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Towards local signal representation

» Let f € BL(7), i.e., f € L? with f/(—(;) supported on [—, 7]

Shannon’s Expansion: Z f(n smﬂ'()n)
n

(Whittaker—Kotelnikov—Nyquist—Shannon) n=—oo

» global in nature — requires samples f(n) for all n;
» fundamental to signal processing;

» poor local signal representation

13
ion: — (n)
Taylor’s Expansion: f(t) = E 1"(0) o

» local in nature — requires f (")(t) at a single instant ¢ = 0.
» very little use in signal processing



Why do we need local approximations?
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Figure: A switching amplifier



Problems with the Taylor formula:

» derivatives of high order obliterate the spectrum:
if fe€ BL(w) then

T s

plots of (w>
0

(n=15—18)

-05

n

» monomials — do not belong to BL(7).



An orthogonal base for the space of linear
differential operators

» Start with normalized and re-scaled Legendre polynomials:

1 ™

o /_W PH(w)PE (w)dw = 6(m — n).
» Obtain operator polynomials by replacing w* with i* d*/dt":

d
P= 0P (i)
» Definition of ™ chosen so that
Kie“"] =i"PL(w) e

» Thus, for f € BL(7),

€U0 = o [ P @) o,

21 J_»



Why are chromatic derivatives a better base?

» Compare the graphs of the
transfer functions of 1/7"d"™/dt",
ie., (w/m)™ (first graph) and of
K", ie., Pi(w) (second graph).

» Transfer functions of K™ form
a sequence of well separated
comb filters which preserve
spectral features of the signal,
thus we call them the
chromatic derivatives.

» Third graph: transfer
function of the ideal filter X1°
(red) vs. transfer function of a
transversal filter (blue),

(128 taps, 2x oversampling.)




Local representation of the scalar product
Proposition: Assume that f, g € BL(); then the sums on the

left hand side of the following equations do not depend on the
choice of the instant ¢, and

ZK" = [ @i =
ST K Mf)(H K] () / f(z)g(x)dz = (f, g)
n=0
> KK gu = 0] = [ f@)glu - 2)ds = (£ 9)(w)
n=0

» These are the local equivalents of the usual, “globally
defined” norm, scalar product and convolution!

> Aim: “maximally localized” signal processing,
suitable for real-time applications and transient analysis.



Chromatic expansions

i t
Proposition: Let sinc (t) = sin(r?)

and let f(t) be any entire

function. Then,

o0

fF&) = Y (=1)"K"[f)(0) K"[sinc ()]

n=0

— i K™[f1(0) vV2n +1 ji,(rt)
n=0

Jn(t) — the spherical Bessel functions of the first kind
» The truncations of the series belong to BL(7).

» If f € BL(7) the series converges to f(¢) both
uniformly and in L?.



Chromatic versus Taylor’s approximation
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» red: the signal; blue: the chromatic approximation of

order 15; green: the Taylor approximation of order 15.

> Great for extremely robust regularized least square fit
applications - efficiently removes out of band noise.



Applications:

signal interpolation/extrapolation;
in-painting (with a 2D version)???

frequency estimation;

vV V. v v

transient classification according to what type of
differential equation they satisfy.

CONJECTURE:

One can obtain a useful classification of transients via
the minimal degree linear differential equation (with
slow time varying coefficients) which the transient
satisfies over its relatively short duration. Such
differential equation is a local replacement for the
spectrum of the “steady state” signals of longer
duration which optimally avoids effects of windowing.



General families of chromatic derivatives

» Given a family of orthonormal polynomials P, (w) we can
always define differential operators

d
n — (—; n PL s
=0 (i )
Question:

What are the families of orthogonal polynomials such
that for the corresponding differential operators K"
and some associated function m(¢) we have

[e.9]

F(8) =Y (=) "K"[f](uw) K" [m](t — u)

n=0

for important classes of functions, and when is the
convergence uniform?



