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The skyline operator is important for multicriteria decision-making applications. Although many
recent studies developed efÞcient methods to compute skyline objects in a given space, none of
them considers skylines in multiple subspaces simultaneously. More importantly, the fundamental
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Fig. 1. An example showing the intuition.

no projection of P2 is in the subspace skyline of any proper subspace. A closer
look finds that P1 taking value 1 on dimension A is already sufficient to qualify
P1 as a skyline object. Similarly, the value 1 of P3 on dimension B is critical for
the skyline membership of P3. On the other hand, P2 is a skyline object only if
both dimensions A and B are considered—it needs two dimensions to qualify.
In other words, subspaces A and B are decisive to P1 and P3, respectively, and
subspace (A, B) is decisive to P2.

Although both P4 and P5 are not in the skyline in space (A, B), they are still
subtly different if we look at the subspaces. The projection of P4 is in the skyline
in subspace A but P5 has no projection belonging to a subspace skyline. P4 is
dominated by P1, nevertheless, the dominance is partial, that is, P4 takes the
same value as P1 in dimension A and thus has the chance to be in the skyline
in subspace A. In other words, subspace A is also decisive to P4 since A enables
P1 as a skyline object in some subspace (subspace A itself in this example).

While the skyline in Example 1, which involves a two-dimensional space and
only a few objects, is simple and easily perceived, the general situation may be
much more complicated when many dimensions and many objects are involved.
Nevertheless, the observations in Example 1 illustrate one important intuition.
Skylines in various subspaces are interesting and meaningful. Whether an
object is in the skylines of the full space or of some subspaces is determined by
the values of the object in some decisive subspaces. The decisive subspaces and
the values in those subspaces vary from object to object in the skyline. For a
particular object, the values in its decisive subspaces justify why and in which
subspaces the object is in the skyline—the semantics of the object with respect
to skyline.

Why should we care about the semantics of skylines? Semantics is important
in order to understand data. For example, Section 7 analyzes a real data set
which contains 17,226 records of Great NBA Players’ seasonal performance
from 1960 to 2001. Wilt Chamberlain’s performance in 1960 is in the skyline of
the full space, which can be identified by the conventional skyline computation
methods. However, one may wonder which merits really make Chamberlain
that outstanding. The semantics analysis in Section 7 shows that Chamberlain
was outstanding in total rebounds in the season of 1960 by achieving the record
of 2,149 in the NBA history. The attribute of total rebounds is the decisive
subspace that establishes his superior status. In fact, he was not exceptional
in any other factors such as total assists. As another example, Michael Jordan
does not hold any record in any single attribute. However, his performance in
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Fig. 3. The subspaces where object P1 in Figure 2(a) Is in the skyline.

THEOREM 3.5 (SEMANTICS ). An object p is in the skyline of subspace C if and
only if there exists a skyline group (G, B) and its decisive subspace C� such that
p � G and C� � C � B.

PROOF. (Direction if). Following Theorem 3.4, GC is in the subspace skyline.
Since p � G, pC is also in the subspace skyline.

(Direction only-if). Consider the group of objects O(p, C). All objects in the
group are in the subspace skyline of C since they share the same values as p
on dimensions in C. Following Lemma 3.2, ( O(p, C), I (O(p, C))) is a maximal
c-group. Furthermore, it is easy to see that the group must be in the skyline of
subspaceI (O(p, C)). Thus, the group is a skyline group. We notice that subspace
C satisÞes conditions (1) and (2) of DeÞnition 3.3. Thus, if C is minimal, then
C itself is decisive, i.e., C� = C. Otherwise, there must exist a C� � C that C� is
decisive.

Theorem 3.5 can be extended to the cases of a set of objects that appear in
subspace skylines simultaneously.

COROLLARY 3.6 (A SET OF SKYLINE OBJECTS ). A set of objects S are together in
the skyline of subspace Cif and only if there exists a skyline group (G, B) and its
decisive subspaceC� such that S � G and C� � C � B.

