is that bandwidth will
be saved by sending compressed data streams over the
network. This method is suggested in [16].
In this paper, we examine the alternative method
depicted in Figure 2. For this method, the sensors again
send compressed data streams to the data fusion centre.
The main difference is the sequence of operations to be
performed at the data fusion centre. Instead of first decompressing the compressed data to obtain the original
data stream, our proposed method will work directly
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with the compressed data without decompressing them.
Our proposed method determines a weight for each of
the compressed data streams which reflects whether the
sensor which produces the compressed data stream may
be faulty or not. We then apply these weights to compute
a robust average of the compressed data streams. A
nice property of this robust average of the compressed
data streams is that, upon decompressing (or applying
the compressive sensing reconstruction method to) this
stream, we will obtain an approximation of the robust
average of the original sensor readings. The key advantage of our proposed method is a great reduction
of computation requirement at the data fusion centre.
Firstly, we work directly with the compressed data,
whose dimension is only a fraction of that of the original
sensor readings. Secondly, we only need to perform
decompression (or compressive sensing reconstruction)
once, this represents a huge saving in computation requirement because each decompression requires a linear
programming problem to be solved. In addition, we
show that our fusion algorithm can be implemented on
resource-limited wireless sensor nodes.
The rest of this paper is organised as follows. In
Section 2, we define the set-up of WSN and the data
models. We then present our robust averaging method
in Section 3. In Section 4, we apply our proposed method
to data obtained from two outdoor WSN deployments.
Section 5 discusses related work and Section 6 concludes
the paper.
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Fig. 1. This method determines the robust average
after decompressing all the signals. Because of single
processor environment, the time needed to decompress n
compressed data streams (n = number of sensors) equals
to n times of the time needed to decompress one data
stream.
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Problem setting: Basic

We consider a WSN with n sensors indexed by s =
1, ..., n. We assume that the sensors are time synchronised and at each time slot t, each sensor performs
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Fig. 2. The new method proposed in this paper. Note that
this method requires only one decompression.
n
xs
xst
ys
ysk
Φ
ws
vs

number of sensors
m
amount of data in a block
uncompressed data vector from sensor s
data from sensor s at time t
projected (compressed) data vector from sensor s
k-th projection from sensor s
projection matrix
r
weighted average
weight on sensor s
p
number of projections
deviation from weighted mean, see (6)

TABLE 1
Notation used in this paper.

a measurement. We will use xst to denote the sensor
reading by sensor s at time slot t. We assume that the
network works on one block of data with m consecutive
data points in a block, therefore a block of data consists
of {xst } with s = 1, .., n and t = 1, ..., m. Note: Table 1
contains a summary of notation used in this paper.
As depicted in Figure 2, the sensors will not send their
readings xst directly to the data fusion centre in order
to conserve bandwidth and energy. Instead, each sensor
will perform projections [8] on its sensor readings and
send only the results of the projections, which we call
either the compressed data stream or the compressed
data, to the data fusion centre. The action of, say sensor
s, on projecting its data sequence xst (t = 1, ..., m) can
be expressed in matrix form, as follows:





ys1
xs1
φ11 φ12 . . . φ1m
 ys2 
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 φ21 φ22 . . . φ2m   xs2 
 ..  = √  ..
..
..   .. (1)
p .
 . 
.
...
.  . 
ysp
xsm
φp1 φp2 . . . φpm
{z
} | {z }
|
| {z }
ys

⇔ ys

2

Sensor 2

y11 , y12 , ...

Φ

=

Φxs

xs

(2)

The matrix Φ is the projection matrix and the vector
ys is the result of the projection. (Note that all vector and
matrix quantities are typeset in boldface in this paper.)
The theory of compressive sensing says that the elements
φij can be drawn from one of these distributions: (1)
Standard Gaussian distribution; (2) Symmetric Bernoulli
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distribution of random numbers {+1,
√−1}; or (3)√Categorical distribution whose outcomes 3, 0 and − 3 occur with probability 16 , 23 and 16 respectively. We assume
that all the sensors use the same projection matrix for
each block of data. Since the network is synchronised,
this can be achieved by using a time dependent seed
for the pseudo-random number generators. This also
means that the sink knows the projection matrix that
is being used and the sensors do not have to send this
information. The parameter p (< m) here is the number
of projections to be used and we assume that all sensors
use the same value of p.
The compressed data stream {ysk } (for k = 1, ..., p) is
to be transmitted by sensor s to the data fusion centre of
the WSN. For practical implementation, it is easier to use
either Bernoulli distribution or Categorical distribution
mentioned earlier. For Bernoulli distribution, it will be
√
easier for the sensors to send pysk to the data fusion
centre because only integer addition and subtraction are
needed to perform by the sensor nodes. Furthermore, for
suitable values of p, the transmission of the sequence
{ysk } will require less number of bits than {xst }. If
the analogue-to-digital (A/D) convertor on the sensor
uses b bits, then sending the original sequence will need
mb bits. However, sending the compressed sequence
(assuming the aforementioned practical implementation)
will require p(b+1+dlog2 me) bits (where due denote the
smallest integer larger than or equal to u) because the
range of ysk is [−m(2b − 1), m(2b − 1)]. Thus, bandwidth
is saved if p(b + 1 + dlog2 me) < mb (assuming that no
special coding scheme is used) and we will show that
using data from WSN deployments in Section 4. With
suitable implementation of Categorical distribution, the
sensors again only have to perform integer arithmetic.
Also, sampling energy can be saved if a zero is drawn
from the Categorical distribution because such samples
are not needed. For the rest of this paper, we will assume
that either the Bernoulli or Categorical distribution is
used. Note that we will continue to write projection
using the convention in equation (2) which is commonly
used in compressive sensing literature but noting that
the practical implementation may be slightly different.
2.2 Data and fault models for robust averaging
We assume that all the sensors in WSN are measuring
the same physical value at any given time but some
of the sensors can be faulty. The type of faults can
be bias, stuck-at fault or heterogeneous measurement
noise [17]. We model that by assuming that the sensor
reading of sensor s at time t, xst , is generated from the
Gaussian distribution with mean rt and variance σs2 , i.e.
xst ∼ N (rt , σs2 ). In other words, the model assumes that
all sensors should have the same mean reading rt at
time t but the measurement noise of different sensors
can be different. Our goal is therefore to recover the
value of rt from the sensor readings. We will refer to
this process of recovering rt in the presence of faults as
robust averaging.

