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abstra ct.

Sound and complete axiomatizations are provided for two di er-
ent logicsinvolving modalities for knowledge and both past and future
time modalities. The logics consideredallow for multiple agerts with
unique initial state and synchrony. The synchrony restriction gives
every agert accessto a system clock. Such semartic restrictions are
of particular interest in the context of past time modalities sinceboth
synchrony and unigue initial state restrictions are not expressibleus-
ing future time modalities.

1 Intro duction

There has beensigni cant interest in multi-mo dal logics combining opera-
tors for knowledge and time in recert years[1, 3, 4, 7]. With only a few
exceptions[3], this literature dealswith future time temporal operators. In
this paper we considerthe e ect of adding past time operatorsto suc logics.

There are somecompelling reasonsto considerthis extension. One of the
topics of interest in the literature has beenthe interaction betweenknowl-
edgeand time when a variety of semaric properties are assumed,such as
uniquenessof initial states, synchrony, perfect recall and no learning (a dual
of perfect recall) [8]. Theseproperties lead to interaction axioms, which in-
volve both epistemicand temporal operators. Halpern, van der Meydenand
Vardi [7] provide complete axiomatizations of logics of knowledgeand linear
future time for all the axiomatizable casesarising out of combinations of
theseassumptions. However, their results indicate that in somecases,some
of the properties have no impact on the axiomatization. For example, [7]
obtains identical complete axiomatizations for the casesof no assumptions,
syndrony alone, unique initial states alone, and for both syndirony and
unique initial states. This indicates that the logic with future time axioms
is too weak to fully expressthe unique initial states and synchrony prop-
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erties. It has also been noted that past time operators allow for a much
cleaneraxiom for perfect recall in an asyndronous setting [13].

Another reasonto considerknowledgein combination with pasttime op-
erators is that knowledge-lased programs [2] are better behaved with past-
time operators than with future time operators. A knowledge-basedpro-
gram is like a standard program with formulas expressingthe knowledge
of the agert allowed to occur as conditions in conditional statemerts. A
concrete implementation of such a program replacesthe knowledge condi-
tions by concrete conditions of the agert's local state. Knowledge-based
programs behave somewhat like speci cations, and in general, may have
zero, one, or many dierent implementations. Howewer, it is possibleto
provide conditions under which there is guaranteed to be a unique imple-
mentation [2]. One of these conditions is when the systemis syndironous,
and all knowledgetests involve only past time operators.

We would like to have an interaction axiom for ead of the properties
mentioned above, such that combinations of properties can be handled by
combining their corresponding axiom. In this paper, we take a step in this
direction by providing axiomswhich individually characterizethe properties
of unique initial states and synchrony. (We will deal with combinations in
future work.) As already remarked, a past time axiom for perfect recall is
already givenin [13]. The property of no learning is best captured by the
future time axiom in [7].

The syndhrony restriction is particularly interesting since the axiomati-
zation appearsto require a complex automaton-basedrule. We sketch the
rather interesting completenessproof here, based on completenessproofs
givenin [7]. We show we can construct a canonicalmodel for any consisten
formula by induction over the nestings of knowledge operators. To enforce
the syndirony constraint we intro duce transducersto represen su cien tly
detailed information about the time. This transducer can be encaded in a
characteristic formula, and we use the new rule, SYNC, to show that the
syndhrony constraint is maintained.

2 Syntax and Semantics
The languageis given by the abstract syntax:

=xj: j ~ % 0 u%w j s K,

where x 2 V is some propositional atom, and 1 i  k is the index of
an agert. The operators are respectively not, and, tomorrow, until, weak
yesteday, since and i-knows, and have their usual meaning. Along with the
usual propositional abbreviations (true; false _; ! ) we will also usethe
temporal abbreviations: =:w: ;3 =trueU ;3 = trueS ;
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0 =:3: ;and [ = :3: , and the epistemic operator, L; =
K

For the semartics, we supposea model is given by a set of runs, and eat
formula is evaluated with respect to sometime in somerun. Given setsL
represerning the possiblelocal states of agert i, fori = 1:::k, wedene a
run to be an elemen of the set

Q) R=frjr:! 1 }(V) Li ::: Lo
We de ne a model to be a subsetof R.
Given, M R we give the semariic interpretation of formulas with

respectto onerun r 2 M and one momert of time, n 2 | . We inductiv ely
dene M;r;nF asfollows:

M;r;nEx ,  x2r(n)
M;r;nfF : , M;r;n 6
M:r;ng ~ 9 M:r;ng andM;r;nig °©
M;r;nfF , M;r;n+ 1
M;r;ng U2 0 9m n; M;rrmiE %andn j<m) M;r;jE
M;r;nfF w , n=0orM;r;n 1F
M;r;nfE S o 9m n; M;r;mE 0andm<j n) M;r;j F
M:r;nE K, 8r92M;8m21; r(n)i = rq(m);) M;r’mE

for each agert i.

