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Abstract

This report is intended to be a convenient reference for working in
the theory of chromatic derivatives, due to Ignjatovic. We first list the
main definitions and formulas used in the theory. The main body of the
paper presents the formulas for a number of special classes of chromatic
derivatives, and describes the application of each. We also present some
methods for numerically deriving additional chromatic derivative classes.
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1 Introduction

This document is a reference guide for people wishing to work with orthogonal
differential operators, as developed by Ignjatovic [1]. In the first section we
review some theory and the associated formulas for families of differential oper-
ators for the Fourier transform. The middle two sections of this paper contain
a formulary in which we record the operators and associated functions for each
of the most important families of differential operators that can be used by ma-
chines processing industrially-important signals. Finally, we finish by recording
some numerical methods useful in obtaining functions and formula constants
associated with arbitrary families of such operators. ’

The application of an operator L to a signal f will be written L[f], or
occasionally simply as Lf. F [f(t)] (w) = ffooo F(t)e~tdt represents the Fourier
transform of f, and F~! [F(w)] (¢) = 5= [ F(w)e™*dw represents the inverse
Fourier transform of F'. We will use F(w) for F [f(t)] throughout.
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2 Review of Chromatic Differentiation and For-
mulary Contents

For each of the families we record the following information:
1. The names that are used for the family of differential operators.

2. The frequency-domain weight, W {(w), which controls the frequency domain
of operation of the family of operators; i.e., the filtering the differential
operators do when applied to a signal. The weight essentially determines
all of the other formulas for a given family as well as implying differential
operator characteristics such as:

(a) the energy of the signals that the operators can process; ranging
from certain infinite energy signals to restricted kinds of finite energy
signals.

(b) the kinds of signals that the differential operators naturally predict
just outside of the domain of ordinary local representation. L.e., sig-
nals with the same spectrum as the weight are naturally predicted
using the associated differential operators.

(c) how real and imaginary parts of sighals interact when representing
them using the family of differential operators.

W (w) must satisfy
o0
/ W(w)dw =2xn (1)
—x0
and ffooo W (w)w™dw < oo for every n.

3. The frequency-domain polynomials, P,(w) for every n each of degree n,
which are complex-valued orthonormal polynomials with respect to the
frequency-domain weight.! In detail, we require

[ rwr@wew={ 5 EZm @)

—0

Throughout this formulary, these polynomials are chosen by applying the
Gram-Schmidt procedure to 1,z,z%,z%,..., modulo the above require-
ment. These polynomials determine the transfer function of chromatic
differentiation:?

Knlf](t) = F 7! [Pa(w) F(w)] (2) 3)

1Although Legendre’s P polynomials form one of the classes of polynomials, we are using
“Pp” here in a completely generic sense.

2Throughout this paper, we implicitly assume that for any f considered, F(w) = 0 wherever
W(w) = 0, for the given W. This is significant in equation (3) because, for bandlimited W,
K, does not act outside the bandlimit, even though P, is non-zero. (We could restrict the
range of the polynomials, but the current treatment is analogous to standard differentiation.)
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Note that when W displays even symmetry, (W (—w) = W(w)), the indi-
cated orthogonalization procedure produces functions Psy with even sym-
metry and Pagq1 with odd symmetry (Pogi1(—w) = —Pogs1(w)). Given
this, we can choose coefficients which will guarantee conjugate symmetry
for every n (Pp(—w) = P} (w)), in which case the chromatic derivatives of
real signals are real. This is done for all families discussed in this formu-
lary.

4. The explicit time-domain functions which are associated with the chro-
matic representation of each family. These are the functions

By(t) = (-1)"F 7 [Pa(@)W ()] (1) (4)

which are used to interpolate a signal locally after the family’s differential
operators have acted upon the signal. They may be equivalently presented

* By(t)
By (t)

Flw() (¢t
<—1)LKELT£0(] 0 (5)

5. The chromatic derivative definition, an inductive definition of the family’s
differential operators, which is closely related to (and straightforwardly
derivable from) the recursively generated frequency-domain polynomials.

