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ABSTRACT

We describe a new system for representing signals using
differential operators and how they can be used to apply linear
operators to bandlimited signals. The representation, what we
call the chromatic derivative expansion, requires more
coefficients than ordinary sampling theory dictates, but the
representation has attractive features which make it suitable for
use in adaptive filtering. We study equalization for the purpose
of introducing to the reader the use of chromatic derivatives in
adaptive filtering.

1. INTRODUCTION

We present a new system of representing bandlimited signals
[1,2,3], called the chromatic expansion, which should find
important applications in adaptive filtering. The representation
is similar to that provided by Taylor’s formula for an infinitely
differentiable function in that the chromatic expansion is a local,
numerically non-uniform approximation to the function in terms
of derivatives. But the chromatic expansion is superior to
Taylor’s expansion for signal processing because a finite
chromatic approximation is a bandlimited signal, the
approximation is more accurate than Taylor’s approximation,
and, most importantly, the expansion’s coefficients are
numerically obtainable from noisy signal samples. Finally, the
representation is associated with an interesting method of
applying filters to signals; one which applies a novel transform
to the raw signal samples and can be used in adaptive filtering
to speed convergence of filter coefficients and/or promote
convergence in difficult conditions for adaptation.

In this paper, we first explain how the chromatic representation
works as well as listing its most important properties. Then, we
see how filtering operates when we represent a signal locally as
a chromatic approximation. We discuss some situations where
building filters using chromatic approximations might be worth
the extra expense which the chromatic representation requires
in acquiring and processing its parameters. Finally, we present
some empirical results in adaptive filtering obtained through
the use of chromatic derivatives as applied to the problem of
channel equalization by performing a computer simulation.

2. THE CHROMATIC REPRESENTATION

We introduce the chromatic representation by presenting a
schematic derivation of the main equation. We start with an
interesting mathematical formula and use it to decompose the
Fourier kernel. But first, we list some notation. We denote
linear, shift invariant operators L when applied to signals f as
L[f]. The transfer function describing L we denote by L{w). We
write the Fourier transform as .%; and the signal f's Fourier
transform of course will be F.

2.1 Decomposing the Fourier Kernel

The formula we state here is one that is well-known in physics
and in the applied mathematical community, and we state what
its components are in the sequel ( j=y/~1):
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The j; are the spherical Bessel functions of the first kind, being
defined most easily from the Bessel function of the first kind, J,,
as:

Jy.1(@i)
Jdn=—= 2)

Vo

It is instructive to note at this point that j (z)=sin(nt)/(nf), the
cardinal sine function which appears prominently in the Nyquist
sampling representation equation. To continue, the P, are the
Legendre polynomials, which are recursively defined
polynomials for which the following orthogonality property

holds [4]:
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We then can perform the following schematic derivation for any
finite energy, z-bandlimited function f at time f,:
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where K [f1(t)=F" Y F(w)f "y2m+1P, (o/m))t,). The aboveis
just suggestive, and is not a true derivation because we have
ignored the issue of convergence in commuting the integral and
summation signs. Although the mathematical formula (1)’s
summation converges essentially non-uniformly, the problem
can be dealt with adequately [2], giving us an exact

representation of f as:
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spherical ~ Bessel  functions
The equality (5) we call the

for the normalized

B, (1-1)=y2m+1 j (i-1,).

chromatic expansion.

2.2 Chromatic Derivatives

We call operator K, the chromatic derivative operator, and from
the definition as applied to F above, it is seen to consist of
applying the filter
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to the function f. K, (o) is properly called a derivative filter
because the filter is a polynomial in terms of w; K,(®) is a linear
combination of ordinary derivative filters up to order m, where
the latter have the form, when normalized to the n-bandlimit:
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when applied to bandlimited signal f. However, the chromatic
expansion (5) provides a superior representation of a
bandlimited signal when compared to the Taylor expansion
associated with ordinary derivatives. First, the functions B,, are

themselves bandlimited and of finite energy unlike the
monomials that Taylor’s formula relies on. See Figure 1 (thick
lines) for the first eight normalized spherical Bessel functions.
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Figure 1

Also, numerical chromatic derivatives can be acquired from
noisy data more reliably than ordinary derivatives; a fact that
can be seen by comparing their respective transfer functions in
Figure 2.
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The transfer functions of the K, use the entire spectrum in an
equitable way and are orthogonal as a set whereas the transfer
functions for ordinary derivatives effectively use only the part of
the spectrum near the bandlimit [1].