This gives the most general description of a language that describes
knowledge and past time. However there are seweral useful restrictions we
will consider:

We say a model has unique initial statesif for all runs r;r®2 M, for

There are se\eral other semartic restrictions that can be applied to com-
binations of temporal and modal logic, including perfect recall and no learn-
ing [1]. We have chosento focus on the syndhrony and unique initial state
restrictions in this paper asthey are especially relevant to temporal logics
with past. The synchrony and unique initial state restrictions have little
e ect in logicswithout past operators, astheserestrictions do not alter the
set of valid formulas.

The unique initial state restriction requires that no agert can initially
distinguish betweenthe possibleinitial statesof the system. This restriction
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can have signi cant consequencefor the language. In [8] it wasshown that
when the unique initial state restriction is combined with the no learning
restriction the resulting languageis highly undecidable. We also note that
in the presenceof past operators the unique initial state restriction allows
us to expressa universal modality [12, 6]. Speci cally, for any formula
we can de ne the formula 3 (wfalse® L;3 ) which is satis ed by a model
M with the unique initial state restriction if and only if there is somerun
r 2 M and somen suc that M;r;n

Once past operators are addedto the language,the syndhrony restriction
has a dramatic a ect on the set of valid formulas. Sinceevery agert knows
the time, an axiomatization must allow reasoningabout which formulas can
be true at which times. For example, if there is someformula, , that is
true at only eventimes, then, if at sometime an agert even suspectsthat
might be true, then that agert should know that every formula that is true
at only odd times must be false. This situation is captured in the following
formula, which is a validity in the syndhronous sematrtics.

(2 Lix" Hx$ wix)! Ki(BEy$ w:y)! y)

Here,Li(x* [EH(x $ w: x)) meansthat agert i considersit possiblethat
x is currently true, and up to (and including) now, x hasonly beentrue at
even momerts of time. Since agert i knows the time, agert i knows that
the time must be even. Henceagert i knowsthat if up to and including
now y hasonly beentrue at even momerts of time, then y must currently
betrue, or Ki(E(y$ w:y)! ).

3 Axioms

In this section, we describe the axioms and inference rules that we need
for reasoningabout knowledgeand time for various classesof systems,and
state the completenessresults.

For reasoningabout knowledgealone, the following system, with axioms
K1{K5 and rules of inference R1{R2, is well known to be sound and com-
plete [1, 9]:

K1. All propositional tautologies

K2: Ki'" " Ki(" ! ) Ky ;s i=105k
K3: K" ! ",i=1:::;k

K4: Ki' ' KiKi"5 i=1:::;k

K5:: K" I Ki: Ki"5 i=1;:::;k

R1. From' and' ! infer

R2. From ' infer K;; i=1;:::;k

This axiom systemis known as S5;,.
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For reasoningabout pure temporal formulas (or formulas not containing
knowledgeoperators), the following axioms and rules (together with K1 and
R1), can be shown to be sound and complete [10]:

F1. ( )! "l

F2. (' ) !

F3:' U $ _("‘ (U )
P1: ( )ow'low
P2: ' D!

P3:'S $ (™~ (S)
P4: true S w false

FP:' | !

PF:" 1 w '

RT1. From ' infer '

RT2. From' %l : A~ ' Ojnfer' %1 (" U )
RP1. From ' infer w"
RP2. From' %!l : ~w'Oinfer' 1 : (" S )

This set of axioms gives a su cien t axiomatization of knowledge with
past time. To allow for the unique initial states restriction, we add the
following axiom:

uis: [l(wfalse! K; )! K; El(wfalse! ); i;j = 1;:::k:

For the rules required for syndhrony, we must rst de ne a characteristic
formula for a transduer. A transducer is deterministic nite automaton
over a one letter alphabet, and can be described by the tuple (Q;p; )
where Q is a nite setof states, gy 2 Q is the initial state,and :Q ! Q
is the transition function.

DEFINITION 1. A characteristic formula is a formula of the form
0 1

3 @Quwfalserm~ 0 (@! (Q)A;

a X

where: X is an arbitrary yite set of gropositional atoms;ap X ; for eath
a X, aisthe formula , x": L oxpaXsand }(X) ! }(X)is
somefuncUon.