3.4 Answering Skyline Membership Queries

Theorem 3.5 leads to a generic yet simple framework of answering skyline
membership queries using skyline groups and their signatures: given an object
or a group of objects, determine the subspaces where the object(s) are in the
subspace skylines.

Suppose the set of skyline groups and their signatures are materialized. (The
algorithm for computing skyline groups and their signatures will be given in
Section 5.) Then, instead of searching all possible subspaces, we only need to
check the skyline groups in which the object is a member. This is effective since
only the signatures of the skyline groups are needed. Moreover, the skyline
groups can be indexed by their signatures to speed up the search. To illustrate,
we give an intuitive example here.

Example 7 (Semantics continued ). Continued from Example 6, P1 is a
member of skyline group ( P1 P2, AD) which has decisive subspaces A and D.
Thus, P1 is also in the subspace skylines of A, D, and AD. Similarly, as a
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member of group ( P1 P3, C), P1 is in the subspace skyline of C. The complete set
of subspaces where P1 is in the skyline is shown in Figure 3(b).

4. SUBSPACE SKYLINE ANALYSIS

The notion of skyline groups naturally leads us to explore skylines in subspaces.
When skylines in all subspaces are considered, it is imperative to ask: How are
the subspace skylines formed and what is the relationship among them?

4.1 Intuition

We try to decipher some elegant structures embedded in the subspace skylines.
Skylines in subspaces consist of projections of objects. For a projection that

is in the skyline of a subspace, the set of objects that share the same projection
form a c-group. By the c-group containment relationship, the projections in sub-
space skylines form a lattice called the skyline projection lattice (Theorem 4.1
in Section 4.2), which is a concise structure.

The projection lattice may contain redundant information. The critical point
here is that some projections in skylines of different subspaces may be made by
the same maximal group of objects. Conceptually, a skyline group is a maximal
group of objects that coincide in some subspaces and whose projections are
also in the subspace skyline. Therefore, we can use skyline groups to derive
a concise representation. Later in this section, we will show that the lattice
of skyline groups, called the skyline group lattice , is a quotient lattice of the
skyline projection lattice (Theorem 4.2 in Section 4.2).

Manipulating groups of objects all the time is still inconvenient. Ideally, we
would like to select some representatives for the skyline groups. Fortunately,
this is achievable since each skyline group must contain at least one object that
is in the skyline of the full space. This indicates that the full space skyline casts
the contours of skylines in subspaces.

4.2 Skyline Group Lattice

A projection pB where p � S is called a skyline projection if it is in the skyline of
B. We can deÞne a relation � on the set P of all skyline projections: for u, v � P
that are in the subspace skylines of B1 and B2, respectively, u � v if B1 � B2

and uB2 = v.
For example, on the dataset in Figure 2, the projection of P1 on A, (1, 	 , 	 , 	 )

and the projection of P2 on AD, (1, 	 , 	 , 7) are skyline projections since they are
in the subspace skylines. (1, 	 , 	 , 7) � (1, 	 , 	 , 	 ).

THEOREM 4.1 (SKYLINE PROJECTION LATTICE ). Let P be the set of all skyline
projections with respect to a set of objects S. (P, � ) is a complete lattice if
(	 , 	 , . . . , 	 ) and � are treated as the two trivial skyline projections for the unit
element and the zero element, respectively.

PROOF. Obviously, � is a partial order on P. We also notice that � is the
projection of any objects in subspace � (the trivial subspace), and ( 	 , 	 , . . . , 	 )
is the projection of an empty set of objects on all dimensions. They are trivial
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9: s3 := SDC Merge( c, s1, s2, 2)
10: return union( s1, s3)

Algorithm 5. SDC Merge ( c, s1, s2, i )

Input:
c: a path, the last subspace in this path is V
s1, s2: two skylists
i : the i th dimension of subspace V is used to split s1 and s2

Output:
the revised s2 that eliminates the object in each element which is dominated by those
in s1 on the corresponding subspace in c

Description:
1: if |s1| = 1 or |s2| = 1 or i = | V| then /* |V|: the number of dimensions in V */
2: return Þlter( c, s1, s2)
3: else
4: Di := the i th dimension of V
5: v := the median on dimension Di
6: (s11, s12) := split( s1, v, Di )
7: (s21, s22) := split( s2, v, Di )
8: r1 = SDC Merge( c, s11, s21, i )
9: r2 = SDC Merge( c, s12, s22, i )

10: r3 = SDC Merge( c, s11, r 2, i + 1)
11: return union( r1, r 3)

Fig. 10. An example of the SDC algorithm.

