MULTIDIMENSIONAL CHROMATIC DERIVATIVES AND
SERIES EXPANSIONS

ALEKSANDAR IGNJATOVIC AND AHMED I. ZAYED

ABSTRACT. Chromatic derivatives and series expansions of bandlimited func-
tions have recently been introduced as an alternative representation to Taylor
series and they have been shown to be more useful in practical signal process-
ing applications than Taylor series. Although chromatic series were originally
introduced for bandlimited functions, they have now been extended to a larger
class of functions. The n-th chromatic derivative of an analytic function is a
linear combination of the kth ordinary derivatives with 0 < k < n, where the
coefficients of the linear combination are based on a suitable system of orthog-
onal polynomials. The goal of this article is to extend chromatic derivatives
and series to higher dimensions. This is of interest not only because the asso-
ciated multivariate orthogonal polynomials have much reacher structure than
in the univariate case, but also because we believe that multidimensional case
will find natural applications to fields such as image processing and analysis.

1. INTRODUCTION

The Paley-Wiener space, PW,, of functions bandlimited to [—m, 7] consists of
square integrable functions whose Fourier transforms have supports in [—, 7]. It
is also known that functions in PW, are entire functions of exponential type at
most 7 that are square integrable when restricted to the real axis. A standard
series representation of any function f € PW,, is given by the Whittaker-Shannon-
Kotel'nikov (WSK) [17] sampling series

= sinm(t —n)
t) = n)———.
1) n;oof( R
This expansion may be viewed as a global expansion because it uses function values
at infinitely many points uniformly distributed on the real line. On the other
hand, as an entire function, f has a Taylor series expansion of the form f(t) =
S0 o (f™(0)/n!) t", which may be viewed as a local expansion since it uses the
values of f and all its derivatives at a single point. Unlike the sampling series,
which plays an important role is signal processing, the Taylor series has very limited
applications because, among other reasons, a truncated Taylor series is a polynomial
and not bandlimited.
Chromatic derivatives and series expansions have recently been introduced by
A. Ignjatovic in [8, 9] as an alternative representation to Taylor series and they
have been shown to be more useful in practical applications than Taylor series; see

[5, 6, 7, 12, 13, 14, 15].
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The n-th chromatic derivative K™[f](to) of an analytic function f(t), at o is
a linear combination of the ordinary derivatives f()(ty), 0 < k < n, where the
coefficients of the combination are based on systems of orthogonal polynomials.

Chromatic derivatives are intrinsically related to the Fourier transformation.
They are constructed using the fact that, under the Fourier transformation, differ-
entiation in the time domain corresponds to multiplication by powers of w in the
frequency domain.

For the reader’s convenience, we will briefly describe how chromatic series are
constructed. Let W(w) be a non-negative weight function such that all of its mo-
ments are finite, i.e., such that

i, = / W' W (w)dw < o0.

— 00

Let {P,(w)} be the family of polynomials orthonormal with respect to W(w):

/ P (w) P (w)W (w)dw = §(m — n),
and let K™(f) = Pn(—i%)( f) be the corresponding linear differential operators
obtained from P, (w) by replacing w* (0 < k < n) with (—i %)k.l These differential
operators are called chromatic derivatives associated with the family of orthogonal
polynomials { P, (w)} because they preserve the spectral features of a band-limited
signal. They can be evaluated with high accuracy and in a noise robust way from
samples of the signal taken at a small multiple of the usual Nyquist rate; see [11]
and [10] for details.
Let 1 (z) be the Fourier transform of the weight function W (w),

v = [ e

Such v(z) will be used in a Taylor-type expansion of functions analytic in a do-
main around the origin. Since 1™ (0) = ", 1(2) is analytic around the origin
whenever limsup(p,/n!)'/™ < oc. As shown in [11], this condition holds if and
only if

/ eI (w)dw < oo

for some ¢ > 0, and in this case 1(z) is analytic in a strip Sq(c/2) = {z : 3(2) < §}.
The chromatic expansion of a function f € C°° is the formal series

(1.1) F2) ~ Y KM ()K" () (2 — u).
n=0

It has been shown in [11] that if f(z) is analytic in the strip Sq4(c¢/2) and
S0 o [K™(£)(0)* converges, then for all u € R, the series (1.1) converges to f(z)
uniformly in every strip {z : |S(2)] < ¢/2 — ¢}, for every € > 0. Here it should be
emphasized that although chromatic series were originally introduced for bandlim-
ited functions, the theory now applies to a much larger class of functions.

