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Towards local signal representation

» Let f € BL(7), i.e., f € L? with f/(—(;) supported on [—, 7]

Shannon’s Expansion: Z f(n SH”T()”)
n

(Whittaker—Kotelnikov—Nyquist—Shannon) n=—oo

» global in nature — requires samples f(n) for all n;
» fundamental to signal processing;

» poorly represents local signal behavior

Taylor’s Expansion: f(t) = Z FM(0) t

» local in nature — requires f (")(t) at a single instant ¢ = 0.
» very little use in signal processing — why ?



Problems with Taylor’s expansion of BL(7) signals

1. Numerical evaluation of derivatives of high orders of a
(noisy) sampled signal is unfeasible.

2. Truncations of Shannon’s expansion of an f € BL(m)

— belong to BL(7)
— converge to f both uniformly and in L?

—if A is a filter, then

AlfI(1) = 25— f(n) Alsine] (& — n), (1)

— In comparison, truncations of Taylor’s expansion of an
f € BL(7) have none of these important properties

Can we fix all of these problems???



Numerical differentiation of band limited signals

Let f € BL(7); then f(”)(t) = 1/7r i" (w>nf/(;)eimdw.

" 27 J_n T
\ 05 /
-3 -2 -1 1 2 3

Figure: (w/m)" for n =15 — 18

» derivatives of high order obliterate the spectrum.

» transfer functions of the (normalized) derivatives cluster
together and are nearly indistinguishable.

» can we find a better base for the space of linear differential
operators? An orthogonal base??



Orthogonal base for the space of linear diff. operators

» Start with normalized and re-scaled Legendre polynomials:

% PE(w) PL (w)dw = 6(m — n).

» Obtain operator polynomials by replacing w* with i¥ d*/dt":

d
p= 0P (i )
» Definition of K™ chosen so that
K?[eiwt] — i"P,ﬁ(w) elwt
» Thus, for f € BL(7),

KoUA1(0) = 5 [ PP d.



Why are chromatic derivatives a better base?
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» Compare the graphs of the
transfer functions of 1/7"d"™/dt",
ie., (w/m)™ (first graph) and of
K", ie., Pi(w) (second graph).

» Transfer functions of K™ form
a sequence of well separated
comb filters which preserve
spectral features of the signal,
thus we call them the
chromatic derivatives.

» Third graph: transfer
function of the ideal filter X1°
(red) vs. transfer function of a
transversal filter (blue),

(128 taps, 2x oversampling).



Local representation of the scalar product in BL()
Proposition: Assume that f, g € BL(7); then the sums on the

left hand side of the following equations do not depend on the
choice of the instant ¢, and

S KA = [ pwra= |
n=0 -

> KGR0 = [ f03@dt = (f.g)
n=0 o0

> KAOK - 0] = [ f0g(u— = 7+ )0
n=0 -

» These are the local equivalents of the usual, “globally
defined” norm, scalar product and convolution!

> Aim: “maximally localized” signal processing



Fixing Taylor’s Expansion: Chromatic Expansion

i t
Proposition: Let sinc (t) = sin(rt)

and let f(t) be any

analytic function. Then,

o0

f(t) = Y (=1)"K"[f](0) K"[sinc ()]

n=0

= Z’Cn 0) v2n +1 ju(nt)

jn — the spherical Bessel functions

solutions of 22" + 2zy/ + [22 — n(n+ 1)]y =0

» The truncations of the series belong to BL(r).

» If f € BL(7) the series converges to f(¢) both
uniformly and in L?.



romati roximation versu r roximation
Chromatic appro ation versus Taylor’s appro atio
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> red: the signal;
blue: the chromatic approximation of order 15;
green: Taylor’s approximation of order 15.

> f0(0) = 45 [0 o (—1)™ K™)(0) K™[sinc](t)],_,

dtk m=0

» Chromatic approximations are local approximations



Chromatic expansion vs. Shannon’s expansion

How is Shannon expansion
oo sin(t—n)
f(t) — Zin=—00 f(n> m(t—n)
related to the chromatic expansion
F(t) =250 KMf1(0) v2n + 1 jn(7t)

» Transformation {f(n)}neny < {K"[f](0)}neny Dby an
unitary operator defined by the infinite matrix

[\/2k—|—1jk(n7r) : kE]N,nEZ]:
f(n) = ZICk 0) V2k + 1 jx(nm);

K*[f1(0) = Z F(n) V2 +1 jy(nm).

n=—oo



» In practice one CANNOT evaluate IC¥[f](0) using Shannon
rate samples via

N
KFI0) ~ > f(n) V2k+ 1 ji(nr)

n=—N

because v/2n + 1 j,(7t) decay very slowly and we would need
huge N.

Figure: n=0,n="7,n = 14



Chromatic derivatives are non-redundant!