6. The chromatic derivative operator iteration formula which governs how a
chromatic derivative acts upon another chromatic derivative within the
same family. Expressing products of frequency-domain polynomials as
PPy = Z;n:'zk C,m,; P, we can express

KnKrf = F ' [PoF [F1PF]])
= Fl[P.PF)

m+k
—1
= F E Q. m,j PjF
=0

m-+k
= Y ormiK;f
j=0
Linearization formulas are given for classical families of orthogonal poly-
nomials in the compact form P, Py, = Z;.n:’g(m’k) Bk,m, i Prmtk—2j. We thus
express iteration of chromatic differentiation as

min(m,k)

EmlBelfl= > tkmiKmir—2;lf] (6)
=0

where the ag, m,; will differ from the classical G, ; in that we use nor-
malized, complex versions of the classical orthogonal polynomials.
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Other pertinent formulas also appear, such as the chromatic derivatives
(CD’s) of important functions or special time-domain function orthogonality
relations.

The primary application for chromatic differentiation is signal representa-
tion and approximation. Signal representation is obtained by decomposing the
Fourier kernel, which shows how the time and frequency-domain functions are
connected.

=3 Pu(w)Bu(t) (7)

k=0

Signals can thus be represented by their chromatic derivatives taken at an ar-
bitrarily chosen “central” point to as follows: 3

o) = % /_oo Flw)eitdu

1 e . :
— 2_ / F(w)ezwtoezw(t—to)dw
w J-

= / F(w)eito

_ g[%/_mpk( W) F(w )“"todw] Bilt — to)

i Pu(w) Byt - m] d

F&) = D Kilfl(to)Br(t —to) ®)

k=0

A local approximation of a signal is given by considering only Ky f through
Kpsf. The error introduced by such an approximation is given by the following:

O ZKk fl(to)By(t — to)| < VA 1—ZBkt—t0)2 (9)

k=0

where A = ffooo ﬁ | f(w) |2 dw is “windowed” energy (i.e., energy relative to
the frequency domain weight W).

3 Bandlimited Signal Representation and Signal
Processing

3.1 Bessel J / Chebyshev T

This is one of the most important families of operators because of the simplicity
of its formulas and because of the many properties that Chebyshev T polyno-
3

we ignore the required argument for convergence of the infinite sum, which can be found
in [2]; a different type of general argument appears in [1]
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mials and Bessel J functions possess. In particular the Bessel J / Chebyshev T
CD operators are useful in the following situations:

o wherever we need to approximate a signal or transfer function in the fre-
quency domain since Chebyshev T polynomials provide an optimal mini-
max approximation; e.g. they can be profitably used in filtering.

o wherever we need to or are able to solve time-domain differential equations
having solutions which are Bessel functions, of which there are many in
physical phenomena; e.g. in antenna design.

e when we need to process signals which locally look like they contain infinite
energy; e.g. transient-like signals in audio applications.

For this section, we let co = 1 and ¢ = +/2 for positive integers (k > 0).
Frequency Domain Weight

21— (2% —r<w<m
0 otherwise

WT(w) = {
Frequency Domain Polynomials
PT(w) = FexTr(2)
ki3
where T}, are Chebyshev polynomials of the first kind.

Time Domain Functions
B,,‘cr(t) = ¢ Ji(nt)

where Ji are Bessel functions of the first kind.

Chromatic Derivative Definition

Kglfl = f

Ky = LY

KTl = 22 KT +VEKEL)

Il = 2OKE(f]+ KL ,lf] forn>3

79t
Chromatic Derivative Operator Iteration

T (&)Te(@) = 5 (Tonts(@) + T 1(2)

implies

KEREU = 5 (222 ) KA+ (coyminem (£ ) k1)

