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How did all of this start: PWM audio amplifier
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Figure: Left: PWM amplifier; Right: waveform prediction.




Nyquist’s versus Taylor’s expansion

» Let f € BL(7), i.e. f € Lo, f@) supported on [—m,7];
f has two expansions of complementary nature:

Nyquist’s Expansion: Z f(n w

(Whittaker—Kotelnikov—Nyquist—Shannon) n=—oo n)

» global in nature — requires samples f(n) for all n;

Taylor’s Expansion: f(t) = Z F™(0) !

» local in nature — requires f(™)(¢) at a single instant ¢ = 0.

» Nyquist expansion: fundamental to signal processing;
» Taylor expansion: very little use in signal processing-why?



Problems with Taylor’s expansion of BL(7) signals

1. Numerical evaluation of derivatives of high orders of a
sampled signal is extremely noise sensitive.

2. — Truncations of Nyquist’s expansion of an f € BL(7)
belong to BL(7) and converge to f uniformly and in
L2
— In comparison, truncations of Taylor’s expansion of an
f € BL(7) do not belong to BL(7), do not converge
uniformly but instead accumulate error rapidly and
are unbounded and do not converge in L?.

3. If A is a filter, then
Alf](1) = 2252 o f(n) Alsinc] (& — n), (1)

while, of course, A[f](t) # > o7 f00) 4 [t"].

n=-—0o0 n!

» We can fix ALL of these problems!!!



Numerical differentiation of band limited signals

(n) x "
Let f € BL(r); then " 1/ g”(i‘:) flo)e“tdw.
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Figure: (w/m)" for n =15 —18

» Derivatives of high order obliterate the spectrum.

» Graphs of the transfer functions of the (normalized)
derivatives cluster together and are nearly
indistinguishable.

» Is there a better base for the vector space of linear
differential operators??



Chromatic derivatives: a better base

» Start with normalized and re-scaled Legendre polynomials:

% /_7; Pl (w) Py (w)dw = 6(m — n).

» Obtain operator polynomials by replacing w* with j* d*/dt":

K7 = (=9)
Thus,
Piw) = 1
Piw) = V24
Piw) = 2B T)
P(w) = YL B —Swr)

k(e = YO

" 2

" 7T2 /
k() = L zj;? )



Chromatic derivatives: a better base
» Definition of K™ chosen so that

) = " Pi(w) e

» Thus, for f € BL(7),

/ J"PH(w eJ“’tdw
271'

» Why do K" form a better base for the vector space
n

of linear differential operators than W???



Chromatic derivatives: a better base

» Compare the graphs of the
transfer functions of 1/7"d"™/dt",
ie., (w/m)™ (first graph) and of
K", ie., Pi(w) (second graph).

» Transfer functions of K™ form
a sequence of well separated
comb filters that preserve
spectral features of the signal,
thus we call them the
chromatic derivatives.

» Third graph: transfer
function of the ideal filter X1°
(red) vs. transfer function of a
transversal filter (blue),

(128 taps, 2x oversampling).




Fixing Taylor’s Expansion: Chromatic Expansion

sin(mt)

Proposition: Let sinc (t) = and let f(t) be any
analytic function. Then,

o0

f(t) = Y (=1)"K"[f)(0) K"[sinc ()]

n=0

= Z/cn 0) V2n +1 ji,(7t)

jn — the spherical Bessel functions
solutions of 22y” + 2zy/ + [22 — n(n+ 1)y =0
» The truncations of the series belong to BL(7).

» If f € BL(n) the series converges to f(¢) both
uniformly and in L?.



romati roximation versu r roximation
Chromatic appro ation versus Taylor’s appro atio
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» red: the signal;
blue: the chromatic approximation of order 15;
green: Taylor’s approximation of order 15.

> fE(0) = L2 20 _o(=1)™ K™[£)(0) K™ [sinc](H)],—y, k< n

» Thus, chromatic approximations are local.



