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Abstract

We focus on a simple, one-dimensional collective decision problem (often referred to as the

facility location problem) and explore issues of strategyproofness and proportionality-based fair-

ness. We introduce and analyze a hierarchy of proportionality-based fairness axioms of varying

strength: Individual Fair Share (IFS), Unanimous Fair Share (UFS), Proportionality (as in Freeman

et al., 2021), and Proportional Fairness (PF). For each axiom, we characterize the family of mech-

anisms that satisfy the axiom and strategyproofness. We show that imposing strategyproofness

renders many of the axioms to be equivalent: the family of mechanisms that satisfy proportional-

ity, unanimity, and strategyproofness is equivalent to the family of mechanisms that satisfy UFS

and strategyproofness, which, in turn, is equivalent to the family of mechanisms that satisfy PF

and strategyproofness. Furthermore, there is a unique such mechanism: the Uniform Phantom

mechanism, which is studied in Freeman et al. (2021). We also characterize the outcomes of the

Uniform Phantom mechanism as the unique (pure) equilibrium outcome for any mechanism that

satisfies continuity, strict monotonicity, and UFS. Finally, we analyze the approximation guaran-

tees, in terms of optimal social welfare and minimum total cost, obtained by mechanisms that

are strategyproof and satisfy each proportionality-based fairness axiom. We show that the Uni-

form Phantom mechanism provides the best approximation of the optimal social welfare (and also

minimum total cost) among all mechanisms that satisfy UFS.
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1 Introduction.

Facility location problems are ubiquitous in society and capture various collective scenar-
ios. Examples include electing political representatives (Border and Jordan, 1983; Feld-
man, Fiat and Golomb, 2016; Moulin, 1980), selecting policies (Barberà and Nicolò, 2021;
Dragu and Laver, 2019; Kurz, Maaser and Napel, 2017), deciding how to allocate a pub-
lic budget (Freeman, Pennock, Peters and Vaughan, 2021), and deciding the location or
services provided by public facilities (Schummer and Vohra, 2002). Two key concerns in
such problems are that the selection process may be vulnerable to strategic manipulations
and/or fail to guarantee “fair” outcomes. In this paper, we simultaneously examine the
issues of strategyproofness and fairness for the facility location problem.

In the facility location problem, each agent is viewed as a point on an interval. De-
pending on the motivating setting, the point could reflect the agent’s physical location,
political position, or social preference. Each agent has symmetrically single-peaked pref-
erences and prefers the collective outcome to be near their own position. The goal of the
collective decision problem is to take agents’ preferences (positions) into account to find
a reasonable collective outcome (the location of the facility).

The facility location problem (or the one-dimensional collective decision problem) is
one of the most fundamental problems in economics, computer science, and operations
research. It takes a central place in social choice theory as single-peaked preferences are
one of the key preference restrictions that circumvent the infamous Gibbard-Satterthwaite
theorem (Gibbard, 1973; Satterthwaite, 1975), which says that in general social choice,
no unanimous and non-dictatorial voting mechanism is strategyproof. Furthermore, de-
spite the unidimensional setting appearing restrictive, it is well suited to many real-world
problems—most prominently, deciding the level of provision of a public good (see, e.g.,
Barberà and Jackson, 1994; Cantala, 2004). When agents have single-peaked preferences,
the mechanism that returns the median voter’s position is unanimous, non-dictatorial,
and strategyproof (see, Moulin, 1980). This seminal result has been discussed in hundreds
of papers. Despite the importance of the median mechanism for the facility location prob-
lem, it does not satisfy several fairness concepts that are inspired from the theory of fair
division and proportional representation. We focus on the following research questions.

For the facility location problem, what are natural fairness concepts? How well can
these fairness concepts be achieved by strategyproof mechanisms? For strategyproof
mechanisms that satisfy one of these fairness concepts, which mechanism performs
optimally in terms of maximizing social welfare or minimizing total cost? Which
mechanisms achieve fairness in equilibrium?
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Our contributions are four-fold. First, we consolidate a number of fairness axioms
from the literature, explicitly describe their relations and establish the compatibility—
and, in some cases, incompatibility—of strategyproofness with these fairness concepts.
We propose a new concept called proportional fairness (PF) that is based on the idea that the
distance of a facility from a group of agents should depend both on the size of the group
as well as how closely the agents are clustered. We also analyze existing axioms from
the literature on fair division, participatory budgeting, and proportional representation
such as proportionality, unanimous fair share (UFS), individual fair share (IFS), and unanimity.
Our PF axiom is the strongest of these; Figure 1 describes the relationship between all the
fairness axioms that we study.

Figure 1: Relations between axioms. An arrow from (A) to (B) denotes that (A) implies (B). All relations
are strict.

Second, we present two characterization results. We characterize the family of strate-
gyproof mechanisms that satisfy unanimity, anonymity, and IFS. We then identify a spe-
cific mechanism, called the Uniform Phantom mechanism, that uniquely satisfies strate-
gyproofness, unanimity, and proportionality. We also prove that the Uniform Phantom
mechanism uniquely satisfies strategyproofness and UFS. Since we show that the Uni-
form Phantom mechanism also satisfies PF (and because PF implies UFS), we obtain as
a corollary that the Uniform Phantom mechanism is the only strategyproof mechanism
satisfying PF. Therefore, within the class of strategyproof mechanisms, PF and UFS col-
lapse to the same property—in contrast, IFS is markedly weaker, even within the class of
strategyproof mechanisms.

Third, we consider the fairness of outcomes under strategic behavior when a mecha-
nism is not strategyproof. We prove that if a mechanism satisfies continuity, strict mono-
tonicity, and UFS, then a pure Nash equilibrium exists, and every (pure) equilibrium un-
der the mechanism satisfies UFS with respect to agents’ true locations. One mechanism in
this class is the Average mechanism, which locates the facility at the average of all agents’
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reported locations. Furthermore, for mechanisms satisfying continuity, strict monotonic-
ity, and UFS, the equilibrium outcome leads to a facility location that equals the facil-
ity location of the Uniform Phantom mechanism when agents report their true location.
Thus, our equilibrium analysis of continuous, strictly monotonic, and UFS mechanisms
provides an alternative characterization of the Uniform Phantom mechanism.

Lastly, we take an approximate mechanism design perspective (Nisan and Ronen,
2001; Procaccia and Tennenholtz, 2013). We explore how well the maximum social welfare
and minimum total cost can be approximated when fairness axioms and strategyproof-
ness are imposed. Our goal is to identify mechanisms that deliver the best approximation
guarantees while also satisfying strategyproofness and the corresponding fairness axioms
(such as IFS and UFS). We first establish a stark negative result for the total cost approx-
imation. Any strategyproof, anonymous, and unanimous mechanism that satisfies IFS
has approximation ratio of n − 1, which is unbounded as n grows. Because IFS is our
weakest fairness axiom when strategyproofness is imposed, the total cost approximation
analysis fails to distinguish any difference between the mechanisms that we focus on. We
then turn to social welfare approximation where we establish more positive and nuanced
results. Intuitively, imposing UFS leads to a strictly worse approximation ratio than if
only IFS is imposed and, in either case, the best approximation guarantee is bounded.
We identify strategyproof mechanisms that provide the best approximation of the max-
imum social welfare among all (not necessarily strategyproof) mechanisms that satisfy
either IFS or UFS. In the latter case of satisfying UFS, the Uniform Phantom mechanism
achieves this best approximation. In this sense, the fairness axioms impose a greater cost
on the social welfare approximation guarantees than the strategyproofness requirement.

1.1 Related literature.

Facility location problems. The facility location problem has been studied extensively
in operations research, economics, and computer science. As is common in the economics
literature, our paper takes a mechanism design approach. We assume an incomplete in-
formation setting, where agents have privately-known utility functions (and, hence, peak
locations) and can strategically (mis)report their peak location. The problem is to design a
mechanism that is strategyproof and achieves a “desirable” facility location with respect
to the agents’ true locations. Moulin’s (1980) seminal work characterizes the family of
strategyproof and Pareto efficient mechanisms when agents have single-peaked prefer-
ences. In our paper, agents have single-peaked preferences that are also symmetric, i.e.,
agents prefer the facility to be located closer to their location regardless of whether it is to

4



left or right of their location; therefore, our setting is closer to Border and Jordan (1983).
Border and Jordan characterize a strict subfamily of strategyproof mechanisms, which in-
cludes the family of strategyproof and unanimous mechanisms (Border and Jordan also
extend their results to higher dimensions). Massó and Moreno De Barreda (2011) formal-
ize the connection between the mechanism design problem in settings where agents have
single-peaked preferences and settings where agents have symmetrically single-peaked
preferences.

Since Moulin (1980) and Border and Jordan (1983), numerous scholars have explored
open-questions related to these characterizations (see, e.g., Barberà and Jackson, 1994;
Barberà, Massó and Serizawa, 1998; Ching, 1997; Jennings, Laraki, Puppe and Varloot,
2021; Massó and Moreno De Barreda, 2011; Peremans, Peters, v.d. Stel and Storcken, 1997;
Weymark, 2011). Others have explored extensions and variations of the facility location
problem. For example, Nehring and Puppe (2006, 2007) relax the assumption that agents
have single-peaked preferences; Miyagawa (1998, 2001) and Ehlers (2002, 2003) extend
the facility location problem to consider locating multiple facilities; Aziz, Chan, Lee, Li
and Walsh (2020b); Aziz, Chan, Lee and Parkes (2020a) introduce capacity constraints into
the problem; Jackson and Nicolò (2004) introduce interdependent utilities; Cantala (2004)
introduces an outside option; and Schummer and Vohra (2002) extend the facility location
problem to a network setting. For a recent survey of the computational social choice
literature on facility location problems, see Chan, Filos-Ratsikas, Li, Li and Wang (2021).
Our paper contributes to this literature by formalizing a hierarchy of “proportionality-
based fairness” axioms for the facility location problem and characterizing families of
strategyproof and fair mechanisms within each layer of the heirarchy. Additionally, in
Section 5, we explore the equilibrium properties of non-strategyproof mechanisms. We
obtain results that complement those of Renault and Trannoy (2005, 2011) and Yamamura
and Kawasaki (2013) (further details provided in Section 5).

There is also an extensive literature in operations research and computer science that
studies the facility location problem within a complete information setting. These litera-
tures largely focus on issues of computational complexity and approximation and, there-
fore, are not directly relevant to the present paper (for an overview, see Brandeau and
Chiu, 1989; Zanjirani Farahani and Hekmatfar, 2009).

Fairness in collective decision problems. Issues of fairness in collective decision prob-
lems have been studied in a variety of contexts (see, e.g., Dummett, 1997; Mill, 1861; Nash,
1950, 1953; Rawls, 1971; Sen, 1980; Shapley, 1953; Yaari, 1981). Most closely related to the
present paper are the social choice and computational social choice literatures (for an
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overview, see Arrow, Sen and Suzumura, 2010; Aziz, Brandt, Elkind and Skowron, 2019b;
Endriss, 2017; Faliszewski, Skowron, Slinko and Talmon, 2017; Klamler, 2010; Laslier and
Sanver, 2010). We formalize a hierarchy of fairness axioms for the facility location prob-
lem that are conceptually related to proportional representation. As will be discussed in
Section 3.1, our axioms can also be motivated by—and connect with—notions of stability
in cooperative game theory, such as the “core” (see, e.g., Scarf, 1967). Two of our fairness
axioms (IFS and UFS) are translations of the “individual fair share” and “unanimous fair
share” axioms, which appear in fair division and participatory budgeting problems (Aziz,
Bogomolnaia and Moulin, 2019a; Moulin, 2003), into the facility location problem. In ad-
dition, we utilize a natural axiom of proportional representation, called “proportionality”,
which is explored in the context of participatory budgeting by Freeman, Pennock, Peters
and Vaughan (2021). Beyond translating existing notions of fairness into the facility loca-
tion problem, we also introduce the new axiom of “Proportional Fairness” that is stronger
than all of the aforementioned axioms.

Our approach contrasts with a number of facility location papers that attempt to ob-
tain outcomes that achieve (or approximate) the egalitarian outcome, i.e., maximizing
the utility of the worst off agent (see, e.g., Procaccia and Tennenholtz, 2013). Mulligan
(1991) notes that the egalitarian objective is sensitive to extreme locations and recom-
mends distributional equality as an underlying principle for considering equality mea-
sures. When placing multiple facilities, several new concepts have been proposed for cap-
turing proportionality-based fairness concerns (see, e.g., Bigman and Fofack, 2000; Jung
et al., 2020). However, these concepts are equivalent to weak Pareto optimality or una-
nimity when there is only one facility. For the single-facility problem, Zhou, Li and Chan
(2022) recently examined the issue of welfare guarantees for groups of agents. Our ap-
proach and results differ in that we consider the classic facility location problem whereas
Zhou et al. overlay it with additional information that places agents in predetermined
groups.

In the context of the facility location problem, our paper characterizes strategyproof
and “fair” mechanisms. Some of our results directly relate to those of Freeman et al.
(2021). In the context of participatory budgeting, Freeman et al. explore the problem of
designing strategyproof mechanisms that satisfy proportionality. One of their key results
(Proposition 1) applies to the facility location problem and shows that there is a unique
anonymous, continuous, strategyproof and proportional mechanism, which is called the
Uniform Phantom mechanism. Like our paper, Freeman et al.’s (2021) setting assumes
that agents have single-peaked and symmetric preference. Jennings et al. (2021) pro-
vide a similar characterization of the Uniform Phantom mechanism in the setting where
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agents have single-peaked (and possibly asymmetric) preferences. Our paper differs in
focus and provides a broader treatment of issues of fairness and strategyproofness in fa-
cility location problems; for example, we characterize a larger family of strategyproof
mechanisms that satisfy the weaker fairness axiom of IFS. In addition, one of our re-
sults strengthens Freeman et al.’s Proposition 1 by showing that the anonymity axiom is
redundant in their characterization. We also provide an alternative characterization of
the Uniform Phantom mechanism as the equilibrium outcome of any continuous, strictly
monotonic, and UFS mechanism.