Cmtk Clm—k




Kromos Technology, Inc. Proprietary and Confidential 7

and
_1)k CmCh ) CmCh
kT(Er] = 1 (((emek | pr _1ymin(m.k) BT .
k [ m] 2 (<Cm+k> mtk + ( 1) C|m_k| [m—k|
Orthogonality Relation
co dt oo m=n=~0
| BB T =1 2 m=n>0
e It 0 m#n
CD’s of Sinc
L m=20
KT [sinc](0) = 0 i) m odd

m/2 iy m 2441
D ide (FL R e

CD’s of Sine and Cosine (0 < a <)

KZ[sin(at)](0) = {((J"l)(m“””P%(a) m odd

m even
KZ [cos(at)] (0) { (()—1)’”/2P£(a) m even

3.2 Double Bessel / Chebyshev U

The double Bessel / Chebyshev U differential operators are important them-
selves and also indicate the possibilities available in other ultrashperical poly-
nomials which use frequency-domain weights which emphasize lower frequencies
inside the bandlimit. In particular, these operators are useful:

e wherever we need to approximate a signal or transfer function in the fre-
quency domain since Chebyshev U polynomials provide an optimal least
first power approximation; e.g. they can be profitably used in filtering.

e whenever we wish to approximate waveforms which dampen quickly; an
inherent property of double Bessel functions.

Frequency Domain Weight

4 wy2y1
Uy d 71— ($))F —m<w<nw
Wow) _{ 0 otherwise

Frequency Domain Polynomials
P{ (w) = *U(2)
T

where Uy, are Chebyshev polynomials of the second kind.
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Time Domain Functions
B (t) = Ji(nt) + Jpya(mt)

where J, are Bessel functions of the first kind. We refer to the sum
Ji + Jr42 as a “double Bessel” function.

Chromatic Derivative Definition

Kilf] = f
a
K = 24
KJlf] = %%Kﬁ_l[fHK,’{_g[f] for n > 2

Chromatic Derivative Operator Iteration

min(k,m)

Y (YK moslf]

i=0

KoK [f)]

min(k,m)
K{[BRl = Y. (DB,
=0
Orthogonality Relation

/oo BY (wt)BY (t)|t|dt = { El)(m +1) m=n

—00 m 7é n
CD’s of Sinc
1 m=0
KU]sinc](0) = ¢ O () m odd
2 ipm _o4 f) 7
Z;n:/o (—1)i+%2m 2J(m—_§j+—1) k > 2 and even

CD’s of Sine and Cosine (0 <a < )

KUY [sin(at)](0)

(-1)m=1/2pY(q) m odd
0 m even

K,[,jl [cos(at)](0)

(-1)™/2PY(a) m even
0 m odd

3.3 Spherical Bessel j / Legendre P

The spherical Bessel j / Legendre P family of differential operators are very
useful because of the flat frequency weighting they have. Such operators are
useful:
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e whenever general bandlimited signals are being processed, whether for
filtering, transmission, or compression.

e wherever we need to approximate a signal or transfer function in the fre-
quency domain since Legendre P polynomials provide an optimal least
squares approximation; e.g. they can be profitably used in filtering.

e whenever we wish to generalize the sinc functions which are the harmonic
interpolants of signals; sinc is the zeroth time-domain function of the
spherical Bessels. Thus, this family of differential operators can be used
to represent locally any signal of finite energy.

Frequency Domain Weight

Wp(w):{ 1 7<w<xw

0 otherwise

Frequency Domain Polynomials
PP (w) = V2 + lPk(;)

where Py, are the Legendre (spherical) polynomials.
Time Domain Functions

Jpy 3 (1)

BE(t) = V2k + 1jp(nt) = V2k + 1 N

where ji are spherical Bessels of the first kind.

Chromatic Derivative Definition

Kilfl = f
Kfi = LY
ro = (B Dr i (SRR ki

for n > 2.

