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Abstract—Given a band limited signal which over some dis- differential equation at a particular instant in time is a gly
joint intervals of time I, behaves as a corresponding linear |ocal feature of the signal, determined by its behavior in
combination fn(t) of up to N damped sinusoids, we present 5 arpitrarily small neighborhood around that instars a
a method which detects intervalsI,,, determines the number il d trat thod di
of the sinusoidal components over each interval and estimas consgquen_ce,.as we wi emons rate, ou_r metho cgn Iscern
their frequencies, with high accuracy and in the presence of two sinusoids in a sampled signal over an interval of timeneve
noise which can be colored. Intervalsl,, can have very short if in the Fourier transform of its sampling distribution ttveo
duration of just a dozen Nyquist rate intervals, hampering he use corresponding lobes have merged into a single lobe.
of the Fourier transform based methods. Our method operates The above proposal, however, immediately raises a concern:

entirely in the time domain; to be applicable, the signal musbe . : . . .
sampled at a rate higher than the Nyquist rate. It is based on if we are looking for sections of the signal which are sums of,

analyzing local signal behavior using special, numericafi robust ~ Say, four sine waves, this would involve evaluating deivest
linear differential operators, called the chromatic derivatives, of order eight of a noisy signal. As is well known, numerical

which were introduced relatively recently, and which hold yet differentiation of such high order results in insurmourgab
unexplored promise in signal and image processing. numerical problemsThis is where the chromatic derivatives
crucially intervene Chromatic derivatives are special linear
differential operators with constant coefficients whosenat

Estimation of frequencies of several sinusoids in the preigal evaluation is highly accurate and noise robust, even fo
ence of noise usually relies on evaluation of some form eperators of very high orders>(20).
the Fourier transform of a section of the signal. However,

“viewing” the signal through a window distorts its Fourier |l A BRIEF SUMMARY OF CHROMATIC DERIVATIVES
transform by convolving it with the Fourier transform of Despite providing a good local representation of a function
the window. As a consequence, the resulting side lobes T#ylor's formula has found very limited use in signal pro-
the strong sinusoidal components and the noise can masissing. This is due to the fact that an accurate evaluafion o
the main lobes of the weaker components. Also, if clogterivatives of higher orders from discrete noisy samplea of
in frequency, the main lobes of strong components mutuakygnal is essentially impossible. Moreover, the functioaed
interfere causing bias or can merge into a single lobe. in the expansion, i.e., the monomiafs/n!, do not correspond

Unlike the Fourier transform methods which allow spectrd band limited signals; the approximation is unbounded, it
analysis of a vast class of signals, our approach uses a thethenverges neither uniformly nor ih, and its error increases
which is applicable only to signals which, over intervals ofapidly when moving away from the center of expansion.
interest, are sums of a small number of damped sinusoids. T¢Rromatic derivatives and chromatic expansions were -intro
method is based on the following well known faétfunction duced in [1] and [2], respectively, to provide a numerically
f is a linear combination ofn exponentially modified and feasible framework for numerical differentiation and focal
phase shifted sinusoids over an intenfalC R if and only approximation of band limited signals which do not suffer
if fsatisfies on a homogeneous linear differential equatiorfrom the above problems. They were first published in [3]-
with constant coefficients of orden. [5]; their properties were examined in detail in [6]-[8].

Thus, we design our algorithm by refining the following 1) Chromatic derivativesChromatic derivatives are linear
basic idea. We sequentially examine sections of the sigrhiferential operators with constant coefficients obtdifiem
over relatively short intervals of time, looking for the dfeat  suitably chosen families of orthonormal polynomials; s [
n < N for which there is a differential equation of ordeifor the details regarding which families of orthogonal pay
2n which is satisfied by such section of the signal, modul@ials produce satisfactory families of chromatic derivedi
an error which is commensurate with the level of the noise Assume that polynomialg, (w) satisfy
presentNote_ that the fact that_the signal is analyze_d over short [ Po(w) P (@)w(w)dw = 6(m — n), 1)
intervals of time has no negative consequences similaraseth 4
associated with the use of windowing in the Fourier transforwherew(w) is a non-negative symmetric weight function. We
based methods, because whether a sigfi@l) satisfies a define linear differential operators associated with sutdma
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Remez exchange method and are both very accurate and noise
robust. For example, 829 tap transversal filter approximating
differential operator’C'® corresponding to the re-scaled and
" normalized Legendre polynomial of order 15, with pass-band
occupying 90% of the intervdhk= /2, 7 /2] and the transition
region extending 10% of the bandwidity2 on each side of
) ) the boundaries-7/2 and 7/2, outside the transition region
Fig. 1. Graphs ofw/7)" (left) and Py (w) (right) for n = 15 na5 an error of approximation smaller thas x 10—,
ton=18. 2) Chromatic approximations:Chromatic derivatives can
ily of orthonormalpolynomials by the operator polynomials b€ used to produce local approximations of band limited
signals which do not suffer from the mentioned shortcomings
Kt =(=)"P.(j ). (2)  of the Taylor expansion; we formulate here only the special
case corresponding to the Legendre polynomials normalized
and rescaled t¢—, 7r]; for the general case see [7] or [8].
Proposition 2.1:Let K™ be the chromatic derivatives as-
Krled«t] = j" P, (w) e’ L. (3) sociated with the Legendre polynomials, and fét) be any
Consequently, iff € BL(r) and f(w) is its Fourier transform, function analytic oni; then for all¢ € R,
Ft) = 202o(=1)" K" [f](u) K"[sinc](t — u).