In the particular case, where W(w) = x(—1,1), the chromatic series associated
with the Legendre polynomials converge in the whole complex plane, i.e., the strip

n some of our previous work the chromatic derivatives were defined as K™ = (—i)"P" (2%)
which ensures that chromatic derivatives of real functions are real. Definition used in this paper
results in simpler formulas.
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Sa(c/2) is C, and the set of entire functions for which Y o [K™(f)(0)|* converges
is precisely the set of L? functions whose Fourier transforms are finitely supported,
i.e., the set of bandlimited functions. For such functions the chromatic expansions
converge uniformly on R, and their truncations are themselves bandlimited. This
is in contrast to the Taylor series whose truncations are not. For that reason the
chromatic series have practical significance for signal processing. The chromatic
series can be defined for more general cases of operator polynomials; see [18].

The goal of this article is to extend chromatic derivatives and series to higher
dimensions. Although applications of multidimensional chromatic series have not
been established yet, we hope that this article will lay the theoretical foundations
for such applications. One of the key points in the treatment of multidimensional
chromatic series is to find the optimum orthogonal polynomial system that will best
fit the shape of the support of the Fourier transform of a bandlimited multidimen-
sional signal.

The article is organized as follows. In Section 2, we give a brief account of the
theory of orthogonal polynomials in several variables with emphasis on the results
that we will need in the following section. The main results are presented in Section
3 with examples in the following sections.

2. ORTHOGONAL POLYNOMIALS IN SEVERAL VARIABLES

Let Ny denote the set of nonnegative integers and o be a multi-index a =
(@1, ..., aq) € N§. We use the notation

al=arlag!ag!, ol =a1 + ... + aqg,
and 8o 3 = Oay . py-0ay.p,. For x = (71,..,74) € RY we define the monomial
z* = x{"..xy" and | is the degree of *. A polynomial P in d variables is a
linear combination of the form
P(x) = Z cax®,
(0%
where ¢, are complex numbers. We denote the set of all polynomials in d variables

by II? and the set of all polynomials of degree at most n by II¢. The set of all
homogenous polynomials of degree n will be denoted by P¢

n

PI={P:P(z)= Z Cax®
lal=n

Every polynomial in d variables can be written as a linear combination of homoge-

nous polynomials
n
P(x)= Z Z Cax®.
k=0 |a|=k

It is known that the dimension 7¢ of P? is

TZ:<n+d—1)
n

For a fixed d we may write 7, = re. In one variable, monomials are ordered accord-
ing to their degrees as 1,z,x2,...; however, in several variables such natural order
does not exist. Therefore, we will use the lexicographic order, i.e., « > [ if the first
non zero entry in the difference a — 8 = (a1 — f1, a2 — B2, ..., g — Pa) is positive.
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If <, > is an inner product on IT1%, we say that a polynomial P is orthogonal to
a polynomial @ if (P,Q) = 0. A polynomial P is called an orthogonal polynomial
if P is orthogonal to all polynomials of lower degree, i.e., (P, Q) = 0 for all Q € I1¢
with deg @ < deg P. Denote by V¢ the space of orthogonal polynomials of degree
exactly n

Vi={Pelll:(P,Q)=0, forall Q € II?_,};

the dimension of V,¢ is the same as that of PJ.

A multi-sequence s : N§ — R is written as s = ($a)aeng and for each multi-
sequence we define a linear functional on II¢ by

L(z%) =54, a€NZ.

Let the elements of the set {a € N§ : |a] = n} be arranged as o™, a(?, ... alm)
according to the lexicographic order. Let x™ denote the column vector

X" = (x%)|qj2n = (xo‘(j))

that is, x™ is a vector whose elements are the monomials z* for |a| = n, arranged
in the lexicographic order.
Define the vector moments sy = £ (xk) and

sao = £ (x* (<)),
d

which is a matrix of size 7§ x r;l and its elements are £ (z*77) for || =k, |8| = j,
T

Tn

b
=1

because x¥(x3)T is a matrix of size ré x r;-i whose elements are monomials of z®+5
with |a| = k,|8] = 7.
Define the matrix

Mn,d = (S(k)'i‘(j)):,j:o and An,d = det Mn,d 5
M,, 4 is called a moment matrix and its elements are £ (z*7) for |a| < n,|B| < n.
If {Pa}\a\:n is a sequence of polynomials in II¢ we get the column polynomial
vector P,, = (POM), e Pa(rn))T, where a(¥| ..., a(™) is the lexicographic order in
{a € N§ :|a] =n} . For more details on the subsequent discussion, see [1, 2].
Definition 2.1. Let £ be a moment functional. A sequence of polynomials
{Patqzn in I1¢ is said to be orthogonal with respect to £ if
L (x™Py) =0forn>m, and L (x"PL) =s,,

where s,, is an invertible matrix of size r¢ x rd.