Finally, we note that in more general mechanism design problems, “fairness” is of-
ten explored in a relatively minimal manner. For example, Sprumont (1991) interprets a
mechanism to be fair if it satisfies anonymity and envy-freeness, and Moulin (2017) in-
terprets a mechanism to be fair if it satisfies anonymity, envy-freeness, and a status-quo
participation constraint. These minimal notions of fairness have persisted because of var-
ious impossibility results in the literature. For example, Theorem 3 of Border and Jordan
(1983) shows that, for the multi-dimensional facility location problem with not necessarily
separable preferences, there is no strategyproof, unanimity-respecting, and anonymous
mechanism (see also Laffond, 1980). Like Sprumont (1991) and Moulin (2017), the uni-
dimensional facility location problem that we study escapes these impossibility results.
Our paper contributes a complementary set of fairness axioms that go beyond the basic
requirement of anonymity and connect to the notion of proportional representation. We
do not consider envy-freeness since, in the context of the facility location problem, it is
trivially satisfied by any facility location (see, e.g., Section 8.1 of Moulin, 2017). The status-
quo participation constraint explored by Moulin (2017) requires that an agent weakly
prefers the mechanism’s outcome to some status-quo outcome. This is distinct but has
a similar flavor to our IFS axiom, which is one of our weakest fairness axioms. The IFS
axiom requires that the facility location is not located too far from any agent. When re-
framed in terms of utility, IFS enforces a minimum utility guarantee for all agents, which
could be viewed as an outside option.

Approximate mechanism design. The final section of our paper explores the perfor-
mance of strategyproof and fair mechanisms with respect to maximizing social (or util-
itarian) welfare and minimizing total cost. Adopting the approximation ratio approach
of Nisan and Ronen (2001) and Procaccia and Tennenholtz (2013), we measure the per-
formance of these mechanisms by their worst-case performance over the domain of pos-
sible preferences profiles relative to the welfare-optimal mechanism and the total cost-
optimal mechanism. This is a common approach in the economics and computation liter-
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ature (see, e.g., Aziz et al., 2020b,a; Feldman et al., 2016; Nisan and Ronen, 2001). For our
main fairness axioms of Proportionality, IFS, UFS and PF, we identify the best perform-
ing strategyproof and fair mechanism. In particular, we find that the Uniform Phantom
mechanism has the best welfare approximation ratio among all mechanisms satisfying
UFS (including non-strategyproof mechanisms). In the participatory budgeting setting,
Caragiannis, Christodoulou and Protopapas (2022) show a related result: when there are
only 2 projects, the Uniform Phantom mechanism achieves the best cost approximation
ratio among all strategyproof mechanisms.

2 Model.

Let N = {1, . . . , n} be a set of agents with n ≥ 2 and let X := [0, L] be the domain
of locations. The restriction to X = [0, L] is without loss of generality for any closed
interval of real numbers. The restriction of locations to an interval is common in the
literature (see, e.g., seminal works Barberà and Jackson, 1994; Ching, 1997; Massó and
Moreno De Barreda, 2011); it is also well-suited to many real-world problems, such as
deciding the level of provision of a public good, which is naturally constrained to be
between zero and the total available budget. A mechanism is a mapping f : Xn → X

from a (reported) location profile x̂ = (x̂1, . . . , x̂n) ∈ Xn to a facility location y ∈ X . Let
U be the set of all symmetrically single-peaked utility functions on X . That is, given a
function u ∈ U , there exists a unique “peak” location x ∈ X that maximizes u and u

is symmetrically decreasing around x (see, e.g., Border and Jordan, 1983; Peters et al.,
1992; Klaus et al., 1998). Each agent i has utility function ui ∈ U . We interpret agent i’s
peak xi as agent i’s location. Each agent’s utility function ui (and, hence, location xi) is
privately known to the agent and is not assumed as an input into the mechanism. We
refer to agent i’s cost as the distance between their location and the facility’s location, i.e.,
d(y, xi) = |y − xi|. Notice that ui is decreasing in agent i’s cost: d(y, xi).

A widely accepted—albeit minimal—fairness principle is that a mechanism should
not depend on the agents’ labels. This is referred to as anonymity.

Definition 1 (Anonymous). A mechanism f is anonymous if, for every location profile x̂ and
every bijection σ : N → N ,

f(x̂σ) = f(x̂),

where x̂σ := (x̂σ(1), x̂σ(2), . . . , x̂σ(n)).

Given a location profile x̂, a facility location f(x̂) = y is said to be Pareto optimal if
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there is no other facility location y′ such that for all i ∈ N , ui(y
′) ≥ ui(y), with strict

inequality holding for at least one agent. A mechanism f is said to be Pareto efficient if, for
every location profile x̂, the facility location f(x̂) is Pareto optimal. In our setting, Pareto
optimality is equivalent to requiring that y ∈ [mini∈N x̂i,maxi∈N x̂i].

We are interested in mechanisms that are “strategyproof”, i.e., the mechanism never
incentivizes an agent to misreport their location. Before providing a formal definition, we
introduce some notation. Given a profile of locations (or reported locations) x′, the profile
(x′

−i, x
′′
i ) denotes the profile obtained by swapping x′

i with x′′
i and leaving all other agent

locations (or reports) unchanged.

Definition 2 (Strategyproof). A mechanism f is strategyproof if, for every agent i ∈ N with
peak location xi, we have that for every x′

i and x′
−i,

ui(f(x
′
−i, xi)) ≥ ui(f(x

′
−i, x

′
i)).

Our focus is on characterizing mechanisms that are strategyproof, Pareto efficient, and
anonymous, while also satisfying additional notions of proportionality-based fairness (to
be introduced in Section 3). To assist with interpretation, our model assumes that agents’
utilities are symmetric and single-peaked. However, our characterization results in Sec-
tion 4 do not require that agents’ utilities be symmetric about their peak. This follows
from Corollary 2 of Massó and Moreno De Barreda (2011), which says that, when agents
have single-peaked preferences, the set of strategyproof, Pareto efficient, and anonymous
mechanism is unchanged whether or not agents have symmetric preferences.

Omitted proofs appear in the Appendix.

3 Proportionality-based fairness.

We now introduce a hierarchy of proportionality-based fairness axioms. The first three
axioms have previously been proposed in the literature; the fourth axiom, Proportional
Fairness, is a new concept that we propose. We formulate our fairness axioms in terms of
the cost (or distance) function d(y, xi). In Section 3.1, we provide further motivation for
our axioms with a running example; we also provide a discussion and justification for the
distance-based formulation of our axioms.

The first axiom, Individual Fair Share (IFS), requires that the facility location imposes
a cost on each agent of no more than L(1 − 1

n
). In other words, each agent is entitled to

avoid 1/n-th of the maximum possible cost. In the context of cake-cutting, IFS coincides

9



with the axiom of Steinhaus (1948) commonly known as proportionality. It also appears
as the “Fair Welfare Share” axiom in the context of participatory budgeting, as defined by
Bogomolnaia et al. (2005).

Definition 3 (Individual Fair Share (IFS)). Given a profile of locations x, a facility location y

satisfies Individual Fair Share (IFS) if each agent has cost of at most L(1− 1
n
), i.e., for all i ∈ N ,

d(y, xi) ≤ L(1− 1/n).

The second axiom, Unanimous Fair Share (UFS), is a strengthening of IFS. UFS con-
siders all subsets of agents that share the same location; let S ⊆ N be such a subset of
agents. UFS requires that the facility location imposes a cost on each agent in S of no
more than L(1 − |S|

n
). In other words, a subset of agents S is entitled to avoid |S|/n-th

of the maximum possible cost. In the context of participatory budgeting, UFS appears
in Aziz et al. (2019a).

Definition 4 (Unanimous Fair Share (UFS)). Given a profile of locations x such that a subset
of S ⊆ N agents share the same location, a facility location y satisfies Unanimous Fair Share
(UFS) if for all i ∈ S,

d(y, xi) ≤ L(1− |S|
n

).

The third axiom Proportionality requires that, if all agents are located at “extreme”
locations (i.e., 0 or L), the facility is located at the average of the agents’ locations. Freeman
et al. (2021) focus on this axiom in a participatory budgeting setting.

Definition 5 (Proportionality). Given a profile of locations x such that xi ∈ {0, L} for all i ∈ N ,
a facility location y satisfies Proportionality if y = L |i∈N : xi=L|

n
.

Finally, we propose a new fairness concept called Proportional Fairness (PF). PF con-
siders all subsets of agents. Given a subset of agents S ⊂ N , PF requires that the facility
location imposes a cost on each agent in S that depends on both the size of the group,
|S|, and how closely the agents in S are clustered. The idea behind the concept is similar
in spirit to proportional representation axioms in voting which require that if a subset of
agents is large enough and the agents in the subset have “similar” preferences, then the
agents in the subset deserve an appropriate level of representation (see, e.g., Aziz et al.,
2017; Aziz and Lee, 2020, 2022; Dummett, 1984; Sánchez-Fernández et al., 2017).
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Definition 6 (Proportional Fairness (PF)). Given a profile of locations x, a facility location y

satisfies Proportional Fairness (PF) if, for any subset of agents S ⊆ N within a range of distance
r := maxi∈S{xi}−mini∈S{xi}, the agents in S have at most L(1− |S|

n
)− r cost, i.e. for all i ∈ S,

d(y, xi) ≤ L(1− |S|
n

) + r.

In the definition of PF, given a group S, r is non-negative and equals zero if and only if
all agents in S share the same location. Hence, PF implies UFS. For any r that is larger, the
corresponding fairness concept is weaker. For any r that is smaller, there may not exist
any outcome that satisfies the corresponding definition.

A natural—albeit weak—notion of fairness is called Unanimity. It requires that, if all
agents are unanimous in their most preferred location, then the facility is located at this
same location. Notice that Pareto optimality implies unanimity.

Definition 7 (Unanimity). Given a profile of locations x such that xi = c for some c ∈ X and
for all i ∈ N , a facility location y satisfies unanimity if y = c.

Proposition 1 establishes the logical connection between the fairness axioms. Figure 1
provides an illustration of proposition. PF is the strongest fairness notion: it implies all
of the other axioms (UFS, IFS, Proportionality, and Unanimity). The next strongest axiom
is UFS: it implies IFS, proportionality, and unanimity. There is no relationship between
proportionality, IFS, and unanimity; however, as will be shown, they are compatible with
each other.

Proposition 1 (A hierarchy of axioms).

(i) UFS implies proportionality, IFS, and unanimity

(ii) PF implies UFS

All of the above relations are strict; there is no logical relation between proportionality, IFS, and
unanimity. Figure 1 provides an illustration.

3.1 Discussion of our fairness axioms.

Motivation. In addition to normative appeals to fairness, all of the proportionality-
based fairness axioms can be motivated by concerns for the sustainability and practicality
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of collective decision making. As a running example, suppose that the facility location
corresponds to the level of provision of a public good. The total budget is L, which each
agent contributed equally to (i.e., L/n), and any unspent budget is saved for a future year.
Agents have (possibly different) preferences over the tradeoff between current spending
on the public good and future savings. Each agent’s peak location corresponds to their
ideal provision of the public good (the complement of this is their ideal provision of sav-
ings). An intuitive requirement is that each agent—having contributed 1/n-th of the total
budget—should be able to avoid the total budget (respectively, none of the budget) being
spent if their ideal provision of the public good is to spend nothing (resp., spend all of the
budget). Indeed, one could imagine that an outcome that does not abide by this require-
ment would be unsustainable and impractical in reality: the agent could withdraw their
contribution from the budget and independently not fund (resp., fund) a 1/n-th share of
the public good. This requirement is reminiscent of stability solution concepts in coop-
erative game theory, such as the “core” (see, e.g., Scarf, 1967). The IFS axiom extends
this requirement to agents that—not only have an “extreme” ideal provision of the pub-
lic good (i.e., spending all or nothing)—but also those that have ideal provisions close to
these extremes. However, building on these same ideas, it might expected that if a sin-
gle agent can control 1/n-th of the total budget, then a group of like-minded agents, say
of size |S| and who all share a common ideal provision of the public good, can control
|S|/n-th of the total budget. The UFS axiom strengthens the IFS axiom by incorporating
this “group” consideration into the decision-making process. The Proportionality axiom
is similar; however, it only applies to instances where agents can be partitioned into two
groups that have extreme ideal provisions of the public good (i.e., spending all or noth-
ing). The unanimity axiom is a special case of the UFS axiom. Finally, the PF axiom relaxes
the notion of a “group” of agents that is implicit in the UFS (and proportionality) axioms.
Intuitively, a group of |S| agents might be able to control |S|/n-th of the total budget even
if they are not perfectly unified in their ideal provision of the public good. It may sim-
ply be enough that the group members have ideal provisions that are “close enough”—in
which case, they can still control |S|/n-th of the total budget to achieve mutually bene-
ficial outcomes. The PF axiom incorporates this more flexible notion of a “group” and
formalizes what such a group can achieve by controlling |S|/n-th of the budget. Intu-
itively, the more closely aligned a group is in their ideal provision (i.e., a smaller value of
r in Definition 6), the more precisely they can use their control of the budget to achieve
an outcome close to their ideal provision.
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Distance-based formulation of our axioms. We formulated our axioms in terms of Eu-
clidean distance. Because agents have symmetric and single-peaked utility functions, an
agent’s utility is strictly decreasing in their distance from the facility. Therefore, our ax-
ioms have direct implications for agents’ utilities but, importantly, do not correspond to a
precise utility guarantee. Our approach is more general than simply assuming a specific
functional form for all agents’ utility functions (as is sometimes done in the facility loca-
tion literature (see, e.g. Anastasiadis and Deligkas, 2018; Aziz et al., 2020a; Deligkas et al.,
2023)) and then constructing axioms that depend on the assumed functional form.

Our approach is also motivated by practical concerns. In our setting, obtaining pre-
cise utility guarantees requires the mechanism to elicit information about each agent’s
entire utility function (i.e., not only reporting their peak location). Yet it is well known
in the literature that strategyproofness is incompatible with eliciting information beyond
an agent’s peak location (see, e.g., Barberà and Jackson, 1994; Weymark, 2008). Therefore,
in the pursuit of strategyproof and proportionally fair mechanisms, we are forced to act
behind a veil of ignorance. It seems reasonable that a “fair” outcome should, at minimum:

(i) impose conditions on the “closeness” between agents’ peaks and the facility location
because this has direct implications on agents’ utilities;

(ii) the measure of closeness should be symmetric;

(iii) the measure of closeness should be anonymous.

These points imply that a single benchmark distance metric should be applied for each
agent. We adopt the standard Euclidean distance for our axioms (IFS, UFS, PF), i.e.,
d(y, xi) equals |y − xi|; this has desirable and natural features. For example, suppose
n = 2 with one agent located at 0 and the other at L. The absolute value |y − xi| is
the only metric that requires the facility to be located at exactly L

2
via the IFS condition

d(y, xi) ≤ L(1 − 1/n) (the same is true for the UFS and PF conditions). Lower powers of
|y − xi| could be considered (i.e., |y − xi|p for 0 < p < 1) but this leads to non-existence.
Higher powers could be considered (i.e., |y − xi|p for p > 1) but this leads to the possi-
bility of “fair” outcomes that asymmetrically favor one agent over the other. To see this,
suppose p = 2 and L = 1. The IFS condition when n = 2, one agent is located at 0, and the
other at 1, becomes y2 ≤ 1

2
and (1− y)2 ≤ 1

2
. This IFS condition is equivalent to requiring

y ∈ [1
2
(2−

√
2), 1√

2
], which admits asymmetric solutions such as y = 0.7.