2.3 Time Domain Functions and Perfect
Reconstruction

The normalized spherical Bessel functions B,, that appear in the
chromatic expansion can, in fact, be defined from the very same
polynomials that define the chromatic derivative operators

[1,2,3]:
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By recalling the orthogonality relation in equation (3), we see
that the transfer functions K, (®) and #[B.J(w) are bi-
orthogonal as two infinite sequences of transfer functions:
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But equation (9) is the condition for two infinite filter banks to
be able to attain perfect reconstruction of a signal broken down
into chromatic derivatives, sampled at one point ¢’, and built up
again using the time domain basis functions (see Figure 3)[5,6].
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This fact provides another way of seeing that the chromatic
expansion, equation (5), is true.

The two sets of biorthogonal filters that are implicit in the
chromatic expansion are quite interesting for the theoretical
implications they might hold, but how can they help one in
adaptive filtering which approaches practicality? For that we
need to the see how finite approximations of the chromatic
expansion behave, which is the case where we restrict the above
analysis and synthesis filter banks to be finite, resulting in
imperfect reconstruction of a signal, even locally around ¢’.

2.4 Chromatic Approximation and Energy

The following tight upper bound inequality for a finite
chromatic expansion, called a chromatic approximation, can be
proven [1,2], and it is the reason we compare the chromatic
expansion to Taylor’s expansion:
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where E(f) is the energy of the signal f. The square root term
provides an accurate look at the relative (to energy) local
approximation that a finite chromatic expansion provides for a
bandlimited signal. Figure 1 shows the error curve, the thin
line, for a finite approximation given the O-th through 7-th
chromatic derivatives (CDs) of f.

Equation (10) is what will distinguish our use of chromatic
derivatives from ordinary filtering theory based on harmonic
analysis because it provides a locally converging approximation
of a signal given a finite number of CDs as its characteristic
parameters. Such an approximation stands in contrast to those
provided by basic Fourier analysis with its Nyquist interpolation
[1] or analogous representations provided by wavelet theory [6].
Specifically, the approximation is focused at one point, ¢’, and
contains an infinite number of time domain representation
functions instead of being a global sum of just one “mother”
function ¢ shifted over many time points, as in:
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Also, the chromatic approximation is generally much more
accurate near the center than what is obtained from the uniform
approximations given by Fourier theory or wavelet theory [1]
when the latter are approximated by using signal samples.

A final equation to note, one which suggests that the chromatic
derivatives provide a reasonable transform of a bandlimited
signal f (as well as determining how we normalize the B,) is
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(12) follows from Parseval’s equality as do most other
frequency-domain transforms’ analogues (see [2,6]).

2.5 Chromatic Derivatives, Splines, and Sampling

With the chromatic approximation and its sharp error bound in
hand, we propose to analyze bandlimited signals in a piecewise
fashion, and adapt filters to those signals, by using spherical
Bessel functions as splines. In particular, for the purpose of
filter adaptation, we will acquire the first N+1 CDs at a rate
dictated by a chosen level of accuracy that we can obtain via the
error bound in (10). The rate specified by (10) - see [1,3] for
some helpful formulas for computing it - will always be higher
than that which is permitted under generalized Nyquist theorems
which state that one can sample a signal and its N derivatives
only every N+1 Nyquist intervals and still reconstruct the signal
perfectly [1,7]. However, the sampling of CDs that one needs
to perform in order to reconstruct the signal piecewise with



accuracy using approximation (10) is less than twice the
generalized Nyquist rate. Thus, the extra burden imposed by
trying to attain (10) is not large.