By definition £ (x™PL) = 0 if and only if £ (2°P,) = 0, |8] = m,|a| = n.
Hence, each P, is orthogonal to any polynomial of lower degree. It is known
that if £ is a moment functional and P, is orthogonal as defined before, then

{Py,Py,---,P,} is a basis for HZ. Hence, there exists matrices ¢ of size TZ X Tg
such that
(21) x" = Cn]P)n + Cnfl]P)nfl + ...+ Co]P)O

It is also known that for a given moment functional £, a system of orthogonal
polynomials exists if and only if A,, 4 # 0.
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A moment linear functional £ is said to be positive definite if £ (p2) > 0 for all
p € 1% p # 0. The associated sequence {s,} with £ will be also called positive
definite.

If p = > aqz®, then L(p) = Y ansa and L(p?) = 3, 38aa550+5 > 0 for
every sequence a = (a,) for which a, = 0 except for finitely many multi-indices «.
This implies that £ is positive definite if and only if for every tuple (B(l), e [3(”) ,
1< j <r, the matrix (Sﬂ(i)+6(j)):j:1 has positive determinant.

It is known that if £ is positive deﬁnite, then A,, 4 > 0 and there exists a system
of orthogonal polynomials with respect to £. In fact, in this case there exists
an orthonormal basis with respect to £, that is, there exists a sequence of vector
polynomials {P,} such that

L(PnPL) =0 if m#n, L(P,PL)=1,,.
where I, is the identity matrix of size rd x rd.

Let M denote the set of non-negative Borel measures on R? having moments of
all orders. Thus, p € M if

/ |2| dp < oo for all o € N§,
R4

saz/ x¥du
R4

the moments of u. For such a measure p € M, we have a moment functional £
defined for polynomials P € II? by

and we call

L(P) = P(z)du(x).
Rd

If du(xz) = W(x)dz and W (x) is a nonnegative weight function, then L is positive
definite, i.e., £L(P?) > 0 for any 0 # P € II%. Tt is known that if s = (s,) is a
multi-sequence, then there exists p € M such that so = [a*du(z) if and only
if the associated moment functional £ is nonnegative on the set of nonnegative
polynomials. That is, £(P) > 0 for any P € 11 = {P € I : P(z) > 0} .

Let £ be a positive moment function (hence positive definite) and let {P,,} be the
system of orthonormal polynomials associated with it. From the above it follows
that there exists a measure p € M such that

L(z%) = 50 = /R 2 du(z).

We assume that p is absolutely continuous so that du = W (z)dz, with W being
nonnegative so that Ly (f) = [ f(z)W (z)dx is positive definite. We also assume
that for some ¢ > 0,

(2.2) /Rd el (z)dx < oo,

so that polynomials are dense in L2(du), [1, p. 74]. Condition (2.2) is satisfied, for
example, if p is compactly supported.
We adopt the following notation. If P (z1,...,x4) is a polynomial in z1,..., z4,

then the polynomial P (i 9 ) will be denoted by P ( %) where z¢ is replaced

Ox17 " Jxg
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by % where « is a multi-index. More explicitly if @ = (ayq, ..., aq) then

(e} (e} « (e}
z® =gt ayt, |al=a +ar+ .+

is replaced by
glel
Ozt 0xy?...0xg"”

Let {Pg}f;() denotes the sequence of orthonormal polynomials with respect to
Ly . Let L%V(Rd) denote the space of all square integrable functions with respect
to the weight function W.

For any function f € L%,(R%), consider its generalized Fourier expansion with
respect to {P2}>" .