Legendre Polynomials/Spherical Bessel functions

» For the (normalized) Legendre polynomials

o [ PH) L) = (m = )
and for e
m(t) = Sln;:' )
we have
K"[m](t)=(-1)"v2n + 1 jn(7t)
and

Z K"™[f1(0) v2n + 1 j,(mt)
holds for all entire functions;

» The convergence is uniform for functions in BL(7)



Chebyshev polynomials /Bessel functions

» For the (normalized) Chebyshev polynomials of the first
kind:

/Wz\/i - m).

for m(t) = Jo(nt) we have K"[m](t) = (—1)"/2 J,(rt) and
F(8) = f(w) Jo(mt) + V2 ZK" Jn(mt)

» The Neumann series - converges for all entire functions;

» Convergence uniform for band limited functions
which satisfy

[ F@P T oo < oo

—Tr



Hermite polynomials/Gaussian monomials

» For the (normalized) Hermite polynomials

/ PP (w) P¥ (w )\;d — §(n—m)

2 tm 2
—12/4 m o—t2/4

we have K"[m](t) = (—1)" V2 nl

» chromatic expansion converges locally for entire functions
which satisfy

and m(t) =e

()

limsup —=——— < >

n—oo \/ﬁ

» converges uniformly for all entire functions s.t.

[ @R e aw < o



The hyperbolic family

Let L, (w) satisfy

/ Ly( w) sech <7r2w> dw = d0(m — n)

ang m(z) = sech(z); then K"[m](z) = (—1)" sech(z)tanh™(z)

Z K"[f](0) sech(z)tanh"(z)

converges uniformly inside the strip |Zm(z)| <7/2 if

/Oo f(w)]? cosh(w)dw < oo



General families of chromatic derivatives

Definition: A family of polynomials P, (w) which is
orthonormal with respect to a non-decreasing bounded
moment distribution function a(w):

/ Y Pa(w) Pr(w)da(w)

—00

is chromatic if the moments p,, of a(w),

o, = /OO w"da(w)

—0o0
satisfy
1
p=limsup — < o0
n—00 n

Lemma: P, (w) are chromatic if and only if for every 0 < o < p,

/ ela(w) < oo



General families of chromatic derivatives

If P,(w) is a chromatic family of polynomials orthonormal with
respect to a(w), then:

» The Fourier transform of da(w),
S .
m(z) = / e“lda(w)
—00
is analytic on the strip S, = {7 : |Im(z)| < p}.
» P,(w) are a complete base of the space

By = (0w : [ 16)Pdaw) < ).



Definition: A? is the space of functions f(¢) analytic on Sp/2
such that -

> K0

n=0

Theorem: A function f(z) is in A? if and only if there exists a
function ¢f(w) € Li(w) such that

1) = [ ay(e==da(w)

in which case

=S K(0)Pa(w)
n=0

Corollary: Thus, for all t € R,

IFIIR = o)) Z K" [m Z K" [m



General families of chromatic derivatives

Theorem: If f(z) € A2, then

[e.9]

f(2) = D (=1)"K"[f](0)K" m](t)

n=0

with the series converging uniformly on strips S,/5_.

But how about the local (non-uniform) convergence of the
chromatic series??

For example, in the case of the Chebyshev polynomials T}, (w)
and the Bessel functions of the first kind J,,(w), we know that
the chromatic series is just the Newmann series, and that the
above equality holds for every entire function f(z).



Weakly bounded families

A family of polynomials is orthonormal with respect to a
moment distribution function a(w) with all odd moments
pont1 = 0 if and only if there exist v, > 0 such that

1 _
Poii(w) = — w Py(w) — 122
Tn

Pn_l(w).

Definition: Such family of polynomials P, (w) is:

1
» bounded if for some M and all n we have i <y, < M.
» weakly bounded if for some 0 < p < 1 we have

1
— <Y < MnP  and In

<M
M Yn+1

» Bounded families are also weakly bounded with p = 0.



Examples:

» Bounded families (p = 0):

» Legendre polynomials: 7, = % -z

» Chebyshev polynomials: vg = % and vp4+1 = g
» Weakly bounded family (p = 1/2):

» Hermite polynomials: v, = \/(n + 1)/2;
» Non - weakly bounded family (p = 1):

» Hyperbolic family: v, = n + 1;

» This shows that if we want m(z) to be entire, then
the bound p < 1 is sharp.



Lemma: Every weakly bounded family of orthonormal
polynomials is also chromatic.