Restrictions on agents’ peak locations. Another potential concern is that our distance-
based axioms implicitly assume that each agent’s peak location is contained in the interval
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X = [0, L]. The fact that the facility must be located in a (fixed and known) closed interval
of the real line and each agent’s peak location (and reported location) are constrained to be
in this interval are common assumptions in the literature (see, e.g., Barberà and Jackson,
1994; Ching, 1997; Massó and Moreno De Barreda, 2011). The assumptions are also appro-
priate for important settings of interest, such as the provision of a public good. Our model
adopts these common assumptions, and our proportionality-based fairness axioms build
on these same assumptions. We note, however, that our axioms and results can be mod-
ified to a setting where the mechanism must locate the facility in the interval X = [0, L]

but agents’ peak locations may lie on R (in particular, beyond the interval X) and may
also report locations beyond the interval. The set of mechanisms that we focus on are
essentially unaffected by this modification. To be slightly more precise, the mechanisms
that we focus on can be extended to this modified setting via the following procedure: if
an agent i reports x̂i < 0 (resp., x̂i > L), then the mechanism input for agent i becomes 0
(resp., L); if an agent i reports x̂i ∈ [0, L], then the mechanism input for agent i is simply
x̂i. It is straightforward to see that this modified setting does not generate any additional
strategyproof, anonymous, and Pareto efficient mechanisms that also guarantee a facility
location in [0, L]. Our results can then be recovered with appropriately modified versions
of our axioms that replace the distance function, d(y, xi), with

d̃(y, xi) =


d(y, 0) if xi < 0,

d(y, xi) if xi ∈ [0, L],

d(y, L) if xi > L.

4 Strategyproof and Proportionally Fair Mechanisms.

We begin by reviewing some prominent mechanisms from the literature. The median
mechanism fmed places the facility at the median location (i.e., the ⌊n/2⌋-th location when
locations are placed in increasing order). The median mechanism is sometimes referred
to as the utilitarian mechanism since it places the facility at a location that minimizes the
sum of agent costs.

The midpoint mechanism fmid places the facility at the midpoint of the leftmost and
rightmost agents, i.e.,

fmid(x) =
1

2

(
min
i∈N

xi +max
i∈N

xi

)
. (1)

The midpoint mechanism is sometimes referred to as the egalitarian mechanism since it
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minimizes the maximum agent cost.
A Nash mechanism places the facility at a location that maximizes the product of

agent utilities:
∏

i∈N ui(y). In our model, agents’ utility functions ui are not reported
(agents only report locations); furthermore, the Nash mechanism is only well-defined
when ui(y) is non-negative for facility locations y ∈ X . Therefore, to define the Nash
mechanism in our setting—and using the benefit of hindsight—we adopt the following
form: a Nash mechanism fNash locates the facility at

fNash(x) = arg max
y∈[0,1]

∏
i∈N

(
L− d(y, xi)

)
. (2)

The formulation above says that the Nash mechanism operates upon the (no necessarily
true) assumption that all agents have a utility function of the form ui(y) = L − d(y, xi).
When each agent’s true utility function is ui(y) = L − d(y, xi), the Nash mechanism is
described by Moulin (2003, p. 80) as achieving a “sensible compromise between utilitari-
anism and egalitarianism.”

Incompatibility results. All of the above mechanisms either fail to provide fair out-
comes (per the axioms in Section 3) or fail to be strategyproof. The median mechanism
fails Proportionality and IFS; however, it is strategyproof and satisfies unanimity. The
midpoint mechanism—often heralded as a hallmark of fairness—fails to satisfy many of
Section 3’s proportionality-based fairness axioms; it only satisfies the weakest axioms:
IFS and unanimity. Furthermore, the midpoint mechanism is not strategyproof. Finally,
the Nash mechanism, as formulated in (2), obtains the strongest axiom of proportional
fairness, PF—and, hence, satisfies the other fairness axioms: UFS, Proportionality, IFS,
and unanimity. However, the Nash mechanism is not strategyproof (Lam et al., 2021).
Proposition 2 summarizes these results.

Proposition 2 (Review of existing mechanisms).

(i) The median mechanism satisfies unanimity and strategyproofness, but does not satisfy IFS,
PF, UFS nor Proportionality.

(ii) The midpoint mechanism satisfies IFS and unanimity, but it is not strategyproof. The mid-
point mechanism does not satisfy PF, UFS, nor Proportionality.

(iii) The Nash mechanism satisfies PF, but it is not strategyproof.
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4.1 Characterization of IFS and strategyproof mechanisms.

We now characterize the family of strategyproof and IFS mechanisms. Our characteriza-
tion leverages the class of Phantom mechanisms introduced by Moulin (1980) (see also
Border and Jordan, 1983). Although both Moulin (1980) and Border and Jordan (1983)
deal with a setting where agents’ locations are in R rather than [0, L], their results extend
naturally (see, e.g., Massó and Moreno De Barreda, 2011). Intuitively, Phantom mecha-
nisms can be understood as locating the facility at the median of 2n − 1 reports, where n

reports correspond to the agents’ reports and n−1 reports are fixed (and pre-determined)
at locations p1, . . . , pn−1. The fixed reports are referred to as “phantom” locations.

Definition 8 (Phantom Mechanisms). Given x ∈ X and n− 1 values 0 ≤ p1 ≤ · · · ≤ pn−1 ≤
L, a Phantom mechanism locates the facility at Median{x1, . . . , xn, p1, . . . , pn−1}.

The family of Phantom mechanisms is broad and captures many well-known mecha-
nisms. To build intuition, we provide some examples below.

1. The classic median mechanism is obtained by locating ⌊(n−1)/2⌋ phantoms at 0 and
⌈(n− 1)/2⌉ phantoms at L.

2. The “Maximum” (resp., “Minimum”) mechanism, which locates the facility at the
maximum (resp., minimum) agent location, is obtained by locating all the phantoms
at L (resp., 0).

3. The “Moderate−L
2

” mechanism, which locates the facility at the minimum (resp.,
maximum) agent reported location when all agents report above (resp., below) L/2
and otherwise (i.e., when some agent(s) report either side of L/2) the facility is lo-
cated at L/2. This mechanism is obtained by locating all the phantoms at L/2.

On the other hand, mechanisms such as the midpoint mechanism (1) and the Nash
mechanism (2) from Section 4 do not belong to the family of Phantom mechanisms. Sim-
ilarly, the “Average” mechanism, which locates the facility at the average of all agents’
reports, is not a Phantom mechanism. Given 6 agents with L = 1 and location profile
x = (0, 0, 0, 0, 0.8, 1), Figure 2 provides an illustration of these mechanisms (and also other
mechanisms that will be defined later). Each agent’s location is depicted by an ‘x’ mark;
each mechanism’s facility location is depicted by a • (with label directly above). Further
details are provided in the figure caption.

In our setting, the family of Phantom mechanisms are known to characterize all strate-
gyproof, anonymous, and Pareto efficient mechanisms (Corollary 2 of Massó and Moreno
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yCMymed ymidyavg

Figure 2: Facility location problem on the [0, 1] domain with n = 6 agents, with location
profile (0, 0, 0, 0, 0.8, 1) represented by x. The facility locations (represented by •) corre-
spond to the: Median mechanism, ymed = 0; Constrained Median mechanism, yCM = 1

6
;

Nash mechanism, yNash ≈ 0.284; Average mechanism, yavg = 0.3; Uniform Phantom mech-
anism, yUnif =

2
6
; and Midpoint mechanism, ymid = 3

6
.

De Barreda, 2011). This characterization of Phantom mechanisms forms the foundation
of our characterization results.

Theorem 1 says that the family of IFS, strategyproof, anonymous, and unanimous
mechanisms are characterized by the subfamily of Phantom mechanisms that have their
phantom locations contained in the interval [ 1

n
, L − 1

n
]. Intuitively, when the facility is

located in the interval [ 1
n
, L − 1

n
], IFS is satisfied regardless of the agents’ locations. The

restricted class of Phantom mechanisms in Theorem 1 satisfies IFS by preventing the fa-
cility from being located at an “extreme” point (i.e., beyond the interval [ 1

n
, L− 1

n
]) unless

all agents are located close together and at a common extreme point.

Theorem 1 (Characterization: IFS, unanimous, anonymous, and strategyproof). A mech-
anism is strategyproof, unanimous, anonymous and satisfies IFS if and only if it is a Phantom
mechanism with n− 1 phantoms all contained in the interval [ 1

n
, L− 1

n
].

Proof. We start with the backwards direction. Let f be a Phantom mechanism with the
n − 1 phantoms contained in [L

n
, L(1 − 1

n
)]. First note that f is strategyproof because

all Phantom mechanisms are strategyproof (see, e.g., Corollary 2 of Massó and Moreno
De Barreda, 2011). Furthermore, it is immediate from the Phantom mechanism definition
(Definition 8) that f satisfies unanimity. It remains to show that f satisfies IFS. To see this,
notice that the facility is located above (resp., below) both of the endpoints of the inter-
val [L

n
, L(1 − 1

n
)] if and only if all agents are located above (resp., below) of the interval.

Therefore, in such cases, the facility is located within a distance of L
n

of all agents. Other-
wise, the facility is located within the interval and the largest possible cost is L(1− 1

n
), as

required.
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We now prove the forward direction. Let f be a mechanism that is strategyproof,
unanimous, anonymous, and satisfies IFS. Border and Jordan’s (1983) Lemma 3 says
that any strategyproof and unanimous mechanism is Pareto efficient. Hence, f is strat-
egyproof, IFS, unanimous, anonymous, and Pareto efficient. We now apply Corollary 2
of Massó and Moreno De Barreda (2011), which says that a mechanism is strategyproof,
anonymous, and Pareto efficient if and only if it is a Phantom mechanism (Definition 8).
We now show that pj ∈ [L

n
, L(1 − 1

n
)] for all j ∈ {1, . . . , n − 1}. For the sake of a contra-

diction, suppose p1 < L
n

(the case of pn−1 > L(1 − 1
n
) is dealt with similarly and, hence,

is omitted). If n − 1 agents are located at 0 and the remaining agent is located at L, then
the facility must be located at p1 < L

n
. But then the agent at location L experiences cost

strictly greater than L(1 − 1
n
)—a contradiction of IFS. Therefore, pj ∈ [L

n
, L(1 − 1

n
)] for all

j ∈ {1, . . . , n− 1}, as required.

Theorem 1 is “tight” in the following sense: if any one of the requirements in Theo-
rem 1 (i.e., strategyproofness, unanimity, anonymity, and IFS) is removed, then the the-
orem fails to hold. In Appendix A.3, for each smaller set of requirements, we identify a
mechanism that satisfies them and does not belong to the family of mechanisms described
in Theorem 1.

4.2 Characterization of PF, UFS, Proportional, and strategyproof mech-

anisms.

We now show that strategyproofness and PF are compatible and can be achieved via the
“Uniform Phantom” mechanism. By Proposition 1 this also implies that UFS and, hence,
proportionality, IFS, and unanimity can be attained simultaneously. The Uniform Phan-
tom mechanism is obtained from the general class of Phantom mechanisms (Definition 8)
by locating the (n−1) phantoms at jL

n
for j = 1, . . . , n−1. Figure 2 provides an illustration

of the mechanism. This mechanism is the focus of Freeman et al. (2021); later we provide
a discussion of the similarities and differences between our results and those of Freeman
et al..

Definition 9 (Uniform Phantom mechanism). Given x ∈ X , the Uniform Phantom mecha-
nism fUnif locates the facility at

Median{x1, . . . , xn,
L

n
,
2L

n
, . . . ,

(n− 1)L

n
}.
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It is immediate that the Uniform Phantom mechanism is strategyproof since it be-
longs to the family of Phantom mechanisms (Definition 8). However, in addition to strat-
egyproofness, Proposition 3 says that the Uniform Phantom mechanism satisfies PF. In-
tuitively, the Uniform Phantom mechanism locates the facility at the n-th location of the
2n − 1 phantom and agent locations. Given the phantom locations, for every L/n units
of distance, there is at least one phantom. Therefore, for any set of agents S, the distance
between the most extreme agents in S and the facility is at most Ln−|S|

n
and, hence, the

distance between any agent in S and the facility is at most Ln−|S|
n

+ r, where r is the range
of the agents in S.

Proposition 3 (Uniform Phantom mechanism properties).
The Uniform Phantom mechanism is strategyproof and satisfies PF. Thus, it also satisfies UFS,
IFS, proportionality, and unanimity.

A natural question is whether there exist other strategyproof mechanisms satisfying
UFS or proportionality and unanimity. It turns out that there are not: Theorem 2 says
that the Uniform Phantom mechanism is the only strategyproof mechanism that is pro-
portional and unanimous. A key challenge in the theorem is that anonymity is not sup-
posed and hence, the well-known characterization of Phantom mechanisms cannot be
immediately applied. In the appendix, we prove an auxiliary lemma that says anonymity
is implied by strategyproofness, unanimity, and proportionality. With this in hand, the
Phantom mechanism characterization can be utilized. Proportionality then implies the
(unique) locations of the n− 1 phantoms. This is because of two observations. First, pro-
portionality requires that, for any k = 1, . . . , n − 1, when k agents are located at L and
n−k agents at 0, the facility is located at kL/n. Second, for such a profile of locations, any
Phantom mechanism will locate the facility at the kth phantom. Therefore, the phantoms
must be located at kL

n
for k = 1, . . . , n− 1.

Theorem 2 (Characterization: proportional, unanimous, and strategyproof).
A mechanism satisfies strategyproofness, unanimity, and proportionality if and only if it is the
Uniform Phantom mechanism.