(2.3)

o> S R with ) =< £ P2 >w= [ @RI @)W (@)da.

n:O|a‘:n

If we use the vector notation we have
fo Zc%(f)]?n, with ¢, (f) =< f,Pn >w= /f(:v)]Pn(x)W(:v)d:v,
n=0

here ¢y, is a column vector with components ¢ and |a| = n. If we denote the space
of orthogonal polynomials of degree exactly n by V¢, it follows that (2.3) can be
written as

[ Z Projyaf,  where Projyaf = cl(f)P,,

n=0

which leads to

Projyaf(z) = / F@Pu(z,y)W(x)de, with Py (z,y) =Py (2)Pa(y).

3. MULTIDIMENSIONAL CHROMATIC DERIVATIVES

Let z = (21,22, ,2q) € C? and define the inner product
d d
<zw>= Y Z Wi, z,w € Cso that [|z]* = |z
k=1 k=1

If 2z = zx + iyg, define Rz = (w1, 22, - ,24) and Sz = (y1,¥y2, - ,ya) so that
z = Rz + iSz. Moreover,

d d
2 2
IR2" =k, 192l =i
k=1 k=1

For every real a > 0 we let Sy(a) = {z € C? : ||3(2)|| < a}.

Definition 3.1. Let f : C? — Ct; the n'" chromatic derivatives K% (f) of f(z)
with respect to the polynomials { P2} is defined as
0
K*"(f) =Py ( —i5z ;
(=P (i) )

where P,, is the column vector defined before.
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Hence, the n*" chromatic derivative of f is a column vector with 7¢ components,
with each component a linear combination of partial derivatives. It is easy to check
that if w € R? is fixed, then?

(31) Kg'(ei@"vz)) — Pg(w)ei(w,z>.

Proposition 3.2. Let p(w) € L%, (R?) and define a corresponding function f, :
Sa(c/2) = C by a W(w)-weighted inverse Fourier transform of ¢:

(3:2) Fole) = [ ol W(w) do.
Then f,(z) is analytic on Sq(c/2) and for all n and z € Sq(c/2),
(3.3) KUFIE) = [ Pal) plo) 2 W)

Proof. Let z € Ct? and z = x + iy, where z,y € R?, with ||y|| < ¢/2 — ¢ for some
€ > 0; then for all a € N(‘)i

/Rd (i) () ) | W (w)duw
) (/R AR e /R “2“62(“'y>w(w)dW> N

1/2
<ol (/ w20‘e2”“’””y”W(w)dw>
Rd

Choose M, > 0 such that for all w,

W = A2 < ol ]2 = (]2 < Mel:
then
_ 1/2
/ |(iw)*p(w)e 2 W (w)dw < MY?||o||w </ e"“"'(CE)W(w)dw) < 0.
R4 Rd
The claims now follow from (2.1) , (2.2) and (3.1). O

Lemma 3.3. If condition (2.2) holds, then {P,(w)} is a complete system in L?,(RY).

Proof. Assume that some ¢ € L%, (R?) is orthogonal to all polynomials P?, i.e.,
for all a,

/ (W) P (w)W(w)dw = 0.
R4

Then (2.1) implies that for all « also

(3.4) /Rd o(w)w* W (w)dw = 0.

Let f,(2) : Sa(c/2) — Ct be given by (3.2); by Proposition 3.2, f,, is analytic on
Sa(c/2) and (3.4) implies that %fy,(O) = 0 for all . Thus, f,(2) is identically

z

zero on S4(c/2). This implies that ¢(w) = 0 almost everywhere on the support of
W(w), i.e., {P,(w)} is a complete system in L, (R). O

21¢ z,w € R? are both real vectors, then we denote their scalar product by z.w. If at least one
of u, z is complex we denote their scalar product by (u, z).
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Proposition 3.4. Let p(w) € L, (R?); if for some fized u € Sy(c/2) the function
o(w)e! @) belongs to Ly, (RY), then in Ly, (RY) we have

(3.5) p(@)e ™ = SR £ ()] Ba(w),

n=0

and for f, given by (3.2) we have

(3.6) oD KR = llpw)e 5, < co.

n:O|a‘:n

Proof. Let f, be given by (3.2); by Proposition 3.2, equation (3.3) also holds.
However, if o(w)e’™@® belongs to the space L?,(R?), then (3.3) asserts that the
projection of p(w)e*“™ onto the vector P, (w) is equal to K"[f,](u):

(3.7) (p(w)e’ ) Py (w))w = K" [fo] (u)-
Since {P,,(w)}nen is a complete orthonormal system in L%, (R%), (3.7) implies (3.5),
and Parseval’s Theorem implies (3.6). O

Corollary 3.5. For every o(w) € L%, (R?) and every u € RY, equality (3.5) holds
and

(3.8) oY K@ = @)l
n=0 |a|=n
Thus, the sum Y.~ o 2 lal=n K& [f,](u)|? is independent of u € R

Proof. If u € R?, then p(w)e’“™ € L%, (RY) and |p(w)e'“ |2, = |p(w)

(6%
thus, Proposition 3.4 applies. (I

For one-dimensional examples of the above corollary, see [11].