Chromatic Derivative Operator Iteration

min({m,k)
. VvV2m+ 12k + 1
KEIKL (= Y (-1 akm,; ——Kym—2;
| V2k+m—25)=1

(71
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for constants ay m;n,; computable from the Ferrers-Adams linearization for-
mula: 4

min(m,k) j eI
2m+2k+1 -4 (™)
P (2) Pr() > <2m +2k+1-2j ) NG

1

Jj=

)
- | - Prtk—2;(x)
0,
min(k,m)
= Y Gkm;Prik-2;(z)
3=0

R ek VImFIVIEFT L p
> (1) agm, B

KFP[BP) = o
k[ m] \/2(k+m—-2j)—|—1 k+m—2j

=0

Orthogonality Relation

o) v (@m+1)(2n+1)T( L) .
| BhesEwa={ T e meon
—o0 0 m#n

CD’s of Sinc
1 m=0

K,’Z[sinc] 0) = { 0 otherwise

CD’s of Sine and Cosine (0 <a <)

Kimn(a)o) = { ST modd
_1ym/ a m even
KP[cos(at)](0) = { (() P @) mided

3.4 Ulirabessel / Ultraspherical (v > —3,v # 0)

The ultrabessel/ultraspherical differential operators can be used for locally pro-
cessing most useful, real-valued, bandlimited signals. Such operators include
the previously mentioned families of bandlimited operators as special cases.

e Probably the most useful of the remaining families in the ultraspherical
group of families is where v is relatively large; such weights would be useful
for processing and generating signals containing mostly low frequencies
(but with some higher frequency components). Families with rather simple
governing equations are those with v = %n for n a positive integer.

4where (3), = ﬁz;—;_—: is the “fractional z choose w” function and where (), = Hr%')zl

is the Pochhammer symbol
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e These can be particularly useful for transmission modulation in severely
attentuating channels which force one to transmit most information in the
lower frequencies. For this application we would select the ultraspherical
weight which would provide the closest match to what the water-filling
version of Shannon’s theorem would advise.

Frequency Domain Weight

V2 1
WC"(w)={ iy (L (2% —r<w<n

0 otherwise
Frequency Domain Polynomials

(k + KT (2v)

P (w) = VL(k + 2v) k(%)

where C}/ are the ultraspherical polynomials, also known as the Gegen-
bauer polynomials.

Time Domain Functions

v Jku{mt) 2¥(k + v)I'(v) vI'(k + 2v)
BY (1) = ( +t" ) ' ( v ) El(k + v)['(2v)

We refer to \/_%_ i"t",,(—"t) as “ultrabessel” functions.

Chromatic Derivative Definition

Kov[f] = f
K&l = VI (1) 3
Kl = SR () By

KC,[f] for n > 2.

N m+v)(n—-1)(n—2+2v)
nn—142v)(n—2+v)

Chromatic Derivative Operator Iteration

min(m,k)

KK = D) (Wakmg Kimoglf]-
3=0
(m 4+ v)(k+v)mEID(20)T(k +m — 25 + 2v)
(k+m—2j +v)v(k+m —2§)0(m+ 20)T(k + 2v)
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for constants ag,m,; computable from the Dougall-Rogers linearization for-

mula: °
in(m.k _ o
o) = 3 )(m”*”“?ﬂ) <(’"Z’if])>
m k - — - : Tk—j
3=0 m+k+’/ J (mk ])u
(m+k—j+2u-—1)
A BN B ()
(k) m+k—2j
i’y
min(m,k)
= Z ak,m,j * Ok —25 ()
min(k,m)
Ky [Brcr;] = Z (—1)J+kak,m,j Bl?+m—2j'
j=0

(m+ )k +v)mkT2v)I(k + m — 25 + 2v)
(k+m —2j+v)v(k+m—25)IT(m + 2v)['(k + 2v)

Moving Between Ultraspherical CD Types Since it is the case that: ©

n

2
v —k(v — )i +p - 2k)
Cnle) = Z (1 + Vn_rklp Cn-24(®)
L3)
= Y bhCh (@)
k=0
we see that:
(31
K] = D (-Dkork K06
k=0

(n +v)unll(n — 2k + 2p)T(2v)
(n =2k + p)v(n — 2k)IT(n + 2v)T'(2u)

