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Abstract

In simulation studies, the distributional properties of random variables associated
with arbitrary events in point processes, queues, and other stochastic models are
to be understood as appropriate averages over long simulation runs. We caution
against trying to generate arbitrary events explicitly by some randomized selection.
Because of the likelihood of hidden selection biases, that easily results in significant
errors. The point is illustrated by an example for which explicit formulas yield
computational results that allow comparisons with the simulation estimates.
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1 Introduction

Since the familiar paradoxes of Bertrand (1907), we know that in probabil-
ity, the word arbitrary must be given a precise meaning. In simulations of
service systems, one is often interested in waiting times experienced by a
typical job. The issue again arises what is meant by an arbitrary, or typical
job. On several occasions, we have heard proposals to tag the arbitrary
job by some random selection made in the course of the simulation. The
purpose of this paper is to give an informal discussion of the meaning of ar-
bitrary and to caution against ad hoc random selections. The latter almost
always induce a selection bias.
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In the theory of stationary point processes, the mathematical definition
of arbitrary is the formalization of an idealized averaging process, yet no
explicit random selection is involved therein. Rigorous definitions of arbi-
trary time epochs and arbitrary arrivals or departures require substantial
discussions in major treatises on point processes or queues, see e.g., Daley
et al. (2002), Franken et al. (1983), and Karr (1991).

In our partially expository discussion, we use a simplified version of
the simulation of an actual telecommunications model, see Neuts et al.
(2003). We first describe the notion of an arbitrary admitted message and
the estimation of related empirical quantities. Next, we discuss a plausible
random selection which might be claimed to produce an arbitrary message.
We shall argue that random procedures to generate events believed to be
arbitrary typically have hidden selection biases. These result in erroneous
simulation results. While we only compare the valid simulation method to
one example of random selection, selection bias is to be expected in other
examples. Moreover, in an elaborate simulation we typically do not have
explicit analytic results for comparisons. Biased numerical results may still
appear plausible yet they are based on an erroneous method, so we have
no grounds for confidence in that plausibility.

We intentionally chose a greatly simplified version of our original telecom-
munications model. That way, we are able to derive explicit analytic results
which permit a full comparison of the two alternative simulation methods
to substantiate the resulting numerical differences.

2 The model

Consider a positive integer K and a Poisson process of rate A on the time
interval (0,1). At time 0, we draw an integer i, 0 < i < K — 1, with
the discrete probability density {p(i)}. Up to K — i of the earlier Poisson
events in (0,1), are retained (admitted); all later arrivals are discarded. If
no Poisson events occur in (0, 1), we repeat the simulation until arrivals oc-
cur. Successive independent replications of the experiment are performed.
We want to estimate the expected arrival time p = E(Y') of an arbitrary
admitted Poisson event.

In the theory of stationary point processes, the definition of an arbitrary
event has received much attention. Our first method is inspired by that
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theory. In a first approach, we do not actually try to generate arbitrary job.
Instead, the distributional properties of such a job are studied by averaging
over a long simulation run. The second approach is based on the suggestion
that the arbitrary arrival can be chosen at random from among the jobs
admitted during each replication. These approaches yield different results.
By deriving analytically explicit expressions for the mean arrival times in
both cases, we show why the differences in the simulation results are to
be expected. We clarify the hidden selection bias inherent in the second
method and argue that the first method is the valid one.

In each replication of the first method, Selection 1, we generate the
initial condition ¢ and the times of the Poisson arrivals during (0,1). Up
to K — i of these arrivals are designated as the admitted arrivals. Let their
number be j. If j = 0, we regenerate the Poisson process until at least one
arrival occurs (j > 0). Replications with at least one arrival are indexed by
r. We form the sum J* of the successive numbers j, of admitted arrivals
and the sum S*(Y') of the successive arrival times Y;.,,, 1 < v < j,, over all
replications.

The mean arrival time is estimated by S*(Y')/J*. When the distribu-
tion F'(-) of an arbitrary arrival time is of interest, we form the empirical
distribution of the times of admissions or, alternatively, we divide (0,1)
into a large number of subintervals of equal size that serve as the classes of
a histogram of the observed arrival times.