Remark 1: The assumption that all sensors have the
same mean reading is a common assumption made in
sensor fault detection literature in WSNs. For example,
such an assumption is made in [21], [17].
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We will show in section 3.1 how we can recover rt if the
sensor readings {xs } are available. After that, in section
3.2, we show how the same algorithm can be used
for recovering rt from {ys }. Properties of the proposed
algorithm are then analysed in Sections 3.3 and 3.4.
3.1

Computing robust average from xs

Given {xs } where xst ∼ N (rt , σs2 ), we propose to recover
rt by using maximum likelihood estimation. The loglikelihood function for the data sequences {xst } with rt
and σs as the unknown parameters is:
L =

C−m

n
X

log(σs ) −

s=1

n X
m
X
(xst − rt )2
s=1 t=1

2σs2

(3)

where C is a constant. By differentiating the loglikelihood function L with
Pmrespect to σ2s , we have at the
1
maximum of L, σs2 = m
t=1 (xst − rt ) . After replacing
σs2 in equation (3) by this expression, it can be shown
that rt can be recovered from the following optimisation
problem
n
X

max

r1 ,r2 ,...,rm

m
X
− log( (xst − rt )2 )

s=1

(4)

t=1

Let r denote the column vector [r1 r2 ... rm ]T (where
denotes matrix transpose). It can be shown that the
optimal r can be computed by:
T

r

n
X

=

ws xs

(5)

s=1

where w1 , w2 , ..., wn are given by the fixed point of the
following two set of equations:
vs

= kxs −

n
X

wi xi k22

for s = 1, ..., n

(6)

i=1

1
vs
Pn
ws

=

j=1

Pn

i=1

+λ

vj

for s = 1, ..., n

1
v
Pn i

j=1

vj

(7)

+λ

with the parameter λ set to zero. (Note: The role of λ
will be explained shortly.) Note that the estimated r is
a weighted average
of the signal since ws ≥ 0 (for s =
Pn
1, ..., n) and
w
s=1 s = 1. Intuitively, vs measures the
deviation of sensor s’s measurements xs from r. This
deviation will be large for faulty sensor and vice versa.
Consequently, the weight ws should be small for those
sensors that are faulty or have a large noise variance.
Note that for each block of data, a weight is assigned
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to each sensor. The weight for each sensor can change
from a block of data to another since a sensor may only
display faults over a limited period of time.
In order to speed up the convergence of computing
r, we use the fixed point iteration in Algorithm 1. Since
the objective function (4) can be unbounded, therefore
a small positive constant λ is needed to improve the
algorithm’s numerical properties. For a small λ, the fixed
point iteration algorithm can therefore be interpreted
as an approximate maximum likelihood estimator. Note
that if λ is a large number, then the weight ws in equation
(7) is almost equal to n1 , therefore it is not recommended
to choose a large λ. We will show in Appendix C.1
(online supplemental material) that, for stuck-at faults,
a small value of λ will only create a small bias in the
estimation of the weights ws .
We will study the convergence of the fixed point
iteration using data collected from various outdoor WSN
deployments in Section 4. We find that the fixed point
iteration converges quickly and this makes it ideal for
implementation in wireless sensor nodes which have
only limited computation power.
Note that the above maximum likelihood interpretation assumes that the fault is a Gaussian noise. When this
assumption does not hold, maximum likelihood estimator can be viewed as a minimiser of the Kullback-Leibler
divergence between the true and assumed distributions
[33].
Algorithm 1 Robust averaging fixed-point iteration
1:
2:
3:
4:
5:
6:

3.2

[`]

[`]

Let ws and vs be, respectively, the values of ws and
vs at the `-th iteration. Perform the following:
[`]
Initialise ` = 0. ws = n1 .
`←`+1
[`−1]
[`]
using equation (6).
Compute vs from ws
[`]
[`]
Compute ws from vs using equation (7).
If the iteration has converged, output r =
Pn
[`]
s=1 ws xs ; otherwise, go back to Step 3.

3.2.1 Computing r from ws and ys
In order to explain how the robust average r can be
computed from the compressed data ys , let us, for the
time being, assume that we have a method to determine
the weights ws in equation (5) from ys . (We will explain
in section 3.2.2 how ws can be computed from ys .)
By pre-multiplying both sides of equation (5) by the
projection matrix Φ, we have
Φr

=

s=1

ws Φxs =

n
X

r̂ = Ψẑ where ẑ = arg minm kzk1 s.t. ΦΨz =
z∈R

n
X

3.2.2 Computing ws from ys
In order to understand how ws can be computed from
ys , we first state the Johnson-Lindenstrauss (JL) Lemma.
Lemma 1: (JL Lemma [1]) Let Q be an arbitrary set of
q points in Rm , represented by the vectors d1 , d2 , ..., dq .
Given , β > 0, let
p0 =

4 + 2β
3 log q
− 3

2
2

(9)

For integer p ≥ p0 , let Φ be a random p × m matrix
whose elements are generated from either: (1) a symmetric Bernoulli distribution of random numbers {+1,√−1},
or (2) √
Categorical distribution whose outcomes 3, 0
and − 3 occur with probability 16 , 23 and 16 , then with
probability at least 1 − q −β , the following holds

(1 + )kdi − dj k22 ∀di , dj ∈ Q

vs

= kxs −

n
X

(8)

s=1

where we have used the definition of the projected data
streams ys given in equation (2). The importance of
equation (8) is that Φr is in fact the compressed version

(10)


Since the projection matrices that are commonly used
in compressive sensing obey the JL Lemma, this means
that vs in Eq. (6) can be approximately computed from
ys , as follows:
wi xi k22

i=1

ws ys

ws ys

s=1

1
(1 − )kdi − dj k22 ≤ k √ Φ(di − dj )k22 ≤
p

Computing robust average from ys

n
X

of the robust average r. Therefore, if the weights ws
are known, then one can obtain the compressed version
of the robust average by applying the same weights to
the compressed data streams ys . This P
means that one
n
can readily obtain r by decompressing s=1 ws ys . This
derivation also shows three of the ingredients which are
needed for our scheme to work (note: there are two
more, for the estimation of ws , which will be explained
later): (1) The averaging operation must be linear. (2)
The compression operation must be linear, which is the
case for compressive sensing. (3) All sensors must use
the same projection matrix, which can be realised by
synchronising the sensor nodes.
Before explaining how the weights ws can be computed from the compressed data {ysk }, we will first
explain how decompression (or reconstruction) can be
done. For our case, decompression can be realised by
using any compressive sensing reconstruction algorithm,
e.g. basis pursuit [8]. For example, if we know that the
robust average is sparse in the basis Ψ ∈ Rm×m (where
the columns are the basis vectors), then we can obtain
an approximation of r by:

≈

kΦ(xs −

n
X

wi xi )k22 (by JL Lemma)

i=1

= kys −

n
X
i=1

wi yi k22
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This derivation shows that one can simply replace xs
by ys in Algorithm 1 to compute the robust average
from the compressed data ys . For the remainder of this
section, we will first provide a maximum likelihood
interpretation of using compressed data to compute the
robust average and then study the perturbation on the
weights ws when the compressed data {ysk } is used
instead of the original measurements {xst }.
Based on the above discussion, we see that there
are two properties that are needed in order that the
weights can be obtained from the compressed data: (1)
The projection matrix needs to satisfy the JL Lemma. (2)
The algorithm that determines the weights from the data
can only use `2 -norm of differences in Rm where m is
the dimension of the original data vectors.
3.3 Maximum likelihood interpretation when compressed data is used
We argued earlier that, when λ = 0, the fixed point
iteration for robust averaging can be interpreted as a
maximum likelihood estimator where the original sensor
measurements xst are generated from N (rt , σs2 ) with unknown parameters rt and σs2 . The maximum likelihood
interpretation continues to hold when the compressed
data ysk is used instead, except that the variance becomes
larger. The following derivation will also show the tradeoff between efficiency and accuracy in using compressed
data. Let us decompose xst as the sum of rt and a noise
term est , as follows: xst = rt + est where est ∼ N (0, σs2 ).
The compressed data ysk can be written as:
ysk