Definition 3.6. We set for z € S4(c/2)

(3.9) P(z) = / @AW (w)dw
R4
and more generally
(3.10) KEW() = v2(:) = [ PR@)e W (w)do
R4

we may also use the vector notation ¥,,(2) = (¥ (2))|a|=n-

Note that Proposition 3.2 implies that the integrals in the definitions of ¥(2)
and ¢ (z) are finite.

Corollary 3.7. Let e > 0; then for all z € S(§ —¢€)

(3.11) Yo RGP <

2
c_
o(5 s>||w||H < oo.
w
n:0|a‘:n

Proof. We apply Proposition 3.4 with p(w) = 1, in which case f,(z) = ¥(z), and,
using (3.6), obtain

YD el =

n=0 \a|:n

2

. 2 2 2
i{w:2) e\w&(z)\‘ enwnns(z)nH < e(%s)HwHH _
w w

<

w w
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The claim now follows from (2.2). O

Definition 3.8. We denote by A, the vector space of functions f : Sq(c/2) — C
which are analytic on Sy(c/2) and satisfy >~ Dlal=n K& [f,](0)]? < .

Proposition 3.9. The mapping

(3.12) 1) (@) = SR O Palw)

n=0
is an isomorphism between the vector spaces A%V and L%V(Rd), and its inverse is
given by (3.2).

Proof. Let f € A%,; since Zf:oZ\M:MKS[fw](O)P < 00, the function ¢g(w)
defined by (3.12) belongs to L%,(R%). By Proposition 3.2, [, defined from ¢y
by (3.2) is analytic on Syq(c/2) and it satisfies o5 (w) = Y07 K"[f,,](0) P, (w) by
Proposition 3.4. By the uniqueness of the Fourier expansion of ¢(w) with respect
to the system {P,(w)} we have K"[f](0) = K"[f,,](0) for all n. This, together with
(2.1) implies that = f(0) = 20 £, (0); thus, f(2) = f,,(2) for all z € Sa(c/2).
The other direction follows from Propositions 3.2 and 3.4. (|

Definition 3.10. For f € A%, we denote the corresponding ¢f(w) given by (3.12)
by Fw [f](w); thus, for z € Sq(c/2),

(3.13) f(z) = » Fulf)(@)er W (w)dw.

Proposition 3.9 and Corollary 3.5 imply the following Corollary.
Corollary 3.11. Forall f € A, and allx € R? the sum > o 2 lal=n |K2[fo](x)]?

converges and is independent of x.

3.1. Uniform convergence of chromatic expansions. The chromatic series
expansion of a function f € C*° is given by the following formal series.

o0
(3.14) 72~ SR ()] (2 — ).

n=0

The Shannon expansion of a band limited signal is obtained by representing

its Fourier transform f(w) as a series of trigonometric polynomials; similarly, the
chromatic expansion of an f € A%, is obtained by representing Fy [f](w) as a series
of orthogonal polynomials P?(w).

Proposition 3.12. Assume f € A%, ; then for allu € R? and ¢ > 0, the chromatic
series of f(z) converges to f(z) uniformly on S(§ —¢).

Proof. Using (3.10), we get that for all z € Sg(c/2),

15) SR ) = [ S ] P W )
k=0 k=0
Since f € A%, Proposition 3.9 implies Fiy[f](w) € LE (RY). Corollary 3.5 and
equation (3.5) imply that in L%, (R%)

Flflw) e = K] ()" Pr(w).

k=0
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Thus, equation (3.13) implies
316)  fE) = [ ST B W @),
R k=0