Also, if we are to convert digital signal samples into accurate
CDs using a finite filter bank of K,, FIR filters of practical
length, then it appears certain that we need to sample at a rate
higher than the Nyquist rate determined by the bandlimited
signal f. This unfortunate fact is not surprising to those who
represent signals using various spline or wavelet techniques for
the purposes of good signal interpolation, such as is common in
video processing. One reason why oversampling is needed to
obtain accurate chromatic derivatives can be seen by looking at
the speed of convergence of Lagrange polynomials
approximating bandlimited functions f under various sampling
rates and comparing them to the infinite Taylor formulas which
are equivalent to the spherical Bessel functions - see [8,1,3]. It
appears that oversampling at a rate of at least two times the
Nyquist rate is required to obtain CDs which have the precision
needed to take advantage of the local accuracy that the
chromatic approximation’s equation (10) claims.

One simple method of designing rather short oversample-rate
FIR filters to implement the K, transfer functions is by
computing filter coefficients which minimize the approximation
error in equation (10) throuah finding the best linear

combination of B, pproximate f locally, using
the error curve y/1- m-O m(t t) to build a window which
defines locality [1]. In other words we perform a multi-B,,

spline using a least squares fit. Such filters are designed jointly
and have impulse responses not much larger than the distance
for which the CDs provide a good approximation. However,
these filters are not particularly resistant to noise that is not far
out-of-band, and so we assume that the filter bank computing
the chromatic derivatives is preceded by an anti-aliasing filter in
order that CDs can be acquired accurately from a noisy signal.

However, taking the unusual approach to signal representation,
approximation (as in (10)), and oversampling that we have
outlined in this subsection is not necessary for use of many of
the results in this paper, especially those consequences
following directly from using filters generated by orthogonal
polynomials. However, we believe that maximal benefit from
the CD representation (5) will accrue only when the unique
convergence implicit in equation (10) is used.

2.6 Generalizations of Chromatic Representation
Before moving on to filtering, we want to briefly introduce a
few useful generalizations of the chromatic representation [2,3].
If we replace the orthogonality relation (3) with the following
weighted orthogonality relationship:
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for (suitably vanishing, integrable) frequency weight p, and
polynomials P’,, then we can extend the chromatic expansion
theory in two ways. First, we can acquire CDs which encode
derivatives of non-bandlimited, square-integrable signals,
though we will not purse this possibility in the present paper
[2,3]. Second, we can make the resulting chromatic derivatives
of a signal f “better prepared” numerically for signals with
spectrum p - we will explain later precisely what this means.
The weight associated with the Legendre polynomials is a
special case of the above formula: p there has a flat, bandlimited
spectrum.

One final important generalization that can be proven to apply
to the CD framework is that for many important instances of
weight p, the general chromatic expansion extends to tempered
distributions (e.g. sine, €*'), and not restricted to finite-energy,
sguare-integrable functions [2].

After selecting the weighted orthogonal polynomials, we can
then define the chromatic derivatives and associated spline
functions which obey the chromatic representation (5) as:
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Note that the spline functions B,, contain the weight p in their
defining transfer functions - this is the reason for referring to the
perfect reconstruction (which works for weighted CDs) spline
and CD pairs (9) as a biorthogonal pair of sequences. We also
obtain the approximation error formula (10) with the one
modification being that E(f) is now a weighted energy term:
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which is proportional to the sum of the squares of the CDs as in
(12).

2.7 CD Recursion and Iteration

Polynomials orthonormal with respect to a weight, equation
(13), can be computed by using a simple recursive algorithm as
follows; a fact that is guaranteed by the Gram-Schmidt
orthogonalization procedure [9,3,4].
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The constants a,, b,, and c, are fully determined by (13) given
the requirement that each P, is a polynomial of order m. The
most interesting weights p are even, p(w)=p(-w), which implies
that ¢,=0, and we will restrict ourselves to such cases in the
sequel since they handle the case where signal fis real valued.