KrfI(t) = 5z J7 3" Pa(w) f(w)e? “'duw. 4)

PolynomialsP, () satisfy that for every, <  there exists Ifin additic_mf € BL(w), then the series converges uniformly

M > 0 such that|P,(w)| < M for all n and all |w| < a. onR and n th_eL2 norm. ) )

In comparison, if we normalize the “standard” derivatives s The_ SEres in (6) is callethe chrom_atlc expansion of_

that the magnitudes of their frequency responses are bdunaés_()(:""‘te‘_j with the Lege_ndre polynom;aisi_r uncatlon_ of thls

uniformly in n, we get series to firsth + 1 terms is called a:hrom_atlc _apprOX|mat|on_
of f of ordern. Just as Taylor's approximation, a chromatic

% = [T " (%)"ﬂa)ej“tdw. (5) approximation is also a local approximation: its coeffitsen

are the values of differential operatof&™[f](u) at a single

f1h lized derivati o o dulo & 1 instantu, and the values of its derivatives of orders up to
of the normalized derivatives/" d”/dt" (modulo a factor , ot ingtanty, are equal to the values of the corresponding

of j") W_ith th_e pl_ots of the trgnsfer functionB,f(w) (_)f the  gerivatives of f(t). However, unlike the monomials in the
chromatic derivative&" associated with the (normalized andl’aylor formula, expansion function&” [sinc](¢) are band
reb—scj‘aledd)bLegekrydrefpolynomlals (right). Such pﬁlynomb limited signals, and the above theorem indicates that the
obtained by taking forw(w) appearing in (1) the constant, ., imation error accumulates much slower than the error

weight functionw(w) = (27)~". Plots on the left reveal why of the Taylor approximation of the same order; see [8].
numerical evaluation of higher order derivatives from sign

samples makes no practical sense: multiplication of theiEpu [1l. FREQUENCY ESTIMATION
transform of a signal by the transfer function of a derivativ
of high order essentially obliterates the spectrum of thhaa

leaving only its edges, which in practice contain mostlyseoi
Note also that the graphs of the transfer functions of t

normalized derivatives of high orders and of the same parily . . , . : .
cluster together tightly, becoming essentially indistirstnable ochastic noise/(i), with an autocorreIaFlon .funct|on(k).
' . The power spectrum density of the noise is th&fw) =

In comparison, Figure 1 (right) shows that the transfer, ik 5 /2 ) .
functions of the chromatic derivatives™ form a family of h=—oo T(K)e - Let p” = j—w/Z S(w)dw; Thus, p S
well separated, interleaved and increasingly refined com%gu‘?‘l to the RM_S value of the noise component which is
like filters. Instead of obliterating, such operators erctite within the bandwidth off (). _
spectral features of the signal and for this reason we call'®t Xr/2(w) = 1 for [w| < 7/2 and zero otherwise,
operators™ the chromatic derivatives and let Pn(w? be the family of po!ynom|als.orthonormal
Chromatic derivatives thus replace the usual baS& [_”2’”] with respect to the weight functiom(w) =
{f,f',f",...} of the vector space of linear differentiall/ (2707)S (W) xr/2(w), i.€., such that
operators with an orthonormal base, a}nd it turns out thet suc L7 (@) P (@) S (@) xx j2(w)dew = 5(m — n)p?. (6)
a base has many remarkable properties. T
First of all, chromatic derivatives can be accurately evaFhis is equivalent to saying tha®,(w/2) are orthonormal
uated using FIR filters operating on samples of the signah [—7, ] with respect to the weight functiom*(w) =
taken at a higher than the Nyquist rate; oversampling twide (27p?)S(w/2). Let K™ be the chromatic derivatives which
is quite sufficient. These filters can be designed using therrespond to the polynomial3,(w/2) via (2).