=

1
√
p

m
X

φkt xst =

t=1

m
X
t=1

|

m
X

1
1
√ φkt rt +
√ φkt est
p
p
t=1
{z
} |
{z
}
r̃k

ẽsk

Note that the noise term ẽsk is a sum of Gaussian distributed random variables, therefore ẽsk is also Gaussian
distributed. By using the facts that (1) φkt is a random
variable with zero mean and unit variance; (2) φk1 t1 is
independent of φk2 t2 if either k1 6= k2 or t1 6= t2 ; (3) est1
is independent of est2 ; (4) φkt is independent of est ; it
can be shown that
E[ẽsk ]

=

E[ẽs1 k1 ẽs2 k2 ]

=

0 ∀s = 1, .., n, k = 1, ..., p
(11)
 m 2
for
s
=
s
and
k
=
k
σ
1
2
1
2
p s
(12)
0
otherwise

where E denotes expectation. Therefore, if the compressed data {ysk } is used to determine the robust average instead, the assumption that the noise affecting each
compressed datum ysk is corrupted by an independent
Gaussian noise continues to hold. This means that the
maximum likelihood interpretation continues to hold
even if the compressed data {ysk } is used instead. Note
that the variance of the noise affecting the compressed
2
datum ysk is m
p σs . Since m > p, this noise variance is
larger than that affecting the original sensor measurement. This derivation also shows the price that is being

paid by using the compressed data for robust averaging
is an increase in variance. This also shows that there
is a trade-off between computation-efficiency (which is
achieved by using a small p) and accuracy (which is by
using a large p).
3.4

Effect of using compressed data

The derivation of the fixed point iteration in Section 3.1
assumes that the sensor readings {xst } are available to
compute the weights ws . Since our goal is to compute
these weights from the compressed data {ysk } and use
the JL approximation, the aim of this section is to study
the perturbation on the weights ws due to the use of
compressed data. We first set up the framework for
performing the perturbation analysis.
Let v and w denote, respectively, the vectors whose sth element is vs and ws . In order to facilitate the perturbation analysis, we define two operators. Let Twv denote
the operator that maps w to v defined by equation (6)
and Tvw denote the operator that maps v to w by using
equation (7). If the fixed point of equations (6) and (7)
are given by w0 and v0 , then
v0
w

0

=
=

Twv (w0 )

(13)

0

(14)

Tvw (v )

Let us consider the situation if compressed data ys is
used instead. In this case, equation (6) is replaced by
vs

=

kys −

n
X

wi yi k22 = kΦ(xs −

n
X

wi xi )k22 (15)

i=1

i=1

Note that the rightmost expression of (15) is an approximation of the right-hand-side of (6) based on the JL
approximation. If compressed data ys is used, the fixed
point algorithm iterates between equations (15) and (7)
instead of equations (6) and (7). Let T̂wv denote the
operator that maps w to v defined by equation (15). Let
w1 and v1 be the solution of the fixed-point iterations
using compressed data, then we have:
v1
w

1

=
=

T̂wv (w1 )
1

Tvw (v )

(16)
(17)

Our goal is to derive the perturbation on the weights
∆w = w1 − w0 . In addition, we let ∆v = v1 − v0 and
define the relative error s evaluated at w1 by
Pn
Pn
kΦ(xs − i=1 wi xi )k22 − kxs − i=1 wi xi k22
Pn
(18)
s =
kxs − i=1 wi xi k22
w=w1
3.4.1 Local perturbation analysis
In this section, we derive the first order approximation
for the perturbation ∆w assuming that s is small. First,
we use equations (13) and (16) to obtain:
∆v

= T̂wv (w1 ) − Twv (w0 )
(T̂wv (w1 ) − Twv (w1 )) + (Twv (w1 ) − Twv (w0 ))
∂Twv
≈ V1 e +
∆w
(19)
∂w w0

=
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where V1 is a diagonal matrix whose s-th diagonal
element is the s-th element of v1 , e is a vector whose s-th
wv
element is s , and ∂T
∂w is a Jacobian matrix. Note that
1
1
T̂wv (w )−Twv (w ) equals to V1 e because of the definition of s in (18). Lastly, the second term in equation (19)
comes from Taylor series expansion. (Note: expressions
of Jacobian matrices are given in the appendix.)
By using equations (14) and (17), and Taylor series
expansion, it can be shown that
∆w

≈

∂Tvw
∂v

(20)

∆v
v0

Given equations (19) and (20), it can be shown that:

−1

∂Tvw

∆w = I −
∂v

|
|


∂Twv


∂w
v0
w0 
{z
}
F
{z

∂Tvw
∂v

V1 e (21)
v0

G

}

where I denotes the identity matrix. If the perturbation
s obeys |s | ≤ , i.e. kek∞ ≤ , then by using standard
result on the induced ∞-norm [19], the largest possible
perturbation in the weights ws is given by
k∆wk∞

=

kGk∞ 

(22)

Therefore, if kGk∞ is small, then the use of ys will cause
only a small change in ws . Also, if the spectral norm ρ(F )
of the matrix F is bounded by unity, then the fixed point
is locally stable [2]. Unfortunately, the exact computation
of ρ(F ) and kGk∞ requires the uncompressed data. We
show in Appendix A (online supplemental material),
how we can approximate them using compressed data.
In the Appendix (online supplemental material), we will
evaluate the size of perturbation and local stability of the
fixed point iteration by using data collected from two
WSN deployments.
3.4.2 Large perturbation analysis
The local perturbation analysis is Section 3.4.1 applies
when the value of s is small. However, for the practical
situation considered in this paper, this is generally not
true. E.g., for m = 200 and p = 80, we use Monte-Carlo
simulation to find that there is a 95% probability that
s is in the range of [−0.3, 0.3]. Therefore, we derive an
expression for the effect on ws when the perturbation s
is large.
Proposition 1: The perturbation of kw1 − w0 k obeys
kw1 − w0 k

≤

kT(T̂wv − Twv )k
1 − kT(T̂wv − Twv )kL

kw0 k (23)

where T = (Tvw −1 − Twv )−1 and k • kL denotes the
Lipschitz operator norm. Note that the norm can be
1−,2− or ∞-norm, as long as the same type of norm
is used.

The proof of this proposition can be found in the
Appendix B (online supplemental material). We will use
this result to study the effect of the perturbation on the
weights using data from an outdoor WSN in Section 4.