For the purposes of filtering, there is one more important
relationship that the recursive equations of (16) imply, the so-
called linearization formulas for orthogonal polynomials. The
constants in the following set of linearization equations can be
recursively computed by recursion starting from the constants a,
and b,in (16) [3]:

min{m,k}
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(17) immediately implies an important equation, used when
iterating applications of the chromatic derivative operator:
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Equation (18) provides an important link between different CDs
and will allow us to use them in filtering to over specify a
filter’s action upon a signal. Finally, we record the equation:
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which is very useful and follows immediately from (14).

3. FILTERING
DERIVATIVES

In this section we describe the local effects of linear, time-
invariant operators on the CD representation of a signal (10).
First, we describe the statistical effects that the CD transform
(14) has upon signals to which it is applied. We then describe
how such transfer function filters act upon a finite chromatic
approximation.

USING CHROMATIC

3.1 CDs of Wide Sense Stationary Signals

We first note a few facts about the statistics of filtering when
using CDs. These facts will provide guidance to the uses that
the chromatic representation (5) and approximation (10) can be
put to in adaptive filtering.

If X and Y are wide-sense stationary mean 0 random variables on
the real number line (thought of as describing bandlimited
signals), then we define the crosscorrelation function as Ryy(f,)
= E(X(t)Y'(1-1,)) and the autocorrelation function when X=Y,
where E is the statistical expectation operator. A well-known
theorem [10] dealing with applying filters to random variables
tells us, when applied to the CD filters K, , that:
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In other words, the cross-spectrum, the Fourier transform of the
crosscorrelation function, of random variables K, /X] and K,[X]
is the spectrum of the process X multiplied by the transfer
functions of the two chromatic filters. Notice then what
transpires if X happens to have the spectrum p(w):
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by using equation (13). We shall call, for I <n,m<Q given any
fixed integer @, R, LK [x](t) the CD-autocorrelation matrix of
signal x atpointz. "

The interpretation that we give to equations (21) and (15) is the
following. The CDs that are based upon the orthogonality
relation of equation (13) provide a new method of transform-
domain filtering [11,12]; a comparative one in which signals are
filtered in comparison to a signal with spectrum p(w), the latter
signal the CDs treat as statistically uncorrelated signals. And
the weighted power estimate that the sums of squares of CDs
provide is a comparative power estimate - one comparing the
power of the signal to the power of p(w) within each frequency
band. It is immediate how useful (21) should be in adaptive
filtering given that convergence of filter coefficients to their
desired values depends upon how far from diagonal is the
autocorrelation matrix of the filter’s input signal [11,13].

3.2 CD Filtering
Let us apply a shift-invariant bounded linear operator L{-], with
transfer function L(w), to a finite chromatic approximation of
bandlimited, power-limited signal f centered at the point ¢’=0.
First, however, we need to know two facts about applying L to
any B,,[1,2]:
*» L{B,] is a function which can be represented by an infinite
chromatic expansion LB ](#) =Z::0 K IL[BJIO)B, (D).
* A good finite chromatic approximation of L{B,] depends
upon the filter L; in particular the order M can be set by using
the [IL(w)||,norm, the maximal action of the filter on some
frequency [1]. A more reasonable and workable M can be



obtained, however, by using {|L{w)||,, the mean square metric
applied to the filter.
Then, by using (18) and (19) and commuting the filters L and
K,, we can derive the following approximations to L{f], by
starting with the finite approximation of f:
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We now compute, using (18) once and (19) twice:
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which allows us to conclude from (22) that near the point 0:
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By substituting index p=i+j-2k for the index k and rearranging
sums, we obtain the following local approximation (near 0),
where mod?2 is the modulo 2 operation:
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Note that (25) has the form of a finite chromatic expansion. We
wish to do a few more transformations and simplifications to the
above equation to reduce it to its final form. First, we substitute
the index m=(i+p-j)/2 into (25) for the index j and then use the
factthat a, .., =, .2, Which s true by recursion from (16)
and (17). Finally, we will simplify the lower and upper indices
of the resulting three summations by defining p_ =M+N, and
defining analogous terms for the other sums (along with
performing some simplifications). Thus, we can derive from
(25) the following fundamental filtering equation:
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Equation (26) is an approximation of the application of filter L