Proof. The backward direction follows immediately from Proposition 3 and Proposition 1.
It remains to prove the forward direction. Suppose f is strategyproof and satisfies propor-
tionality and unanimity. We utilize an auxiliary lemma (Lemma 4), which says that any
strategyproof, unanimous, and proportional mechanism must be anonymous. The proof
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of Lemma 4 is quite involved and is proven in Appendix A.5. Given Lemma 4, we apply
Border and Jordan’s (1983) Lemma 3 (i.e., any strategyproof and unanimous mechanism
is Pareto efficient). This tells us that f must also be anonymous and Pareto efficient. We
now apply Corollary 2 of Massó and Moreno De Barreda (2011), which says that a mech-
anism is strategyproof, anonymous, and Pareto efficient if and only if it is a Phantom
mechanism (Definition 8). We now show that pj = jL

n
for all j ∈ {1, . . . , n − 1}. To see

this, take arbitrary j ∈ {1, . . . , n− 1}, and let x be a profile of locations such that there are
j agents at L and n − j agents at 0. By definition of the Uniform Phantom mechanism,
f(x) = pj . But proportionality requires that f(x) = jL

n
; hence, pj = jL

n
. This completes the

proof.

Combining Proposition 1 and Proposition 3 with Theorem 2 provides two complemen-
tary characterizations. Corollary 1 says that the Uniform Phantom mechanism is the only
strategyproof mechanism that satisfies UFS; similarly, the Uniform Phantom mechanism
is the only strategyproof mechanism that satisfies PF.

Corollary 1 (Characterization: UFS/PF and strategyproof). A mechanism satisfies strate-
gyproofness and UFS (PF) if and only if it is the Uniform Phantom mechanism.

UFS and PF are (strictly) stronger requirements than proportionality, so the character-
ization given by Corollary 1 does not hold if UFS or PF are replaced by proportionality.
In other words, Theorem 2 does not hold if we remove unanimity. A simple example
illustrating this can be found in Appendix A.6.

Theorem 2 and Corollary 1 gives the equivalence in Corollary 2. The statements are
“tight”: dropping any property in (i), (ii), or (iii) will break the equivalence with (iv).

Corollary 2. The following are equivalent:

(i) f satisfies strategyproofness, proportionality, and unanimity.

(ii) f satisfies strategyproofness and UFS.

(iii) f satisfies strategyproofness and PF.

(iv) f is the Uniform Phantom mechanism.

A perhaps interesting implication of Corollary 2 is that, although combining propor-
tionality and unanimity is a strictly weaker concept than UFS, when combined with strat-
egyproofness the UFS concept is equivalent to requiring both proportionality and una-
nimity. Similarly, the UFS concept is strictly weaker concept than PF but, when combined
with strategyproofness, PF is equivalent to UFS.
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Comparing our results with Freeman et al. (2021). The Uniform Phantom mechanism
appears in Freeman et al. (2021). Freeman et al.’s Proposition 1 shows that a mechanism
is continuous, anonymous, proportional, and strategyproof if and only if it is the Uniform
Phantom mechanism. Equivalently, by Border and Jordan’s (1983) Corollary 1, Freeman
et al.’s characterization holds if continuity is replaced with unanimity. Our results com-
plement Freeman et al.’s characterization. Firstly, we have shown (in Appendix A.6) that
continuity (equivalently, unanimity) is essential for Freeman et al.’s characterization. Sec-
ondly, our Theorem 2 shows that the anonymity requirement can be removed. Studying
a slightly different setting, where agents have single-peaked and (possibly) asymmetric
preferences, Jennings et al. (2021) show that neither continuity nor anonymity is required
for Freeman et al.’s characterization. The necessity of unanimity in Theorem 2 clarifies a
key difference with the setting of symmetric preferences: continuity is required. Finally,
we provide a more general analysis of fairness axioms in facility location problems and
show that the Uniform Phantom mechanism is the unique strategyproof mechanism that
satisfies different combinations of these fairness axioms (Corollary 2).

5 Equilibria of non-strategyproof, UFS mechanisms.

We now explore the equilibrium properties of non-strategyproof mechanisms. We begin
with some terminology. Given two profiles of locations x ∈ [0, L]n and x′ ∈ [0, L]n, we say
x < x′ if and only if xi ≤ x′

i for all i ∈ N and xi < x′
i for some i ∈ N . We say a mechanism

f is strictly monotonic if
f(x) < f(x′) for all x < x′.

An example of a strictly monotonic mechanism is the “Average” mechanism favg(x) :=
1
n

∑
i∈N xi. The Average mechanism is also continuous and satisfies UFS (see Proposition 5

in Appendix B). It is clearly not strategyproof. In contrast, the Uniform Phantom mecha-
nism is not strictly monotonic.

Perhaps surprisingly, Theorem 3 says that the pure Nash equilibrium of any continu-
ous, strictly monotonic, and UFS mechanism has the facility located at the same position
as would have been attained by the (strategyproof) Uniform Phantom mechanism. There-
fore, in the equilibrium outcome of such mechanisms, UFS with respect to the agents’ true
location is satisfied—even if agents misreport their location in equilibrium. This provides
an alternative characterization of the Uniform Phantom mechanism as the equilibrium
outcome of any continuous, strictly monotonic, and UFS mechanism.

To guarantee the existence of a pure Nash equilibrium in Theorem 3, we require that
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each agent’s utility function ui is continuous. Given that, in our model, each agent’s
utility function is symmetrically single-peaked, assuming that each ui is continuous does
not affect the set of preferences that are admissible: every symmetrically single-peaked
preference on X can be induced by a continuous utility function on X .

Theorem 3. Suppose each agent’s utility function ui is continuous, and suppose the mechanism
f is continuous, strictly monotonic, and satisfies UFS. There exists a pure Nash equilibrium.
Furthermore, for every profile of the agents’ (true) locations x and every pure Nash equilibrium
x∗, the equilibrium facility location equals the facility location of the Uniform Phantom mechanism
when agents report truthfully: f(x∗) = fUnif (x).

Proof. The existence of a pure Nash equilibrium follows from (Debreu, 1952; Glicksberg,
1952; Fan, 1952). For completeness and following the arguments provided in Ozdaglar
(2010), we provide a brief sketch of the argument. Naturally, the problem reduces to
the existence of a fixed point solution to a correspondence B that maps each element of
[0, L]n to a set within [0, L]n. The correspondence B is constructed using each agent’s best
response correspondence Bi, which maps each element of [0, L]n−1 to a (non-empty) set
within [0, L]. Each agent’s best response correspondence is well-defined by Weierstrass’
Extreme Value theorem—this theorem is applicable because each agent’s utility function
ui is continuous on [0, L]. In this setting, the existence of a fixed point solution is guar-
anteed by Kakutani’s theorem but it requires that B is a convex-valued correspondence
and B has a closed graph. The argument for B having a closed graph follows from the
standard argument used to prove that every finite game has a mixed strategy Nash equi-
librium. The convexity of B follows because each agent’s utility function ui(f(x

′
i,x

′
−i)) is

quasi-concave in their report x′
i, which, in turn, follows because ui is single-peaked and f

is continuous and strictly monotonic.
Now let x be a profile of the agents’ (true) locations, and let x∗ be a pure Nash equi-

librium of f . Denote by sunif := funif(x) the facility location under the Uniform Phantom
mechanism when agents report truthfully. We wish to prove that f(x∗) = sunif. We con-
sider two cases.

Case 1. Suppose sunif = kL/n for some k ∈ {0, . . . , n}. By construction of the Uniform
Phantom mechanism, it must be that at least n − k agents have true location (weakly)
below sunif and at least k agents have true location (weakly) above. Now, for the sake of
a contradiction, suppose that f(x∗) < sunif = kL/n (the reverse inequality is treated sim-
ilarly and therefore is omitted). Notice that there are at least k agents with true location
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strictly above than f(x∗); let N ′ := {i ∈ N : f(x∗) < xi}. If x∗
i = L for all i ∈ N ′,

then f(x∗) ≥ kL/n (since f satisfies UFS)—a contradiction because f(x∗) < sunif = kL/n.
Therefore, x∗

i < L for some agent i ∈ N ′′. But then x∗ cannot be an equilibrium: agent i
can profitably deviate by reporting some x′

i ∈ (x∗
i , L], which—due to continuity and strict

monotonicity of f—increases the facility location.

Case 2. Suppose sunif ∈ (kL
n
, (k+1)L

n
) for some k ∈ {0, . . . , n − 1}. By construction of the

Uniform Phantom mechanism, it must be that at least n − k agents have true location
(weakly) below sunif and at least k + 1 agents have true location (weakly) above—note
that there are at least k + 1 agents weakly above sunif because at least one agent is located
at exactly sunif. Now, for the sake of a contradiction, suppose that f(x∗) < sunif (the reverse
inequality is treated similarly and therefore is omitted). Notice that there are at least k+1

agents with location strictly above f(x∗); let N ′′ := {i ∈ N : f(x∗) < xi}. If x∗
i = L

for all i ∈ N ′′, then (k + 1)L/n ≤ f(x∗) (since f satisfies UFS)—a contradiction because
f(x∗) < sunif ∈ (kL

n
, (k+1)L

n
). Therefore, x∗

i < L for some i ∈ N ′′. But x∗ cannot be an
equilibrium: agent i can profitably deviate by reporting some x′

i ∈ (x∗
i , L], which—due to

continuity and strict monotonicity of f—increases the facility location.

We remark that in a slightly different setting, where agents have single-peaked (and
possibly asymmetric) preferences, Yamamura and Kawasaki (2013) provide a general
characterization of the equilibrium outcome of anonymous, continuous, strictly mono-
tonic, and unrestricted-range mechanisms. Although Yamamura and Kawasaki’s results
do not formally apply to our setting and do not focus on issues of fairness, our Theorem 3
is consistent with their characterization.

An immediate corollary of Theorem 3 is that the equilibrium outcome of any continu-
ous, strictly monotonic, and UFS mechanism satisfies UFS with respect to the agents’ true
locations.

Corollary 3. Suppose each agent’s utility function ui is continuous, and suppose f is continuous,
strictly monotonic, and satisfies UFS. The output of every (pure) Nash equilibrium of f satisfies
UFS with respect to the agents’ true location profile.

Another corollary of Theorem 3 is that the equilibrium outcome of the average mecha-
nism coincides with the facility location of the Uniform Phantom mechanism when agents
report truthfully. In a slightly different setting, where agents have single-peaked (and
possibly asymmetric) preferences, Renault and Trannoy (2005) obtain the same result (see
also Renault and Trannoy, 2011).
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Corollary 4. Suppose each agent’s utility function ui is continuous, and every (pure) Nash equi-
librium of the average mechanism coincides with the facility location of the Uniform Phantom
mechanism when agents report truthfully.

Unfortunately, Theorem 3 cannot be applied to the Nash mechanism’s equilibrium
outcome since the Nash mechanism (defined in (2)) is not strictly monotonic. This can
be illustrated via a simple example with 3 agents. Taking L = 1, the Nash mechanism
maps the location profiles x = (0, 0.5, 0.9) and x′ = (0, 0.5, 1) to 0.5. However, strict
monotonicity requires that x′ be mapped to a location strictly higher than 0.5.

6 Approximation results

In this section, we explore the performance of strategyproof and fair mechanisms with
respect to two objectives: total cost minimization and welfare maximization. Rather than
make distributional assumptions, we measure the performance of these mechanisms by
their worst-case performance over the domain of preference profiles (equivalently, agent
locations).

6.1 Total cost minimization

A common objective in facility location problems is to minimize the total cost of agents:∑n
i=1 d(y, xi) (see, e.g., Aziz et al., 2020b; Procaccia and Tennenholtz, 2013). Given a pro-

file of agent locations, x and facility location y, we define the optimal cost by Ψ∗(x) :=

miny∈X
∑n

i=1 d(y, xi), and given a mechanism f , let Ψf (x) denote the total cost attained
by the mechanism, i.e., Ψf (x) :=

∑n
i=1 d(f(x), xi). The mechanism f is a (total cost) α-

approximation if

max
x∈Xn

{
Ψf (x)

Ψ∗(x)

}
= α. (3)

Notice that α ≥ 1 for all mechanisms f . We refer to a mechanism f with (total cost)
1-approximation ratio as a total cost-optimal mechanism.

We begin by defining the median mechanism, which is known to minimize total cost
and, hence, in (3), has a 1-approximation ratio (Procaccia and Tennenholtz, 2013).

Definition 10 (Median mechanism). The median mechanism locates the facility at the median
of all agents’ locations. If there are an even number of agents, the facility is placed at the leftmost
of the two middle agent locations.
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In addition to being the total cost-optimal mechanism, the median mechanism is strat-
egyproof, anonymous, Pareto efficient, and satisfies unanimity. However, it does not sat-
isfy our weakest notions of proportionality-based fairness: IFS or proportionality.

Proposition 4 provides a stark negative result. Any mechanism that is strategyproof,
anonymous, unanimous and satisfies IFS has total cost approximation of exactly n − 1,
which is unbounded as n grows large.

Proposition 4. Any strategyproof, anonymous, unanimous mechanism that satisfying IFS has a
total cost approximation of n− 1. As n → ∞, this approximation is unbounded.

Proposition 4 implies that, on the basis of total cost approximation, there is no differ-
ence between any of the mechanism characterized in Sections 4.1 and 4.2. This suggests
the need for an alternative (or additional “tie-breaking”) performance measure that is
more sensitive to proportionality-based fairness axioms. In the next subsection, we adopt
an alternative performance that appears in the literature and allows for a more nuanced
analysis.

6.2 Welfare maximization

Within but also beyond facility location problems, a common objective in collective
decision-making is to maximize (utilitarian or social) welfare. Given a profile of loca-
tions x and a facility location y, the (utilitarian or social) welfare is defined as the sum of
the utilities of the agents:

∑n
i=1 ui(y). In our setting, agents’ utility functions are unknown

by the mechanism designer—in fact, it is impossible for the mechanism designer to elicit
more information about agents’ utilities than their peak location without violating strate-
gyproofness (see, e.g., Barberà and Jackson, 1994; Weymark, 2008). Therefore, it is neces-
sary to assume a specific functional form as a proxy of agents’ utilities (alternatively, one
may simply assume that agents’ utilities are all of a specific functional form). Importantly,
this functional form must be non-negative to have a well-defined welfare-maximization
approximation problem (as will be described by (5)); this requirement rules out the func-
tional form −d(y, xi) that appeared in Section 6.1. Notice that the total cost minimiza-
tion problem (3) can equivalently be described as minimizing the total social disutility,∑n

i=1 −ui(y), when each agent is assumed to have utility function ui(y) = −d(y, xi).
We focus on the following functional form:

n∑
i=1

ui(y) :=
n∑

i=1

(
L− d(y, xi)

)
, (4)
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which appears in other facility location papers (see, e.g., Anastasiadis and Deligkas, 2018;
Aziz et al., 2020a; Deligkas et al., 2023; Zou and Li, 2015). One could consider alternative
linear utility functions, such as ui(y) = L′ − d(y, xi) with L′ > L, this will always lead to
a welfare approximation ratio (to be defined in (5)) that is strictly less than that obtained
with L′ = L. Therefore, our choice of L′ = L is the most conservative among this family
of linear utility functions.