Chromatic versus Taylor’s expansion of f € BL(7)

(1) = 3020 K" If10) Ju(mt) - versus  f(t) = 2520 f(0) &y

» Coefficients K£"[f](0) can be obtained from the samples of
the signal in a noise robust manner;

v

Expansion functions {j,(7t)}nen belong to BL(7);

For f € BL(7) convergence is both uniform and in L2

v

v

If A is a filter and f € BL(7),
AlfIt) = i K"[f1(0) K" [Alsinc ] (#).
n=0

Compare with A[f](t) = >02 f(n) Alsinc|(t — n).

v

Localized signal processing from (over-determined)
local signal /image representation.



Chromatic expansion vs. Nyquist’s expansion
How is Nyquist expansion
F(t) = 552 f(n) 2rl=s)
related to the chromatic expansion
F(t) = X020 K[f1(0) V20 + 1 jin(rt)

» Transformation {f(n)}neny <  {K"[f](0)}nen
orthonormal operator defined by the infinite matrix

[\/Zk—l—ljk(mr) : kE]N,nEZ]:
f(n) = ZICk 0) V2k + 1 jx(nm);

K*[f1(0) = Z F(n) V2 +1 jy(nm).

n=—oo

by an



Spherical Bessel Functions

» In practice one CANNOT evaluate C¥[f](0) using Nyquist
rate samples via

N
KE0) = > f(n) V2k+ 1 jy(nm)
n=—N

because v/2n + 1 j,(7t) decay very slowly (would need huge N)

n=0,n="7n=14
10




Chromatic approximation vs. Nyquist’s approximation

» Let S[f(t)] = f(t + 1) be the unit shift operator; compare
the Nyquist expansion in the form

Z f(u+n)sine (t—(u+n)) Z S™f](w) S, [sinc (t — )]

n=—oo n=—oo

with the chromatic expansion

[e.9]

F(&) =Y K"[f)(u) Ky [sinc (¢ — u)l;

n=0

» Corresponding transfer functions {e/"“}, ¢ and
{j"Pp(w)}new are two orthonormal bases of the same space,
L?[—m, 7).



Local representation of the scalar product in BL()
Proposition: Assume that f, g € BL(7); then the sums on the

left hand side of the following equations do not depend on the
choice of the instant ¢, and

S KA = [ pwra= |
n=0 -

> KGR0 = [ f0@dt = (f.g)
n=0 o0

> KAOK - 0] = [ f0g(u— = 7+ )0
n=0 -

» These are the local equivalents of the usual, “globally
defined” norm, scalar product and convolution!

> “Maximally localized” signal processing



Channel equalizer

Training: a predetermined pilot signal p(¢) is transmitted and in
the receiver the output of the equalizer is compared with p(t).

» At an instant k, vector X[k] = (z[k],...,z[k — n+1])
consists of n latest consecutive Nyquist rate samples of the
received signal;

» The instantaneous error e[k] of the output of the equalizer at
an instant k is equal to e[k] = WX![k] — p[k];

» The aim: to minimize the square error e?[k], averaged
either over time or over the ensemble of transmitted
signals.

» J(W): averaged error for the value of coefficients W.
» The optimal choice for W obtained by the Gradient Descent
Method: Wiy 1 = Wi —c- VWJ(W)|W:Wk

> cis a small adaptation constant.



» Averaged error J(W) is unavailable or impractical to get;

» LMS: uses a crude approximation of the true gradient: the
gradient of the square of the instantaneous error e[k]:

Glk] = Vweé?[k] = 2¢e[k]Vwelk]
2¢[k]Vw (p[k] — W'X[K])
—2e[k]VwW X]k]

= —2elk]X[k];

Thus,

> Wi =W — CG[]C] =W, + 2¢ E[k]X[k]



Since G[k] is a crude approximation of the true gradient,
convergence of Wy, is slow.

This prevents equalizer from tracking rapidly changing
channels.

Idea: replace the error function e?[k] with a new error
function which naturally has averaging properties.