Consequently, from (3.15) and (3.16),

n

£ (z) = Y IKM 1) Ta(z - u)

k=0

< [ |3 BT Py W (w)do
R4 k=n+1
. 1/2
= / > K@) Pa(w) W(w)dw/ |27 PW (w) du
R k=n-+1 R4
Since u is real we have |e¥“*~%| = |e% 32| < ellllIS=l Thus, for 2 € S(5—¢)

we have
1(2) = D KE ()] k(2 — w)

k=0

1/2
(3.17) <[ S YK / =221y (o)
k=n+1|a|=n R

The claim now follows from Corollary 3.5 and (2.2). O

4. EXAMPLES

The most efficient system of orthogonal polynomials to use to generate chromatic
derivatives will depend on the shape of the support of the Fourier transform F [ f]
of f. Below we give some examples:

1) If the support of Fy [f] is the entire space R?, we use the d-dimensional
Hermite polynomials. If we denote the normalized Hermite polynomial of degree n
by Hy,(z) so that

/ H(2)Hy ()™ dx = Gy,

R

then the d-dimensional Hermite polynomial of degree n is defined as
Ha(x) :Hal(xl)"'Had(Id)a |Oé| =n,

with weight function W(z) = e~ 7l 2 € R
2)If the support of Fy,[f] is the half space {z € R : 21,>0,-- 24 > 0}, we
use the normalized Laguerre polynomials

Lo(z) = L () LF (2), |a| =n,2 € RY &y > 1,

with weight function W (z) = zFe~1*l1 where |z|; = z1 4+ -+ zq, k = (k1,- - , kq)
and L%(z) is the normalized Laguerre polynomial of degree n and parameter a.
3)If the support of Fy [f] is the hypercube D = [~1,1]¢, we may use the d-

dimensional Jacobi polynomials

PEO(@) = P (@) - PG (@a), - af =,

Qd
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with weight function
d
WD (z) = TT(1 = 2)™ (1 +2)",
i=1

where a = (ay,a2, -+ ,aq),b = (b1,ba,-++ ,bg) and P,ga’ﬁ)(:z) is the normalized
Jacobi polynomial of degree n with parameters «, (3.

5. SPECIALIZED TwO DIMENSIONAL EXAMPLES

It should be noted that the theory of chromatic derivatives in higher dimensions
raises more interesting possibilities than in one dimension because of the geometry
that depends on the shape of support of F,[f]. We shall illustrate this by examples
in two dimensions. But first, let us introduce the following method, which is due to
T. Koornwinder [3], to generate orthogonal polynomials of two variables; see also
[4] for another system of orthogonal polynomials in two variables.

Let wy and we be two weight functions on the interval (a,b) and (e, d) respec-
tively. Let p be a positive function on (a,b) such that either (i) p is a polynomial
of degree one , or (ii)p is the square root of a nonnegative polynomial of degree at
most two and assume that the interval (¢, d) is symmetric around the origin, i.e., it
is in the form (—¢,¢),c > 0 and ws is even on (—c¢, ¢).

For each k € Ny , let {pn i}, denote the system of orthonormal polynomials
with respect to the weight function p?**1(z)w;(x). Let {gn},—, be a system of
orthonormal polynomials with resepct to wy. Define

PH(x,y) = pp—rp" (T)qi <L> , 0<Ek<n.

p(x)
Then PJ'(x,y) are orthonormal polynomials with respect to the weight function
(5.1) W(z,y) = wi(x)ws (y/p(x)), (z,y) €R,

on the domain
D={(z,y):a<z<b cplx) <y <dp(z)}.

For, by changing the variables, we have

[ [ PP iy =

b d
/ Pt siPm—j i (@)ws (2)d / () (y)w2(y)dy
= 6m,n5k,j'
Examples:
1) If the support of Fy, [f] is the unit disc, we take wy (z) = wa(x) = (1—22)*~1/2
on [—1,1], and p(z) = (1 — x%)'/2. The weight function according to (5.1), is
W(z,y) = (1—a® — )12
on the domain D = {(z,y) : 2> + y*> < 1} . We have
Ak
Pli(w,y) = C5T P @)1= )20 0/ V1 = 22),

where C¥(z) is the Gegenbauer polynomial of degree n and parameter k > —1/2.
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) If the support of Fy, [f] is the triangle D = {(z,y) : 2,y > 0,1 —z —y > 0},

we choose wy () = 2~ V2(1 — )47~ and wy(z) = 2871/2(1 — 2)7~" defined on
(0,1) and p(x) =1 — z. The weight function according (5.1), is

W (z,y) =2 V2P~V (1 — g — )7 1/2

The orthonormal polynomials P¥(x,y) are easily seen to be

n—

P(z.y) = P (20 = (1 —2) B 22 1),
P

where

3

ap=a—1/2, by =F4+~v+2k, aa=0—-1/2, bg =v—1/2.