We explore the performance of strategyproof and fair mechanisms with respect to
welfare maximization of (4). Given a profile of agent locations, x and facility location
y, we define the optimal welfare by Φ∗(x) := maxy∈X

∑n
i=1(L − d(y, xi)), and given a

mechanism f , let Φf (x) denote the welfare attained by the mechanism, i.e., Φf (x) :=∑n
i=1(L− d(f(x), xi)). The mechanism f is a (welfare) α-approximation if

max
x∈Xn

{
Φ∗(x)

Φf (x)

}
= α. (5)

Notice that α ≥ 1 for all mechanisms f . We refer to a mechanism f with (welfare) 1-
approximation ratio as a welfare-optimal mechanism. Before proceeding to our analysis, we
discuss briefly the distinction between the total cost minimization and welfare maximiza-
tion approximation problems.

Total cost minimization vs welfare maximization. Minimizing the total cost (Sec-
tion 6.1) and maximizing welfare, as in (4), are equivalent optimization problems. In-
deed, the total cost objective function is a simple translation of the welfare objective func-
tion. Therefore, both problems have the same “optimal” mechanism: the median mech-
anism (Definition 10), which is strategyproof, anonymous, Pareto efficient, and unani-
mous but does not satisfy IFS or proportionality. However, in general, when considering
approximately-optimal mechanisms, the welfare approximation ratio of a mechanism (5)
will not equal the total cost approximation ratio (3). Indeed, the total cost approxima-
tion analysis in Section 6.1 led to a stark negative result. As will be shown, focusing on
our welfare maximization objective (4) allows for a more nuanced evaluation of the per-
formance of various mechanisms and a clearer analysis of the tradeoffs imposed by our
proportionality-based fairness axioms for welfare maximization.

The key distinction between the total cost approximation and welfare approximation
can be intuitively understood by considering instances that might generate a large
approximation ratio. In the welfare formulation, the denominator in the ratio (5) is the
total welfare generated by the mechanism f . This denominator is small if the mechanism
locates the facility far away from many agents. In the case of the optimal median
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mechanism, welfare is minimized when half of the agents are located at each extreme
location. In contrast, in the total cost formulation, the denominator (3) is the total cost
generated by the optimal (median) mechanism. This denominator is zero or close to
zero if all agents are closely located. Therefore, the total cost approximation analysis
places greater weight on instances where the optimal median mechanism may achieve a
perfect or near-perfect solution with total cost approximately zero. Whereas the welfare
approximation analysis may be viewed as more egalitarian: it places greater weight on
instances where a mechanism generates very little welfare, perhaps because many agents
are located at opposite extremes. A priori both approximation approaches appear useful
and neither appears more desirable than the other. However, given the stark total cost
approximation results in Section 6.1 that fails to differentiate between various families of
strategyproof and proportionally fair mechanisms, the welfare approximation approach
is a useful additional performance measure—even if only used as a tie-breaking rule.

We now proceed to our analysis. Lemma 1 provides a welfare approximation lower
bound for mechanisms that satisfy IFS.

Lemma 1. Any mechanism satisfying IFS has a welfare approximation of at least 1+ n−2
n2−2n+2

. As
n → ∞, this lower bound approaches 1.

We now provide an example of an IFS mechanism, which we call the Constrained Me-
dian mechanism, that obtains the welfare approximation of Lemma 1. The Constrained
Median mechanism locates the facility at the median location whenever the median loca-
tion lies in the interval [L/n, L(1 − 1/n)]. When the median location is below L/n (resp.,
above L(1 − 1/n)), the facility is located at the minimum of L/n and maximum-agent
report (resp., maximum of L(1− 1/n) and the minimum-agent report). Definition 11 pro-
vides a formal definition, and Figure 2 provides an illustration of the mechanism.

Definition 11 (Constrained Median). The Constrained Median mechanism fCM is a phantom
mechanism that places ⌈n−1

2
⌉ phantoms at L/n and the remaining phantoms at L(1− 1

n
).

Theorem 4 says that the Constrained Median mechanism obtains the best welfare ap-
proximation guarantee among all IFS mechanisms, including non-strategyproof mecha-
nisms. Furthermore, the Constrained Median mechanism can easily be seen to not only
satisfy IFS but also to be strategyproof, anonymous, and unanimous (Theorem 1).

Theorem 4. Among all IFS mechanisms, the Constrained Median mechanism provides the best
welfare approximation guarantee, i.e., it achieves the approximation ratio in Lemma 1.
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The intuition behind the welfare approximation ratio converging to 1 is that as n ap-
proaches infinity, the phantoms placed at L/n (and L(1− 1/n)) converge to 0 (and L), and
hence the Constrained mechanism mechanism converges to the median mechanism.

Lemma 2 provides a minimum welfare approximation bound for mechanisms that
satisfy UFS (or proportionality or PF).

Lemma 2. Any mechanism satisfying UFS (or proportionality or PF) has a welfare approximation
of at least

max
k∈N : 0≤k≤n/2

n(n− k)

k2 + (n− k)2
. (6)

As n → ∞, this lower bound approaches
√
2+1
2

≈ 1.207.

We now show that the Uniform Phantom mechanism obtains the welfare approxima-
tion of Lemma 2. This means that the Uniform Phantom mechanism provides the best
welfare approximation guarantee among all UFS (or proportional or PF) mechanisms, in-
cluding non-strategyproof mechanisms. Furthermore, from Theorem 2, we know that the
Uniform Phantom mechanism has the added benefit of being strategyproof, anonymous,
and unanimous.

Theorem 5. Among all UFS (or proportional or PF) mechanisms, the Uniform Phantom mech-
anism provides the best welfare approximation guarantee, i.e., it achieves the approximation ratio
in Lemma 2.

Figure 3 illustrates the approximation results of this section.

7 Discussion and directions for future research.

Facility location is a classical problem in economic design. In this paper, we provided
a deeper understanding of strategyproof and proportionally fair mechanisms. Table 1
provides an overview of most of the mechanisms considered in the paper and the prop-
erties they satisfy. Our results provide strong support for the desirability of the Uniform
Phantom mechanism in terms of satisfying fairness and strategyproofness.

Moving beyond the fairness axioms that we presented, one can also consider stronger
notions of proportionality-based fairness. For example, the following property, which we
call Strong Proportional Fairness (SPF), is stronger than PF. Given a profile of locations x
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Figure 3: The best welfare approximation guarantee for mechanisms that satisfy UFS and IFS.

Table 1: Summary of results. All mechanisms are also unanimous, anonymous and Pareto
efficient. Proofs of the results for the Average mechanism can be found in Appendix B.
The welfare approximation results for the Nash and Midpoint mechanisms are from Lam
et al. (2021), and the total cost approximation results for those mechanisms can be found
in Appendix C.

Mechanism Strategyproof PF UFS Proportionality IFS Util-approx (limit) Cost-approx

Uniform Phantom Yes Yes Yes Yes Yes
√
2+1
2

≈ 1.207 n− 1
Median Yes No No No No 1 1

Constrained Median Yes No No No Yes 1 n− 1

Nash mechanism No Yes Yes Yes Yes ∈ [
√
2+1
2

, 2] ∈ [2− 2
n
, n
2
]

Midpoint mechanism No No No No Yes 2 n
2

Average mechanism No Yes Yes Yes Yes
√
2+1
2

2− 2
n

within range of distance R, a facility location y satisfies Strong Proportional Fairness (SPF)
if, for any subset of voters S ⊆ N within a range of distance r, the location should be at
most Rn−|S|

n
+ r distance from each agent in S, i.e., d(y, xi) ≤ Rn−|S|

n
+ r for all i ∈ S.

However, it can be easily shown that the Uniform Phantom mechanism does not sat-
isfy SPF. Our result (that the Uniform Phantom mechanism is the only SP and PF mech-
anism) then implies that there exists no strategyproof and SPF mechanism. In this sense,
the compatibility between strategyproofness and fairness axioms ceases to hold when we
move from PF to SPF.
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There are several directions for future work to build on the framework and results that
we have presented. For example, it may be fruitful to extend our analysis to incorporate
a facility with capacity constraints, multiple facilities, alternative fairness concepts, con-
sidering weaker notions of strategyproofness, or alternative utility functions that are not
necessarily single-peaked. Considering alternative utility functions can implicitly allow
for behavioral assumptions in how agents use or benefit from the facility. For exam-
ple, if agents do not benefit at all from the facility location when it is beyond a thresh-
old distance from their ideal location, then this would correspond to a utility function
that it is single-peaked but, beyond a certain threshold distance from their peak location,
the utility function becomes constant and takes its minimal value (see, e.g., Zhou et al.,
2023). An important direction is also to extend the strategyproof and proportionally fair
facility location problem to multiple dimensions. Although some real-world problems
(such as the provision of public goods) are well-suited to a unidimensional setting, other
real-world problems are better suited to a multidimensional setting. By leveraging ex-
isting strategyproofness results for the multidimensional facility location problem (such
as Theorem 1 in Border and Jordan (1983), which applies to settings where agents have
separable preferences) and developing appropriate multidimensional generalizations of
the proportionality-based fairness axioms that we presented, we believe progress can be
made on this.
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A Omitted proofs.

A.1 Proof of Proposition 1.

Proof. Point (i): We wish to prove that UFS implies proportionality, IFS, and unanimity.
Let x be an arbitrary location profile and let y be a facility location that satisfies UFS. From
the definition of UFS, it is immediate that IFS and unanimity are satisfied. It remains
to prove that proportionality is satisfied. For the sake of a contradiction, suppose that
proportionality is not satisfied. That is, x is such that xi ∈ {0, L} for all i ∈ N and
y ̸= L |i∈N : xi=1|

n
. Let k = |i ∈ N : xi = L|. If k = 0, then UFS requires that y = 0, and

proportionality is satisfied—a contradiction. If k > 0, then UFS requires that:

|L− y| ≤ L(1− k

n
), i.e., y ≥ kL

n
and |0− y| ≤ L(1− n− k

n
), i.e., y ≤ kL

n
.

The inequalities above imply that y = kL
n

and proportionality is satisfied—a contradiction.
Point (ii): We wish to prove that PF implies UFS. This follows immediately by noting

that a set of agents all located at the same location are within a range of distance r = 0.
Taking r = 0 in the PF definition shows that PF implies UFS.

It is straightforward to see that the relations in the proposition are strict and also that
there is no logical relation between proportionality, IFS, and unanimity. We omit the
proofs.

A.2 Proof of Proposition 2.

Proof. Point (i): We wish to prove that the median mechanism satisfies unanimity and
strategyproofness, but does not satisfy IFS, PF, UFS, nor Proportionality. The median
mechanism is known to be strategyproof (Procaccia and Tennenholtz, 2013); it is also
clearly unanimous. Finally, consider the agent location profile with n− 1 agents at 0 and
1 agent at L. The median mechanism locates the facility at 0, which violates both IFS and
Proportionality (and hence also UFS and PF).
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Point (ii): We wish to prove that the midpoint mechanism satisfies IFS and unanimity,
but does not satisfy strategyproofness, PF, UFS, nor Proportionality. The midpoint mech-
anism places the facility at the average of the leftmost and rightmost agent. It is therefore
unanimous but not strategyproof. The maximum cost that can be incurred by an agent
is L/2, which is obtained when the leftmost agent is at 0 and the rightmost agent is at L.
However, this IFS is satisfied since n ≥ 2. To see that the midpoint mechanism does not
satisfy Proportionality, consider the agent location profile with 2 agents at 0 and 1 agent
at L. The midpoint mechanism places the facility at L/2, but Proportionality requires that
the mechanism is placed at L/3. Since Proportionality is not satisfied, UFS and PF are also
not satisfied.

Point (iii): We wish to prove that the Nash mechanism satisfies PF but is not strat-
egyproof. To this end, we first define a notion of monotonicity that requires that if a
location profile is modified by an agent shifting its location, the facility placement under
the modified profile will not shift in the opposite direction. Definition 12 formalizes this
notion.

Definition 12 (Monotonic). A mechanism f is monotonic if

f(x) ≤ f(x′)

for all f(x) and f(x′) such that xi ≤ x′
i for all i ∈ N and xi < x′

i for some i ∈ N .

We next prove the following auxiliary lemma.

Lemma 3. A mechanism that satisfies UFS and monotonicity also satisfies PF.

Proof. Let x be an arbitrary agent location profile, and f be a mechanism that satisfies
UFS and monotonicity. Consider the set S = {1, . . . ,m} ⊂ N of m agents and denote
r := maxi∈S{xi} − mini∈S{xi}. We prove that the maximum distance of the facility from
any agent in S is at most Ln−m

n
+ r.

Denote f := argmaxi∈S{d(f(x), xi)} as the agent in S whose location xf under x is
furthest from the respective facility location, which is either maxi∈S{xi} or mini∈S{xi}.
Consider the modified profile x′ where x′

i = maxi∈S{xi} for all i ∈ S if f(x) ≥ xf and
x′
i = mini∈S{xi} for all i ∈ S if f(x) < xf . Also, x′

i = xi for all i ∈ N\S. In other words, the
agents in S have their locations moved to the rightmost agent in S if the facility is weakly
right of the furthest agent of S under x. If the facility is strictly left of the furthest agent
of S under x, the agents in S have their locations moved to the leftmost agent.
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Due to monotonicity, the facility does not move closer to xf when modifying x to x′,
so we have

d(f(x′), xf ) ≥ d(f(x), xf ).

Note that all m agents of S are at the same location under x′. Denote this location as x′
S .

Due to UFS, we also have
d(f(x′), x′

S) ≤ L
n−m

n
.

We therefore have

d(f(x), xf ) ≤ d(f(x′), xf ) ≤ d(f(x′), x′
S) + r ≤ L

n−m

n
+ r.

The Nash mechanism is known to satisfy UFS and monotonicity (Lam et al., 2021). It
therefore satisfies PF.

A.3 Tightness of Theorem 1.

Proof. We wish to prove that each of the requirements in Theorem 1 are necessary for the
theorem to hold. We show that if any one of the requirements (i.e., strategyproofness,
unanimity, anonymity, and IFS) are removed, then Theorem 1—not only fails to hold—
but there exists such a mechanism. We do this by providing examples of mechanisms that
fulfill all but one of the requirements of Theorem 1 but that are not phantom mechanisms
with the n− 1 phantoms contained in [L/n, L(1− 1/n)].