In each replication of the second method, Selection 2, we again generate
i and the times of up to K — ¢ arrivals in the Poisson process during (0, 1),
repeating if necessary until there is at least one arrival. If j arrivals are
admitted, one of these is chosen at random. It is treated as an arbitrary
arrival and its arrival time Y, is the variate generated by the rth replication.
The mean arrival time is estimated by the sample mean of the Y, and the

empirical distribution or a histogram can serve to estimate the distribution
of Y.

2.1 Analysis of the model Selection 1

The mean number E* of items admitted during (0, 1) is given by

K-1 K—i—1

E =) pli) |[K—i— Y (K—i-je

i=0 j=0

N

: (2.1)
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By direct calculation, that formula is readily obtained from the defining
formula

K-1 K—i—1 A\ K—i—1 A"
E* = Zp(i){ > ue*AJJr(K—z’) [1— > e)‘F]}.
=0 v=1 r=0
The fraction of admitted Poisson events in the interval (u, u+du], 0 < u < 1,
is
K-1 K ;
1 , ()
— —Xd 2.2
e 2 p0) D e Ty (22)
=0 r=i+1

since, to be admitted in (u,u + du], the Poisson arrival must be the rth,
1+ 1 < r < K, and it must occur between v and u + du. There is no
selection of the admitted points. Therefore, the factor of du in (2.2) is also
the probability density ¢ (u) of an arbitrary admitted item in (0,1). Using
2.1), we readily verify that, over (0,1), the function v, (-) integrates to
one.

We denote the mean of the density v¥1(-) by p1. By an elementary
integration, using (2.2), we obtain that

= K—i \ K—i—2 \v
_ . . o B AN 2 AN
m =i iz(;p(z){(K WK —i+1)[1 ;e A Z:% e
(2.3)

2.2 Analysis of the model Selection 2

Let us write 3(u;a;b) for the beta density
1 -1 b—1

La;b) = a=1(1 — 2.4
Blusash) = g (=), (24)

with parameters a and b on (0, 1).

We now derive the probability density 12(-) and the mean us of the
admission time of the point selected by the second method.

Theorem 2.1. For 0 < u < 1, the probability density 1s(-) is given by

o B K-1 By
(1 € )¢2(u) - E ¢2(ua 7’)7 (25)
=0
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where for 0 <i < K —1,

- N1
o (u;i) = Z e )\F_ (w;r;j—r+1)
j=2 r=1
K—i—1 K—i—r—1
1 e M ()" I N AT
- 1
K Z; r— 1) Z; Pty L)
—i—1 -1 K—i—1
1 J 1
+ Lol ) + —u_(O) A
= (j— 1! K —i (K —i—1)!

K-1 K—i—1 ; . K—i
]. . _)\A‘] K_Z+1 _)\)\V
= — — - 1= -
H2 201 — e V) ;P(l) J; e 7l + h\ 2 V!]

Proof. Let the initial condition i be fixed. We consider the various possible
positions in the interval (0,1) of the rth (the one to be selected) and the
jth (and last) admitted arrival. To avoid repeated use of the common
factor (1 — e™*)7!, the probabilities and expected values that follow are
conditional on there being at least one Poisson arrival in (0,1).

(a) For1 <r<j< K —iand 0<u<wv <1, the elementary probability
that the rth arrival occurs in (u, u+du] and that the jth and last arrival
occurs in (v,v 4 dv] is given by

r—1 j—r—1
ef)\u ()\U) A - e,/\(v,u) [)\(U - U)]] Ao - 67)\(17’0)
(r—1)! (j—r—1)!
J .
= e A u" v —uw) " du do.

(r—1Nj—r—1)!