Thus,K™ is obtained by replacing” in P, (w) by j* %f(t).
It is easy to verify that

Figure 1 compares the plots of the transfer functiongr)™

We now show how chromatic derivatives can be used in
frequency estimation. Assume thatBL(7/2) signal f(t)

is sampled at integers, thus at twice the Nyqist rate, and
Rat such sampleg (i) are corrupted by a zero mean WSS



We now present our first heuristics for frequency estimatiominimizes the value oR(X') and see if such value is approx-
LetB = Zﬁ:;o X,K" be any differential operator of ordéf, imately equal top?. To find the minimum ofR(X) subject
represented in the base of chromatic derivatit’€s such that to the constraintzivz0 X2 = 1, we apply the Lagrangian
its coefficients satisfny:;0 X2 = 1. Let alsox"[f](t) = multipliers and set to zero the partial derivatives withpesst
Zﬁ}L Ay f(t 4+ p) be a2L + 1 tap transversal filter with to a new variablgl and variablesXy, ..., Xy, of the objective
bandlimit7 /2 approximatingC™[f](¢) for f € BL(n/2), and R(X)—8 ij:o X2, Letting £, (t) = f(t)+v(t), this gives the
letb = Zfzo X, k" be the corresponding FIR approximatiorfollowing equationsHX'H2 =1, plus for eachn, 0 < m < N,

of B. Then (4) implies Q N
_ n —BXm + Xnk"[f)(t +p)r™[f ]t +p) = 0. (13)
SL e s P e) () 2.2
for all d tly (6) impli n m
or 2l | < and consequenty (6) mples el = 5o S A1 PRI +p) and et
£ S L AN r(k)e dwlamrR) gy =( [m,n])mm:l_N eE e coire-spon. ing mgtnx,t en the
~ j"M§(m — n)p?. (8) above equations beconieX = 58X, i.e, 5 is an eigenvalue of

C andX is the corresponding eigenvector of a unit norm. Note
Integrating term by term and collecting the non zero termsthat (12) impliesR(X) = Zﬁ:o ijzo X, X, C[m, n]; thus,
L L nym ~ R(X) = (C X, X). SinceR(X) > p2 > 0, C is a symmetric
_ _ LA —p) & §(m —n)p?. 9 . - . R
Lpmr g M A (0 = 1) (m=n)p © positive definite matrix and thus all of its eigenvalues are
Since E[v(t + p)v(t + q)] = r(q — p), (9) implies positive reals. IfX is the unit eigenvector for the eigenvalue
L L N m ~ ) B, then R(X) = (CX,X) = (8X,X) = p; thus, to
E [Zp:fL 2= AVt + PGV +a) | = 5(m = n)p®, minimize R(X) we must choose the unit eigenvectar,,
i.e., E[R"(v))r™W)(t)] ~d(m —n)p?. (10) which corresponds to the smallest eigenvatie We conclude

that, with high probabilityf(¢) satisfies a differential equation

Thus, if the filters are chosen to correspond to the POWEf the formzN X, K" [f](t) = 0 over the intervalt, t + Q)
n=0~“*n - ’

spectrum of the noise, then the errors which are due to mbis%)st in case the smallest eigenvalgig of C is approximately
the filters evaluating chromatic derivatives of differenders equal top?, i.e., just in cas@,, < cp? wheree > 1 ande ~ 1
3 ey m ~ 1.

are uncorrelated and have an RMS value equal to the RM f 8, ~ p?, to find the fundamental solutions of the cor-
m ’

yalue_ of th(_ew/2 in—banq component of the noise. Sirtqe] (t) responding differential equatioEfLO X, KM[f](t) = 0 with
IS afflmte linear con:jbn.'latul)n offsamples m(t)uar.ld s;pcez/ i the coefficientsX,, = (Xo,..., Xy), we numerically solve
is of zero meanb[v](t) is also of zero mean. Using lineari Yihe associated algebraic equatipl]’ , X,.(—j)" P (—jz) =

of b, it is easy to see that this implies . . ! ; L
0. The imaginary part of each conjugate pair of solutiens;
E[b[f + y](t)Q] =b[f]t)* +E [b[y](t)2] ) of this equation is the frequency; and the real part is the
_ N ) ) damping factors; of the fundamental solutions’:* sin(w;t)
This, the assumptio,,_, X2 = 1, (10) andE [b[v](t)*] = and e’ cos(w;t) of the corresponding differential equation;
E [Zﬁio ﬁf:o XnXmKn[l/](t)Iim[l/](t)} together imply the i*" sinusoidal component of the signal is a linear combi-
nation of these two fundamental solutions.
E [b[f +v](t)?] = b[f1(1)* + p*. (11)  This completes our first heuristics; we now present our
This is a remarkable fact, because it shows that, if eecond heuristics. Signgfl(t) satisfie_s a (_jifferential equation
chromatic derivatives are chosen to correspond to the po/&Prder®y over an intervalt,t + ] just in case the rank of
spectrum of the noise via (6), then the RMS impact of the noidee matrix Ky = (x"[f](t+p) : 0<p<Q,0<n<N),
on any differential operatoB = Zf:o X,,K" is independent with @ +n 1 rows andN + 1 columns, is at mostV. Let
of the particular values of the coefficients,, and is always v = (W"[M[(t+p) - 0<p<Q,0<n<N)andKy, =