A characteristic formula describesthe operation of a transducer in linear
temporal logic. Speci cally we cantake} (X) to be the set of states, ag to
be the initial state and to be the transition function. It should be clear
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that a characteristic formula is always satis able. It simply declareswhich
atoms should be true at which times in a deterministic manner.
In the caseof syndhronous systemswe require two new rules:

AUT. From ! infer , wherevar( )\ var( ) = ; and isa
characteristic formula.

SYNC. From ! infer ! K; , wherevar( )\ var( ) = ; and
i=1::5k

where given a formula , we let var( ) be the set of propositional atoms
appearing in

We require the rule, AUT, to add extra propositions into a proof when
the propositions already in the proof do not yield sucient information
about the system clock. It should be clear that any transducer, (Q; o; )
will generate a unique sequenceof states, Sp;S;1;:::, where s = ¢ and
si+1 = (si). Furthermore for every transducer there is a unique k 0 and
auniquen 1 sud that

1.8 <k,8 6i,s;6sj,and
2. 81 k, 8 >is =g if andonly if n dividesj i.

In this respect a transducer is simply a clock which tells the time up to k,
and then reports the time modulo n. The rule, AUT, is interesting in that
it doesnot use any knowledge operators. Suc a rule is valid in temporal
logics with past but has rarely beenusedin proof systems(although it is
similar to the AA rule of [11]).

Just asthe AUT rule doesnot use knowledge operators, the SYNC rule
doesnot explicitly useany temporal operators. In fact the complete axiom-
atization for syndhronous systemshasno axiom or rule that usesboth tem-
poral and epistemic operators. This may be surprising since the language
clearly has a strong interaction betweentime and knowledge. However the
SYNC rule allowsan implicit interaction betweentime and knowledge. Sup-
posethat =~ ! andvar( )\ var( ) = ;. Since and do not share
any propositional atom, we can only infer from if describes some
structural property (i.e., someproperty that is independert of propositions,
like \this is an initial state"). By examining the languagewe can seethat
the only structural information that can be expressedare conditions on the
time, such asx ™ [E(x $ w: x) (\the time is even"). Thus we can only
infer from if for every time that could be true in somemodel, must
betrue in every model. Sinceagers know the time, and are logically omni-
sciert, if istrue then any agen will be able to deduce . Thusthe SYNC
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rule capturesthe interaction betweenknowledgeand time in a synchronous
system.

For an exampleof the e ectiv enesfthe SYNC rule, considerthe formula
(2). Sinceit is clear that

S (xM EHES wix) !t (Ey$ wiy)!oy);

by the completenesof the temporal rules and axioms, the provability of (2)
follows directly from the SYNC rule and S5 reasoning.

4 Soundness for unique initial states

Supposethe axiom, UIS, was not sound. Then there would be somemodel
M with unique initial states, suc that for somer 2 M and somej,

M;r;j F l(wfalse! K; )7~ :K;[l(wfalse! ):

Therefore there must be somer®2 M sud that r(j)i = r%j); sud that
M;r%j E : El(wfalse! ). ThusM;r%0F : , and M;r;0 F K;
cortradicting the unique initial statesrequiremert of the model.

5 Completeness for unique initial states

To prove the axiom systemaugmerted with UIS is complete we usea stan-
dard Henkin-style construction with nite setsof formulas. Given a consis-
tent formula, , we show that hasa model generatedfrom the maximal
consistert subsetsof someclosure set (see,for example [5]). We de ne the
closuresetin two stages.Given |, let =f; . ; wfalsg g, where
if and only if is a subformula of . As usualwelet be the set of
maximally consistert setsof formulas,andS =1f \ j 2 0. Welet
SO =fs2S jwfalse2 sg.
For the next stage, we let = [ f3 8] s 2 S°g where b is the
conjunction of the formulasin s. Wedene S=f \ |j 2 ganddene
therelations; ; | S S as:

1
—

s ; tif and only if there exists ; ©2 sud that s
t= % andforal 2 ¢ 2

1
—_

s ; tif and only if there exists ; 22 such that s
t= O andforallK; 2, K; 2 ©

It can be seenusing the S5 axioms that ; is an equivalence relation.
The following lemma gives an alternativ e characterization of the relation
i

LEMMA 2. For allsandtin S, s ;tif andonly if b* L;Pis consistent.
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Pro of. If s ; t then there exists maximally consistent sets, and °suc
thats , t SandK; 2 ifandonlyif K; 2 © Sincet Oit
follows that K;L;P2 ©%sob” L;P2 , henceb” L;Pis consistert.
Conversely if P L;bis consistert then it is contained in somemaximally
consistert set, . Wedene =f jK;b! ) 2 g. It should be
clearthat s consisteri, and t . Furthermore, K; 2 if and only if
Ki 2 andL; 2 ifandonlyiflL; 2 . Since is consistert it can
be extendedto a maximally consistert setwhich is sucient to shovs ;t.