Strategyproofness. By Proposition 2, the midpoint mechanism is an example of a
mechanism that is not strategyproof, but satisfies unanimity, anonymity and IFS. How-
ever, the midpoint mechanism is not a phantom mechanism—this follows immediately
because phantom mechanisms are necessarily strategyproof.

Unanimity. For n ≥ 2, consider the constant-L
2

mechanism, whereby the facility is
always located at L

2
. This mechanism is clearly strategyproof and anonymous and does

not satisfy unanimity. Furthermore, it satisfies IFS because the largest cost that any agent
can experience is L

2
, which is (weakly) lower than L(1 − 1

n
) for any n ≥ 2. However, the

constant-L
2

mechanism is not a phantom mechanism—this follows immediately because
phantom mechanisms necessarily satisfy unanimity.

Anonymity. For simplicity take n = 3 and consider the mechanism f that locates the
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facility at

f(x) :=max{min{x1,
L

3
+ ε},min{x2,

L

3
},min{x3,

L

3
},

min{x1, x2, L(1−
1

3
)},min{x2, x3, L(1−

1

3
)},min{x1, x3, L(1−

1

3
)},

min{x1, x2, x3, L}, 0},

where ε > 0 is sufficiently small. This is a Generalized Median mechanism (Border and
Jordan, 1983) and, hence, is strategyproof. Furthermore, it is easy to see that f is unani-
mous. Border and Jordan’s (1983) Lemma 3 then says that f is Pareto efficient. However,
the mechanism is not anonymous: for x = (0, 0, L), f(x) = L/3, but for x′ = (L, 0, 0),
f(x′) = L/3 + ε.

We now show that the mechanism satisfies IFS. Since the mechanism is Pareto efficient,
IFS is trivially satisfied if xi ≤ L(1− 1

3
) for all i ∈ N or if xi ≥ L

3
for all i ∈ N . Now consider

some location profile x that does not belong to these trivial cases, i.e., there is at least one
agent with location below L

3
(resp., L(1 − 1

3
)) and at least one agent with location above

L
3

(resp., L(1 − 1
3
)). In these cases, IFS can only possibly be violated if f(x) > L(1 − 1

3
)

or f(x) < L
3

. However, f(x) > L(1 − 1
3
) if and only if xi > L(1 − 1

3
) for all i ∈ N—

but the latter condition does not hold. Similarly, f(x) < L
3

if and only if xi < L
3

for
all i ∈ N—but, again, the latter condition does not hold. Therefore, we conclude that
IFS is satisfied. However, the mechanism f is not a phantom mechanism—this follows
immediately because phantom mechanisms are necessarily anonymous.

IFS. The Phantom mechanism that places all n−1 phantoms at 0 is strategyproof, unan-
imous and anonymous. However, it does not satisfy IFS as the facility can be placed at
0 when there is an agent at L. It is immediate that this Phantom mechanism violates the
condition of the theorem that all phantoms are located in the interval [L/n, L(1−1/n)].

A.4 Proof of Proposition 3.

Proof. The Uniform Phantom mechanism is strategyproof since it is a Phantom mecha-
nism and all Phantom mechanisms are strategyproof (see, e.g., Corollary 2 of Massó and
Moreno De Barreda, 2011). We now prove that the Uniform Phantom mechanism satisfies
PF. Let x be an arbitrary location profile and let S = {1, . . . , s} ⊆ N be a set of s agents;
denote r := maxi∈S{xi} − mini∈S{xi}. We prove d(f(x), xi) ≤ Ln−s

n
+ r for all i ∈ S. If

r = L, then the result is trivially true. Suppose that r < L. If the location is within the
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range of the agents in S, PF is immediately satisfied. Next we consider the case there the
location is outside the range of the agents in S. Recall that the Uniform Phantom mech-
anism places the facility at the n-th entity of the 2n − 1 phantoms and agents. There are
at least s agents in the range of the locations of the agents in S, so the facility is at most
n − s phantoms away from the nearest agent in S. Since the distance between adjacent
phantoms is L/n, the facility is at most distance (n − s)L/n from the nearest agent in S.
Hence, the maximum distance of the facility from any agent in S is Ln−s

n
+ r.

A.5 Lemma 4 and proof of Lemma 4.

Lemma 4. A mechanism that is strategyproof, unanimous, and proportional must also be anony-
mous.

Proof. Suppose f is strategyproof and satisfies proportionality and unanimity. We wish to
show that f is anonymous (Definition 1). First we note that by Border and Jordan’s (1983)
Proposition 2, any unanimous and strategyproof mechanism must satisfy the following
uncompromising property.

Definition 13 (Uncompromising). A mechanism f is uncompromising if, for every profile of
locations x, and each agent i ∈ N , if f(x) = y then

xi > y =⇒ f(x′
i,x−i) = y for all x′

i ≥ y and, (7)

xi < y =⇒ f(x′
i,x−i) = y for all x′

i ≤ y. (8)

Now consider an arbitrary profile of locations x and an arbitrary permutation of the
profile x, which we denote by xσ. We will show that f(x) = f(xσ). First note that if x
is such that xi = c for some c ∈ [0, L], then f(x) = f(xσ) by unanimity. Therefore, we
assume that x is such that xi ̸= xj for some i, j ∈ N .

Case 1. Suppose that f(x) ̸= xi for any i ∈ N . Recall that Border and Jordan’s (1983)
Lemma 3 says that any strategyproof and unanimous mechanism is Pareto efficient; there-
fore, mini∈N xi ≤ f(x) ≤ maxi∈N xi. Now if all agents strictly below (resp., above) f(x)
shift their location to 0 (resp., L), then, by the uncompromising property, the facility loca-
tion must be unchanged. Let x′ denote this augmented location profile and let k′ denote
the number of agents with x′

i = L. By proportionality, it must be that f(x) = f(x′) = k′L
n

.
Now consider the permutation of the profile x′, i.e., x′

σ. The implication of the propor-
tionality property is independent of agent labels; therefore, f(x′

σ) = f(x′). Now shift the
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agent locations in x′
σ so that they replicate the permuted location profile xσ—note that

this process only involves agents strictly above (resp., below) f(x′
σ) moving to a location

above (resp., below) f(x′
σ). Therefore, by the uncompromising property, it must be that

f(x′
σ) = f(xσ). Combining the three sets of equalities gives

f(x) = f(x′) = f(x′
σ) = f(xσ).

That is, the facility location is unchanged by permutations, i.e., anonymity is satisfied.

Case 2. Suppose that f(x) = xi for some i ∈ N . Let M ⊆ N be the subset of agents with
xi = f(x). Let M0,M1 ⊆ N correspond to the subset of agents with location strictly below
and strictly above f(x), respectively. Denote |M0| = k0 and |M1| = k1. We first show that

k1L

n
≤ f(x). (9)

For the sake of contradiction, suppose that (9) does not hold (i.e., f(x) < k1L
n

), and con-
sider the location profile x′ obtained by modifying x such that the M0 (resp., M1) agents’
locations are shifted to 0 (resp., L) and the other agents’ (i.e., those in M ) have location
unchanged. By the uncompromising property, f(x′) = f(x). Now consider the modi-
fied location profile x′′ such that x′′

i = x′
i for all i /∈ M and x′′

i = 0 for all i ∈ M . By
proportionality, f(x′′) = k1L

n
and, by supposition that f(x) < k1L

n
, we have

f(x′) = f(x) <
k1L

n
= f(x′′). (10)

Now notice that the profile x′ can be obtained from x′′ by shifting the subset of M agents’
locations from 0 to f(x), which is to the left of f(x′′). The uncompromising property then
requires that

f(x′) = f(x′′) =
k1L

n
,

which contradicts (10). We conclude that (9) holds.
With condition (9) in hand, we can now proceed by considering two subcases.

Subcase 2a. Suppose that f(x) = kL
n

for some k ∈ {0, . . . , n}. Consider any profile of
locations x′ ∈ {0, L}n with k agents at location L. By proportionality, f(x′) = kL

n
= f(x).

Note that the proportionality axiom is independent of agent labels and, by (9), f(x) ≥
k1L
n

=⇒ k ≥ k1. Therefore, the permuted location of profile xσ can be attained by
relabeling agents in x′ and then shifting their reports from L (resp., 0) to their original lo-
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cation that is weakly above (resp., below) f(x′) = kL
n

—by the uncompromising property,
the facility location will not change. Therefore, f(xσ) = f(x′) = kL

n
= f(x), as required.

Subcase 2b. Suppose that f(x) ̸= kL
n

for any k ∈ {0, . . . , n}. Let k∗ be the smallest integer
such that f(x) < k∗L

n
; by (9), k∗ > k1. Now consider any location profile x′ ∈ {0, L}n with

exactly k∗ agents at L. By proportionality,

f(x′) =
k∗L

n
> f(x). (11)

Now consider any subset G ⊆ N that contains |k∗ − k1| > 1 agents who are located at L.
Let x′′ denote the profile obtained from x′ by shifting the G agents’ locations to x̂G = f(x).
We shall prove that

f(x′′) = x̂G. (12)

To see this, suppose that this is not the case. Then either

x̂G < f(x′′) or (13)

f(x′′) < x̂G. (14)

In the former case, all agents in G have location strictly below f(x′′)—namely, x̂G = f(x).
Therefore, by the uncompromising property, if all agents in G shift their location to 0

in the profile x′′, then the facility location is unchanged and continues to be located at
f(x′′). Proportionality then requires that the facility then be located at k1L

n
and, hence,

f(x′′) = k1L
n

. But then (13) implies that x̂G < k1L
n

, which in turn implies that f(x) = x̂G <
k1L
n

—this contradicts (9). In the latter case, all agents in G have location strictly above
f(x′′)—namely, x̂G = f(x). Therefore, by the uncompromising property, if all agents in
G shift their location back to L in the profile x′′, then the facility location is unchanged
and, by proportionality, is located at k∗L

n
. Hence, f(x′′) = k∗L

n
. Using (14), this implies that

k∗L
n

< f(x), which contradicts (11).
Now given (12), by the uncompromising property, shifting any agent with location

at 0 (resp., 1) to any location weakly below (resp., above) x̂G must leave the facility’s
location unchanged. Therefore, for any profile with exactly k0, k1 agents strictly below x̂G

and strictly above x̂G and n − k0 − k1 agents located at x̂G, the facility must be located at
x̂G. But—since x̂G = f(x)—it is immediate that any permutation of x, say xσ, satisfies
these 3 properties; hence,

f(xσ) = f(x).
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We conclude that any mechanism that satisfies strategyproofness, proportionality, una-
nimity must also satisfy anonymity.

A.6 Unanimity is Necessary for Theorem 2.

Proof. We wish to prove that Theorem 2 does not hold if unanimity is removed. It suffices
to consider the following mechanism for n = 2

f(x) =


0 if x1, x2 ≤ L/4,

L if x1, x2 ≥ 3L/4,

L/2 else.

This mechanism is clearly anonymous, satisfies proportionality and is not the Uniform
Phantom mechanism. It remains to show that it is strategyproof. Using a symmetry ar-
gument, we focus on deviations by agent 1 without loss of generality. Suppose f(x) = 0,
then it must be that x1 ≤ L/4. But then agent 1 obtains the minimum possible dis-
tance to the facility (given x1 and given the mechanism’s range); hence, no deviation
can strictly decrease their distance. Suppose f(x) = L/2, then either x1 ∈ (L/4, 3L/4) or
x2 ∈ (L/4, 3L/4). In the former case, agent 1 obtains the minimum possible distance to
the facility (given x1 and given the mechanism’s range); hence, no deviation can strictly
decrease their distance. In the latter case, no deviation by agent 1 can change the facility
location. Finally, suppose f(x) = L, then it must be that x1 ≥ 3L/4. But then agent 1 ob-
tains the minimum possible distance to the facility (given x1 and given the mechanism’s
range); hence, no deviation can strictly decrease their distance. Therefore, the mechanism
is SP.

A.7 Proof of Proposition 4.

Proof. By Theorem 1, a strategyproof, anonymous, unanimous mechanism satisfies IFS
must be a Phantom mechanism with n−1 phantoms all contained in the interval [ 1

n
, L− 1

n
].

For such a Phantom mechanism, consider the location profile which places n−1 agents at
0 and 1 agent at the leftmost phantom p1. The Phantom mechanism places the facility at
p1, leading to (n− 1)p1 total cost, and the optimal total cost is p1, achieved by placing the
facility at 0. The total cost approximation ratio is therefore at least n− 1. Now, any Pareto
optimal mechanism has a total cost approximation ratio of at most n − 1. To see this,
note that for any agent location profile x where the distance between the leftmost and
rightmost agents is c, we must have Ψ∗(x) ≥ c, and Ψ(f(x)) ≤ (n − 1)c. As a Phantom
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mechanism with n − 1 phantoms is Pareto optimal, we see that a Phantom mechanism
with n− 1 phantoms all contained in the interval [ 1

n
, L− 1

n
] has a total cost approximation

ratio of n− 1, and thus the proposition statement follows.

A.8 Proof of Lemma 1.

Proof. We wish to prove that a mechanism f that satisfies IFS has welfare approximation
of at least 1 + n−2

n2−2n+2
. To this end, suppose f satisfies IFS and consider the profile of

locations x ∈ {0, L}n that places n − 1 agents at 0. IFS requires that f(x) ≥ L
n

(and
f(x) ≤ L(1− 1

n
)), so any IFS mechanism has welfare of at most

Φ(f(x)) ≤ (n− 1)L(1− 1

n
) +

L

n
=

L(n− 1)2 + L

n
.

However, for this instance, the welfare-optimal welfare is Φ∗(x) = L(n− 1) (obtained by
locating the facility at the median location, 0). Therefore, the approximation ratio of f is
at least

Φ∗(x)

Φ(f(x))
=

nL(n− 1)

L(n− 1)2 + L
= 1 +

n− 2

(n− 1)2 + 1
.

A.9 Proof of Theorem 4.

Proof. We wish to prove that among all IFS mechanisms, the Constrained Median mech-
anism provides the best welfare approximation guarantee i.e., it achieves the approxima-
tion ratio in Lemma 1. Let fCM denote the Constrained Median mechanism. We shall
prove that for any location profile x ∈ [0, L]n there exists some profile x̃ ∈ {0, L}n such
that

Φ∗(x̃)

Φ(fCM(x̃))
≥ Φ∗(x)

Φ(fCM(x))
, (15)

which implies that

max
x∈[0,L]n

Φ∗(x)

Φ(fCM(x))
= max

x∈{0,L}n

Φ∗(x)

Φ(fCM(x))
.