Swhere (Z)V = (Vﬁ(ﬂh is the “fractional z choose w” function; where (v), = %%l

is the Pochhammer symbol; and where (7) = I‘(T—l—l;ﬁ:‘(_z)m is the ordinary generalized “z

choose w” function.
Swhere (z)y =z - (z+1)---(z+k—1) for k a positive integer and (z)o = 1
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4 Non-Bandlimited Signal Representation and
Processing

4.1 Gaussian Monomial / Hermite H

When considering the difficult problem of processing non-bandlimited signals,
the Gaussian mononmial / Hermite H differential operators have many attrac-
tive features because of the fact that their sharply decreasing frequency-domain
weight makes them somewhat bandlimited in practice. Thus, the operators are
useful:

o whenever there are mainly bandlimited signals to be processed but where
we need access to higher frequencies for a specific reason; e.g. for dealing
with nonlinearities in transmission.

o when we are processing signals with a lot of bandlimited content but where
higher frequencies must be dealt with as central to the signal; e.g. in video
processing.

o where we need to process 2-dimensional or higher order signals, because
the form of the time and frequency domain functions is very convenient
for generalizations of the formulas given below.

Frequency Domain Weight
wWH(w) = 2\/776_‘”2
Frequency Domain Polynomials

P (w) = ﬁﬂkw

where the Hj, are Hermite polynomials.

Time Domain Functions

1 e
BE®t) = Wtke e/4

which are Gaussian monomials.

Chromatic Derivative Definition

Kilfl = f
KF = Vi
KA = s K+ [ KELalf forn 2 2
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Chromatic Derivative Operator Iteration

CH cH k) j (m+k —2j)! H
m[ k [f]] = E : (_1) Akym,j mlkl4i k+m—2j[f]
e k!

for constants ay,m ; computable from the Nielsen linearization formula:

Ho () Hi () lmgfk)<?)<E)?thm+baﬂx)

=0 J
min(m,k)
= > trmiHmnir-2;(2)
=0

H{pH ™ 4k (m+k-25)! g
K [Bn] = E : (=1 akm i\ Bk+m—2j
— mlkl4s
i=

4.2 SechTanh / Hyperbolic

The sechtanh/hyperbolic differential operator family can be useful when we
need to process highly non-bandlimited signals, but where we do not need all
of the power of wavelets and/or where we wish to retain the ability to process
functions locally (using a fundamentally local approximation). Such operators
can be used:

e to calculate rough, but wide-ranging, frequency spectrum values of un-
known signals.

o to represent high frequency signals approximately using only (relatively)
slow integrations to collect the interpolation coefficients.

Frequency Domain Weight
1
WL (w) = sech (iw)

Frequency Domain Polynomials
P{(w) = Li(w/m)

where Ly, are what we call the hyperbolic polynomials which are orthog-
onal to weight sech(rz/2), and generated by the recursion:”

Lo(:L') =1
Li(z) = -z

",'—]:L'-'E‘Ln—l(w) - (

n—1

It

L,(x)

) inae) 22

7Compare to the classical Laguerre polynomials
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Time Domain Functions
BE(t) = (—1)®sech(nt) tanh* (nt) = Sk ()
(hyperbolic secant and hyperbolic tangent)

Chromatic Derivative Definition

Kglfl = f@®
KA = 1o
KN = —mggkialfl+ (50 ) KEl
Chromatic Derivative Operator Iteration
min(m,k)
KL IKE[f]) = ZO (=1Y @km.; * Kiym—357]
j=

for constants ay,m,; computable as follows:

L Gmkk = Gkmi = (}) for all 0 < k < m;

2. by induction on (m, k) we simultaneously define for m,k > 0
Ok,m,0 = Gm,k,0 = Gk—1,m,0 + Gk,m—1,0;
3. by induction on (m, k, j) we simultaneously define for § < min(k, m)
Ak,m,j = Om,k,j = Ck—1,m,j T Qk—1,m—1,5—1 T Ck,m—1,5-

‘We obtain:

min(k,m)

Ki(Br] = Z (_1)j+kak,m,j BI€+m—2j
j=0

5 The General Case Numerically

In this section we outline how to find families of differential operators and their
associated chromatic expansions when we are given only a real valued frequency
domain weight to start with. Naturally, the task is not so straightforward as
was the case with the classical orthogonal polynomials because there will not be
closed-form formulas and definitions to refer to when building up the necessary
library of tools we need to efficiently do local signal processing with chromatic
derivatives.