For all s2 S, welet [s]; be the corresponding equivalenceclassof ; and
let R bethe setof functionsr :! | S sud that:

1. wfalse2 r(0);
2. foralln,r(n); r(n+ 1); and

3. foralln,if U 2r(n)then there existsm n suchthat 2 r(m).

From R wecanderiveamodelM =f :!1 1 }(V) L; ::: Lgjr2Rg
where ((j)o=r()\ V,and ((j) = [r(j)]i. Finally, for everyr 2 R we
let M, M bedened to be the smallest set such that , 2 M,, and for
every (2M;,andj2!,f ;2Mj9ij%t:t(j) ;u(99g M,.

The standard approach hereis to extend to a maximal consistert set
and usethis to nd arun r with a state containing . We then provea truth
lemmaon M., i.e. foreveryj weshov 2r(j)ifandonlyif M; ;j F
Thereforeto completethe proof all we have to do is show that the resulting
model satis es the unique initial states constraint. We use the following
tautology:

LEMMA 3. " wfalse! (" ! O(K; E(wfalse! :Kj:'))

Pro of. We de ne the formula as
) = wfalse” (" 3 (Li3 (wfalse” K;:"))):
By taking the contrap ositive of UIS we can derive the tautology

(4) " K13 (wfalser: )! 3 (wfalseM : K; ):
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Let : Kj: ' . Applied to we have
uls o1 (wfalser ' A3 3 (wfalse” D Ky K ')) (5)

K5 " Kjit b KjrKy (6)
K1l KKt b Kyt (7)
LTL Tl (wfalser ' A3 3 (wfalse” Kj: ') (8)
K1 R 9)
K1 (10)
Since: is equivalent to wfalse! (" ! [O(K;[E(wfalse! :K;:")),

the proof is complete.

We note that this lemma is the only place where we are required to usethe
UIS axiom, sothis tautology could be usedinstead of the UIS axiom.

COROLLARY 4. The model M, satis es the unique initial states con-
straint.

Pro of. If this were not true there would be someruns with non-unique
initial states. Thus there would be some s(0);t(0); s(u);t(v) 2 S (where
s;t 2 R) sud that s(u) ; t(v), but s(0) 6; t(0). Since wfalse2 s(0) we
can usethe Lemma 3 to derive

11) ~ d0)! OK; E(wfalse! L;&0):

Let a = s(0)\ . Given the de nition of the closure, , it follows that
) é{u) I 3 (wfalse” B)). Furthermore, it is clear that QO) is equivalent
to b, sinces(0) = a[ f3 B)g. Combining this with (11) we derive " é{u) !
Ki EJ(wfalse! Lj§t0)), and sinces(u) ; t(v) it follows using Lemma ??
and S5 reasoningthat ﬂv) AN [F)(wfalse! L,—é’(O)) is consistent. It follows

that RO)" L; §’(O) must be consisten, cortradicting the assumptions(0) 6 ;
t(0), again by Lemma ??.

6 Soundness for synchronous systems

The soundnesof the rule AUT is straightforward, and is left to the reader.
To show SYNC is sound, supposethat and do not share propositional
atoms, ! is a validity, but ~ L;: has somemodel, M. There-
fore there areruns r ;r 2 M and somej such that M;r ;j  , and
M;r ;j F: ,andr (j)i =r (j)i. Note that the interpretation of , and
the interpretation of can only depend on the propositional atoms that
appear in  or (this can be seenby the recursive de nition of the |
relation).
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Now let M* be a new model dened by M* = fr sjr;s 2 Mg, where

a= (r(u)o\ var( )) [ (s(u)o\ var( ))
Im = (r(UWm;s(U)m)

Note that M * is synchronousif M is synchronous.

We can show that M;r;j F if andonly if M*;r s;j E for all runs
sof M, and M;s;j E if andonly if M*;r ;j F for all runsr of
M. (This is done by induction over the complexity of formulas, using the
semartic descriptions given, and is left to the reader). If welet r = r
ands=r , it followsthat M*;r2;j F ~: , contradicting the fact that

! is a validity.