We begin by noting that, whenever fCM(x) ∈ (L/n, L(1 − 1/n)), the facility location
coincides with the median location and fCM obtains the maximum welfare. Thus, we
can restrict our attention to profiles such that fCM(x) /∈ (L/n, L(1 − 1/n)). We pro-
ceed to prove (15) by considering a sequence of profiles that modify x into some profile
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x̃ ∈ {0, L}n such that each modified profile guarantees a weakly higher welfare approxi-
mation ratio.

Let the agent labels be ordered such that x1 ≤ . . . ≤ xn; let i = med denote the median
agent. Without loss of generality, suppose fCM(x) ∈ [0, L/n]. This implies that the median
agent is weakly below fCM(x), i.e., xmed ≤ fCM(x). To assist with visualizing the proof
technique, we provide a running example with n = 5 agents. Figure 4 illustrates a profile
x such that xmed ≤ fCM(x); in particular, xmed = x3 and fCM(x) = L/5.

0 L/5 4L/5 L

x1 x2 x3 x4 x5

Figure 4: Running example. Profile x

First, consider the modified profile x′ such that x′
i = 0 for i ∈ N ′ := {i : i < med}

and x′
i = xi for all i /∈ N ′. Applying this operation to the running example illustrated in

Figure 4, we obtain the profile illustrated in Figure 5.

0 L/5 4L/5 L

x′1

x′2
x′3 x′4 x′5

Figure 5: Running example. Profile x′

In this modified profile, we have moved all agents strictly left of the median agent
to 0, so neither the welfare-optimal (median) location nor the facility location under fCM

changes. Hence, relative to Φ∗(x) and Φ(fCM(x)), the optimal welfare, Φ∗(x′), and the
welfare provided by fCM, Φ(fCM(x′)), decrease by the same amount—namely,

∑
i∈N ′ xi ≥

0. We conclude that

Φ∗(x′)

Φ(fCM(x′))
=

Φ∗(x)−
∑

i∈N ′ xi

Φ(fCM(x))−
∑

i∈N ′ xi

≥ Φ∗(x)

Φ(fCM(x))
,

where the final inequality follows because (x − a)/(y − a) ≥ x/y for any a ≥ 0 and
0 < y ≤ x.

Next we consider the modified profile x′′ such that x′′
med = 0 and x′′

i = x′
i for all i ̸=

med. Applying this operation to the running example illustrated in Figure 5, we obtain
the profile illustrated in Figure 6.
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0 L/5 4L/5 L

x′′1

x′′2

x′′3

x′′4 x′′5

Figure 6: Running example. Profile x′′

In this modified profile, the welfare-optimal (median) location moves from xmed to
0, so the facility location under fCM remains unchanged, i.e., fCM(x′′) = f(x′). Hence,
relative to Φ∗(x′), the optimal welfare, Φ∗(x′′), decreases by xmed if n is even and decreases
by 0 otherwise; relative to Φ(fCM(x′)), the welfare under fCM, Φ(fCM(x′′)), decreases by
xmed. Defining the indicator function In even. as 1 if n is even and 0 otherwise, we conclude
that

Φ∗(x′′)

Φ(fCM(x′′))
=

Φ∗(x′)− xmedIn even.

Φ(fCM(x′))− xmed

≥ Φ∗(x′)

Φ(fCM(x′))
≥ Φ∗(x)

Φ(fCM(x))
.

Now either xn ≥ L/n or xn < L/n. Suppose the former case holds, then

fCM(x) = L/n = fCM(x′) = fCM(x′′).

Consider the modified profile x′′′ ∈ {0, L}n such that x′′′
i = L for all i ∈ N ′′′ := {i :

x′′
i ≥ L/n} and x′′′

i = 0 for all i /∈ N ′′′. Applying this operation to the running example
illustrated in Figure 6, we obtain the profile illustrated in Figure 7.

0 L/5 4L/5 L

x′′′1

x′′′2

x′′′3

x′′′4

x′′′5

Figure 7: Running example. Profile x′′′

In this modified profile, we have moved all agent locations that were weakly right
of L/n in x′′ to L and all other agents’ locations are shifted to 0. Under x′′′, the welfare-
optimal (median) location remains unchanged (at x′′

med = 0) and the facility location under
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fCM remains at L/n. We conclude that

Φ∗(x′′′)

Φ(fCM(x′′′))
=

Φ∗(x′′)−
∑

i∈N ′′′(L− x′′
i ) +

∑
i/∈N ′′′ x′′

i

Φ(fCM(x′′))−
∑

i∈N ′′′(L− x′′
i )−

∑
i/∈N ′′′ x′′

i

≥ Φ∗(x′′)

Φ(fCM(x′′))
≥ Φ∗(x)

Φ(fCM(x))
.

Therefore, there exists x̃ ∈ {0, L}n—namely, x′′′—with weakly higher welfare approxi-
mation ratio than x.

Finally, suppose the latter case, xn < L/n, holds. In this case,

fCM(x) = xn = fCM(x′) = fCM(x′′) < L/n.

Consider the modified profile x′′′′ such that x′′′′
n = L/n and x′′′′

i = x′′
i otherwise. In this

modified profile, we have moved the last agent x′′
n to L/n, so the welfare-optimal (median)

location remains unchanged (at x′′
med = 0) and the facility location under fCM shifts to L/n,

i.e., fCM(x′′′′) = L/n. We conclude that

Φ∗(x′′′′)

Φ(fCM(x′′′′))
=

Φ∗(x′′)− (L/n− xn)

Φ(fCM(x′′))− (n− 1)(L/n− xn)
≥ Φ∗(x′′)

Φ(fCM(x′′))
.

Now the same steps from the former case can be used to show that there exists x̃ ∈ {0, L}n

with weakly higher welfare approximation ratio than x. Therefore, (15) holds.
It is straightforward to calculate the maximum welfare approximation ratio among

profiles x̃ ∈ {0, L}n. The maximum is attained when x̃ has (n− 1) agents at 0 and 1 agent
at L, which provides the required welfare approximation ratio (see Proof of Lemma 1).

A.10 Proof of Lemma 2.

Proof. We wish to prove that any mechanism satisfying UFS (or proportionality or PF)
has a welfare approximation of at least (6). To this end, suppose f satisfies UFS. Consider
the agent location profile x ∈ {0, L}n that has k ≤ n/2 agents at L. The optimal welfare
Φ∗(x) = L(n−k) is obtained by placing the facility at the median location 0. UFS requires
that f(x) = kL

n
, which provides welfare Φ(f(x)) = L(k2+(n−k)2)

n
. Therefore, the welfare

approximation ratio is

Φ∗(x)

Φ(f(x))
=

n(n− k)

k2 + (n− k)2
.

Maximizing the above expression with respect to k ∈ N : 0 ≤ k ≤ n/2 provides the
welfare approximation bound in the lemma statement. Defining r := k

n
, this ratio is equal
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to
Φ∗(x)

Φ(f(x))
=

1− r

2r2 − 2r + 1
.

The derivative of this expression with respect to r is 2r2−4r+1
(2r2−2r+1)2

, which is equal to 0 when

r = 2−
√
2

2
or r = 2+

√
2

2
. We ignore the latter as k cannot exceed n, and we note that

r = 2−
√
2

2
is a maximum point as the derivative is positive for r ∈ [0, 2−

√
2

2
) and nega-

tive for r ∈ (2−
√
2

2
, 1]. We therefore deduce that Φ∗(x)

Φ(f(x))
is maximized when k

n
= 2−

√
2

2
,

providing welfare approximation ratio
√
2+1
2

. This approximation ratio can be achieved
asymptotically as n → ∞.

A.11 Proof of Theorem 5.

Proof. We wish to prove that among all UFS (or proportional or PF) mechanisms, the
Uniform Phantom mechanism provides the best welfare approximation guarantee, i.e., it
achieves the approximation ratio in Lemma 2. To this end, let fUnif denote the Uniform
Phantom mechanism. We prove that for any location profile x ∈ [0, L]n there exists some
profile x̃ ∈ {0, L}n such that

Φ∗(x̃)

Φ(fUnif(x̃))
≥ Φ∗(x)

Φ(fUnif(x))
. (16)

This implies that

max
x∈[0,L]n

Φ∗(x)

Φ(fUnif(x))
= max

x∈{0,L}n

Φ∗(x)

Φ(fUnif(x))
.

Let the agent labels be ordered such that x1 ≤ . . . ≤ xn; let i = med denote the median
agent. Suppose without loss of generality that x : xmed < fUnif(x); if xmed = fUnif(x),
then (16) is trivially satisfied. To assist with visualizing the proof technique, we provide
a running example with n = 6 agents. Figure 8 illustrates a profile x such that xmed <

fUnif(x); in particular, xmed = x3 and fUnif(x) = x5.

0 L/6 2L/6 3L/6 4L/6 5L/6 L

x1 x2 x3 x4 x5 x6

Figure 8: Running example. Profile x

First, consider the modified profile x′ such that x′
i = L for all i ∈ N ′ := {i : fUnif(x) <

xi}, x′
i = 0 for all i ∈ N ′′ := {i : i < med}, and x′

i = xi for all i /∈ N ′ ∪ N ′′—note that
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N ′ ∩ N ′′ = ∅. Applying this operation to the running example illustrated in Figure 8, we
obtain the profile illustrated in Figure 9.

0 L/6 2L/6 3L/6 4L/6 5L/6 L

x′1

x′2
x′3 x′4 x′5 x′6

Figure 9: Running example. Profile x′

In this modified profile, we have moved all agents with location strictly to the right of
the Uniform Phantom mechanism location to L, and all agents strictly left of the median to
0. Under x′, neither the welfare-optimal (median) location nor the facility location under
fUnif changes. Therefore, relative to Φ∗(x) and Φ(fUnif(x)), the optimal welfare, Φ∗(x′),
and the welfare under f , Φ(fUnif(x

′)), decrease by the same amount—namely,
∑

i∈N ′(L−
xi) +

∑
i∈N ′′ xi ≥ 0. We conclude that

Φ∗(x′)

Φ(fUnif(x′))
=

Φ∗(x)−
∑

i∈N ′(L− xi)−
∑

i∈N ′′ xi

Φ(fUnif(x))−
∑

i∈N ′(L− xi)−
∑

i∈N ′′ xi

≥ Φ∗(x)

Φ(fUnif(x))
.

Next we consider the modified profile x′′ such that x′′
med = 0 and x′′

i = x′
i for all i ̸=

med. Applying this operation to the running example illustrated in Figure 9, we obtain
the profile illustrated in Figure 10.

0 L/6 2L/6 3L/6 4L/6 5L/6 L

x′′1

x′′2

x′′3

x′′4 x′′5 x′′6

Figure 10: Running example. Profile x′′

In this modified profile, the welfare-optimal (median) location moves from xmed to 0
and the facility location under fUnif remains unchanged, i.e., fUnif(x

′′) = fUnif(x
′). Hence,

relative to Φ∗(x′), the optimal welfare, Φ∗(x′′), decreases by xmed if n is even and decreases
by 0 otherwise; relative to Φ(fUnif(x

′)), the welfare under fUnif, Φ(fUnif(x
′′)), decreases by

xmed. We conclude that

Φ∗(x′′)

Φ(fUnif(x′′))
=

Φ∗(x′)− xmedIn even.

Φ(fUnif(x′))− xmed

≥ Φ∗(x′)

Φ(fUnif(x′))
≥ Φ∗(x)

Φ(fUnif(x))
.
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Now consider the modified profile x′′′ such that x′′′
i = 0 for all i ∈ N ′′′ := {i : x′′

i <

fUnif(x)} and x′′′
i = x′′

i for all i /∈ N ′′′. Applying this operation to the running example
illustrated in Figure 10, we obtain the profile illustrated in Figure 11.

0 L/6 2L/6 3L/6 4L/6 5L/6 L

x′′′1

x′′′2

x′′′3

x′′′4

x′′′5 x′′′6

Figure 11: Running example. Profile x′′′

In this modified profile, we move all agents strictly left of the Uniform Phantom
mechanism’s facility location to 0, so neither the welfare-optimal (median) location of
0, nor the facility location under fUnif changes. Hence, relative to Φ∗(x′′), the optimal
welfare, Φ∗(x′′), increases by

∑
i∈N ′′′ x′′

i ; relative to Φ(fUnif(x
′′)), the welfare under fUnif,

Φ(fUnif(x
′′)), decreases by

∑
i∈N ′′′ x′′

i . We conclude that

Φ∗(x′′′)

Φ(fUnif(x′′′))
=

Φ∗(x′′) +
∑

i∈N ′′′ x′′
i

Φ(fUnif(x′′))−
∑

i∈N ′′′ x′′
i

≥ Φ∗(x′′)

Φ(fUnif(x′′))
≥ Φ∗(x)

Φ(fUnif(x))
.

Lastly, consider the modified profile x′′′′ such that x′′′′
i = L for all i ∈ N ′′′′ = {i :

fUnif(x
′′′) ≤ xi} and x′′′′

i = 0 for all i /∈ N ′′′′. Applying this operation to the running exam-
ple illustrated in Figure 11, we obtain the profile illustrated in Figure 12. In Figure 12, the
Uniform Phantom mechanism’s location increases to 2L/6.

0 L/6 2L/6 3L/6 4L/6 5L/6 L

x′′′′1

x′′′′2

x′′′′3

x′′′′4

x′′′′5

x′′′′6

Figure 12: Running example. Profile x′′′′

Under this modified profile, we have moved all agents weakly right of the Uni-
form Phantom mechanism’s location to L, so the welfare-optimal (median) location does
not change; the facility location under fUnif moves to a (weakly) higher location, i.e.,
fUnif(x

′′′′) : fUnif(x
′′′) ≤ fUnif(x

′′′′).
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Relative to Φ∗(x′′′), the optimal welfare, Φ∗(x′′′′), decreases by
∑

i∈N ′′′′(L−x′′′
i ). Relative

to Φ(fUnif(x
′′′)), the welfare under fUnif, Φ(fUnif(x

′′′′)) also decreases by
∑

i∈N ′′′′(L − x′′′
i )

due to the movement in agents in N ′′′′. In addition, Φ(fUnif(x
′′′′)) decreases due to the

movement in the facility location: this follows because the number of agents at location 0
is weakly higher than the number of agents at location L. Let this additional decrease in
Φ(fUnif(x

′′′′)) be denoted by ∆ > 0. We conclude that

Φ∗(x′′′′)

Φ(fUnif(x′′′′))
=

Φ∗(x′′′)−
∑

i∈N ′′′′(L− x′′′
i )

Φ(fUnif(x′′′))−
∑

i∈N ′′′′(L− x′′′
i )−∆

≥ Φ∗(x′′′)

Φ(fUnif(x′′′))
≥ Φ∗(x)

Φ(fUnif(x))
.

