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ABSTRACT. Prolate spheroidal wave functions (PSWFs)
arise as solutions of an integral equation. This makes them
bandlimited functions in a Paley-Wiener space, but because
they are also solutions to a Sturm-Liouville problem, they be-
have very much like polynomials locally. Chromatic series are
series expansions in which the coefficients are linear combina~
tions of derivatives of a function. They were introduced by
Ignjatovic as a replacement for Taylor’s series and are based
on orthogonal polynomials. Since the PSWFs are close to
orthogonal polynomials they can be used to replace them in
the Ignjatovic theory. The theory can be extended further to
prolate spheroidal wavelet series that then combine chromatic
series with sampling series. This leads to an overdetermined
system which can use either local or global data to approxi-
mate the original function.

1. Introduction. The theory of chromatic derivatives was intro-
duced by Ignjatovic [5] and colleagues in a series of technical reports of
the Kromos Corporation. See, e.g., [4,6,8]. In this theory, he proposed
an alternative to Taylor’s theorem suitable for signal processing appli-
cations. The approximations arising from Taylor’s theorem are almost
useless for band limited signals since the Taylor series do not converge
globally. There is another problem as well as we can see if this we write
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the Taylor series of a o—band limited function as

10=Y7 fooem=y [L

o1 ),

o

(iw)nf(W)dw} t"/nl,

where fis the Fourier transform of f. This series clearly is not globally
convergent even though, as a band limited signal, f is an entire function
which may be rapidly decreasing. Also the coefficients given by the
integral involve primarily the values of f near the endpoints of (-0, 7].
In the Ignjatovic theory, other differential operators, which avoid this,
are used instead. These operators, based on orthogonal polynomials
{Pn(iw)}, may be used to get a good approximation to bandlimited
functions. Their coefficients involve integrals of the form

% /_(7 P (iw) f(w)dw = {Pn(D)f}(0).

Since orthogonal polynomials generally have a much more evenly dis-
tributed spectrum, these derivative operators P,(D) are called chro-

matic derivatives. They lead to a series that is globally convergent as
shown in [4,6,8].

This theory is alsq an alternative to the Shannon sampling theorem
which is used to approximate bandlimited functions, but involves the
values of the function at infinitely many different points. In contrast
to the Taylor series, the partial sums of the sampling series converge
uniformly, but are not local since they require knowledge of the function
at all the integers. The Ignjatovic theory is also a local theory and

requires knowledge of the function (signal) only in a neighborhood of
the origin.

Another method giving good local approximation is the use of prolate
spheroidal wave functions (PSWFs). These do not strictly lead to
chromatic derivatives since they are not polynomials. However, they
are entire functions whose expansion converges very rapidly and can
be approximated by polynomials of low degree. These functions are
solutions of an integral equation and solve the problem of finding the
bandlimited function of unit total energy whose energy on a finite
(concentration) interval is maximized. Their study was pioneered by
Slepian and his colleagues at Bell Labs in the 1960’s [11,12], and has
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recently been revived because bf applications in image ana%)ymzr’;[‘nl;szg
functions form an orthogonal basis both of the space of h.an 1rk .
functions and of L? on the concentration interval. In this wo

show how these different approaches may be combined.

; . 0 ab-
1.1 Quick Chromatic Derivatives In this sectl.on we presg?li; él;dain
i f chromatic derivatives as ex

breviated form the theory o . b sy

‘ itional technical reports ol Kr :
6.14] and several additiona. ' orts ‘

[i’flzali ]This chromatic derivative is a generalization of the ord;r;;;ozfl

1gleriva‘tive and leads to a series referred to as the chromatic expa

of an analytic function f.

Let {pn} be a sequence of orthonor
the bounded, non-negative weight fun

mal polynomials with respe(ft to
ction w(w) on the real line, i.e.,

/00 pr(w)pr(W)w(w)dw = Onk.

y t sup-
This weight function will usually, buE nc;t 'always,lhte;veizncct)}r;;;ashe e}}){_
t {pn} is comple
. We assume furthermore tha . '
II;Zfltsion in terms of these polynomials of a appropriate function g(w)

converges;
O s@=0 ][ o] paruto)

i i f L2 if g/w'/? also be-
i ens automatically in the sense o
’lIc‘)}Illlgs t}i)aplrz)z Then Parseval’s equality for the orthonormal system