(b) For 1 <r<j=K—iand 0 <u<wv <1, the elementary probability
that the rth arrival occurs in (u,u + du] and that the (K — i)th and
last arrival occurs in (v, v + dv] is given by

r—1 _ K—i—r—1
e*)\u ()\u) Adu e*)\(vfu) [)\(U ’LL)]

-1 K —i—r—11

= e W A u v — u)K*i*rfldu dv
B (r— DK —i—7r—1)! '
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(¢) For1<r=j< K —iand0<u< 1, the elementary probability that
the rth arrival and last arrival occurs in (u,u + du| is given by

B O S I AW !
e (r—l)!)\du e 1) du.

(d) For 1 <r=j=K —iand 0 <u <1, the elementary probability that
the (K — i)th arrival and last arrival occurs in (u,u + du] is given by

Y (AU)K—i—l \du — e—/\u )\K—z’uK—i—ldu
(K —i—1)! (K—i—1)!"
In the expressions where v occurs, we integrate over v from u to 1, to
obtain from Case a that for 1 <r < j < K —iand 0 < w < 1, the
elementary probability that there are j admitted arrivals and that the
rth arrival occurs in (u,u + du] equals
2\
e N S (u;r;j —r+ 1)du.
4!
From b, it follows that for 1 < r < j = K —iand 0 < u < 1, the
elementary probability that there are j = K — ¢ admitted arrivals and
that the rth arrival occurs in (u, u + du| equals

—Au r—1 1-u K—i—r—1
Mdu/ e W ()\w). Mdw
(r—1)! 0 (K—i—r—1)!

eI [1 B KZ (1 — u)]”] o
—1

(r—1)! V!

—Au )\’U, r 1)\ K- 3 )\7"+1/
— { 7(7“(— S Z /\ 'ﬁ(uﬂ";u—l— 1)} du.

To obtain the elementary probability va(u;i)du that the selected is
admitted in (u,u + du], we multiply the term deduced from Case a
by 7~ and sum over all allowable values of » and j, we add the term
deduced from Case b multiplied by (K — i)~!, we sum the terms in
Case ¢ multiplied by 7=! (recall that r = j) and, finally, we add the
term in Case d multiplied by (K —4)~!. That sum is multiplied by
(1 — e )~ to account for the fact that the generation of the Poisson
process is repeated until there are some arrivals. There are no useful
simplifications in the resulting expressions.
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To evaluate po, it is more convenient to calculate the mean arrival time
of the selected item over the set where that item is the rth out of j
admitted items to arrive. From a, by integrating with respect to u after
multiplication by u, we get that for 1 < r < j < K — 4, that expected
value equals ‘

- " 67’\£.

J+1 4!
Similarly, after a little calculation, it follows from b that, for 1 < r <
7 = K — 1, that expectation equals

r K—1i A\
Y

v=0

The cases ¢ and d contribute the expectations

A (r+ 1DV
and o
K —i Y\

So, we see that the mean arrival time of the selected item over the set
where there are j admitted items is equal to

r _)\)\‘7 j Y )\j+1 1 )\A‘j
e - _

112
- . ; ; =—-e ",
][;]-1-1 JbA (]+1)!] 2 !

for 1 < j < K — i, from the cases a and c¢. For j = K — i, the cases b
and d yield that expected value as

. K—i
K—Z+1 _/\)\V
e § A

Finally, we add the contributions of all values of j, we take into account
the fact that we repeat generating the Poisson process until there is at
least one admitted arrival, and we uncondition on the initial condition
1. After routine calculations, we obtain the stated expression for the
expected value.

O
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3 A numerical example

We report numerical results for one example chosen from among many.
To illustrate that simulation results may appear plausible and not bring
out the selection bias, we intentionally chose a case where the differences
between the computational results for the two models are not too large.

We implemented the formulas (2.3) and (2.6) for A = 10, for p(0) = 0.5,
p(1) = 0.1,p(2) = 0.1, p(3) = 0, and p(4) = 0.3, and for 1 < K < 12.
Whenever K < 3, the relevant probabilities p(i) were normalized to sum
to one. Table [1] gives the computed results and the simulation estimates,
respectively based on 1,000,000 and 10,000,000 variates, for the models
Selection 1 and Selection 2.