4

A PPLICATION TO DATA COLLECTED FROM
OUTDOOR WSN DEPLOYMENTS
We have studied the behaviour of our robust averaging
algorithm when it is applied to 3 commonly found
sensor faults in WSNs, namely stuck-at-faults, offset
and variance degradation fault [17]. Our study shows
that our robust averaging algorithm can deal with these
faults, even when a mixture of them appear in a WSNs,
see Appendix C (online supplemental material).
We have applied our robust averaging algorithm to
data obtained from two outdoor WSN deployments. The
results for the Belmont deployment (with 32 temperature
sensors) are presented in Appendix E (online supplemental material).
Note that the results presented in this section are obtained from using the symmetric Bernoulli distribution
to form the projection matrix. The results from using
Categorical distribution to form the projection matrix are
very similar and are not shown here.
4.1

The QCAT deployment

This section describes the results of applying our robust
averaging algorithm to the data obtained from an outdoor WSN testbed operated by CSIRO in their QCAT
research facility in Brisbane, Australia. The WSN consists
of 5 sensors measuring humidity and a block of data
for each sensor consists of 400 points. Figure 3 shows
the sensor measurements. The first four sensors have
the same trend but the fifth sensor shows completely
erroneous measurements.
4.1.1 Accuracy of robust averaging using compressed
data
We apply our robust averaging algorithm to the original
sensor measurements as well as to the compressed data
with 160 (= p) projections using a Bernoulli distributed
projection matrix. The fixed point iteration converges
quickly. The upper plot in Figure 4 shows the convergence of the weights ws , when compressed data is
used, in 4 iterations. Similar convergence rate is observed
when uncompressed data is used, see [9].
The lower figure in Figure 4 shows the weights ws for
the sensors, where s = 1, ..., 5, obtained from using the
original sensor readings as well as the compressed data.
It can be seen that the two sets of weights are very close
to each other. The solid line in figure 15 is at the level of 15
which is the weight to use when all sensors are working.
The figure shows that sensor 5, whose measurements are
erroneous, has a very low weight.
Figure 5 shows the average humidity given by our
fixed point iteration algorithm. The curve with long
dashes shows the result obtained from applying the fixed
point iteration to the original sensor measurements. The
solid curve shows the result obtained from applying the
fixed point iteration to the compressed data followed by
reconstruction. It can be seem that there is not much loss
in fidelity in using the compressed data as the two curves
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are almost on top of each other. The figure also shows the
robust average captures the trend of the working sensor,
which is given by the curve with short dashes.
4.1.2 Comparison with other fault detection techniques
We compare our proposed robust averaging method
against three other fault detection methods. The first
method is based on a classical statistical method — the
Grubb’s method [18] — for detecting the outlier in a
set of univariate data. At each time t, we consider the
readings from the n sensors as the data set. The Grubb’s
method computes the absolute standard score of each
data point in the data set and compares it against a
critical value (which depends on the sample size, significance level and t-distribution) to determine whether
it is an outlier. If an outlier is detected, we remove it from
the data set. We then compute the average of the data
points remaining in the data set. This step is repeated
for each time t. We call this method Statistical.
The second method is a fault detection technique for
WSNs [17] based on using the local outlining factor
(LOF) [4], which is a recent method to detect outliers
without making any assumption on statistical distribution of data. This method uses: (1) LOF to give a
probability that a data point at time t from sensor s is an
outlier. LOF looks at the neighbourhood with different
number of closest neighbours (which is known as the
M inP ts parameter in LOF), and compares the distance
of the points within and outside the neighbourhood to
decide whether a point can be an outlier. (2) Recursive
Bayesian update of the reputation of a node at time t
based on the output of LOF. A node which is believed
to be faulty at time t will have a low reputation at that
time. We use the normalised reputation at each time as
the weight to compute the weighted average. We call
this method as Reputation.
The third method [26] determines the posteriori probability that a sensor in a WSN is faulty. It makes use of the
fact that a group of working sensors should show similar
trend and value. It fits a linear regression model over a
short time interval to determine whether sensors have
similar trend. In addition, a recursive Bayesian update
where the posteriori probability of the combination of
working/faulty sensors at time t becomes the prior at
time t + 1. The weighted average is computed using a
weight proportional to the probability that a sensor is
working at time t. We call this method Bayes. Note that
both Statistical and Reputation treat the data at each time
as independent while Bayes takes temporal correlation
into consideration.
We apply Statistical, Reputation and Bayes to the
uncompressed data streams (Note: these 3 methods are
designed for uncompressed data.), and our robust averaging to the compressed data with p = 160. For
Statistical, the significance level is 0.05. For Reputation,
the M inP ts parameter varies from 2 to the number of
sensors minus 1. We use the standard average of the
first four sensors (the working sensors) as the reference

and compute the root mean square (RMS) error of the
average obtained by the four methods. The results are
shown in the first row of Table 2. It can be seem that
the results are comparable though robust averaging has
a slight edge over the other methods. Figure 10 (online
supplemental material) plots the time series of the average obtained by the four methods.
We next apply these four methods to data from 4
sensors (3 working and 1 faulty) and 3 sensors (2 working and 1 faulty). The reference is the average of the
working sensors. The second and third rows of Table 2
show the RMS error of the four methods. It can be seem
that our robust averaging method performs better than
the other three methods. Figure 6 plots the time series
of the average given by the four methods against the
reference. Note that the results in Table 2 are obtained
from a particular choice of 2 (resp. 3) sensors from 4
working sensors, we repeated the experiment with other
possible combinations and the results were similar.
We now consider the case with 2 faulty sensors. We
retain the faulty sensor in the dataset and introduce an
artificial faulty sensor with stuck-at fault [17], which
is a commonly observed fault in WSNs. The readings
of this faulty sensor is stuck at the same value all the
time. We apply the methods to data from 6 sensors (4
working and 2 faulty) and 5 sensors (3 working and 2
faulty). For a given number of sensors, we perform 10
experiments, where in each experiment, the sensor with
stuck-at fault is stuck at a different value in the range
[20, 110]. The last two rows of Table 2 shows the average
and standard deviation (computed over 10 experiments)
of the RMS errors. The proposed robust averaging algorithm performs better than the other methods. Also, the
performance of the robust averaging is stable while that
of the other three algorithms fluctuates with the “stuckat value” being used. Comparison of time series for the 5
and 6 sensor cases are shown in Figure 11 and 12 (online
supplemental material).
nw working +
nf faulty sensors
nw = 4 and nf = 1
nw = 3 and nf = 1
nw = 2 and nf = 1
nw = 4 and nf = 2
nw = 3 and nf = 2

Robust
average
2.3
1.9
2.6
2.9±0.3
3.8±0.4

Statistical

Reputation

Bayes

3.4
5.7
9.8
11.1±9.1
14.8±10

3.3
3.9
24.4
10.3±4.4
12.5±5.3

2.8
3.6
4.7
3.4±7.9
4.0±0.9

TABLE 2
RMS error of the average computed by four methods.