{ppw'/?}becomes
. ) i
/‘9‘2/'“) = Z‘< :L‘U%‘z'apnwl/z >‘ = Zl < g,Pn > |
This equality may be expressed as
sy =Y { [ pu(©)9()dE [ pu(w)u*(0)

nse of L2(R) It, in turn, leads

is in the se
where the convergence is in the ST oo o ey

immediately to (1) since multiplication
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is a continuous operation in' L?(R) It should be observed that if w

has compact su :
pport on an
subset. interval, so does g on the same or smaller

FOI' Other fuIlC LIOHS we can ge b a fOI In.al ex pa:IlSlOIl lf tlle m tegl all m
. .
( ) : E? DU t :a‘I“Il:t [lEZlLl:E tlla'b tlle S:CI:ELI].SIC.H con SIggS lt]:l:ut

a(l(ll‘ ()Ilal (:()[]dl (} 1018S. IJ()IlethelesS we p y
S}lall I OCeed f()I IIla;l]. a:Ild tllell

Now let f(t) € L*(R) wi i
ith a Fourier transform gi F
' given b =
Suppose furthermore that the inverse Fourier transformyo{;wL) isg(W).
n

I £
Pn(t) == %/ e pp (w)w(w)dw.

— 00

Then formally we find

@ 10 =Y { [ miateic) .00
= 2m{pa(—iD)F}(0)n(t)
= Zn:O an¢n (t)

provided that the inverse F i €
: ourier transform of the terms in (0)1]
verges to the inverse Fourier transform of g namely ’ S (1) o
y B

Again this will ha ; 2 .
e i ppen if g € L*(1/w) since, by Schwarz’s inequality

lf(t) - Z:;O ansbn(t)’
% /00 e“t(g(w) — Z:[:o anpn(w)w(w))dwl

—0o0

"‘L = g(w) N 2 1/2
: P {'/‘00 'wlT(w) B Zn=0 anpn(w)w'/?(w) dw}

()"

Th i i
. ne(}:eg;s le)q;alr'lsmn of g/w'/? converges to it in the sense of L? and
ast line converges to 0. It is also independent of ¢ and
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therefore the left hand side converges to 0 uniformly for ¢ € R as
N — oo.

The second line in (2) follows from the fact that the Fourier transform
changes derivatives into multiplication by iw, or in terms of the inverse
transform

LT et Py (w)dw = (D) F}E) = (=" S ).

27 J s
This is evaluated at 0 to deduce that

217 /_ O:o Flw)(@™)dw = {(=iD)" F1(0)

which then gives us the formula (2) we want because of the linearity
of the Fourier transform. The expression in the last line of (2) is the
chromatic expansion, since it involves the differential operator P(—iD),
the chromatic derivative.

This procedure works for all the classical orthogonal polynomials,
but is most interesting when a closed form can be found for ¢n (t). This
happens for Chebyshev polynomials, in which ¢, is a Bessel function,
for Legendre polynomials, in which it is spherical Bessel function,
and for Hermite polynomials, in which it is the product of a monic
polynomial and a Gaussian function [4,7].

2. A generalization We first observe that we do not need the
orthogonality, but merely need a biorthogonal pair {Pn, hi} for which
the integral satisfies

(3) /_00 P (W)hi(w)dw = Onk

[e]

in order to get the expansion in (2). The completeness of the or-
thonormal sequence is replaced by the requirement that the {hn} be
a Schauder basis. We can also replace the polynomial p, by an en-
tire function 6, provided its power series converges sufficiently rapidly.
Then the chromatic derivative will involve an infinite series of deriva-
tives rather than a finite sum.
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We can even replace the function hy by a generalized function (dis-
tribution) and the integral in (3) by the value of this distribution on
the test function 6,, which we denote by < hy,0,, > . We also need
to apply Fourier transforms to these distributions. There are several
theories of the Fourier transform that we can use based on different
types of generalized functions, but we shall initially restrict ourselves
to &', the space of tempered distributions [25].

The series in (1) then has the form

P Z::o:o anhn,

where g is an element of S’ as well. The convergence of this series is
weak™® convergence, that is,

<g,9 >= Z:oz()an <hn>0>

for each test function # € S. In particular, it holds for 6 and
hence < g,60, >= ax. The Fourier transform and its inverse are both
continuous operations in &, and hence the inverse Fourier transform f

of g is given by
(o) ~
f=2 anhn

where ﬁn is the inverse Fourier* transform of hy. In order for this to
be a proper chromatic series, the coefficients must be given by linear
combinations of derivatives of f or limits of such linear combinations
on the support of g. This will work if each 6y, is analytic on the support
of g since then a,, = [0,,(—iD) f](0) makes sense.