Minimize

S (K™ WX [plH)? = 3 (W™ X[k [o][4])?

m=0 m=0

via Gradient Descent. Why should this help??
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Minimizing the sum of squares of first n chromatic derivatives
of the error has effect of averaging the error over a
continuous interval, whose duration depends on n.
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Pulse shaping via chromatic approximations: 4 (chromatic)
derivatives of the approximation (red) agree:

» at t =0 with 4 derivatives of the first symbol (blue) and
» at t =4 with 4 derivatives of the second symbol (yellow).



General families of chromatic derivatives

Question:

What are the families of orthogonal polynomials such that for
some associated function m(t) and the corresponding
differential operators K™ for all analytic functions f(t)

(1) =3 K"K m(t — )]
n=0

and when is the convergence uniform?



Examples:
Legendre Polynomials/Spherical Bessel functions

» Let L,(w) be the Legendre polynomials;
» Set Pl(w) =+2n+1L,(w/7); then
5w /2 Ph(w) Py (w)dw = 6(m — n).

» The corresponding recursion coefficients in equation

Pty (@) = L w P (w) — 2= P (w):

m=m(n+1)/\/in+1)?2-1 —x/2
» m(t) = sinc ¢; K'm](t)=(—-1)"v2n + 1 ju(7t);
> () = 2520 KMf1(0) v2n + 1 ju(mt)

» Convergence uniform for functions in BL()



Examples:

Chebyshev polynomials /Bessel functions
» Let T,(w) be the Chebyshev polynomials of the first kind,;
» Set P (w)=1; PI(w) =2 Ty(w/7) for n > 0; then

o Pi(w) Pr(w) ——f— = d(n — m).

> Y =7/V2; y,=n/2 forn>0.

> m(t) = Jo(rt); K"[m](t) = (=1)"V2 Ju(mt)

» The chromatic expansion is the Neumann series of f():
F(t) = f(u)Jo(mt) + V2 3252, K*[f1(0) Jn(rt).

» Convergence is uniform for functions whose Fourier
transform f(w) is supported in [—m, 7] and satisfies

ST /T = (@/m)2 |f(w)2dw < oo



Examples:
Hermite polynomials/Gaussian monomials

» Let H,(w) be the Hermite polynomials;
» set P7(w) =+v2"n! Hy(w); then

J2% Pil(w) Pr(w) S

> =+ (n+1)/2;

> m(t) = /4, /C"[m](t):(—l)"\/;:in!eﬁ/‘l

» Chromatic expansion converges uniformly for all analytic
functions s.t.

I f(@)[? e dw < o0

—00

thus also for some non-band limited functions.



General families of chromatic derivatives

Let M : P, — R be a moment functional and p, = M(w™) be
the moment of M, of order n. We will assume that

» M is positive definite, i.e., for all n

Mo PN Mn
H1 R R
Ap=1] ... ... ... > 05
Hn—1 --. H2n—1
Hn cee H2n

> M is symmetric, i.e. pon+1 = 0 for all n;
» The moments u, satisfy

1/n 1/n
lim sup (Mn) =e limsup P _ 0.

n—00 n! n—00 n



» For every positive definite moment functional M there exists
a family of orthonormal polynomials { P2"(w)}nen

M(P(w) Pyt (w)) = 6(m — n).

> A family of polynomials is orthonormal for some symmetric
positive definite M just in case there exists 7, > 0 such that

1 Tn—1
Pﬁl(w):,yprf(w)— “

n n

Pyl (w).

» For positive definite symmetric moment functionals M
which satisfy this extra condition we set

. . d
K" = (=j)"Py (Jdt>
then

1 n— _
IC”H:—(doIC")—i—fY IICn 1’

Tn Tn



» L)": space of analytic functions s.t. .52, K*[f](0)? < oo;

> If f,g € Ly then 332, KF[f](1)? and 3 ,_o K [f]()K[g](t)
do not depend on ¢t and we can set
1fllve = 2220 KHIA1(0)% < 003 (£, g)p = X020 K F1(H)K" (9] (2)
> If we let m(t) = > 72, M%(%c)! then for all f € L§* and all
U, t

F(1) = X520 (= 1K [f](w) K [m] (t — u).

with the series converging uniformly.

» How about local (non-uniform) convergence???