to signal £, and it says three important things [1]:
* Linear filtering can be thought of as a local operation of
linearly combining CDs of f at 0 to produce CDs of L{f] at 0:
« The filter L’s action on any signal fat 0 is determined by the
action of the filter on B, at 0: this is much like how a filter’s
impulse response determines how the filter acts upon other
signals when using ordinary convolution filtering.
* The filtering coefficients which use the CDs approximating
f near a central point and also produce CDs approximating
L{f] near the point form a matrix. However, note that this
matrix of values, as mentioned above, are determined by only
one vector of values: the CDs of L[B,] at the central point 0.

By elementary Fourier analysis, the orthogonality relation (13),
along with the definition of K,, implies that
K [L[BJI(0)=F '[P, (0)p(w)L(@)](0)are coefficients which

approximate the spectrum of the transfer function L(w) :
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Thus, the order M of approximation mentioned previously can
also be determined by knowing how many polynomials it takes
to approximate the transfer function L{w) of the filter to
implement. Equation (27) suggests that we call the coefficients
K.,.[L[By,]](0) the projection coefficients of the filter L(w), since
they project the transfer function of the filter onto the space of
orthogonal polynomials that we use to build the CDs. The
projection coefficients thus provide an FIR-like model of the
linear filter that we wish to approximate in the sense that the
transfer functions that we can build using a finite number of
CDs are polynomials (though not polynomials in the z-transform
as true FIR filters).

4 ADAPTIVE FILTERING USING CDS

We now turn to the main goal of this paper and discuss the
prospects of using chromatic derivatives in adaptive filtering.
First, we gather together and elaborate previously stated
properties of the CD-transform that are related to adaptation,
especially those properties which contrast our approach with
standard methods [11,12,13]. Then, we walk through an



application of CDs to equalization and report on some
numerical simulations of a simple model of equalization.

4.1 CD-Transform Domain Filtering Properties

Let us repeat here the following basic properties that we have

noticed about the chromatic derivative transform:
* CDs can be designed for a power spectral density p(w)
which determines how signals are processed using CD filters
K,, : the resulting CD-auntocorrelation matrices and sums of
squares of CDs compare a processed signal’s statistics and
energy, respectively, to those of the “ideal” signal with PSD
plw). .
* The application of the CD filters K,, obey important iteration
relationships (18) which translate into a CD filtering structure
which has significant redundancies (26): Columns of the CD
transformation matrix, which implements a linear filter when
applied to a signal’s CDs, share coefficients with one other.
* Accepting the point of view of subsections 2.4 and 2.5, we
view the chromatic approximation and its error bound as a
new way of performing fractionally-spaced filtering. CDs are
acquired digitally using fractionally-spaced filters, but
filtering is performed using densely encoded CDs, which only
encode inband information, thus avoiding out-of-band nulls.

Let us take a look at each point in more detail.

4.1.1. Custom Transform Domains

The first property above allows us to view our approach to
adaptive filtering as an extension of the usual methods of
transform domain filtering. The extension is that we make
available a whole new class of transforms. These transforms
stand in contrast to standard transforms, for example the DCT

[11,12,14], which are also used in filtering in order to

diagonalize the autocorrelation matrix used in solving for a
linear filter. But their use is simply based upon the similarity
between the transform domain’s basis vectors and the
eigenvectors of the autocorrelation matrix computed from a
filter’s incoming signal (see [6] for an especially good
discussion of basis vectors of standard transforms), whereas the
CD transform can be designed to fit a particular application. It
remains to be seen whether fast p-CD transforms can be
designed to process the incoming signals. If so that would
negate a point currently in favor of the standard transforms like
the DCT when doing transform domain adaptive filtering.