A more general space of generalized functions is the space Z , the
space of "ultradistributions” whose test function space Z is composed
of entire functions so that the condition that the 6 be analytic is auto-
matically satisfied. A less general space is the space &’ of ” distributions
of compact support”. Its test function space £ contains all C * func-
tions. Both can be used to obtain chromatic series. '

Example 1. As an example let 6, = p,, be given by Pn(w) = w™/nl,
which belongs to the space €. Then if we take hy = 5(k), we find that

< by pn >=< §® (W), w™ /0l >= (~1)* < §(w),w™ M /(n — k)! >
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by the well known properties of the delta function ([25], p.188). Since
<y5 ¢ >= ¢(0) by definition, it follows that

< hgypn >=< 5 (w),w™/nl >= Ok

i . To
In this case pn, although a member of the space ::,'i ) 18 :n:(;ufei?gegd
find its inverse Fourier transform, we need to consi er it z:L e 28]
distribution from which we find it to be exactly' (—1) ) [nl b,
g 8ré The inverse Fourier transform of hy in this case is given by
E:S‘kl(t) e ;—(—it)k. The chromatic expansion (2) for then will be
s

o= (€ /Do) | 6u(0)
=37 2n{(GD)"F}O)n(t)
=37 O,

For the convergence implicit in this seriels tj;.o
i t support, and be analytic
t have g € £’ ,i.e., have compac . ’
Worll"{ ’OWE;;\I;; ihe endgresult, hoids for analytic functllons, of course, but
near 0. .
only locally. It does not converge in the sense of £'.

a familiar expression.

we replace pn by the function
to co. We take hy to be given by
function of [—m,]. The inverse
while that of hg is the familiar

Example 2. As another example,
einw /2 with n now ranging f¥0n% —00
e—ihwx, (w), where X is the indicator
Fourier transform of €™ is 6(t — n),
sinc function A

o) =" Ry

The chromatic expansion for this example will be

=Y A/ (@ )a(e)de | gl
sinm(t —n)

D MR (L

a. In this case the convergence holds for all T—

ili mul ;
another familiar for and is uniform for all ¢ on the real line.

bandlimited functions,
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The pi bandlimited PSWFs, phi(c,k), tao=1, k=0,1,3,4, !
25 T T T T T T T T T

phi(c,k)

and 7 = 1 on a larger

2 1 I L L L L L L !

21 08 -06 -04 02 0 02 04 06 08 1 FIGURE 2. The PSWFs o with parameter values o = T

X

interval.
FIGURE 1. The PSWFs g, ¢1, @3, @4, with parameter values ¢ = 7 and 7 = 1 on
the concentration interval [—1,1].

3. Prolate spheroidal wave functions The prolate spheroidal
wave functions (PSWFs) have a combination of local and global prop-
erties that might nake them a suitable generalization of chromatic
expansions. They are obtained by separating the variables in the wave

equation
Viw+ k*w =0
on a prolafe spheroid. This leads to the differential equation eigenvalue
problem
d?y . dy
4) Pylp o= {17 tQ)Eﬁ - 2t% — oty = py,

which is similar to that of the Legendre polynomials. In Figure 1 we
show four of the PSFWs on their concentration interval [—7, 7] where
7 is the parameter appearing in (4); their similarity to Legendre poly-
nomials is apparent. But the solutions, i.e. the eigenfunctions {en},
are not polynomials, although they share many of their properties.

These solutions are the PSWFs and constitute an orthogonal basis of FIGURE 3. The PSWFs ¢o
& 7,7 interval. B

with parameter values o = 7 and 7 = 2 on a larger




b G. WALTER

In common with polynomials they can be extended to the entire
real line and even to the complex plane. However, in contrast to
polynomials, they are bounded on the real line and are entire functions
of exponential type in the complex plane. Figure 2 shows g, with
parameter values o = 7 and 7 = 1, on a larger interval; it is positive
on [~1,1] and is smaller outside this interval. If 7 is taken to have the
larger value 2 as in Figure 3, this concentration is even more apparent.

It appears almost to have compact support, but it cannot since it is
an entire function. In fact, as we shall see later, more than 99.9% of
the energy of o is concentrated on [~2,2].