4.1.3

Effect of p on accuracy and resource requirements

The key advantage of the proposed robust averaging
method is a reduction in computation time in going from
the set-up in Figure 1 to Figure 2. For p = 160 projections,
the method in Figure 1, which requires the reconstruction of 5 time series and one run of the robust average
algorithm, took 2.29s to complete, while the method in
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4.2 Implementation on sensor nodes
We implemented the fixed point iteration of Algorithm 1 on a real world sensor platform to understand
its resource requirements. We use the Fleck3b sensor
node platform [14], which features an 8MHz Atmel
Amega1281 micro-controller with 8KB Random Access
Memory (RAM) and 128 KB flash programmable ReadOnly Memory (ROM), as our hardware test environment.

p
Metric
Metric
Metric
Metric

40
80
80
9.20
5.43

1
2
3
4

60
80
70
8.27
10.90

80
80
60
4.10
8.12

100
72
50
4.48
10.58

120
79
40
1.70
3.96

140
78
30
2.64
14.80

160
80
20
1.11
2.01

TABLE 3
This table shows the effect of the number of projections p
per sensor on four performance metrics.

humidity

humidity

humidity

humidity

sensor 1

humidity

Figure 2, which requires only one reconstruction and one
run of the robust average algorithm, took 0.48s and is
therefore 4.8 times faster. These results were obtained
from running Matlab 2009b on a MacBook.
The bandwidth saving in using compressive sensing
(compared with the case where compressive sensing is
not used) can also be computed. The QCAT deployment
uses a 10-bit analogue-to-digital converter. If compressive sending is not used, then each sensor will need
to send mb = 4000 (where b = 10) bits of data to the
data fusion centre. If compressive sensing is used, and
assuming p = 160 projections are used, the number
of bits of data that has to be sent by each sensor is
p(b + 1 + dlog2 (m)e) =3200 bits. This represents a 20%
saving. Note that the bandwidth consumption for the
two methods in Figures 1 and 2 are identical. This
bandwidth saving is with respect to methods that do
not use compressive sensing. Note also that the above
calculation assumes that the sensor is one hop away from
the data fusion centre, however, the percentage saving
is identical even for a multi-hop topology.
The above results are obtained by using 160 projections per sensor. We investigate the effect of the number of projections per sensor on performance. We use
four different performance metrics: (1) The percentage
reduction in computation time; (2) The percentage of
bandwidth saving when compressive sensing is used;
(3) Relative error in reconstructing the robust average
r, expressed as a percentage; (4) Relative error in the
estimation of the weights ws , expressed as a percentage.
Metrics (1) and (2) are calculated in the same way in the
previous paragraphs. For (3) and (4), the “true” robust
average and weights are computed when uncompressed
data is used. Table 3 shows the results for 40 to 160
projections per sensors. If we are willing to accept a 5%
error in reconstruction of robust average, then we can
reduce the number of projections further.
A possible method to choose the parameter p is to
build a predictive model of p based on historical data.
For example, [30] uses support vector machine to predict
the number of projections needed for a tracking problem. An alternative approach is to adaptively adjust the
number of projections based on the data, see [10], using a
Bayesian approach. We will not tackle the problem here
and will leave it as future work.
We have also performed perturbation analysis (Section
3.4) on this data set and compared our robust averaging
method against random sampling. The results can be
found in Appendix D (online supplemental material).
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Fig. 3. Humidity reading from the QCAT deployment.
Note that the readings from sensor 5 is very different from
the first 4 sensors. Note: All plots use the same scale.

We use Fleck OS (FOS) [11] as our software test environment. FOS is a C-based cooperative multi-threaded
operating system for WSNs. The fixed point iteration
is implemented as an application thread in FOS, and is
waken up whenever the projection buffer is full.
We implemented our fixed-point iteration algorithm
in C and ran it on the Fleck3b platform using different
number of projections per sensor with the data set in
Section 4.1. Table 4 shows the RAM and ROM usage,
together with computation time with different number of
projections p per sensor. Note that there are 5 sensors in
this data set, therefore, if each sensor uses p projections,
then the robust averaging algorithm works with 5p
projections. As expected, the resource usage increases
with the number of projections. Note that the increase
is almost linear and this makes the algorithm a scalable
p
50
60
70
80
90

RAM
(byte)
1,338
1,538
1,738
1,938
2,138

ROM
(byte)
6,092
6,292
6,492
6,692
6,892

Computation
time (ms)
616
734
852
890
1,088

Energy consumption
(mJ)
19.7
23.5
27.3
28.8
34.8

TABLE 4
The resource requirements in Fleck3b sensor nodes.
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0.3

3 sensors − 2 working, 1 faulty

Weights ws

110
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0.1
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Humidity

Number of fixed point iterations

0.3
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0.2
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Robust average − compressed data
Reputation
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Bayes

0.1
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1/n
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40

2

3
sensor id

4

5

Fig. 4. The upper figure shows that the convergence of
the weights ws , when the robust averaging algorithm is
applied to the compressed. The lower figure shows the
final weights ws given by the robust averaging algorithm
when applied to uncompressed data (circles) and compressed data (crosses).
120
Sensor 1
Robust average using compressed data
Robust average using original data

110

100

Humidity

90

80

70

60

50

40

0

50

100

150

200
Sample number

250

300

350

400

Fig. 5. The figure shows the robust averages against a
working sensor (short dashes). The line with long dashes
(resp. solid line) shows the robust average computed by
applying the fixed point iteration to the original data (resp.
compressed data followed by reconstruction).

solution in WSNs. Table 4 also shows that the proposed
algorithm is fairly affordable in resource-impoverished
sensor platforms. Let us compute the duty cycle of the
micro-controller. A block of data contains m = 400 data
points obtained at a sampling rate of 1 per 10 seconds. If
p = 80 projections are used per sensor, it takes a sensor
890ms to do the computation, so the duty cycle is less
than 0.3%, which is very affordable. Table 4 also shows
the corresponding energy consumption; note that Flecks
use a voltage of 3V.

30
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50

100

150

200
Sample number

250

300

350

400

Fig. 6. Comparison of Statistical, Reputation, Bayes and
our robust averaging method for the QCAT data set. Data
from three sensors (2 working and 1 faulty) are used.

5

R ELATED

WORK

There are a number of papers investigating how compressive sensing can be applied in WSNs. We can classify
them according to whether projections are computed
“temporally” or “spatially”. In [16], ”temporal” projections are used where each sensor computes projections
of its own data and sends it to the data fusion centre. It
also discusses how fault tolerance can be realised based
on the framework discussed in Figure 1 where all signals
are reconstructed at the data fusion centre. However, this
paper adopts the framework in Figure 2 where only a
minimal number of signals have to be reconstructed to
achieve computation efficiency at the data fusion centre.
Other works in applying compressive sensing in
WSNs view the spatial data from the sensors at each
time instance as an image or snapshot, and compute
projections of the sensor data for each snapshot. All these
works aim at obtaining a sufficient accurate snapshot
of the sensor field by using as little energy as possible.
The work [3] realises this goal by using an additive
radio channel to compute projections. The works in [29],
[23], [10], [25] compute projections by passing messages
between sensors, while the work in [32], [31] consider
random samples as projections.
There is a rich literature in fault tolerance in WSNs.
The work [27] discusses the types of faults that commonly appear in WSNs. The papers [21], [17], [26] use a
Bayesian approach to detect whether sensors are faulty.
The work [28] proposes to detect sensor faults by using
recurrent neural networks.
The problem of computing a robust average also appears in other fields, e.g. reputation ranking and fair assessment of students’ work in education [20]. The paper
[22] studies the statistical properties of using a maximum
likelihood estimator for reputation ranking. However,
this estimator experiences convergence problem [13], a
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fact which we also pointed out in Section 3.1.
The use of projection matrix as a dimensionality reduction method is fairly well known in the data mining
and the machine learning communities, see [24]. The
framework depicted in Figure 2 opens up the possibility
of using some of the algorithms developed in these
communities to WSNs, e.g. performing clustering using
the compressed data. A feature of our algorithm is that
it works directly with the compressed data without
decompressing them. There is also some recent effort
in using compressed data directly for classification and
detection, see [12].