We use the following example to further illustrate SDC. Consider the skyline
queries on a path c = � A, AB, ABC
 over the dataset in Table I. Initially, a skylist
l is constructed according to c, and all objects are stored in the Þrst element of
l as shown in Figure 10(a). After a recursive split on dimension A, l is split into
4 skylists, each of which contains one object only (Figure 10(b)). Then we merge
the skylist l 3 and l 4 Þrst. As both of them contain only, one object in this merge,
we directly call Þlter operation on them. In the Þlter process, P4 is compared
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Fig. 11. An example of the TDS algorithm.

need to find a minimal set of paths such that every node in the cube lattice is
covered by one path. In TDS, we apply the path finding algorithm in Ross and
Srivastava [1997] to find such minimal sets of paths. In Ross and Srivastava
[1997], it is shown that, on d -dimensional full space, the size of the minimal
set of such paths is

( d
� d/2�

)
. Figure 11(a) shows a minimal set of paths for a

4-dimensional dataset.
After finding a minimal set of paths (Line 1 in Algorithm 7), TDS calls SDC

to compute cuboids on each of the paths and computes the skyline groups on
the skyline results of each path. Note that we only need to invoke SDC for the
top cuboid of every path once, and all cuboids on the path can be computed with
minimal additional cost. We adopt a further optimization here: when calling
SDC on a path ci, instead of computing the skylists from the original dataset S,
we feed the already-compute cuboid SKYX (S) if SKYX (S) is the ancestor of the
top cuboid along the path ci. For example, in Figure 11(b), the computation of the
second, � B, BC, BCD
 , is based on the cuboid of SKYABCD(S). The correctness
of this optimization follows directly from Corollary 5.5. In practice, this leads
to a substantial saving of computation because (1) the whole dataset might
be much larger than its skyline on a subspace; and (2) the reduction in the
input size is most beneficial to the divide-and-conquer style algorithms as its
time complexity is O(n logdŠ2 n). We call this optimization the sharing parent
sharing strategy.

5.4.5 TDS in the General Case. Now we address necessary modifications
to TDS in order to deal with the general case scenarios.

Computing the SKYCUBE. In the general case, there is no containment rela-
tion between a parent cuboid and its child cuboid. As a result, the straightfor-
ward sharing parent strategy may miss some skyline objects. For example, for
the dataset shown in Table I, if we compute skylines for the path � D, DB
 from
the skyline of subspace BCD(i.e., {P2, P4}), we will miss the object P3, which
is the skyline object in the subspace D. Nevertheless, according to Theorem 5.3,
these missing objects (e.g., P3) must have the same values on some dimensions
as some skyline objects of the parent cuboid. Therefore, the modification to the
TDS algorithm is that, when invoking SDC for a path, the union of the chosen
ancestor cuboid and those missing objects are passed as input. These missing
objects can be easily retrieved as we have presorted the dataset on every single
dimension.
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minimum value among all d dimensions. To progressively compute skylines,
in each iteration, the index method processes the object p with the minimal
value among all unprocessed objects. If the minimum value of p is greater than
the minimum of all the maximum values of each current skyline object, p and
all unprocessed objects in the same index are pruned safely. Otherwise, p is
evaluated against all the current skyline objects to determine whether it is a
new skyline object.

The Bitmap method encodes an object with a bit vector according to its rank
on each dimension. The bitmaps enable the algorithm to efÞciently determine
whether an object is a skyline object by bitwise AND/OR operations. One issue
with the method is that the bitmaps can be prohibitively large when the number
of distinct values on each dimension is large.