They are also solutions to another problem, that of maximizing
the energy on an interval [—7,7] of a o—bandlimited function. This
problem is important in communications theory since all real signals
are bandlimited; as such they cannot be time limited as a consequence
of the Heisenberg uncertainty principle. The next best thing is to
maximize the ratio

_ S @)t

? A

which lead to an integral equation

(6) Socf10) = [ F(@)50(t — z)do = AF(2),

=

~ where S, is a rescaled sinc function. The function which maximizes the
ratio in (5) is the first PSWF ¢, the function among those orthogonal
to o that maximizes this ratio is the next PSWF ¢4, etc.

The reason the same functions are eigenfunctions of both the differ-
ential operator in (4) and the integral operator in (6) is that the two
operators commute. This was called a ”lucky accident” by Slepian, one
of the founders of the theory in the 1960s [11]. These PSWFs have
many additional unusual properties [21,23], some of which we list here.

3.1 Properties of PSWFs. We now restrict ourselves to o =  in
order to simplify some of the formulas, but continue to allow 7 to be
a variable parameter but suppress it in our notation. In addition to

the equation (6), ‘ !
as well since all functions in B, do:

ons 273
GHROMATIC SERIES WITH PROLATE SPHEROIDAL WAVE FUNCT

the {¢n} sé,tisfy an integral equation over (—00, 00)

/ ™ on(@)S(t - 2)dz = (n * S)(t) = #al?)

— o0

This leads to a dual orthogonality [23]

/T ‘pn(w)‘Pm(m)dm = AnOnm, /_oo ‘Pn(w)‘Pm(fE)dm = dnm-

-7

. 2 _ S
In fact, the {¢n} constitute an orthogonal b;sm fof L b(anv('i,lz'rzlit:d
, i of m—
thonormal basis of the subspa'ce w O
Klilct?cs)nasnir?rLz (—00,00). Because of the isometric property of the

e s of
Fourier transform, it follows that {n} is also an orthogonal basis o
L?[—m,m).

i WEF
As one might expect, the PS5 osel:
transforms. Indeed, the Fourier transform is given by

) = (0P Zon (52) %)

where X, (w) is the characteristic functio.n of (-7r37r). ny i' ﬁh:;lg:hzf
ale wewsee that the PSWFs are also eigenfunctions of sti v

?I(ite ral operator [11]. In fact, if 7 = m, ‘then they are] ae;(lz y

eigeifunctions of the Fourier transform on the interval [—m, ™

L[ e s = ont)

e discrete properties arising from two types of

s are closely related to the Fourier

They have some nic
discrete orthogonality [21],

(7) i ‘Pn(k’>(ﬁm(k) = Omn, Z ‘Pn(k)(f’n(m) = Omk-

k n=0
=—00

These may be used when one has only the sequence of sampled values

{f(k)} of the signal. It has the series expansion

f(k) i Z a/n‘-pon(k)'
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The inverse is given by the series

(3) an =Y f(k)pn(k)

because of the orthogonality given by (7). These are the same coeffi-

cients as in the continuous expansion.

4. PSWF series as chromatic expansions The are several
ways in which series of these PSWF's can be interpreted as the general
chromatic expansions talked about in the section 2. We consider two of
them. The first involves using the standard orthogonal system {¢,, (w)}

discussed above while the second involves the wavelet system based on
them introduced in [21].

4.1 Orthogonal ezpansions of PSWFs. We first take the orthogonal
system consisting of their Fourier transforms { @, (w)} on [, 7). Then,
for any g € L?[—n, 7], we have

g(w) = Z:,o:o {/_7r @n({)g(f)df} on(w)
in place of (1), and the inverse Fourier transform gives

(9) f6) =3 2n{pn(~iD)[}(O)pnlt).

Since the ¢y, are entire functions, the chromatic derivative is given by
a power series which converges very rapidly but only locally. A better
choice would be to approximate the n by Legendre polynomials on

the interval [—,7], which is the procedure used in most numerical
calculations [16].

These approximations will be true chromatic derivatives, and will be
quite low order polynomials.

Two such polynomials are shown in Figures 4 and 6 with the errors

shown in Figures 5 and 7 respectively. Notice the different vertical
scales in the graphs of the errors.

The uniform error is less than 10~3 in both cases. The Legendre
polynomial approximation improves as n increases and for large n, ¢,
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is very close to a polynomial of degree n. The formulae for the two :
polynomial approximation used in Figures 4 and 6 are given below: “

Po(t) := 94558 — 1.07769t2 + .43213t4 — 073356 ‘
Fy(t) := 02432 — .30605t2 + .50760¢* — 1828415 + 0257045,

The PSWFs in these calculations are normalized such that T2 lenl? =
1. Since as n increases, more of the energy of ¢,, will be outside of the
interval [—7, 7], both it and the polynomial approximation will be small
in this interval and can be ignored eventually. For example if n = 20,
the maximum on [—1, 1] of || will be about 10~2°. Of course, in our
theory, these approximations are taken in the Fourier transform do-
main; the corresponding approximations to the chromatic derivatives
are found by taking the inverse Fourier transform, which again will be
quite small.