4.1.2 Overdetermination of the Projection Coefficients

The second property above distinguishes our CD transform
filters from those transforms, such as the DFT, which break up
a signal into separate frequency components and filter them
either jointly or separately [11,12,15]. Because subband
transform adaptive filters are very effective in reducing the
eigenvalue spreads of the autocorrelation matrices by isolating
separate subband component of the spectrum, there will be no
cross- dependance between the transform’s different values as
there is with CDs which can be used jointly in adaptation. To

make this point clear, we give two examples of how this cross-
dependance, or redundancy, can be used.

First, if while training a filter we have access to the values of
K, [L[f]](0) for several m>0 in addition to knowing signal
values (i.e. for m=0), then we can use this additional
information to help determine the projection coefficients
K, [L[B,]](0) for the filter L. In fact, we will see this idea used
in the next subsection in our example equalization simulation,
so we postpone further discussion until then.

Second, one can do the opposite of the first example’s procedure
- adaptively solve for a filter knowing nothing of the higher CDs
that the filter should output, but then filter fo produce higher
CDs using the converged projection coefficients. For example,
in equalization it can be useful to produce equalized higher
derivatives of shaped symbols for the purpose of extracting
timing information or perhaps as extra information for the
symbol slicer. The facts (apparent from (16) and (17)):

a, J,k=a,.’0,k=1 forall ij,k>0 28)

imply, when used with equation (26) in this case, p=0, that
solving for the projection coefficients, K, [L{B,]](0), is easy.
The vector of projection coefficients (every other one negated)
times the vector K,[f](0) equals K,[L{f]](0). Thus, to
adaptively solve for the projection coefficients by minimizing
the mean squared error of K,[L[f]](0) involves solving the
system of equations in matrix form:

. (_I)HRK,,.IILK,.U] N KLLBAT| = R pxqum| (29

at the center point 0. Solving for the projection coefficients via
equation (29) will allow us to calculate K/L{f] ](0) for i>0.
And any ordinary adaptive method (LMS, RLS, etc.) can be
used to solve the CD-autocorrelation matrix equation of (29).

4.1.3 CD Filtering as Fractionally-Spaced Filtering

The third property of CD filtering mentioned above is based
upon a rather simple idea. The chromatic approximation
provides a way of representing a bandlimited signal in a precise
way locally, and that precision requires oversampled signal
values in order to produce the signal’s CDs accurately. In
particular, this dense representation uses the fractionally-spaced
samples to encode signal phase information very accurately, as
the chromatic error bound (10) should indicate. However, the
fact that bandlimited CDs encode only in-band information
gives rise to a potential advantage for CD filtering over ordinary
fractionally-spaced adaptive equalization [16,17], for example.



Namely, CD filtering does not suffer from the following trade-
off: that of using fractionally-spaced samples to deal with phase
timing and band-edge power situations which can give rise to
inband nulls on the one hand (such nulls increase
autocorrelation eigenvalue spread), with the resulting inclusion
of very low power out-of-band frequency components into the
filter due to the oversampling on the other hand. To repeat, CDs
do not encode low-power, out-of-band frequencies while still
benefitting from the phase information they contain.

Of course, including “empty” higher frequencies into the
structure of a filter for the sake of better phase information by
eliminating aliasing is not always a problem: e.g. out-of-band
noise is often sufficient to keep the eigenvectors of the
autocorrelation matrix far enough away from 0. Also, it is well-
known theoretically how to solve for the excess eigenvectors
that fractional spacing introduces into an autocorrelation matrix
[18,16], and there are special methods of solution for the
Weiner filter by which these out-of-band eigenvectors can be
avoided [17]. Our point is simply that CDs avoid this potential
problem by their very construction.

It will be interesting to perform extensive simulation testing of
CD filtering to see if the above claims can be consistently born-
out in practical settings. This is especially true given its use of
fractionally spaced samples and its use of redundant information
in light of other recently developed equalization methods that
make similar claims [19,20].