6

C ONCLUSIONS

In this paper, we propose a method to compute a
robust average of sensor measurements in a wireless
sensor network in a computationally efficient manner.
Our method exploits compressive sensing for efficient
data transmission. Furthermore, our method integrates
norm-preserving property of random projection matrices and compressive sensing so that the data fusion
centre can work directly with compressed data without
first decompressing them. This means the data fusion
centre will only need to perform decompression once
and this represents a great reduction in computation
requirements. We have applied our algorithm to data
obtained from two WSN deployments.
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S UPPLEMENTARY MATERIALS TO “E FFICIENT
COMPUTATION OF ROBUST AVERAGE OF COM PRESSIVE SENSING DATA IN WIRELESS SEN SOR NETWORKS IN THE PRESENCE OF SENSOR
FAULTS ”
A PPENDIX A
C OMPUTATION

OF

ρ(F )

AND

kGk∞

USING COM -

A PPENDIX B
P ROOF OF P ROPOSITION 1
By using equations (16) and (17), we have
w1

w1

Note that the perturbation analysis in Section 3.4.1 assumes that we evaluate the Jacobian matrices at the fixed
point w0 and v0 determined by the original data {xs }.
Since the original data is assumed to be not available,
we will estimate the perturbation by using the fixed
point given by the compressed data instead. This is
vw
(whose
straightforward for the Jacobian matrix ∂T
∂v
expressions are given in section A.1 ). However, the
wv
Jacobian matrix ∂T
∂w depends on the data; in fact, the
(i, j)-element of the matrix is:


n
X
∂Twv
T
wq xq − xi )
(24)
= 2xj (
∂w ij
q=1
Since the projection matrix Φ approximately preserves
the `2 -norm with a high probability, we expect that the
projection matrix Φ will also approximately preserve the
inner product because the inner product of two vectors
u and v can be computed by:
ku + vk22 − ku − vk22
uT v =
4
In other words, we will use:


n
X
∂Twv
≈ 2yj T (
wq yq − yi )
∂w ij
q=1

(25)

[J1 ]ij

=

[J2 ]ij

=

∂Tvw
∂v

is given by J1 J2 where

δ
Pn ij

w̃i
− Pn
2
w̃
(
k
k=1
k=1 w̃k )
v
δij
Pn i
− Pn
2
( k=1 vk )
k=1 vk
1
( Pn
+ λ)2
k=1 vk

(27)

1

=

1
Pn

k=1

vk

,

−1
= (T−1
(T̂wv − Twv )(w1 )
vw − Twv )
= T((T̂wv − Twv )(w1 ))

Note that the Johnson-Lindenstrauss Lemma says that
T̂wv (w1 ) appears as a perturbation around Twv (w1 )
(see equation (10)), therefore the aim of the above operation is to “centre” T̂wv (w1 ) around Twv (w1 ). The
“centering” method has also been used in [34] to obtain
tighter stability bound in the presence of conic sectorbound non-linearity.
Consider the norm of w1 − w0 , we have
kw1 − w0 k
= kT((T̂wv − Twv )(w1 )) − w0 k
1

(32)
0

= kT((T̂wv − Twv )(w )) − T((T̂wv − Twv )(w )) +
T((T̂wv − Twv )(w0 )) − w0 )k
≤

1

(33)
0

kT((T̂wv − Twv )(w )) − T((T̂wv − Twv )(w ))k +
1

(34)

0

kT(T̂wv − Twv )kL kw − w k +
kT(T̂wv Twv ) − Ikkw0 k

(35)

where I in equation (35) denotes the identity map. In the
above derivation, equation (33) is obtained by adding
and subtracting the term T((T̂wv − Twv )(w0 )) within
the norm. Equation (34) is obtained by using the triangle
inequality, and equation (35) is obtained from using the
definition of the Lipschitz operator norm and operator
norm.
Proposition 1 is now obtained by re-arranging the last
inequality.

(28)

A PPENDIX C
B EHAVIOUR UNDER COMMONLY
FAULT MODELS IN WSN S

where
w̃s

⇔ w1
⇔ w1

≤

Expressions of Jocobian matrices

The Jacobian matrix

⇔
⇔
⇔

= Tvw (T̂wv (w1 ))
= T̂wv (w1 )
= T̂wv (w1 ) − Twv (w1 )
= (T̂wv − Twv )(w1 )

1
T−1
vw (w )
−1
1
Tvw (w ) − Twv (w1 )
1
(T−1
vw − Twv )(w )

kT((T̂wv − Twv )(w0 )) − w0 )k
(26)

(31)

We will “center” this equation by using the following
operations:

PRESSED DATA

A.1

= Tvw (T̂wv (w1 ))

(29)

+λ

[•]ij denotes the (i, j)-element of a matrix and δij = 1 if
i = j and is zero otherwise.
wv
The Jacobian matrix ∂T
∂w is


∂Twv
= 2xj T (r − xi )
(30)
∂w ij

ENCOUNTERED

In this section, we will show that our robust averaging
algorithm can deal with three commonly encountered
faults, namely stuck-at faults, offset and variance degradation fault [17], in WSNs. Two pieces of results will
be presented here. Firstly, for the case of stuck-at fault,
we present an analytical study in Section C.1 to show
that our robust averaging algorithm can be designed
to give an arbitrarily small bias in the robust average.
Secondly, we present simulation results in Section C.2 to
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show that our robust averaging algorithm works even
all the three aforementioned faults are present in the
network. Note that the results in Section C.2 are obtained
via simulation. We will present results on applying our
robust averaging algorithm to real data in Section 4.
We will first give precise definitions of the three
aforementioned faults.
• The stuck-at fault occurs when the sensor readings
are being stuck at a value which is not related to the
true sensor measurement. It can be modelled as
xst
•

•

=

c ∀t

where c is a constant.
The offset fault occurs when the reported sensor
reading is corrupted by an additive offset. Let x̃st be
the true sensor reading that sensor s should report
at time t, then sensor s is said to suffer from the
offset fault if the sensor reading reported by sensor
s is:

x̃st + c with probability po
xst =
x̃st
with probability 1 − po
where c is a constant additive offset with corrupts
the data with a probability of po .
The variance degradation fault occurs when the
noise variance becomes larger over time. The variance degradation fault can be modelled as an additive Gaussian distributed noise of larger variance
compared with the other sensors. Let x̃st be the true
sensor reading that sensor s should report at time
t, then the actual reading that will be reported by
sensor s at time t is:
xst

= x̃st + est

where est is a Gaussian distributed random variable
of zero mean and variance σs2 .
C.1

Effect of λ on the robust averaging algorithm

In this section, we use analytical tools to investigate
the property of our robust averaging algorithm in the
presence of stuck-at faults. Our goal is to show that the
positive constant λ in our robust averaging algorithm
will only produce a small change in the weights and a
small bias in the robust average.
We consider a network of n sensors. The sensor readings for these sensors are given by:

X
for sensors s = 1, ..., n0 ; t = 1, .., m
xst =
X + D for sensors s = n0 + 1, ...n; t = 1, .., m
For this model, we assume that n0 sensors are functioning correctly and they all register the correct reading X.
The other n1 = n − n0 sensors are stuck-at the same
wrong value which is X + D. We further assume that
there are more working sensors than faulty sensors, i.e.
n0 > n1 . Under these assumptions, all the n0 working
sensors will have the same weight (denoted by α0 ) and

all the n1 faulty sensors also have the same weights
(denoted by α1 ).
By using equation (6), we have

=

vi
m
X

(X −

n
X

xst )2

t=1 2 2 i=1
mn1 α1 D2 for sensors s = 1, ..., n0 , ∀t = 1, .., m
=
(36)
mn20 α02 D2 for sensors s = n0 + 1, ...n, ∀t = 1, .., m
By using equation (7), it can be shown that
α0 (v1 + λ

n
X

vs )

=

α1 (vn + λ

s=1

n
X

vs )

(37)

s=1

By substituting the expressions of vi in equation (36) in
the above equation, we have
α0 (n21 α12 + λn0 n1 (n1 α12 + n0 α02 ))
= α1 (n20 α02 + λn0 n1 (n1 α12 + n0 α02 ))

(38)

Since all the weights must sum up to unity, we also have
n0 α0 + n1 α1

=

(39)

1

By using equations (38) and (39), we can solve for α1
and α2 . Also, the robust average is
rt

=

X + n1 α1 D ∀t

(40)

This also means that the bias in the robust average is
n1 α1 D. Therefore, the smaller value of α1 (= weight
of the faulty sensor), the smaller the bias in the robust
average.
For λ = 0, it can be shown that the admissible solution
is α0 = n10 and α1 = 0. Therefore the weights for the
faulty sensors are zero. This also means that the robust
average is exactly X which is the correct value.
We will now show that, if the parameter λ if chosen
sufficiently small, it will only produce a small bias. We
first divide both sides of equation (38) by α0 . After
α1
substituting β = α
and re-arrange the result as a
0
polynomial in λ, we have that β is the root of this
following equation:
f (β) = λ [n0 n1 (n1 β 2 + n0 )(β − 1)] + β(n20 − n21 β) = 0 (41)
|
{z
} |
{z
}
fλ (β)

f0 (β)

−λn20 n1

First note that f (0) =
< 0, i.e. f (0) is strictly
negative. With the assumption that n0 > n1 , we have
f0 (β) is strictly positive for all 0 < β < 1 and fλ (β)
is strictly negative for all 0 < β < 1. Therefore, for
sufficiently small λ, f (β0 ) is strictly positive for some
β0 ∈ (0, 1). Therefore, there is a root for equation (41)
in the range (0, β0 ). In fact, β0 can be made arbitrarily
α1
small (by having a sufficiently small λ), therefore β = α
0
can be made arbitrarily small, i.e. the weights of the
faulty sensors α1 can be made as close to 0 as possible.
Therefore, with a small enough λ, the weights of the
sensors will only change by a small amount. Since the
bias in the robust average is proportional to α1 , therefore
the small positive constant will result in only a small
bias.
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Mixture of different types of faults in a network
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D.0.1 Additional figures
In Figure 10, we compare the performance of our robust
averaging algorithm against that of Statistical and Reputation and Bayes to the QCAT dataset with 4 working
and 1 faulty sensors. The robust averaging algorithm
uses compressed data while the other methods use uncompressed data.
In Figures 11 and 12), we compare the performance of
our robust averaging algorithm against that of Statistical

100

This appendix contains 3 additional figures (Figures 10,
11 and 12) on the results from the QCAT deployment. In
addition, this appendix contains the results on applying
the perturbation analysis (discussed in Section 3.4) on
the QCAT data set and results on comparing our robust
averaging method against random sampling.
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In this section, we consider a simulation where all the
three sensor faults described earlier appear in the same
wireless sensor network. Our simulation consists of 10
sensors and a block of data consists of 100 data points.
The true signal is a sinusoid. The data is plotted in Figure
7. Sensors 1, 2 and 3 are faulty. Sensor 1 has a higher
noise variance of 25 while Sensors 4-10 have a smaller
variance between 1 and 4. Sensor 2 suffers the stuckat fault and the sensor reading stays at 50 all the time.
Sensor 3 has an offset of 40 with a probability of 0.75.
We use Bernoulli distributed projection matrices and
40 projections. We apply our robust averaging algorithm
to both the original sensor measurements as well as
to the compressed data. Figure 8 show the weights
computed from using these two sets of data. It can be
seen that the weights computed by these two sets of
data are almost identical. Furthermore, Sensors 2-3 have
a smaller weights, thus indicating that they are likely
to be faulty. Note that Sensor 1 has a weight which is
smaller than Sensors 4-10 but a larger weight compared
with Sensors 2-3. This is reasonable since the stuck-at
fault (Sensor 2) and offset fault (Sensor 3) produce data
that does not resemble the average behaviour. Therefore,
the weights for Sensors 2 and 3 are lower. Although
Sensor 1 has larger variance, the true data hidden behind
the noise is similar to what is found in Sensors 4-10,
therefore Sensor 1 has a weight which is in-between.
Finally, we show the robust average computed in
Figure 9. The dashed blue line show the readings from
sensor 10, which is a working sensor, as the reference.
The thick red line shows the robust average computed
using the original sensor reading. The thick green line
shows the robust averaging computed using the compressed data. We see that there is almost no loss in
fidelity in using the compressed data to compute the
robust average.

sensor reading sensor reading sensor reading

100

C.2

Fig. 7. Simulated data with three different types of sensor
faults. Sensor 1 has a higher noise variance. Sensor 2
has stuck-at fault. Sensor 3 has an offset fault. Noise
of different variances are added to the other 7 sensor
readings.
and Reputation and Bayes when there are 5 sensors (3
working, 2 faulty with one stuck at the level of 20) and
6 sensors (4 working and 2 faulty with one stuck at the
level of 110).
D.0.2 Perturbation analysis
Table 5 shows the values of the spectral norm ρ(F)
(which determines the stability of the fixed point) and
kGk∞ (which gives the size of perturbation caused
by using the compressed data). One pair of values is
calculated from using the original sensor measurements.
The other pair of values is calculated from using the
compressed data. It can readily be seen that both the
original data and the compressed data give similar results. Since the spectral norm ρ(F) is less than 1, the
fixed point is stable. In addition, kGk∞ is small, which
means that the perturbation on the weights in using the
compressed data is small. This is also confirmed earlier
in Figure 4.
We use the results of Proposition 1 to study the effect
of large perturbation on the weights ws . We first use the
particular projection matrix that we have used in our
experiment to generate a probability distribution of s .
By assuming that each s is independently distributed,
we compute the ∞-norm relative perturbation of the
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Fig. 8. The weighs ws from our robust averaging algorithm. The weights computed from the original sensor
readings are shown in circles and those computed from
the compressed data are shown in crosses. The line is
1
at the level of 10
which is the expected weight when no
sensors are faulty.
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Fig. 10. Comparison of Statistical, Reputation, Bayes and
our robust averaging method for the QCAT data set. All
five sensors (4 working and 1 faulty) are used.
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Fig. 9. The dashed blue line show the readings from
sensor 10, which is a working sensor. The red line shows
the robust average computed using the original sensor
reading. The green line shows the robust averaging computed using the compressed data.
weights w given by the right-hand side of equation
(23) for 10,000 sets of {s } generated. Figure 13 shows
the cumulative probability distribution of the bound
of relative perturbation. It shows that there is a high
probability that the relative perturbation is less than 0.02.
D.0.3 Comparison with random sampling
We compare the performance of compressive sensing
and random sampling for a given percentage of bandwidth saving. From the above calculation, we know that
100 projections will give a bandwidth saving of 50%.
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Fig. 11. Comparison of Statistical, Reputation,Bayes and
our robust averaging method. Data from 5 sensors (3
working and 2 faulty) are used.