7 Completeness for synchronous systems

We usethe strategy usedin [7] to construct the model as a seriesof levels,
where eac level de nes the depth of nestings of knowledge operators in a
formula. Given any consistert formula, , we will create a model (a set
of runs) by taking sequenceof maximally consistert subsetsof a closure
setof . We will then show that any formula that appearsin a maximal
consistert subsetwill be true at the corresponding state in the model. To
create such a model we needto nd a sequenceof maximally consisten
sets, where one of the setscontains . We then needto provide additional
runs to ensurethat if L; appearsin someset, appearsin some other
run. However these additional runs can be de ned over a smaller closure
set sincewe are only interestedin the formulas that appear in the scope of
a knowledge operator. We can apply this processrecursively until we only
have to add runs de ned over a closure containing no knowledge operators.

When we add additional runs, we have to ensurethe knowledgerelations
conformto the synchrony constraint aswell asthe normal rulesfor epistemic
logic. To do this, at eadt level of the construction we include the character-
istic formula of a transducer. The state of the transducer at a given level
provides su cien t information about the time for us to be able to deduce
which of the setsin a lower level will be inconsistert with the current time.
The SYNC rule allows us to usethis information to ensurethe model sat-
is es the synchrony constraint. The following de nitions cortribute to this
construction.

Each level in the model is representied by a string of agert indexes, (that

and usethe following notation:

we let referto the empty string;
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welet i bethe string , concatenatedwith the indexi andlet ( i) =

we let ni bethe largeststring suchthat i isaprex of ,or if
such a string doesnot exist; and

we de ne ( < )tomean isa (proper) prex of

To construct a model of a consistert formula we will use the following
hierarchy of languages. We let L be the language de ned above (for k
agerts), and de ne the hierarchy over knowledge sequences.

1.L =f 2Lj8 2L;8 K; 6 g
2.Li=1f 2LjK; ) eitherj=iand 2L orK; 2L g

We can seethat L is the set of all pure temporal formulas, and let  be
the smalleststring such that 2 L .
We will now de ne the closure of a formula,

DEFINITION 5. Givenaformula, , welet be the closure of , de ned
recursively by:

2

implies ; : 2
2 implies : K; 2 and K; 2 fori= 1;:::;k.

Given a knowledge sequence, , we de ne the -closure of to be =
\' L.

To be able to create a model we require that maximal consistert subsets
of the closure contain su cien t information about the time. We do this as
follows. Let be the set of maximally consistent sets of formulas taken
from the language (with respect to the axioms given and the two rules for
syndrony), and givena setX of formulas, welet Sx bethe setof maximally
consistert subsetsof X, (ie Sx =f \ X j 2 g).

y We de nevthe temporal relation ; Sx Sx by s; tifandonly if
2s ot IS consistert.

The knowledgerelations are quite complex, and will be constructed using
the following de nitions and lemmas. Theseconstructions are given sothat
if we are consideringformulasin L ;, then the closureincludesan additional
formula, , that describes a transducer, A . A run of this transducer
assciates a state with eadh momernt of time and this state describes the
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set of maximal consistent subsetsof L which are consistert with the given
time. We do this by induction, wherethe basecaseis

X = [ 3 wfalse
Given X , for any , we can then dene S (the maximally consisten
subsetsof X ), A (atransducer showving which subsetsare consistert with
which times), (the characteristic formula of the transducer), and X
(the inductiv e step). This is done as follows:

S:Sx.

For all , givenS and; (dened above)welet A be a transducer
given by the tuple (Q ;p ; ) where:

{ Q =1}(S) isthe setof states;
{ p=fs2S jwfalse2 sg

{ :Q ! Q isthe transition function de ned by
qQ=ftj9s2q s; tg.

This transducer is de ned to identify states which are reachable in
the constructed model at a giventime. The run of A is the sequence

fromQ ,(p; (p); 2(p);::).

is the characteristic formula of A . Todene ,foreathhs2 S,
let X5 bg,a propositiwal atom not appearingin ,andforall g2 Q ,
let = qXs™ ! g5 ngXs- Then
0 1

=3 @wfalser p~ I @' (Q)A:
a2Q

Xi= [

The proof of completenesswill follow from the following lemmas. The
rst three are technical lemmaswhich contribute to the proof of the fourth.