The coefficients in (9) have an alternative expression obtained from
(8). It is

(98) FO=3 3 Fk)en(k)pa(t).

Thus the same series can be interpreted as a chromatic series or as a
sampling series. If the data is very localized then the coefficients in (9)
are appropriate, whereas if the data is more global, then (9a) is better.

The series in these expressions generally converge very rapidly. This
arises because of the properties of the eigenvalues )\, which satisfy
1> X > A1 > A3 > ... >0. The first [27] are relatively close to 1 while
the remaining ones are close to 0 [11]. Thus the series in (9) may be
approximated by a small number of terms if the function f has most
of its energy concentrated in the interval [-7,7]. In fact, we have the
following formulae

Z)\n=27'. and Z)\n(l—)\n)ﬁAIOg+T+B-
n=0 n=0

These are important because of the version of Parseval’s equality for
[ € B when the integrals are taken over the interval [—7,7] :

[ 1@Pdr =3 Mlanl 5 37 A

n=0
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FIGURE 6.

The polynomial approximatio

n Py to ¢4 on the interval [—1, 1].

FIGURE 7.

The error in the polynomial approximation to ¢4 on the

interval [—1, 1].
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For

0.243(:){?;1111)1551@ 7 = 1, the first three eigenvalues are 0.981, 0.749

D2t ,2 5 ﬁrss sum of all.the remaining eigenvalues is 0.02’7. For,

o, ; 7 eigenvalue is 0.9994 which is also the proportion of
gy of the first PSWF ¢y concentrated on [—2,2]. (See [23]) Thl(l)s

the values of (g outside of this i
t : ..
Figure 3). of this interval will be negligible (as seen in

4.2 Prolate spheroidal wavelets. As an alternative, we may use th
] e

prolate spheroidal wavelet i i
. s to obtain series representations of functions

Th ;
cone :nftirs‘i .prolate spheroidal wave function, ¢y, the one with maximum
expedie;i 1(;11 CLH [—T ) T'], may be used to generate a basis of B, by the
{0t n)o} ha H’t)g - n;lteger translates. The set of all such tr:mslates

s as been shown to be a Riesz basi
setti 3 asis of B, [21]. I
ing of wavelet theory, ¢y is a scaling function or fath:zr [Wa]velertl ;1}1151

the closed linear s
. : pan of {¢po(t—n)} is the
in this case, our Paley-Wiener spa?c}e B wpnce nsually denoted as 6,

A Ri i v, T
(onlt fss)}bcamst.has a dl%al basis {@o(t — n)} which together with
Sy ons itute a biorthogonal system. We can get this dual

y defining the Fourier transform of the dual function @, ) alsla

(10) NE L) e Po(w)
e >k [Go(w — 2mk) 2

From this i = RS R

shown ihnlsv;;\ffe?lgt? Vtvlj o 'Zk i (w = 27k)@o(w — 2mk) = 1, which, as

o eory., is equivalent to biorthogonality [2]. Since,
pport on [—, 7], it follows that the sum in the denominator ;io

duces t i =
it @()) ;assligle term' so that (’D(l;(w) = (1/@o(w))Xx (w). Furthermore,
uous on [—7 7(:] ZT\I;OS in [—m, 7], §o will be a bounded function contin-
by the, ¢ OV‘f W‘_J can put this into a chromatic series settin
& the generalization to (2). The role of ¢, will be played by

Po(t —n), while the coefficients will be given by

/ ol (e = | " Bo©)e g e)de

= 2m{o(—iD) f}(n).
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Hence (2) in this case is

(11) 1) =3 2n{po(~iD)f}(m)Bolt —n)-

again can accurately be approxi-

Now @ is not a polynomial, but
e it is just a multiple of @o with a

mated by Legendre polynomials sinc
scale change [17].

Thus we have two possible approaches based on PSWFs. The first
involves the standard expansion in PSWF given by (9) which uses only
local values for the series while the second given by (11) involves global
values. If we combine the two, we have an overdetermined system, but
can use some terms from (9) to get good local approximation and then
some from (11) to get global approximation. If f is highly concentrated
on [—, 7], the former series works better, if not, the latter works better.
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