4.2 Example: Equalization Using The CD-Transform
In an attempt to provide some empirical confirmation of the
usefulness of CDs in linear adaptive filtering, we simulate
equalizing a distorting channel which is being used to transmit
an ordinary PAM signal shaped by a raised cosine filter. In the
spirit of thinking of using CDs as a way of doing transform
domain filtering, we compare our results to those obtained by
filtering using the DCT transformation. We restrict ourselves to
using the transform-domain, power-normalized LMS adaptation
method [12] in both cases when solving for filter coefficients
because the method is simple, stable, and practical [11,13].

4.2.1 Training on the Signal Alone

The term “CD-LMS” is what we will call the method of solving
equations (29) using a transform-domain version of the most
basic stochastic gradient method [11,12]. In comparing the
DCT-LMS method to the CD-LMS adaptation method, we
select a channel that is sensible to want to equalize and also is
favorable to the DCT transform [6,11,14]: a single-pole, low
pass (“AR(1)”) filter, namely C=(1/40)(1 -(39/40)2)"" in z-
transform notation where we assume the upper bandlimit of C
to be 6z. We normalize the PAM signal, before pulse shaping
it, as being 7-bandlimited, and let r be the raised cosine rolloff
factor, using r=1.2 to mean that we use a 20% roll-off, which is
what we will use in the simulation.

On the side of the CD-LMS adaptation method, we choose the
“ideal” spectrum response to be rz-bandlimited with spectrum
response p(w)=(1-(w/(rm))®)*?. We choose this particular
spectrum p(w) so that the CD-LMS process “expects” higher
frequencies to be attenuated more severely by the channel while
at the same time avoiding too good of a match to C. Because
filtering with CDs is filtering with respect to the ideal signal
with PSD p(w), the sums of squares of a CD equalizer will not
reflect the energy of the inverse channel, but the weighted
energy of the inverse channel; as in equation (15). In the
present case this implies that had we chosen p(w)=C, we would
be boosting any white noise coming into the equalizer twice -
once because the CDs we use do not expect high frequencies
which are present in the white noise, and once because the filter
coefficients are large in order to produce the original PAM
signal which is mostly white. Also, the CD filter functions X,
and B,, are easy to compute in this case [3]. Finally, we elect to
capture nearly all of the bandwidth of the shaped PAM signal by
using an rz-bandlimit instead of a z-bandlimit for p(w).

We performed a Matlab simulation for a PAM-4 signal sent over
the channel C with additive noise applied to give a 30 dB signal
at the receiver’s front end. Figure 4, a plot of each filter’s
errors during initial convergence (for 100 averaged runs)
indicates that the convergence of the CD-LMS method, the
black line, is not quite as fast as the convergence given by the
DCT-LMS method, the gray line, but is faster (and ultimately
more accurate) than plain LMS, the dotted line.

Figure 4

A few qualitative observations and notes on the simulations:
* The CD-LMS routine uses CD filters that are operating at an
oversample-rate with a 3z-bandlimit. Using a 2.5z-bandlimit
CD filter oversampling results in about the same performance
as the LMS routine. The DCT transform operates at 1.5z, 27



and 3z-bandlimit sampling rates with similar performance in
each case, while the performance degrades at bandlimits of
1.2 and below. Ditto for the LMS method.

* The signal is pre-filtered at the receiver before being
transformed by the DCT or CD transforms, which is neccesary
for the CD-LMS algorithm to outperform the LMS algorithm,
by having a sharper and/or more severe low-pass pre-filter
emptying the frequencies beyond rz. In particular, a weak
low-pass filter results in similar performance for both
algorithms. As expected, the LMS and DCT-LMS algorithms
are relatively insensitive to noise in frequencies beyond rr but
within its (oversampled) bandwidth.

* The impulse response of the channel C is approximately 20+
Nyquist intervals, measured using a z-bandlimit.- Although
sampling was done at the 3z-bandlimit rate, we only required
22 CD taps for the CD-LMS algorithm for the performance
recorded above. Using a 1.5z-bandlimit sampling rate for the
DCT-LMS algorithm, we used 37 DCT taps to get about as
good a performance as we could get from the algorithm.

* As expected, all the above fractionally spaced equalizers are
phase-insensitive (along with having no need for a matched
filter).