Theorem: Let {P,(w)}nen be a weakly bounded family and
let f(z) be an entire function. If

lim (0) =0
n—oo | pll—p
then for every z € C
= > (=1YKI[£1(0) K/ [m](2).
J=0

The convergence is uniform on every disc of finite radius.

Corollary: If M is bounded then the chromatic expansion of
every entire function f(z) point-wise converges to f(z) for all z.



» It turns out that many of the classical formulas such as

el =302 01" Tn(w) Ju(t)

Jo(t + ) = Jo(u)Jo(t) + 23521 (—=1)" () Jn(2)
Jo(1)? + 2332 Ju(t)? =1
Jo(2) + 2307 Jan(2) =1

are special cases of chromatic expansions valid for all weakly
bounded families of polynomials and their associated m(z):

il = 50 i1 Py (w) K" [m (1
m(t+ u) = 520 (—1)"K" [m) (u) K" [m) (1)
SR K ml(t)? = 1
m(z) + Y02 (ITes 222 ) K20 [m](2) = 1



Theorem: Assume M is weakly bounded and let k be an
integer such that & > 1/(1 — p); then:

(a) there exists K > 0 such that

" Kz|" gk
K m(2)] < A g

(b) for every f(t) € Ag there exists C, L > 0 such that

f(2)] < Cel",



A generalization of the Paley - Wienner Theorem??
(Conjecture)

Assume that f(z) is an entire function for which there exist a
symmetric moment distribution function a(w) and a function
p(w) € LZ(M) such that
0 .
)= [ dlwle=dafw),

—00

and let £ > 1 be an integer. The following are equivalent:
(c) there exist C, L > 0 such that
F) < ce (2 e o);

(d) a(w) can be chosen such that the corresponding ,,
satisfy v, < Mn? for some 0 < p <1—1/k.



Some more open questions:

Qestion: Is it possible to characterize weakly bounded families
purely in terms of the properties of the corresponding a(w)?

Qestion: If not, is it possible to characterize functionals M for
which

/ e??lqa(w) < oo

purely in terms of the asymptotic behavior of the recursion
coeflicients ~,, of the corresponding family of orthonormal
polynomials?



Periodic functions

» Trigonometric functions do not belong to the spaces As:

1th2 Z VC” 1wt — Z Pn(w)2
n=0

Definition: Assume that hm mf ¥n > 0 and that Z =00
Tn
n=0

We denote by C the vector space of entire functions such that
the sequence

converges uniformly on every finite interval.

Definition: Let Co = {f € C : Jim v I (t) = 0} and Cy = C/Cp.



Theorem: Let f, g € C and

oli(1) = Yo KFAIHK g)(1).

n 1 ’
2 k=0 5,

then the sequence {0/9()} e converges to a constant function.

Definition: For f, g € C we define

_ Skeo KHAMK gl (1)

w1
k=0 3,

(f.9)

» Do the trigonometric functions belong to C2?

Shoo K12 _ Tiog Pal(w)?
Yi05n Sho0 5o




» Chebyshev polynomials: (p =0)

for all —m < w <,

. S Pw)? 1 &
o = ZED DL S prw) o1

» Hermite polynomials: (p =1/2)

for all w,

”eith — ZZ:O Pn(w)z 1 zn: PH 2




Conjecture: (in my 2009 EJA paper) Let

1 .
Prp1(w) = —w Py(w) — =L Py (W),

n Tn
and assume that for some 0 < p < 1 the recursion coefficients
vn, satisfy
0< Jim 1 < oo,
Then for the corresponding family of orthogonal polynomials we
have

0< fim, HllpZPk <o

for all w in the support sp(a) of a(w).



Revised Conjecture

Revised Conjecture: Assume that ~y, satisfy:

[e.9]

1
Z — diverges; liminfvy, >0 and lim T,
=1 Yk n—00 n—00 yp 11
Yn
Let s, = —1 and d, = sp — Snt1-
Tn+1

If s,€l and d, €, then for all w in the support of a(w),

> k=0 Pr(w)?
n 1
k=0 ~,

0 < lim

n—0o0

< 00

(I believe that) I have just proved this for cases when ~,, grow
faster than n'/4. ..



Thank you!