Therefore, there exists x̃ ∈ {0, L}n—namely, x′′′′—with weakly higher welfare approxi-
mation ratio than x. Therefore, (16) holds. The theorem statement follows from the fact
that the approximation ratio in Lemma 2 is constructed by restricting agents to locations
{0, L}.

B Average Mechanism Results.

Proposition 5. The average mechanism satisfies PF.

Proof. The average mechanism satisfies UFS and monotonicity. By Lemma 3, it also satis-
fies PF.

Proposition 6. The average mechanism has a total cost approximation ratio of 2− 2
n

.

Proof. Let favg denote the average mechanism. We show that for any location profile x ∈
[0, L]n and some k+1 ≥ ⌈n+1

2
⌉, there exists some location profile x̃ = (0, . . . , 0, x̃k+1 . . . , x̃n)

such that
Ψ(favg(x̃))

Ψ∗(x̃)
≥ Ψ(favg(x))

Ψ∗(x)
.

Similar to the proof of Theorem 5, we order the agent labels such that x1 ≤ · · · ≤ xn,
let i = med denote the median agent, and suppose without loss of generality that under
x, x⌈n+1

2
⌉ < favg(x).

First, consider the modified profile x′ such that x′
i = xmed for all i ∈ S := {i : xi < xmed}

and x′
i = xi for all i /∈ S. In this profile, the median facility location does not change, and

the average facility location moves to the right. The total cost corresponding to both
facility locations decreases by

∑
i∈S(xmed − xi) from the agent movements. Also, as there

are strictly more agents left of favg(x) under x, the total cost corresponding to the average
mechanism increases from the facility moving to the right. We denote this change of total
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cost as ∆ > 0. We therefore have

Ψ(favg(x
′))

Ψ∗(x′)
=

Ψ(favg(x))−
∑

i∈S(xmed − xi) + ∆

Ψ∗(x)−
∑

i∈S(xmed − xi)
≥ Ψ(favg(x))

Ψ∗(x)
.

Now consider the modified profile x′′ where x′′
i = x′

med for all i ∈ S := {i : x′
med < x′

i ≤
favg(x

′)} and x′′
i = x′

i for all i /∈ S. Again, the median facility location does not change,
but now the average facility location moves to the left. Due to the agent movements, the
total cost corresponding to the median mechanism decreases by

∑
i∈S(x

′
i − x′

med), and the
total cost corresponding to the average mechanism increases by

∑
i∈S(x

′
i − x′

med). Also,
the total cost corresponding to the average mechanism decreases by strictly less than∑

i∈S(x
′
i−x′

med) from the average facility location moving to the left by 1
n

∑
i∈S(x

′
i−x′

med).
We therefore have

Ψ(favg(x
′′))

Ψ∗(x′′)
≥ Ψ(favg(x

′))

Ψ∗(x′)−
∑

i∈S(x
′
i − x′

med)
≥ Ψ(favg(x

′))

Ψ∗(x′)
≥ Ψ(favg(x))

Ψ∗(x)
.

Finally, we obtain x̃ from x′′ by shifting all agents to the left by a distance of x′′
med, leading

to
Ψ(favg(x̃))

Ψ∗(x̃)
=

Ψ(favg(x
′′))

Ψ∗(x′′)
≥ Ψ(favg(x))

Ψ∗(x)
.

Therefore, for some k + 1 ≥ ⌈n+1
2
⌉, there exists x̃ = (0, . . . , 0, x̃k+1 . . . , x̃n) with a weakly

higher total cost approximation ratio than x. Now under x̃, the median facility location is
0, and thus the optimal total cost is

∑n
i=k+1 x̃i. The average facility location is 1

n

∑n
i=k+1 x̃i,

and thus the corresponding total cost is k
n

∑n
i=k+1 x̃i +

∑n
i=k+1 x̃i − n−k

n

∑n
i=k+1 x̃i =

2k
n

∑n
i=k+1 x̃i. The total cost approximation ratio of the theorem statement is obtained by

setting k = n− 1 and dividing the cost terms.

Proposition 7. The average mechanism achieves the welfare approximation ratio in Lemma 2.

Proof. Let favg denote the average mechanism. We prove that for any location profile
x ∈ [0, L]n there exists some profile x̃ ∈ {0, L}n such that

Φ∗(x̃)

Φ(favg(x̃))
≥ Φ∗(x)

Φ(favg(x))
. (17)

This implies that

max
x∈[0,L]n

Φ∗(x)

Φ(favg(x))
= max

x∈{0,L}n

Φ∗(x)

Φ(favg(x))
.

Let the agent labels be ordered such that x1 ≤ . . . ≤ xn; let i = med denote the median
agent. Suppose without loss of generality that for odd n, we have x : xmed < favg(x) and
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for even n, we have x : xn
2
+1 < favg(x). This is because (17) is trivially satisfied for odd

n if xmed = favg(x), and it is satisfied for even n if xmed ≤ favg(x) ≤ xn
2
+1.

First, consider the modified profile x′ such that x′
i = L for all i ∈ S := {i : xi ≥

favg(x)} and x′
i = xi for all i /∈ S. In this modified profile, the welfare-optimal (median)

location does not change, and the facility location under favg moves towards the agents in
S. Denoting this change in facility location as ∆ > 0 and noting that |S| < n− |S| due to
the facility being located right of the welfare-optimal interval/median, the welfare under
favg decreases by ((n− |S|)− |S|)∆ > 0 from the facility moving towards the |S| agents at
L and away from the remaining n− |S| agents. Due to the agent movements, the optimal
welfare Φ∗(x′) and the welfare under f , Φ(favg(x

′)) both decrease by the same amount
—namely,

∑
i∈S(L− xi)— relative to Φ∗(x) and Φ(favg(x)). We conclude that

Φ∗(x′)

Φ(favg(x′))
=

Φ∗(x)−
∑

i∈S(L− xi)

Φ(favg(x))−
∑

i∈S(L− xi)− (n− 2|S|)∆
≥ Φ∗(x)

Φ(favg(x))
.

Now consider the modified profile x′′ such that x′′
i = 0 for all i ∈ S ′ := {i : x′

i < xmed},
for all i ∈ S ′′ := {i : xmed < xi < favg(x

′)} and for i = med, and x′′
i = x′

i otherwise. The
change in optimal welfare, which we will denote as ∆′

opt, can be quantified by observing
the agents’ movements sequentially. The optimal welfare decreases by

∑
i∈S′ xi from the

agents of S ′ moving to 0. Next, the median agent (and welfare-optimal facility location)
moving towards the S ′ agents at 0 causes the optimal welfare to decrease by xmedIn even.
Lastly, the remaining agents of S ′′ move towards the median at 0, increasing the optimal
welfare by

∑
i∈S′′ xi. We therefore have

∆′
opt = −

∑
i∈S′

xi − xmedIn even +
∑
i∈S′′

xi. (18)

We next quantify the change in welfare corresponding to favg, which we denote as ∆′
avg.

The welfare decreases by
∑

i∈S′ xi + xmed +
∑

i∈S′′ xi from the agent movements, and in-
creases by (n−2|S|) 1

n

∑
i∈S′∪{med}∪S′′ xi from the facility moving towards the n−|S| agents

at 0 and away from the |S| agents at L. We therefore have

∆′
avg = −

∑
i∈S′

xi − xmed −
∑
i∈S′′

xi + (n− 2|S|) 1
n

∑
i∈S′∪{med}∪S′′

xi. (19)

We now show that ∆′
opt > ∆′

avg by subtracting Equations (18) and (19). We first note that
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|S ′′| = n
2
− |S| for even n and |S ′′| = n−1

2
− |S| for odd n. If n is even, we have

∆′
opt −∆′

avg = 2
∑
i∈S′′

xi −
n− 2|S|

n

 ∑
i∈S′∪{med}

xi +
∑
i∈S′′

xi


≥ 2

∑
i∈S′′

xi −
2|S ′′|
n

(
n

2
xmed +

∑
i∈S′′

xi

)

= 2
∑
i∈S′′

xi − |S ′′|xmed −
2|S ′′|
n

∑
i∈S′′

xi

=

(∑
i∈S′′

xi − |S ′′|xmed

)
+

(∑
i∈S′′

xi −
2|S ′′|
n

∑
i∈S′′

xi

)
≥ 0,

where the first inequality is due to xmed > xi for all i ∈ S ′, and we have
∑

i∈S′′ xi −
|S ′′|xmed ≥ 0 due to xi > xmed for all i ∈ S ′′. Now if n is odd, we have

∆′
opt −∆′

avg = 2
∑
i∈S′′

xi + xmed −
n− 2|S|

n

(∑
i∈S′

xi + xmed +
∑
i∈S′′

xi

)

≥ 2
∑
i∈S′′

xi + xmed −
2|S ′′|+ 1

n

(
n− 1

2
xmed + xmed +

∑
i∈S′′

xi

)

=

(∑
i∈S′′

xi −
(2|S ′′|+ 1)(n− 1)

2n
xmed

)
+

(
xmed +

∑
i∈S′′

xi

)(
1− 2|S ′′|+ 1

n

)

=

(∑
i∈S′′

xi − |S ′′|xmed −
|S|
n

xmed

)
+

(
xmed +

∑
i∈S′′

xi

)(
2|S|
n

)
≥ 0.

We have shown that ∆′
opt > ∆′

avg, meaning that we have

Φ∗(x′′)

Φ(favg(x′′))
=

Φ∗(x′) + ∆′
opt

Φ(favg(x′)) + ∆′
avg

≥ Φ∗(x′)

Φ(favg(x′))
≥ Φ∗(x)

Φ(favg(x))
.

Therefore, there exists x̃ ∈ {0, L}n—namely, x′′—with weakly higher welfare approxima-
tion ratio than x. Therefore, (17) holds. The proposition statement follows from the fact
that the approximation ratio in Lemma 2 is constructed by restricting agents to locations
{0, L}.
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C Other Total Cost Approximation Results

Proposition 8. The Nash mechanism has a total cost approximation ratio of at least 2− 2
n

.

Proof. As in the proof of Proposition 6, we obtain the lower bound of 2 − 2
n

from the
location profile where n− 1 agents at located at 0 and L agent is located at L. As the Nash
mechanism satisfies UFS Lam et al. (2021), it places the facility at L

n
, leading to the total

cost approximation of 2− 2
n

.

Proposition 9. The Nash mechanism has a total cost approximation ratio of at most n
2
.

Proof. Suppose without loss of generality that the leftmost agent is located at 0 and the
rightmost agent is located at c. We first show that the Nash mechanism guarantees that the
total cost is at most nc

2
. The proof is a modification of the Proof of Lemma 7 in Lam et al.

(2021) for the total cost objective. To prove this, we show that for any such location profile
x, there exists some profile x̃ := (0, . . . , 0︸ ︷︷ ︸

⌊n
2
⌋

, c, . . . , c︸ ︷︷ ︸
⌈n
2
⌉

) such that Ψ(fNash(x̃)) ≥ Ψ(fNash(x)).

Let n − k := |{i : xi > fNash(x)}| and k := |{i : xi ≤ fNash(x)}|. For this proof, we
also suppose that the agents are ordered such that x1 ≤ · · · ≤ xn, and without loss of
generality that n− k ≥ k.

First, consider the modified profile x′ such that x′
i = 0 for all i ∈ S := {i : xi ≤ fNash(x)

and x′
i = xi for all i /∈ S. Here, we have moved all agents initially located on or to the

left of the facility to 0. Let ∆ be the change in the facility location as a result of this
transformation. As the Nash mechanism is weakly monotonic, we have ∆ ≤ 0. The net
change in total cost is

∑
i∈S xi −∆((n− k)− k) ≥ 0.

We now have x′ = (0, . . . , 0︸ ︷︷ ︸
k

, x′
k+1, . . . , x

′
n). If k = ⌊n

2
⌋, the following transformation can

be skipped. Otherwise, we suppose that k < ⌊n
2
⌋. As shown in the proof of Lemma 7

in Lam et al. (2021), we have fNash(x
′) ≥ x′

k+1

2
. We shift x′

k+1 to 0, and denote ∆′ ≤ 0 as
the change in facility location. The net change in total cost is [(fNash(x

′) − 0) − (x′
k+1 −

fNash(x
′))]−∆′[(n−k−1)−(k+1)] ≥ 0. The first term is non-negative as fNash(x

′) ≥ x′
k+1

2
,

and the second term is non-negative as k + 1 ≤ ⌊n
2
⌋. To form location profile x′′, we

iteratively shift agent locations x′
k+1, . . . , x

′
⌊n
2
⌋ to 0, and the same arguments can be applied

to show that the total cost does not decrease.
Finally, we transform x′′ = (0, . . . , 0︸ ︷︷ ︸

⌊n
2
⌋

, x′′
⌈n
2
⌉, . . . , x

′′
n) to x̃ := (0, . . . , 0︸ ︷︷ ︸

⌊n
2
⌋

, c, . . . , c︸ ︷︷ ︸
⌈n
2
⌉

) by shifting

the agents at x′′
⌈n
2
⌉, . . . , x

′′
n to c. Let ∆′′ ≥ 0 be the change in facility location. By Lemma 4

of Lam et al. (2021), we have ∆′′ ≤ maxi∈{⌈n
2
⌉,...,n} |c − x′′

i |, and hence the change in total
cost is

∑n
i=⌈n

2
⌉(c− x′′

i )−∆′′(⌈n
2
⌉ − ⌊n

2
⌋) ≥ 0.
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By Lemma 5 of Lam et al. (2021), fNash(x̃) =
c
2

if n is even and fNash(x̃) =
c
2
− c

2n
+ 1

n
> c

2

if n is odd. Therefore the Nash mechanism guarantees at most nc
2

total cost when the
leftmost agent is located at 0 and the rightmost agent is located at c. Now under such a
profile, the optimal total cost is at least c, from placing the facility with n − 1 agents at 0,
and the remaining agent at c. Dividing these terms gives us an upper bound of n

2
for the

Nash mechanism’s total cost approximation ratio.

Proposition 10. The midpoint mechanism has a total cost approximation ratio of n
2
.

Proof. Suppose without loss of generality that the leftmost agent is located at 0, and the
rightmost agent is located at c. Clearly, the optimal total cost must be at least c. An upper
bound for the total cost corresponding to the midpoint mechanism is nc

2
, achieved when

the agents are only located at 0 or c. Dividing these terms gives us an upper bound on the
total cost approximation ratio of n

2
. This is matched by the location profile where n − 1

agents at located at 0 and 1 agent is located at c.
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