4.2.2 Training on Several CDs

Now we take up the interesting suggestion of subsection 4.1.2
in which we use information about the higher-order derivatives
associated with the training sequences the adaptation routine
receives. We stay with the situation in 4.2.1 of adaptively
equalizing a PAM signal. By incurring a small delay
corresponding to the size of the raised cosine filter on the front
end, we can in fact use the PAM training symbols to easily
compute the first few derivatives associated with a raised
cosine-shaped PAM symbol - a small table in the receiver can
accomplish this task. The remaining challenge, of using this
higher-order CD information to solve for the projection
coefficients K, [L[B,]](0), is met by using equation (26) again.

‘We propose to enhance the CD-LMS routine by adding to it a
few parallel LMS routines which compare the values of the
higher-order CDs from training to those values that the
projection coefficients compute. In particular, using equation
(26) we minimize the mean squared error between K,/L[f]](0)
and the values computed by the computed CDs

2 Kim (O)E ( - 1)(ier)ai,p,mI{i+1)—2m[L[BO]](0) (30)

m

for each p>0 that we wish to use. Unlike the p=0 case, it takes
some effort to rearrange the minimization equations to yield an
MMSE solution (for each fixed p). However, if one does so,
then one can then express the resulting set of equations in the
matrix form:

m
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where the T, are linear transformations of the filter L’s input
CDs computed from the signal f:

Tm[f] ETm[1<0[]‘]’I{l[}(]""’I{Q[f]] (32)

Such linear transformations T, of the CDs are computed from
the g, coefficients of (17) and can thus be known in advance.
Each such sequence of transformations is unique to a fixed p>0,
but the transformations are usually easy to compute - for each
p>0 they jointly form a sparse matrix. We can store the |
transformations as tables in the receiver, and if we solve for each
p>0 the equations (31) using, e.g., the LMS method, then we
can update the coefficients K,,/L{B,]](0) during every received
symbol as many times as the number of p’s (higher-order CDs
of the training signal) we choose to use.

This method of using higher-order CDs obtained from the
training signal we call the multi-CD-LMS algorithm. Use of
each higher CD in a separate LMS routine provides a more-or-
less independent gradient by which the algorithm converges
towards the projection coefficients that are used to equalize the
PAM symbols. Figure 5 demonstrates the improved
convergence that can be obtained, as compared with the DCT-
LMS and LMS methods again, when equalizing the same
channel C as used in 4.2.1, when we use K, K,, and K, in
solving for the projection coefficients.
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A few qualitative observations and notes on the multi-CD-LMS

algorithm simulation used to produce the above chart:
» The CDs that we used in this case are those with the “ideal”
spectrum being flat: p(ew)=1 within the bandlimit rz. This
case thus shows the performance of multi-CD-LMS when we
have little idea of the type of channel that we want to equalize.
* The results above were obtained using a raised cosine filter
of length 14 Nyquist intervals (NI in terms of the PAM
signal’s bandlimit, 7). Filter lengths shorter than length 12
tend to degrade the ultimate convergence of the algorithm
(though not the general speediness) for a rather simple reason:
early termination of the ideal raised cosine’s impulse response
causes the shaped PAM signals to have significantly
discontinuous higher derivatives, and thus discontinuous CDs.
« Each of the CD-LMS routines, one per higher-order training

CD, can be turned on and off independently of the others. -

Thus, this provides another option for altering adaptation
speed much like the technique of gear-shifting allows a
designer to alter the convergence speed/convergence error
properties of the adaptation process by altering the gradient
step size.

* Faster initial convergence of the multi-CD-LMS algorithm,
even in comparison to DCT-LMS, comes at a price: multi-
CD-LMS increases the noise which hurts the ultimate
convergence of the tap coefficients. This occurs because the
transformations 7,, which are used to convert CDs into
coefficients are not unitary: on average they increase the norm
of vectors they operate on (and thus boost noise).

In summary, there is no clear cut advantage for using CD
transforms in equalization, but they do have some interesting
properties which call for further study.
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