» This is a good news because this means that chromatic
derivatives are non redundant to the Nyquist rate samples;

» They provide additional “information which:

» can either be in a more convenient for some signal
processing applications,

» or which can be used in addition to the standard Nyquist
rate methods making them more powerful!



Application: signal interpolation

Given pieces of band limited
Mﬂﬂ signals join them so that the
AAA: . . out of band energy is
U Uw minimal.

(1) f2 (1) 3 (1)

We use chromatic expansions
to ensure that the resulting
signal is N times continuously
differentiable Then

ol M| 16 < Lol < ar




Application: frequency estimation

Idea: A signal is a sum of at most N shifted and damped sine
waves iff it is a solution to a homogeneous linear differential
equation with constant coefficients of order at most 2N.

A rough sketch of the frequency estimation algorithm:

» Choose the chromatic derivatives which are orthogonal with
respect to the power spectrum density of the noise:

» take polynomials P, (w) such that

o | Pal)Pu@)S()d = 5(m —n)

» Let K" be the chromatic derivatives corresponding to the
polynomials P, (w), i.e., let

K" = (—=1)"Pn(—1d/dt).



Then, assuming E[v(n)?] = p?, we have

E{K"[W)(n)K™[v)(n)} = 6(m — n)p?

so we can apply the standard SVD or ED methods.

KTl
K3l
K2
K[
Kerf]

3 45 6 7 8 9 10 11 12



General families of chromatic derivatives

» Given a family of orthonormal polynomials P,(w) we can
always define differential operators

d
= 0" P (i )
Question:

What are the families of orthogonal polynomials such that for
the corresponding differential operators K™ and some
associated function m(¢) for all analytic functions f(t)

o0

F(8) =Y (D) "K"[f](w) K" [m](t — u)

n=0

and when is the convergence uniform?



Examples:
Legendre Polynomials/Spherical Bessel functions

» For the (normalized) Legendre polynomials

o [ PH) L) = (m = )

and for m(t) = % we have K"[m](t)=(—1)"v/2n+ 1 j,(7t)
and

Z K"™[f1(0) v2n 4+ 1 jp(mt)

holds for all analytic functions;

» The convergence is uniform for functions in BL(7)



Examples:
Chebyshev polynomials /Bessel functions

» For the (normalized) Chebyshev polynomials of the first
kind:

)
/7r T24/1 m)
for m(t) = Jo(wt) we have K"[m](t) = (—1)"/2 J,(rt) and
F(8) = f(w)Jo(mt) + V2 Z/C” Jn(mt)

- the Neumann series - converges for all analytic functions;

» Convergence uniform for band limited functions which satisfy

[ V= @im? Fe)Pas < o



Examples:
Hermite polynomials/Gaussian monomials

» For the (normalized) Hermite polynomials

| Plw)Piw)

o~

VT

dw = d(n — m)

and m(t) = e /4 we have K"[m](t) = (—1)" LA e /4

V2m nl

» chromatic expansion converges for analytic functions s.t.

() () |1/
lim sup w < 00

n—00 \/ﬁ

» converges uniformly for all analytic functions s.t.

| @R e aw < o



Examples: the hyperbolic family

If L,(w) satisfy

2/ L( (w) sech <7r2w> dw=0(m —n)

ang m(z) = sech(z) then K"[m](z) = (—1)" sech(z)tanh"(z)

Z K"[f](0) sech(z)tanh™(z)

converges uniformly on the disc |z| < 7/2 for functions
analytic on this disc, whose Fourier transform satisfies

/OO 1F(w)]? cosh(w)dw < oo

—0o0



General families of chromatic derivatives

Definition: A family of polynomials P, (w) which is
orthonormal with respect to a non-decreasing bounded
moment distribution function a(w):

o0
/ Po(w) Pr(w)da(w)
—0o0
is chromatic if the moments p, of a(w),
(o9}
fhn :/ w'dw
—o

satisfy
1/n

p = lim sup Hn < 00
n—00 n

Lemma: P, (w) are chromatic if and only if for every 0 < o < p,

/ ela(w) < oo



General families of chromatic derivatives

Theorem: Let P,(w) be a chromatic family of polynomials
orthonormal with respect to a(w), and let

m(z) = / e“da(w)
Then m(z) is analytic on the strip 5,5 = {2 : Im(z) < p/2}.

Definition: A? is the space of functions f(¢) analytic on S, /2
such that for the chromatic derivatives ™ which correspond to

P, (w) we have
o0

> IKMFI(0)]* < oo

n=0

Definition: LZ(w) is the space of functions ¢(w) satisfying

| 16@)da) < .