Both NN and BBS are based on nearest neighbor search, assuming the
dataset is indexed by an R-Tree. Since BBS is I/O optimal and outperforms
NN, we focus on the BBS method here. BBS traverses the R-Tree in an optimal
order: it always evaluates and expends the node that is closest to the origin
among all unvisited nodes. To do that, a heap is used. The key of this heap is
the minimum distance between a node and the origin. Initially, BBS inserts
the root of the R-Tree into the heap. In each iteration, the top element e of the
heap is removed and examined against the skyline computed so far. If e is not
dominated by any current skyline objects, either e is output as a new skyline
object (if e is an object); or the child nodes of e, which are not dominated by
any current skyline objects, are inserted into the heap (if e is an intermediate
node). BBS ends when the heap is empty.

Godfrey et al. [2005] surveyed the runtime complexities of existing generic
skyline algorithms and introduced a new generic skyline algorithm, Linear-
elimination-sort for skyline (LESS ) that has O(dn) average case running time,
where d and n are dimensionality and cardinality of the date set, respectively.
The basic idea is to improve the SFS algorithm by having a tight integration of
external sort merge and skyline computation.

Most recently, several other research work stdy skyline computation in var-
ious applications, such as computing a skyline in the distributed database sys-
tems [Balke et al. 2004], continuous skyline queries in a data stream environ-
ment [Lin et al. 2005], approximate skyline computation [Koltun and Papadim-
itriou 2005], computing skyline in partially-ordered domains [Chan et al. 2005],
computing skyline cubes in dynamic datasets [Xia and Zhang 2006].

6.2 Formal Concept Analysis and Its Applications in Multidimensional
Data Analysis

The maximal c-group lattice is levered by the formal concept analysis [Ganter
and Wille 1996]. However, unlike previous studies on database and data min-
ing studies using formal concept analysis, such as Pasquier et al. [1999] and
Lakshmanan et al. [2002], we are interested in a small part of the latticeÑ
only the skyline groups. Moreover, the challenge is how to compute the skyline
groups and the objects in the subspace skylines. These issues are far beyond
the traditional studies on formal concept analysis.
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BUS Our Bottom-Up S KYCUBE algorithm.
BNLS The algorithm computes each skyline query by BNL algorithm

[B ¬orzs¬onyi et al. 2001].

SFSS The algorithm computes each skyline query by SFS algorithm
[Chomicki et al. 2003].

TDS Our Top-Down S KYCUBE algorithm.

DCS The algorithm computes each skyline query by DC algorithm
[B ¬orzs¬onyi et al. 2001].

There have been some recent studies on Þnding the determinant factors
in multidimensional subspaces for some critical data. Two typical examples
are Knorr and Ng [1999] and Lakshmanan et al. [2002]. In [Knorr and Ng
1999], the outhors propose an approach to Þnding the minimal sets of factors
that explain the distance-based outliers. In Lakshmanan et al. [2002], the quo-
tient cube lattice is developed to identify groups of aggregates that share the
same set of base tuples in a data warehouse and thus the semantics of the ag-
gregates can be explained and summarized concisely. While the philosophy in
this research shares some similarity with these studies, the technical problems
and the approaches are essentially different.

This study is also related to data cube computation. The concept of data cube
was Þrst proposed in Gray et al. [1996]. EfÞciently computing data cubes has
been an active research topic. A number of techniques have been reported in the
literature [Gray et al. 1996; Agarwal et al. 1996; Ross and Srivastava 1997; Zhao
et al. 1997; Beyer and Ramakrishnan 1999; Xin et al. 2003; Feng et al. 2004;
Han et al. 2001; Lakshmanan et al. 2002; Lakshmanan et al. 2003]. SpeciÞcally,
several heuristics for computing multiple group-bys (i.e., cuboids) efÞciently
have been identiÞed, such as smallest-parent , cache-results, amortized-scans ,
share-sorts, and share-partitions [Sarawagi et al. 1996].