LEMMA 6. For all ,andqg2 Q , wehave" fOlKi 548

Pro of. By the construction the transducer A the initial state p isthe set
of all maximal consistert subsetswhich are consistert with wfalse so the
following is a validity

(12) ° wfalse® ! N
s2p
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Since” I 3 (wfalse® ), we can derive
0 11
(13) ° ~g! 3@ A~ 7T grT o8 A
g2Q s2q

The transition function is de ned to map a set, g, of maximal consis-
tent sul:w:tsto the set of all maximal consistert S\Hpsetsthat e consisten

with g8 Since”  ~gl (Qand’ T, 8! o (g Sare
tautologies we can derive the following:
I 0 11
> ~~ grT 81l @ AT grT o8 A
92Q s2q 92Q s2q

Applying the rule, RT2, we can show
I 0 11

5> ~ 7 g~ sl g@ A gr -~ 8 A
q2Q s2q a2Q s2q

and the following tautology follows from (15) and (13):
0 11

(1e6) - ~qg! @ ~ g~ 8 A
q2Q s2q

Sinceby de nition, ~ g! 4, T, wehave

17 > ~qg! &
s2q

Wncethe propositional atoms in are de ned to be disjoint from thosein

s2q 8 the result follows from the SYNC rule.

This lemma shows that for any elemens of S which are not consistert
with 2 g, given ~ gwe can prove an agert knows that those elemerns
of S are not true. The construction we will use requires us to also prove
an agert knows which elemers of S ; are not consistert with NG To
do this we usethe following lemma.

LEMMA 7. For all knowledgesequenes , for all j 2! and for all ,

oA ) I J(p) wher the propositional atomsin  are
disjoint from the propositional atomsin

Pro of. We will prove this by induction. The basecaseis the tautology



14 Tim French, Ron van der Meyden, Mark Reynolds

@) > Ayt °r Jp)

where the sets of propositional atomsin © and  are disjoint. The base
caseis a temporal validity (since transducers are deterministic) so we can
assumethis is provable from the temporal axioms and rules.

For the inductiv e step we will rst showv

)~ J(p)! Ll (p )

wherethe setsof propositional atomsin  and are disjoint. Since(19)
is a pure temporal formula, it is su cien t for us to show it is valid using
semaric reasoning. Since  is always satis able, if p= "(p ) then there
must besomes 2 pandsomeq2 Q sudthat f ;09 s. Furthermore,
givensuch ansforallt 2 pif 2 t,thenq2 t (sinceby de nition s;t2 p
if and only if s and t can be reached in n stepsfrom an initial set, and for
every transducer there is always a unique state that can be reached in n
stepsfrom the initial state). Therefore (19) is valid.
To complete the induction, supposethat for some

20) °  ~ J(p)! 1o T(p)

Combining this with (19) we can derive

1) ! A p)y! L (p)

Since we can assumethat the sets of propositional atoms in and
are all disjoint, the AUT rule givesus

2" ~l(p)! L)
and the lemma follows by induction.

We will now restrict our attention to setss 2 S i, suc that 2 s. We
dene T =S andlet T; = fs2 S, 2 sg. By the construction
of the set S ; and the rule, AUT, ewvery consisteri formula in ' must
be an elemen of somesetin T ;. Given any set, t, of formulas we let
t = f jK; 2 tg. We require the following de nition to allow us to
comparemaximal consistert subsetsat di erent levels.

DEFINITION 8. Forall 6 ,wedene therelaton ; T, T and
say t s (ti-supports s) if

For someq2 Q , Qg2 s andthereissomea2 qsucdhthatt a.
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t st
This de nition is constructed such that foralls2 T ,andforallt2 T ,;,

t ;sif andonly if B* L;bis consistert.
LEMMA 9. Foralls2 T ,forallt2 T, ift6;sthen’ f1 K;: 8.

Pro of. If t 6; s then there are three caseswe must consider:

1. forallq2 Q ,if O S then for all a2 g, t 6 a. From Lemma 6 we
know ° AQl apq8 soit follows® £ 1 (1~ ), and thus
by the SYNC rule, > f1 Ki:(  27. As” :( ~10)! :8the

proof follows from K2 and R1.

2. s 6 t. In this casethere must besomeK; 2 ssuchthat 2t. Since

2 X 5 wemust have ™ 1 : . Applying the epistemic axioms
K3, K5 we canshowv * f! KiL;: and by the rule R2 we can shown
T Ki(Li: ! :8). The result follows from K2.

3.t 6 '. In this casethere must be someK; 2t such that K; 2s.
In this casethe result follows trivially from R1 and K2.

We note that the converseof this lemma is a consequencef Lemma 15.
The following lemma allows us create a synchronous model from a set of
runs corresponding to di erent knowledge sequences.

LEMMA 10. For all , for all j, for all s 2 I(p)\ T ,ifL; 2s, then
there is somet 2 'ni(p ni)\ T s suchthat 2tandt ;s.