equal to the RMS value of the in band component of the noids/ + Kv. Thus, Ky, is a pert_urbation of the matrix(y .
Let Q be any fixed natural numbera fixed instant of time caused by the effects of the noise, represented by the matrix

and X — (Xo, ..., Xn). If we set K,.By (10), the noise matriX’, should haveV + 1 mutually
- (approximately) orthogonal columns and the expected vaflue
R(X) = ﬁ Z:’?:O blf + v](t+ p)?, (12) its entries should be approximately equalpto

~ Consequently, given the matriX s, we should look for
then, by (11).E [R(X)} = o1 Lo L1(t4p)? 402 Thus,  the smallesy: for which there exist a matrik™* of rank N
and a matrixi ° with N 41 orthogonal columns of unit norm
. each, such thak(;;, = K* 4+ pK°. The Frobenius norm of
approximations of differential operatofs”, £ [R(X)l ~p®  suchpK® is uyv/N + 1; thus the RMS value of its entries is
if and only if f(t) satisfies the differential equatid®|f|(z) = equal tou/+/Q + 1. Consequently, the perturbatiprs © can
0 at all instantse = ¢,...t + Q. be accounted for as the effect of the noise:jf\/Q +1 is

Consequently, to determine if satisfies a differential equal to the RMS value of the noaise, i.e. i~ p/Q + 1.

equation of ordetV over [t,t + @], we should findX which Given K¢, to find suchy, > 0, K* and K°, we consider

E [R(X)} > p? and, since the transversal filtets are close



the singular value decompositidii;, = UXV”, where® 20]
is a diagonal matrix with the singular values Bf;, on the
diagonal and/ andV are orthogonal matrices comprising of L5
left and right singular vectors, of sizé§) + 1) x (Q + 1)
and(N +1) x (N + 1) respectively. Generalizing an argument
from [9], it is easy to prove that such must be equal to
the smallest singular value df ., and thatkK° = U2, V7,

1.0r

MM\ M

whereX; is obtained from> by replacing all singular values Ho s o
with 1. We now setK* = Ky, — ukK°; then the rank of

K* is at mostN: the vectorX = (Xo,...,Xn) such that 30f

K*X =0is the right singular vector oK s, corresponding 250

to the smallest singular valye of Ky,. Taking X for the
coefficients of B, we getB[f](x) =0forz =¢,...,t + Q.
We now note thatk [, , Ky, = (Q + 1)C, whereC is

2.0—H no

15¢
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the matrix from our first heuristics. As it is well known, the LOE MY e
singular values of{s,, are equal to the square roots of the 05 | i I

i T . - et b oy
eigenvalues oK'y, Ky ,; thus,u = /(Q +1)3, where3 o s o s o

is the smallest eigenvalue 6f, and the right singular vectors ) .

This implies that the conditiop ~ pv/Q T 1 is equivalent to and of (C[m, n))7.n=o (bottom, black). Markers showing the
the conditions ~ p?. Consequently, both heuristics result iP0Sition and the number of components of fragments in gray.

the same criterion for determining ff(z) satisfies a differential the ripple of our FIR chromatic derivative filters, the stardi
equation of ordefV over [t, t+Q] and in the same coefficientsdeviation of our method was less than 2.5 times the theaietic
X of such a differential equation. This gives an indicatioatth minimum given by the Cramér - Rao bound. To test the
our heuristics are natural, and we believe it should be ptessiresolution of our methods we generated signals of the form
to extend the above arguments into proofs that the frequengy) = cos(wt+6)+cos((w+0.05)t) and corrupted them with
estimators derived from our heuristics are consistentiaselll noise (SNR = 35db). Their 128 point sampling distributions
and efficient; our initial simulations have strongly sudges at half integers have a symmetric Fourier transform with a
that this indeed is the case. single peak. However, our method correctly identified that
3) Test results:We now summarize the results of our prethere are two sinusoids, and estimated their frequencigs wi
liminary testing of an initial implementation of our detett 543 RMS errors of less than 0.008 radians. The programs used
and frequency estimation method, which leaves much room {@r simulations, a detailed interactive tutorial on the sabj

improvement. To tests our algorithms, we have used a methgeli the references mentioned in this paper can be found at
described in [10] to join fragments of linear combinatioris thttp:/Avww.cse.unsw.edu.au/~ignjat/diff.
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