7. EXPERIMENTAL EVALUATION

In this section, we present the comprehensive performance evaluations of our
techniques. As mentioned earlier, there is no existing technique speciÞcally de-
signed to support efÞcient S KYCUBE computation and skyline group computation.
In our performance study, we implement some skyline algorithms (e.g., BNL,
SFS, and DC) to compute each skyline and the skyline groups independently
and use them as benchmark algorithms to evaluate our techniques. Below are
the algorithms that have been evaluated.

Similar to BUS, BNLS and SFSS compute the S KYCUBE in the bottom-up
manner. We also apply the sharing result strategy to both of them to share the
child cuboid for computing the parent cuboid. DCS computes the S KYCUBE in the
top-down manner. The sharing parent strategy is applied to DCS as well, which
enables DCS to compute each cuboid from one of its parent cuboids instead of
the whole dataset. To maintain the skyline group information during S KYCUBE

computation, similar methods to UpdateSkyGroup are used in BNLS, SFSS,
and DCS.
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In the following sections, we Þrst evaluate the meaningfulness of skyline
groups and their signatures. Then, we study the overall performance of the BUS
and the TDS algorithms, which includes the sensitivity and scalability against
the data distribution, dimensionality, and cardinality. We also evaluate the
efÞciency of the Þlter-based heuristic to BUS and the sharing parent strategy
to TDS, respectively. Finally, the effect of the number of duplicate values per
dimension on our techniques is studied.

In our experiments, we employ both three real datasets and the three
most popular synthetic benchmark datasets, correlated , independent , and anti-
correlated [B ¬orzs¬onyi et al. 2001], with dimensionality d in the range [4, 10]
and cardinality n in the range [100 k, 500k]. For each experiment, we measure
the query execution times of different algorithms for S KYCUBE and skyline group
computation on these datasets, unless explicitly stated otherwise. All the ex-
periments were carried out on a Pentium 4 PC with a 2.8GHz processor and
1GB main memory.

7.1 Results on Real Dataset Great NBA PlayersÕ Statistics

We downloaded from the NBA ofÞcial Web site (www.nba.com) the Great NBA
PlayersÕ technical statistics from 1960 to 2001. There are 17,266 total records.
Each record is the statistics of a player in a season. We selected four attributes:
the number of games played (GP), total points (PTS), total rebounds (REB), and
total assists (AST). In this dataset, the larger the attribute values, the better.
That is, player A dominates player B if AÕs attribute values are not less than
BÕs, andA has at least one attribute better than B.

Finding the skyline in these playersÕ statistics dataset makes excellent sense
in practice. People are often interested in Þnding the skyline playersÑplayers
who have some outstanding merits that are not dominated by some other play-
ers. Moreover, Þnding the semantics of skyline in this application is of great
interest; we not only want to know who the great players are, but we also want
to know exactly on which combinations of factors a player is dominates the
other players.

The knowledge of subspace skylines has immediate applications. For exam-
ple, if a coach wants to Þnd a player good at total points and total rebounds, he
should look at the skyline players in the subspace ( PT S, RE B ), instead of all
skyline players.

In this dataset, we found 67 skyline records in the full 4D space. The total
number of corresponding decisive subspaces is 146, and the average dimension-
ality of the decisive subspaces is 2 .21. We list some skyline players and their
decisive subspaces in Table II.

The Þrst four records are in the skyline since each of them takes the max-
imum value in one dimension. Interestingly, Wilt ChamberlainÕs performance
in 1961 was outstanding in some combinations of attributes. Michael JordanÕs
performance in 1988 was not exceptional in terms of any single attribute. How-
ever, it is in the skyline once attribute combinations (PTS, REB, AST) or (GP,
PTS, AST) are considered. Gary PaytonÕs performance in 2001 is in the skyline
only if all the attributes are considered. Clearly the decisive subspaces provide
more insightful information than just the list of skyline players in the full space.
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Table II. Some Skyline Players and the Corresponding Decisive Subspaces