Note that the suggestions below are not intended for real-time computa-
tion of families of chromatic derivatives; the computations are intended to be



Kromos Technology, Inc. Proprietary and Confidential 16

done off-line and will generally take a considerable amount of time to attain
good numerical accuracy. However, given an even, real-valued weight with a
bandlimit—an important case because it covers all real bandlimited signals (and
therefore all complex signals for which the real and imaginary parts have identi-
cal spectra)—it is possible to extract a procedure from those given below which
produces good approximate frequency and time-domain functions and differen-
tial operators during a reasonably short real-time training period. However, this
requires starting with auxiliary polynomials in order to define such families, as
we outline in §5.1.2 and §5.2.1.

5.1 Obtaining the Frequency-Domain Orthonormal Poly-
nomials

When given a general real-valued weight; a measure on L? over the frequency
domain from —oco to +0o (or a restricted frequency range, if given a bandlim-
ited weight); we follow the steps below to produce the corresponding system of
orthonormal polynomials.

It is useful here to note that any set of polynomials P;(x) orthogonal with
respect to a given real-valued weight W(z); fj;o P;(z)Pj(z)W (z)dz = 2nd; ;3
can be generated recursively from Py(z) and Pj(z) by knowing the constants
in the recursion equation: Ppy1(z) = (an® + bp)Pn(z) + cnPu—1(x) (where
¢n, >0, n > 1 and all constants are real) that accompanies every such sequence
of orthogonal polynomials. We aim to find such a set of polynomials through
integration (using the weight) using standard orthogonalization techniques and
from which we can extract the above recursion constants.

5.1.1 Basic method
1. First, normalize the weight: f j;o W (z)dz = 2m.

2. To compute up to the Nt'-order Taylor differential operator, compute the
following integrals for all of the positive integers n > 0 up to 2N: m,, =
fj:: "W (x)dz. Such values must exist for the weight to be a suitable
one for generating differential operators, and if computed once then the
following steps are all just algebraic. If the weight is even (W (z) = W{—=z)
for all z) then we only have to integrate the weight with even monomials.

3. Define an inner product on the space R?Y, which represents the space of
. . ~ N
polynomial coefficients, as follows: (p,q) = > =0 PidiMit;-

4. Then, in the general case in which the weight is not an even function
use the modified Gram-Schmidt method with respect to the above inner
product, starting with the unit vectors (0,0, ...,0,1,0,...,0,0), to gener-
ate the orthogonal polynomial coefficients for n-order polynomials (n > 1).
At the end we can normalize the polynomials easily by again using the
inner product.
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5. In the case where W{(x) is an even function, we note that this means that
we can break the modified Gram-Schmidt process down into two parts
(even and odd order polynomials), which could be useful if N is large: the
modified Gram-Schmidt process takes on the order of (N + 1)2 flops.

6. Finally, get the recursion coefficients that iteratively define the polyno-
mials by solving for them directly using the orthonormal functions or by
computing the coefficients of the equation in the next subsection.

Thus, we will have determined both the orthonormal polynomials and the
recursion equations which determine the chromatic derivatives; the CD recursion
equation is taken from the polynomial recursion equation by just inserting some
1’s and replacing the x’s by partial derivatives.

5.1.2 Alternative Methods

There are two modifications to the above basic methods which involve using
analytic expressions for the purpose of increased numerical accuracy.