General families of chromatic derivatives

Theorem: If P,(w) are a chromatic family of polynomials
orthonormal with respect to a measure a(w), Then they are a
complete base of the space L? a(w)”

Theorem: A function f(z) is in A? if and only if there exists a
function ¢¢(w) such that

= /o:o df(w)el“*da(w)

in which case

= S K(0) Pale)
n=0

Corollary: Thus, for all t € R,

AR = o)) Z K" [m Z £ [m



General families of chromatic derivatives

Theorem: If f(z) € A2, then

[e.9]

f(2) =Y _ (=) fI(0)K" [m](t)

n=0
with the series converging uniformly on strips S,/5_.

How about the local (non-uniform) convergence of the
chromatic series??

For example, in the case of the Chebyshev polynomials T}, (w)
and the Bessel functions of the first kind J,,(w), we know that
the chromatic series is just the Newmann series, and that the
above equality holds for every analytic function f(z) !



Weakly bounded families

Theorem: A family of polynomials is orthonormal with respect
to a moment distribution function a(w) with all odd moments
pont1 = 0 if and only if there exist v, > 0 such that

1 _
Poii(w) = — w Py(w) — 122
Tn

Pn_l(w).

Definition: Such family of polynomials P, (w) is:

1
1. bounded if for some M and all n we have i <y, < M.

2. weakly bounded if for some 0 < p < 1 we have

1
— <Y < MnP  and oy

M Tn+1

» Bounded families are also weakly bounded with p = 0.



Examples:

» Bounded families (p = 0):

» Legendre polynomials: v, = % oz

ol

» Chebyshev polynomials: vg = % and yp41 = §
» Weakly bounded family (p = 1/2):

» Hermite polynomials: v, = \/(n + 1)/2;
» Non - weakly bounded family (p = 1):

» Hyperbolic family: v, = n + 1;

» This shows that if we want m(z) to be entire, then
the bound p < 1 is sharp.



Lemma: Every weakly bounded family of orthonormal
polynomials is also chromatic.

Theorem: Let {P,(w)}nen be a weakly bounded family and
let f(z) be an entire function. If

lim (0) =0
n—oo | pll—p
then for every z € C
= > (=1YKI[£1(0) K/ [m](2).
J=0

The convergence is uniform on every disc of finite radius.

Corollary: If M is bounded then the chromatic expansion of
every entire function f(z) point-wise converges to f(z) for all z.



» It turns out that many of the classical formulas such as

el = 30 01" Tn(w) Ju(t)

Jo(t + ) = Jo(u)Jo(t) + 23521 (—=1)" Jn(u) Jn(?)
Jo(t)? + 2352 Ja(t)? = 1
Jo(2) + 2305 Jan(2) =1

are special cases of chromatic expansions valid for all weakly
bounded families of polynomials and their associated m(z):

eIt = 300 o 1" Pr ()K" [m (¢
m(t + u) = S5 (—1)"K" [m] (u)K" [m] (1)
S K [m] (1) = 1
m(z) + Y02y (ITey 2522 ) K20 [m](2) = 1



Trigonometric functions

» Trigonometric functions do not belong to the spaces As:
[e.e]
1wt”2 Z VC” 1wt — Z Pn(w)2 - 00
n=0

Definition: Assume M is weakly bounded. We denote by C
the vector space of analytic functions such that the sequence

) = — S KM

1
(n+ 1)t~

converges uniformly on every finite interval.

Definition: Let Cy C C consists of f(¢) such that

1

Jim CES ’;]Kk[f](t)Q =0.

We define Cy = C/Cy.



Theorem: Let f, g € C and

A0 = Gy 2 KO

then the sequence {6/9(t)}nen converges to a constant function.

Definition: For f, g € C we define

(f,9) = L

» Do the trigonometric functions belong to C2?

al 1 -
n+11pz‘ el WZP”(W)Q

k=0



» Chebyshev polynomials: (p =0) if 0 < w < 7 then

n

[l = lim Z
n— 00 n+

» forall0<o,w<m 0#w

" ‘ -
Wi — lim ﬁZPlfT(U)P,f(w):O

<eiot
n—oo
n+ 13

(S

Y

» Hermite polynomials: (p =1/2) for all w,0 > 0, w # o,

1 n
1wt — lim PHw2: 2w
)| = lim n+1kzzo Fw)? =2 e,

<eiot iwt>

e

)

= lim — ZPk =0

Thus, in this space every two pure harmonic oscillations with
distinct positive frequencies are mutually orthogonal!



Conjecture: Assume that for some 0 < p < 1 the recursion
coefficients =, satisfy

0 < lim Jn < 0.
n—oo nP
Then for the corresponding family of orthogonal polynomials we

have

. 1 . )
0 < Jim, Gy 2 i) <o0

for all w in the support sp(a) of a(w).

Numerical experiments indicate that this is true...

It turns out that the special case with p = 0 is a previously
known, still open problem.