) If the support of Fy[f] is the parabola D = {(z,y) : —vz <y < yx <1},

we take w (x) = 2%(1 — x)? on [0,1] and wa(x) = (1 — 22)®, and p(z) = /x. The
weight function according to (5.1), is

W(z,y) = (1 —2)°(z —y*)°,

and the orthonormal polynomials are

a+k+1/2,8 a+1/2, Y
Prlay) = RSP @0 - 0t PO A ),

where Pfla’b)(:t) is the normalized Jacobi polynomial of degree n and C(z) is the
Gegenbauer polynomial of degree n.
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(10]
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13]

REFERENCES

C. Dunkl and Y. Xu, Orthogonal Polynomials of Several Variables, Encyclopedia of Mathe-
matics, Cambridge University Press, 2001.

H. Krall,and I. Sheffer, Orthogonal polynomials in two variables. Ann. Mat. Pura Appl. (4)
76 (1967) 325376.

T. Koornwinder, Two-variable analogues of the classical orthogonal polynomials, in Theory
and Applications of Special Functions, pp. 435-495, Ed. R. Askey, Academic Press, New york
(1975).

T. Koornwinder, Orthogonal polynomials in two variables which are eigenfunctions of two
algebraically independent partial differential operators, I, II, Proc. Kon. Akad. v. Wet., Am-
sterdam (36) (1974), 48-66.

A. Ignjatovic, Numerical Differentiation and Signal Processing, Kromos Technology technical
report, Los Altos, California, 2001.

A. Ignjatovic, Numerical differentiation and signal processing, Proc. International Conference
on Information, Communications and Signal Processing (ICICS), Singapore, 2001.

A. Ignjatovic, Local approximations based on orthogonal differential operators, Journal of
Fourier Analysis and Applications, Vol. 13, No. 3, 2007.

A. Ignjatovic, Signal Processor with Local Signal Behavior, US Patent 6115726 filled October
1997, issued September 2000.

A. Ignjatovic and N. Carlin, Method and a system of acquiring local signal behavior param-
eters for representing and processing a signal, US Patent 6313778, filled July 1999, issued
November 6, 2001.

A. Ignjatovic, Chromatic derivatives and local approximations, IEEE Transactions on Signal
Processing, Vol. 57, No. 8, 2009.

A. Ignjatovic, Chromatic Derivatives, chromatic expansions and associated function spaces,
East Journal on Approximations, Vol. 15, No. 2, 2009, pp. 263-302.

M. Cushman and T. Herron, The General Theory of Chromatic Derivatives, Kromos Tech-
nology technical report, Los Altos, California, 2001.

M. J. Narasimha, A. Ignjatovic and P. P. Vaidyanathan, Chromatic Derivative Filter Banks,
IEEE Signal Processing Letters, Vol. 9, No. 7, 2002.



MULTIDIMENSIONAL CHROMATIC DERIVATIVES AND SERIES EXPANSIONS 13

[14] P. P. Vaidyanathan, A. Ignjatovic and S. Narasimha, New Sampling Expansions of Band
Limited Signals Based on Chromatic Derivatives, Proc. 35th Asilomar Conference on Signals,
Systems, and Computers, Monterey, California, 2001.

[15] G. Walter and X. Shen, A Sampling Expansion for non Bandlimited Signals in Chromatic
Derivatives, IEEE Transactions on Signal Processing, Vol. 53, 2005.

[16] G. Walter, Chromatic Series and Prolate Spheroidal Wave Functions, Journal of Integral
Equations and Applications, Vol. 20, No. 2, 2006.

[17] A. Zayed, Advances in Shannon’s Sampling Theory, CRC Press, Boca Raton, Florida, 1993.

[18] A. Zayed, Generalizations of Chromatic Derivatives and Series Expansions, IEEE Transac-
tions of Signal Processing, to appear.

SCHOOL OF COMPUTER SCIENCE AND ENGINEERING, UNIVERSITY OF NEW SOUTH WALES, SYD-
NEY, AUSTRALIA
E-mail address: ignjat@cse.unsw.edu.au

DEPARTMENT OF MATHEMATICAL SCIENCES, DEPAUL UNIVERSITY, CHICAGO, IL 60614
E-mail address: azayed@condor.depaul.edu