This amount of bandwidth saving can also be realised
by having the sensors performing random sampling so
that only half of the samples (in this case 200 samples
per sensor) are sent from the sensors to the fusion centre.
Given these random samples, we can follow our robust
averaging procedure to compute the robust average at
each sampling instance. Finally, the complete time series
of the robust average (of which 200 samples are not
known because they are not sampled at these instances)
can be reconstructed by using compressive sensing reconstruction method. We find that compressive sensing
gives a relative error in reconstructing the robust average
(the first metric in the previous paragraph) of 2.73%
while the random sampling method gives 8.02%. We
repeat the same experiment with 50 projections (which
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Fig. 12. Comparison of Statistical, Reputation,Bayes and
the proposed robust averaging method. Data from 6 sensors (4 working and 2 faulty) are used.
Using original sensor readings
Using compressed data

ρ(F)
0.1358
0.1427

kGk∞
0.1894
0.1965

TABLE 5
This table compares the values of ρ(F) and kGk∞
evaluated by using the original sensor readings against
those computed by using the compressed data. This
table is for the QCAT deployment.

results in a bandwidth saving of 75%) for compressive
sensing and compare it against random sampling where
each sensor returns 100 random samples (out of 400
samples, which also gives a bandwidth saving of 75%) to
the fusion centre. In this case, we find that compressive
sensing gives a relative error in reconstructing the robust
average of 7.90% while the random sampling method
gives 11.92%. Thus, compressive sensing gives better estimation of robust average compared with other methods
for the same amount of bandwidth.

A PPENDIX E
T HE B ELMONT

DEPLOYMENT

This appendix describes the results of applying our
robust averaging algorithm to the data obtained from
an outdoor wireless sensor network testbed operated by
CSIRO in Belmont, central Queensland, Australia. The
WSN consists of 32 sensors measuring temperature and
a block of data for each sensor consists of 221 points.
Figure 14 shows the temperature measurement of the 8
selected sensors over the measurement period. The correct trend is that the temperature readings should drop
from (about) 31o C to (about) 19o C over the measurement
period, which is the behaviour of sensors 1 and 32. Some
of the sensors are faulty. For example, sensor 3 is stuck at

0

0.005

0.01

0.015
0.02
0.025
Infinity norm on the perturbation of w s

0.03
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Fig. 13. This figure shows the cumulative probability
distribution of the bound of relative perturbation on the
weight vector w obtained by Monte Carlo simulation.
31o C throughout, sensor 10 is stuck at 28 o C and sensor
11 is stuck at 12 o C . Some sensors are only faulty for
part of the time. For example, sensor 9 is stuck at 30o C in
the first half of the measurement period but works in
the second half; both sensors 13 and 14 are stuck in the
second half of the measurement period.
We apply our fault detection algorithm to the original
sensor measurements, as well as to the compressed data
with 88 (= p) projections with a Bernoulli distributed
projection matrix. Figure 15 shows the weights ws for
the sensors, where s = 1, ..., 32, obtained from using
the original sensor readings as well as the compressed
data. It can be seen that the two sets of weights are
very close to each other. The solid line in figure 15 is
1
at the level of 32
which is the weight to use when all
sensors are working. Figure 15 shows that sensors 3,
10 and 11 have very low weights, and they correspond
to those three sensors that are stuck throughout the
measurement period. Sensors 13 and 14 also receive low
weights because they are stuck for a good part of the
measurement period. The same observation apply to
sensors 5 and 9, which also have low weightings.
Figure 16 shows the average temperatures given by
our fixed point iteration algorithm. (We use the `1 -magic
toolbox [6] for compressive sensing reconstruction.) The
curve with short dashes shows the behaviour of sensor
1, which is a working sensor. The curve with long
dashes shows the result obtained from applying the fixed
point iteration to the original sensor measurements. The
solid curve shows the result obtained from applying the
fixed point iteration to the compressed data followed
by reconstruction. It can be seem that there is no loss
in fidelity in using the compressed data. It is hard to
distinguish the latter two curves because they are almost
on top of each other. The figure also shows the robust
average captures the trend of the working sensor.
We compare the computation time of the two meth-
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Using original sensor readings
Using compressed data

ρ(F)
0.0982
0.0967

kGk∞
0.0186
0.0185

p = 88
0.04

0.035

TABLE 6
This table compares the values of ρ(F) and kGk∞
evaluated by using the original sensor readings against
those computed by using the compressed data.
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Fig. 14. Sensor readings of 8 selected sensors.
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Fig. 15. The weights ws are shown in circles (from original
sensor readings) and crosses (from compressed data).
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30
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ods shown in Figures 1 and 2. The computation was
performed on a MacBook running Matlab 2009b. The
method in Figure 1, which requires the reconstruction
of 32 time series and one run of the robust average
algorithm, took 10.47s to complete, while the method
in Figure 2, which requires only one reconstruction and
one run of the robust average algorithm, took 0.37s and
is therefore 28.1 times faster.
Table 6 shows the values of the spectral norm ρ(F)
(which determines the stability of the fixed point) and
kGk∞ (which gives the size of perturbation caused
by using the compressed data). One pair of values is
calculated from using the original sensor measurements.
The other pair of values is calculated from using the
compressed data. It can readily be seen that both the
original data and the compressed data give similar results. Since the spectral norm ρ(F) is less than 1, the fixed
point is stable. In addition, kGk∞ is very small, which
means that the perturbation on the weights in using
the compressed data is minimal. This is also confirmed
earlier in Figure 15.
The bandwidth saving in using compressive sensing
can be computed. Since the sensors use 10-bit A/D
converter, sending all the sensor readings to the data
fusion centre will mean each sensor needs to transmit
2210 bits of data. With compressive sensing, the number
of bits of data that has to be sent by each sensor is
p(b + 1 + dlog2 (m)e) =1408 bits. This represents a 25%
saving.
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Fig. 16. The figure shows the averages against the
trend of one working sensor (short dashes). The line
with long dashes shows the robust average computed
by applying the fixed point iteration to the original data.
The solid curve shows the robust average by applying the
fixed point iteration to the compressed data followed by
reconstruction.