Local convergence of chromatic series

» Bounded families: for some M > 1 the recursion coefficients

Yoo i Phy(w) = S-wPy(w) - 2 Pt (w)  satisfy:

1
MS’WLSM

» Weakly bounded families: for some M > 1, some integer r
and some 0 < p <1

1

i <Y < M(n+r)?
l§M2
TYn+1

» Bounded families are also weakly bounded with p = 0.



Legendre polynomials: 7, = %;

T

Chebyshev polynomials: vy = 7 and Y41 = 5;

Thus, these two families are bounded (p = 0);

Hermite family: v, = v/(n+1)/2;

thus, the family is only weakly bounded (p = 1/2);

If we want m(z) = 3202 poxt?*/(2k)! to be an entire
function, then the bound p < 1 is sharp.



Lemma: If M is weakly bounded then there exists K > 0, an
integer k£ (which depends on p < 1) and a polynomial P(z) such
that for every n and every z € C,

K fm)(2)] < A ) el

Theorem: Let M be weakly bounded and f(z) an entire

n 1/
function. If hmnﬁoo‘ '1> (2)

= 0, then the chromatic

expansion of f(z) point-wise converges to f(z) at every z € C:

f(2) = X320 (=1)KI[£1(0) K [m] (2).

The convergence is uniform on every disc of finite radius.

Corollary: If M is bounded then the chromatic expansion of
every entire function f(z) point-wise converges to f(z) for all z.



Corollary: Let P}'(w) be the orthonormal polynomials
associated with a weakly bounded moment functional M; then

S = 3 7 PM(w) K ] (1),
n=0

is a generalization of the equality for the Chebyshev
polynomials /Bessel functions:

Ul = Jo(t) + 2 i F" Tr(w) Jn(2)
n=1



Corollary: The addition formula

[e.9]

m(t+u) = _(=1)"K"[m](u)K" [m](t)

n=0
is a generalization of the addition formula for the Bessel
functions

Jo(t -+ u) = Jo(w)Jo(0) 2 3 (~1)"Ju ) (1)
n=1

Corollary: The equality

+Z<HWH>WWK)=L

i1 V2k—1

is a generalization of
o0
z)+2 Z Jon(z) = 1.

and many more classic formulas for special functions are simply
instances of chromatic expansions!



Some non-separable spaces

» Trigonometric functions do not belong to the spaces Lj":
Z ‘ ICn ejwt Z PM

Definition: Assume M is weakly bounded. We denote by CM
the vector space of analytic functions such that the sequence

e K0P
k=0

converges uniformly on every finite interval.

v(t) =

Theorem: Let f, g € C™ and

O = Gy 2 KO0

then the sequence {6/9(¢)} e converges to a constant function.



Let C¢" be the set of all analytic functions such that

: 1 - 2 _
JLIIC}OW,;K /1(2)" = 0.

> We set C3' = CM/Cy".

» Do the trigonometric functions belong to C3*?

R » 1 &
G e 2 M= G 2

k=0

Chebyshev polynomials: (p =0) if 0 < w < 7 then

n

n—»oon—|- Z

lim

forall 0 < o,w <7, 0 #w

S PI(o)P (W) =0

im 7
n—oo
n —+ =0



» Hermite polynomials: (p = 1/2) for all w,0 > 0, w # o,

1 n
: PHCUQZ 7ew7
n—00 n+1]§) k() us

WmﬁZPk =0

Thus, in this space every two pure harmonic oscillations with
distinct positive frequencies are mutually orthogonal, but their
norms (“energy”) depend on their frequency.



Conjecture: Assume that for some 0 < p < 1 the recursion
coefficients ~y,, satisfy

0 < lim Tn <00
n—oo nP
Then for the corresponding family of orthogonal polynomials we

have
n

. 1 2

n—00 (TL

for all w in the support sp(a) of a(w).

Thus, in the corresponding space C3" all pure harmonic
oscillations with positive frequencies w € sp(a) have finite
positive norm and are mutually orthogonal.

Numerical experiments indicate that this is true...