The first alternative for calculating orthogonal polynomials can be employed
if we are computing the polynomials using symbolic computation software, such
as Mathematica, and the weight W (z) is in relatively tractable analytic form. In
this case we compute the m,, as above, symbolically, along with the associated
inner product, and just use the following three-term recursion directly after
defining Po(z) =1 and Pi(x) =z — ma:

= o= (AR - ()

where () is the inner product associated with the weight W. This will pro-
duce orthogonal polynomials which can then be orthonormalized using the inner
product (see, e.g., [3, §3.6]). As an example of using this method, we have pro-
duced very accurate recursion coefficients for the orthonormalized polynomials
associated with the (non-normalized) bandlimited weight function:

lz| <=
W@)=q 1-3E&-1) <ol <n(1+96)
0 otherwise

for any small § > 0.

For the second alternative, one can substitute auxiliary orthogonal polynomi-
als for the monomials used in computing m,, in the basic method. Assume that
we are given the analytically-known polynomials Ry(z) which are orthogonal
with respect to a weight Wy(z)—we shall call these the auxiliary polynomi-
als. Then define the N*P-order differential operators m,, = fj;o R, (z)W (z)dz.
This definition can provide superior numerical accuracy compared to the Taylor
differential operator, especially in the bandlimited case, if we select the auxil-
iary orthogonal polynomials so that Wy(z) is close to W(z). Then, proceeding
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with the basic method (steps 3 and 4-or-5), we end up with a set of coefficients
which tell us which linear mixtures of the auxiliary polynomials form polyno-
mials orthogonal with respect to the original weight W (z). Finally, it is easy to
transform these “polynomials in polynomials” into ordinary polynomials since
we can, using the recursion generation equation of the auxiliary orthogonal poly-
nomials R (z), recursively build a matrix which converts linear combinations
of auxiliary polynomials into polynomials orthogonal with respect to W(z).®
Then, only step 6 of the basic method, normalization, remains.

5.2 Obtaining the Time-Domain Chromatic Expansion
Functions

In the general case there is not much to be done in this step except to simply
compute the time-domain functions by performing a numerical inverse Fourier
transform for each basis function:

By(t) = (-1)"F " [Pa(w)W (w)]

for a certain number of ¢ values around 0. The integrations will need to be
approximated as the limit of increasing bandlimits if there is no bandlimit on
the weight.

If there is a bandlimit on the weight we might be able to do the calculation
by performing an FFT on the polynomials times the weight, though in that case
we would have to insure at least three things:

e Check the performance of the procedure if the weight will produce func-
tions of infinite energy (using FFTs in this situation can be unstable).

e Use various windows when performing the FFTs to insure consistent so-
lutions are being generated.

o Compute the functions for a very extended range around 0 in order to
be able to accurately interpolate the functions in between Nyquist points
since those are the only places at which the FFT defines the time domain
functions.

Alternatively, given that we want to produce time-domain functions which
obey the equation: K,[Bg] = (—1)"B,, if it is possible to compute just By using
a Fourier transform and approximate By very accurately using functions which
are repeatedly differentiable, especially if they are symbolically differentiable,
then we can use the recursive form of the CD definition to compute the higher
order time-domain functions from the Oth-order time-domain function.

8For example, if Po(z) = 1, Pi(z) = aowx, and Ppy1(x) = an@Pn(x) — by Pr_1(x) then

we can inductively show that if 2™ = >0 _, 9% Pn(z), then znt! = (%f:) Poyi(z) +
T b n $d
=1 [(—Z:—j) + (%?:Ll)] Pp(z)+ (%) where each term contributes to the sum

where its subscripts are > 0.
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5.2.1 Time Domain Basis Functions Using Auxiliary Orthogonal
Polynomials

If the frequency-domain polynomials P were obtained from an auxiliary set
of polynomials Ry orthogonal with respect to some weight Wy, as in §5.1.2,
then another option is available to us for creating the basic time-domain func-
tions, provided that the basis functions Dy for the weight Wy are known. In
this case, each P,(w) was obtained as Y _; BmRm. We assume also that we
have obtained the linearization formula for the auxiliary polynomials RxR,, =
Z;:&n(m’k) YpRm+k—p as described in the next subsection. In order to ob-
tain chromatic differentiation up to degree N, we first approximate the ra-
tio of the weights using a linear combination of the auxiliary polynomials:®
—WWO—% = Zzﬁo apRi. The basis functions for W can then be computed as
follows:

B, = (-D)"F WP,

= (-1)"F! [(Z akRk) Wo Z BmR
= Z Z kB F "1 [Rk R Wi

k=0m=0
2N n 2min(m,k)

= Z Z Z akﬂm'}’p]:_l [Rk+m—pW0]

k=0m=0 p=0

n  2min(m,k)

= Z Z Z akﬂm’YpDk+m—p

k=0m=0 p=0

5.3 Obtaining the Other Formulas

The only other fundamental equation for which we need to generate coefficients
is the CD iteration formula, a formula very useful in adaptive filtering and
modulation among other areas. All that is lacking are the coefficients given by
the linearization formula associated with the orthogonal polynomials:

2 min(m,k)

P (z)Pr(z) = Z dk,m,i Petm—i()

=0

Such linear coefficients are always guaranteed to exist: we could solve for the
linearization coefficients from the polynomial coefficients by just using the equa-
tion above, multiplying out the left-hand side, and solving for the dj, m, ; in terms

91f we are trying to create the time-domain functions on line then it is easy to make this
approximation if the two weights are first approximated by the auxilliary polynomials. Then,
we can compute the ratio of the two weights in terms of auxilliary polynomials by using a
generalized Pade approximation, which is rather easy. (See [4])
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of the polynomial coefficients. However, such sets of equations tend to be poorly
conditioned, the more so as k& and m grow, and so a more stable solution method
should be sought. Note that even for the classical orthogonal polynomials, pro-
ducing closed forms of the linearization equations as we display in the formulary
above are non-trivial undertakings. And even then some of those forms are not
optimal for numerically calculating the coefficients we need.®

However, there is a recursive way to generate these tables by using a recursion
formula invented by Richard Askey [5):

1. We can rearrange the basic recursion formula
Pry1(%) = (an® + by) Po(T) + cnPp1(x)

by requiring it to be renormalized so that the leading coefficient of each
polynomial is always 1, which we will call term-normalized orthogonal
polynomials. Then we can rewrite the basic recursion as follows (renaming
all constants):

Py (2)Po(z) = Ppy1(2) + anPo(x) + b Pr_1(z)
This has the form of a linearization formula—the easiest non-trivial case.

2. Then, it is fairly easy to show, by twice using the above basic, “linearized”
recursion formula, that

1)l+1Pn - -Pan+1 = (an _a'l)Pan+ (bn - bl)ljlpn—l +bl[13lpn—1 _H—lpn]

We can then compute the [P,P,_1 — P,_1 P,] term by using this recursion
formula again. Notice that the indices of the coefficients decrease with
each such iteration while the form of the recursion stays constant as we
keep reusing it in order to get down to the basic recursion formula of step
1.

3. Thus, we can use the Askey recursion to compute tables of as many lin-
earization coefficients as needed by starting with [ = 1 and computing
the coefficients from the basic polynomial recursion for many n. Then,
we use the second recursion to iterate with higher values for [, solving for
P11 Py, all the while collecting in tables the coefficients di m,; which fall
out of the recursion. Such a procedure produces numerically accurate val-
ues provided that our basic orthogonal polynomial recursion coefficients
are accurate.

4. Finally, we need to transform these high-order term-normalized (to 1)
orthogonal polynomial linearization constants into linearization constants
for the orthonormal polynomials we created. But this is straightforward

10Note that in solving for the linearization formulas, we usually do not care about the
positivity of the coefficients dj i, @ property which is crucial for the standard use of these
formulas which is associated with polynomial approximations.
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by computing the constants a which orthonormalize the high-order term-
normalized Py polynomials and then noticing that

2 min(m,k) o
Pm(m)Pk(m) = Z %d;,m,ipk+m—i(m)
i=0 m

where Py are the orthonormalized polynomials and dp, ,, ; are the con-
stants we found using the above Askey linearization recursion on the term-
normalized orthogonal polynomials.
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