K I comput simul 10° simul 107 I comput simul 10° simul 107

0.09995  0.09980 0.09993 | 0.09995  0.09984 0.09996
0.14521  0.14537 0.14520 | 0.14151  0.14147 0.14143
0.18800  0.18786 0.18802 | 0.17804  0.17794 0.17795
0.23342  0.23345 0.23340 | 0.22691  0.22691 0.22684
0.26277  0.26289 0.26277 | 0.22195  0.22203 0.22200
0.29732  0.29747 0.29727 | 0.26817  0.26832 0.26817
0.33199  0.33203 0.33192 | 0.31153  0.31164 0.31146
0.36446  0.36441 0.36441 | 0.35102  0.35154 0.35101
0.39351  0.39335 0.39351 | 0.38580  0.38538 0.38570
0.41859  0.41875 0.41859 | 0.41532  0.41483 0.41519
0.43952  0.43970 0.43953 | 0.43939  0.43937 0.43948
0.45644  0.45655 0.45643 | 0.45821  0.45809 0.45819

—_ =
DS © 0o o b wiho

—
[\]

Table 1: Computational results and simulation estimates based resp. on 10% and
107 variates. The leftmost computational results use formula (2.3); the rightmost
are based on (2.6)).

4 Discussion

The analytic expressions for p; and ps are clearly different. Depending on
the values of the various parameters, the magnitudes of these means are
usually clearly distinct; in many other cases, their difference is sufficiently
small that, if only simulation results are available, it could be attributed to
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random variation. Although all simulated variates take values between zero
and one, for many choices of the parameters, they exhibit much random
variation. Based on runs of 10% or 107 variates, our simulation estimates
generally agreed with the computed means to three or four decimal places.

We shall argue that the first simulation method correctly estimates the
mean of an arbitrary admitted Poisson event. The second method has a
hidden selection bias and should be avoided. An obvious source of selection
bias is the choice of the initial ¢ which introduces significant variability in
the number of Poisson arrivals that may be admitted. If ¢ is large, few
arrivals can be admitted and these typically will occur early in (0,1). When
7 is small and the value of X is such that many arrivals are admitted, the
arrival time of one that is randomly chosen may be all over the interval
(0,1).

However, even if i is fixed (p(i) = 1 for some i), we see that p; and
po still differ. The choice of A and K strongly affects the magnitude of
that difference. The selection bias is now induced by the variability of the
Poisson counts in successive replications.

In spite of a superficial arbitrariness in their random selection, the
points produced by the second method can no way be viewed as glob-
ally arbitrary. In the informal discussion that follows, we imagine that
an unlimited sequence of intervals of unit length are concatenated. In each
interval, we generate the epochs of admissions as described in the Introduc-
tion. By choosing the time origin at random in one of these unit intervals,
that concatenation can be viewed as a realization of a stationary point
process.

If it were essential to generate independent and arbitrary points from
such a process, we ought to perform repeated long simulations of the point
process (say, with a million or more events) and for each such simulation
one event could be chosen at random. That offers a valid, but impractical
approximation to the explicit generation of arbitrary points.

However, to accomplish what we set out to do - to estimate the mean
distance p between a point and the nearest lattice point to the left of it -
arbitrary points are not necessary. For an event chosen at random from a
long simulation, that sample mean is an excellent estimate of the theoretical
mean. That natural estimate of y is precisely the average used in the first
method Selection 1. In exactly the same manner we obtain an estimate of
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the probability distribution of the distance between an arbitrary point and
the nearest lattice point to its left. For each event, we define an indicator
variable which equals one if that distance is at most x and zero otherwise.
The empirical frequency of ones in that sequence of indicator variables
constructed from a single simulation is the natural estimator of the mean
of the indicator associated with a randomly chosen (and therefore arbitrary)
point in a single long simulation run. Of course, that mean is the value of
the probability distribution at x.

The conclusion is clear. In estimating statistical descriptors of arbitrary
events from simulations one should interpret “arbitrary” in the sense that
we have explained. The alternative of trying to generate arbitrary variates
by some ad hoc random selection is dangerous. It nearly always suffers
from some hidden selection bias.
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