Pro of. We usethe Lemma 6 and Lemma 7 to prove this lemma asfollows.
Suppose for cortradiction that there exists some knowledge sequence, ,
somej 2 !, somes 2 J(p)\ T and somelL; 2 s sudc that for all
t2 ’m(p )V T i, ift s, then 2 t. We can convert this statement
into a formula and usethe proof theory to derive a contradiction.

For all t 2 ’ni(p ni), eithert 6; s,or 2t ,ort2T,. Thus, by
Lemma 9, the following would be a tautology:

N

(23) ° bl Kb )
2 (P )
Note in the casethat ni = wecanconsider , to bethe formula, true.
Sinces2 1 (p )\ T it follows that o (p )2 s. By the Lemmas,

Lemma 7 and the AUT rule we can deduce
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(24) * B! K; b

21 (P ai)
Putting this together with (23) we can showv
(25) " B! Ki(Ki:b_: _: 4 )

We can then apply basic epistemic reasoningand the AUT rule to show
1 b, contradicting the fact that s is consistert.

Lemma 10 givesus the su cien t machinery to complete the proof. If
is consistert, then for some knowledge sequence, , must belongto
and must be consistert with , for all . Therefore we can nd some
s2 T suchthat 2 s. It is clearthat the relation ; can be restricted to
T forall , sowe canusethis to createa -history (an in nite ; -sequence
in T ) where all eventualities are satis ed. For every setin this history we
can then satisfy any knowledge formulas using Lemma 10.

The construction we will us%here is given as follows: A ranked set of
height is a disjoint union R = R , wherefor eath , R isaset.

For each r in R we assaiate a -history via a lakeling, described in the
following de nition:

DEFINITION 11. A lakeling, °, of aranked setR of height is a collection
of functions © : R 1 T for where:

l.forallr2 R, (r;0)2p;
2. forallr2R ,forallj2!,” (r;j); = (r;j +1);

3.forallr2R ,forallj2! forall U 2" (r;j) thereis somei |
suchthat 2 ° (r;i).

Hence,for any labeling *, forany r 2 R , ~ (r;0)" (r;1)" (r;2)::: will be
a -history. The construction must also satisfy all the knowledgeformulas.
To do this we usethe obsenation that if L; appearsat somelevel (say,
Li 27 (r;j) wherer 2 R ), then a history labeled by an elemer of R

is all that is required to satisfy this formula. In this casewe needto nd

a witnessfor L; in R ; that is consistert with both L;" (’r\;j) and the
time j. By Lemma 10 we know this is always possible. To allocate these
withesseswe usethe following de nition:

DEFINITION 12. A systemof supprt, , for a ranked set R of height
equipped with alabeling " consistsof, forall < , for all agerts i, a partial
function ' :R ;] R !, sud that
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1. forallr 2R ,forallj2!,if "(t)=(r;j), then™ ni(tj) i > (r;)).
2. forallr2 R forallj 2 N,ifL; 2" (r;j) then exactly one of the

following holds:

there is somet 2 R ,; such that ' (t)= (r;j)and 2 (t;}).

there issomet 2 R suchthat ni= ,and '(r) = (tj).

We note that in somecaseshe systemof support doesnot directly allocate

a witness for someformula L; . This occursif L; 2~ (r;j), and for some
, '(r) = (t;j). In this caselL; appearsin a setthat is itself a witness for

aset, " (t;j), at a higher level. In this casewe must haveL; 2 ° (t;)),

and the witnessfor L; in "~ (t;j) issucien t to alsowitnessL; in "~ (r;j).

This givesus enoughto de ne the basic structure.

DEFINITION 13. Let 2 , beaformula, and an index suc that

2L . A -frameisatriple (R;"; ) whereR is aranked set of height
" is alabeling of R and is a system of support for R and °, suc that for
somer 2 R ,andsomej 2! ,wehave 2" (r;j).

LEMMA 14. Given any consistent formula, , there existsa -frame.

This is left to the reader. The existence of i- -supports follows from
lemma 10, and the existenceof the -labellings follows from the usual reach-
ability argumerts.

i a a@) aQ)
i

4

~@

o
| — ‘
- Q|

Y

[ 2

Figure 1. A basic' -frame

A basic' -frame is depicted in Figure 1. In this example = ij and
the levels of knowledge( ; i; or ij ) increasefrom bottom to top. Formulas
containing K; will only appear in the highest level (ij ), whilst no formulas
cortaining only epistemicoperatorswill appearin the lowestlevel ( ). Time
o ws from left to right, a labelsarun Rj , b; b label runsin R; and c;:::€d
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label runs in R . The solid arrows betweenlevels correspond to the partial
function {j (so {j (b) = (a;1)), and the dashedarrows corresppndto | (so
H(d) = (a;2)).
Givena -frame F, we cannow construct a model, Mg R (see(1)) as
follows.