Player GP PTS REB AST Decisive subspaces
Wilt Chamberlain (1960) 79 3033 2149 148 (REB)
Wilt Chamberlain (1961) 80 4029 2052 192 (PTS), (GP, REB), (REB, AST)
Chuck Williams (1973) 90 1113 250 557 (GP)
John Stockton (1990) 82 1413 237 1164 (AST)
Michael Jordan (1988) 81 2633 652 650 (PTS, REB, AST), (GP, PTS,

AST)
Gary Payton (2001) 82 1815 396 737 (GP, PTS, REB, AST)

Table III. Number of Skyline
Players in Subspaces with
Different Dimensionality

Dimensionality # of players
1 4
2 41
3 102
4 67

We found skyline records in all nonempty subspaces. Some of them may not
be skyline records in the full space. The numbers of subspace skyline groups
are listed in Table III. These numbers can be explained by the different number
of subspaces associated with the given dimensionality and by the fact that the
number of skyline records increases with increasing dimensionality.

We also counted the total number of subspaces where a record is in the sky-
line. This is an interesting measure. Intuitively, if a player is in the skylines of
more subspaces, he has a better overall capability in terms of combinations of
attributes. We found that, in addition to dominating all others in total points
(PTS), Wilt Chamberlain’s performance in 1961 has the highest number, 13, of
subspaces where it is in the skyline. On the other hand, although John Stock-
ton’s performance in 1990 dominates all others in total assists (AST) which is
decisive, it is only in the skyline of 5 subspaces.

From the analysis on the real dataset, we obtained some interesting and
meaningful observations that cannot be derived from the traditional skyline
computation. This demonstrates the meaningfulness of the proposed subspace
skyline analysis.

7.2 Effect of Dimensionality

In this section, we study the effect of dimensionality on our techniques. Corre-
lated, independent, and anticorrelated datasets with dimensionality d between
4 to 10 and cardinality n = 500k are used in this experiment. Figure 12 shows
the times of all the algorithms.

From the results, it is clear that although SFSS and BNLS adopt the sharing
result strategy, their performances are worse than that of BUS in all datasets.
This is because both insert some non-skyline objects into the candidate list
which leads to more unnecessary pairwise comparison. Due to O(2d ) presorting
overhead, SFSS has the worst performance among all the algorithms. We do not
plot the results of SFSS and BNLS in high-dimensional datasets because their
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Fig. 12. Effect of dimensionality ( n = 500k).

Fig. 13. Effect of cardinality ( d = 8).

times are too large. For instance, in an anticorrelated dataset with d = 10,
BNLS takes 265,000 seconds, while TDS requires only 2,500 seconds, which
outperforms the former by 2 orders of magnitude. Due to their bad performance,
we do not evaluate SFSS and BNLS in the following experiments.

In lower-dimensional datasets, BUS is faster than DCS and TDS. However,
with the growth of the skyline size (e.g., in high-dimensional datasets or in an-
ticorrelated datasets), more pairwise comparisons between objects and skyline
objects are performed in BUS. Therefore, BUS performs badly in these datasets.
As TDS employs the SDC algorithm, which can compute cuboids of a path with
the same cost with which DC can compute the last cuboid in the path, TDS
outperforms DCS in all datasets. When the dimensionality is low, the perfor-
mance difference between DCS and TDS is relatively small. This is because the
advantage of shared computation of cuboids in TDS over DCS is rather limited
as both the number of cuboids and the cost of computing subspace cuboids are
small with low dimensionality. The difference between their times increases
quickly in high-dimensional datasets, since the number of cuboids increases
exponentially as the dimensionality increases linearly. TDS is always at least
1.5 times faster than DCS in the dataset with dimensionality d = 10.

7.3 Effect of Cardinality

In order to evaluate the effect of cardinality on our techniques, we use datasets
with the dimensionality d = 8 and vary the cardinality n from 100 k to 500k. As
the skyline in correlated datasets contains few skyline objects, we evaluate the
performance of BUS, DCS, and TDS in independent and anticorrelated datasets
only. Their times are shown in Figure 13.
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