We let the set of local statesL; beR !.

For all , foreadir 2 R wedene afunction :! ! }(V)
Ly i Lgby ()= (al1;:::;1q) where:

{ a="(r;j)\V;

{ foreadi = 1;:::dif '(r) = (t;j), thenl; = (j)i, and other-
wisel; = (r;]).

It is clear that the model M is synchronous.
LEMMA 15. For all ,Fr2R ,forallj2!,andforall"' 2

Me; i F () " 20 (Bi):

Pro of. This is showvn in the usual way, by induction over the complexity
of formulas. We note that the de nition ensuresthat for all propositional
atoms X, Mg; ;] F xifandonly if x 2 ° (r;j). Givena formula , the
inductiv e hypothesisis Mg; ;] F () 2" (r;j). Assuming and

O satisfy the inductive hypothesisit can be shovn » 9 : | LW,

U %and S ©also satisfy the inductive hypothesis. This is relatively
simple and is left to the reader (note that the U caserelieson the last part
of De nition 11).

The only interesting caseis the inductiv e step for the knowledgeoperator,
where' = K; . We assumeby the inductiv e hypothesisthat for all ,
forallr2 R ,andforallj2!,Mg; ;JjFE () 2°(r;)).
Supposethat Mg; ;j E ' . In this caseMg; ;] F and for all t such
that (j)i = (j)i wehave Mg; ;j F . By the construction of Mg we
have two possibilities:

1. Forallt 6 r, sudhthat (j)i = (j)i,t2 R o and ' (t) = (r;j).

By the induction hypothesis, for all such t where '(t) = (r;j),

2 " ni(tj). Supposefor cortradiction ' 2 (r;j). ThenL;: 2

* (r;j) and by the de nition of ' there would be somet suc that

T(t)=(r;j)and 2 ,(t]), giving us the required contradiction.
Thus' 2 (r;)).
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2. Thereissome andsomes2 T suchthat ni= and (j)=s.
For all t 6 s, suc that

()i = ()i, wehave ' (t) = (s;j) and hence 2 (t;j). Since
"2 "' we must have Ki" 2 fList 27 (s)), by K4 we
haveL;: 2 (s;j) and by the de nition of ' there must be some
t 2 R suchthat ' (t) = (s;j) and 2 (t;j), contradicting the
induction hypothesis. Therefore we must have Ki' 2 ° (s;j) and
hence' 2 ° (s;j)'. By the de nition of ; it followsthat ' 2 ° (r;]).

For the cornverse,suppose' 2 ° (r;j). Again we considertwo possibilities:

1. Forallt6 r sudvthat (j)i= (()i,t2R n and "(t) = (r;j). In
this caseby the de nition of ' and ;, wehave™ (r;j)" = .i(t]).
Consequetly 2" ,i(t;j)",andby K3, 2 (r;j). By the inductive
hypothesis,for all t such that (j)i = (j)i, wehaveMg; ;j F
SOMEg; ;] F Ki

2. Thereissome ,andj 2! andsomes2 T suchthat ni= and
(r)=(s;j). Forallt6 ssucthat ,(j)i = ¢(j)i, wehave '(t)=
(s;j)- Since” (r;j) i (s;)), Ki 27 (r;j) impliesKi 2" (s;j).
Forallt 6 ssuchthat (j)i = (j)i, wehave ' (t) = (s;j) andthus
() i (s;j). By the denition of ', K; 2 (s;j) implies
2 7 (t;j) for all sucht. Sincewe must alsohave 2 ° (s;j) (by

K3) the results follows from the induction hypothesis.

8 Conclusion

In this paper we have preseried sound and complete axiomatizations for
logics of knowledge and past time with the synchrony and unique initial
states constraints. While the proof of completenessfor the unique initial
states restriction is relativ ely straightforward, the proof of completenesdor
the syndhrony restriction is surprisingly complicated. The axiomatization
for synchrony relieson complexautomata basedrules, and nding a simpler
axiomatization (and proof) would be of someinterest.

For future work we will be investigating combinations of knowledge and
past time given the semartic restrictions of perfect recall (where an agert
retains the knowledgeof previoustimes), and no learning (where an agert's
knowledgecan not increaseover time) [1]. Along with synchrony and unique
initial state restriction, this gives us sixteen di erent combinations of re-
strictions to consider. We will investigate axiomatizations for the resulting
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languagesand extending these axiomatizations to include axioms for com-
mon knowledge.
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