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Suppose that M = (S, Sy, —, L) is a transition system.

A path in M is a sequence of states sg, s1, ... such that s; — s;41 for

all 4.

Computation Tree Logic — CTL*

Syntax: two types formulas:

state formulas:

1. p, where p € Prop

2. g1 and ¢1 A ¢, where ¢, P2 are state formulas

3. E¢, where ¢ is a path formula

path formulas:

1. ¢, where ¢ is a state formula

2. ¢y and ¢1 A ¢, where @1, P2 are path formulas

3. X¢1 and ¢1 U ¢9 where ¢1, ¢ are path formulas




CTL* Semantics

Given a transition system M, we interpret path formulas on paths r
in M and state formulas at states s in M:

Path formulas:

1. M,r | ¢, where ¢ is a state formula, if M, s | ¢

2. M,r =—-¢if not M,r = ¢

3. M,r = ¢1 Ao if M7 = ¢y and M, r = ¢
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. M,r |= ¢1 U ¢y if for some k > 0 we have M, 7 = ¢ and for
0 <1< k we have M, r! = ¢

where r* = r(k),r(k +1),r(k +2),...

Examples

Abbreviation: A¢ for =E—¢ (¢ holds on all paths)

At all times, one of the two processes must be able to proceed:

AG(EXmoved; V EXmoveds)

It is always possible to get to the restart state

AG(EF restart)

If process 1 reaches the trying state, it will eventually reach the
cititical state

AG(loc; = try = AF(loc; = crit))

State formulas:
1. M,s = p, where p € Prop if p € 7(s)
M,s = —¢ if not M,s = ¢
M,s|= ¢y Ao if M,s = ¢y and M, s = ¢o

M, s = E¢ if there exists a path r in M with 7(0) = s such that
MrE¢
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CTL

All the above formulas are in fact in a fragment CTL of CTL*:

CTL is the fragment of CTL* where we restrict the set of path
formulas to be of the forms X¢1, p1Upa, =(d1U p2) where ¢1, ¢2 are
state formulas.

(This includes F¢1 = true U ¢ and G¢1 = —(true U —¢y).)

An alternate syntactic basis for CTL path formulas is: X¢1, ¢1U ¢o,
G, since

E~(1U¢2) = (EG¢2) V E((—¢2) U (g1 A =¢2))




Model checking CTL state formulas

Theorem: For ¢ € CTL, determining M, s = ¢ can be done in time
O(|M] - ¢l).

4. label s by EG¢; if there exists a sequence
S =80,81,...,8k,...Sm of states such that

(a) 81 — sp41 foralll <m
(b) sk = Sm
(c) all s; are labelled ¢4

Let S’ be the set of reachable states of E reachable from s via —.

label states in S’ by subformulas of ¢, proceeding from leaves of the

parse tree to the root

1.

L

label s by p if p € w(s)
label s by —¢; if s not labelled by ¢
label s by ¢1 A ¢5 if s labelled by both ¢1, ¢2

label s by EX¢; if for some state ¢ we have s — ¢ and t labelled
by ¢1

label s by E(¢1 U ¢9) if there exists a sequence s = sq, 81, - .., Sk
such that si labelled ¢2 and for | < k s;T's;4+1 and s; is labelled
?1

State Space Explosion Problem

Complexity O(|M] - |¢|) looks efficient, since the specification ¢ is
written by hand, so probably not too large.

But ... M is usually obtained from n processes operating in
parallel. If each has at most k states, we have k" states for the

system as a whole!




Symbolic Model Checking (McMillan, 1990)

An alternate view of the algorithm:

Let V = {v1,...v,} be a set of boolean variables such that states of
M are represented by a function 7 : V — {0, 1}.

For each subformula i of ¢, let Sy, be the set of states that the
algorithm labels by .

Can represent this set by its characteristic function
fuw :{0,1}™ — {0, 1} such that fy(b1,...,b,) =1 iff the state
represented by the assignment m = {v1 — b1,...,v, > by} isin Sy.

(Ordered) Binary Decision Diagrams

We can eliminate a lot of redundancies in BDT’s by repeatedly
applying the following reduction rules:

1. identify all O-leaves, and similarly all 1-leaves

2. if two nodes labelled a have the same 0-sucessor and the same
1-successor, identify them

3. if a node has the same 0-successor and 1-successor elminate this
node, and direct all incoming edges to this sucessor

The result, which does not depend on the order of application, is a
dag.

(Ordered) Binary Decision Trees
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f(al,a2,b1,b2) = (al = a2) A (b1 = b2)




Boolean Operations on functions / OBDD’s

Example: Let f,g:{0,1}* — {0,1}. Then f Ag: {0,1}* — {0,1} is
defined by

Cﬁ.>.®x®f..§@wvH.\.Quf...ugav>.QA®T..§9av

Given a boolean operation x on functions, BDD representation of f
and an OBDD representation of g, we can compute an OBDD
representation of f x g

Shannon expansion of a function:

f=Cvnf

vi0) V (Vi A f
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Apply this to compute OBDD(f x g), recursively:

1. it OBDD(f) and OBDD(g) are both terminals with values z, v,
OBDD(f x g) is terminal with value x x y, else

2. Let v;,v; be the variables at the roots of the OBDD’s for f, g resp
If i = j: OBDD(f % g) has root labelled v;, and
0-successor OBDD(f|;—0 * glv;—0)) and
1-successor OBDD(f|y;—1 * glv,—1))
If ¢ < j: as for ¢ = j, but note g does not depend on v;, so
g

v;—0 = g, similarly for ¢ > j.

Proceed recursively, but cache results to avoid recomputing/
exponential growth.

Restriction of a function: if f[vy,...,vx] a boolean function of
variables {v1, ..., v },and b € {0,1}, then f
variables {v1,..., vk} \ {vi},

f

v;—b 18 a function of

vieb(b1,y o bim1, big, o b)) = (b, ., bica, Dby, - b))

To compute the OBDD for f

v; b from the OBDD for f:

1. do a depth first search through the OBDD for f when you reach
anode N with a c-successor M (c € {0,1}) labelled v;, make the
c-successor of N be the b-successor of M.

2. reduce the resulting using the rules above

Quantified Boolean Logic

Let f be a boolean function of variables V and v € V' a variable

Ju(f) is a boolean function of variables V' \ {v}, defined by
MGA_\.V = \.Tk’o v \_?’H
Vou(f) is a boolean function of variables V' \ {v}, defined by

<\CA_\.V = _\.Tr’o A .\,_dTH

Thus, we can compute BDD’s for Ju(f) and Yo(f) from OBDD(f)
using the techniques above.
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Applying OBDD’s to CTL model checking

Idea: instead of working with individual states, work with sets of
states, represented by OBDD’s.

Representing the transition relation — symbolically:
Let V = {v1,...,v,} be the variables used to represent states.

Define the boolean function f_, of 2n arguments by

fo(bry oo by, by, . b)) = 1iff s — &', where s is the state
represented by {v; — b1,...,v, — by} and s is the state represented
by {vi — b, ... 0 — b}

_\.GNQ = Q?mﬁ\ﬂ.@vmcaogv
where

CheckEX (flv1,...,vy,]) is

Jup .. 30 (v, Un, U, UL A FOY L))

We associate with a formula ¢ of CTL, a function fg over the set of
variables V = {vy,...,v,} used to represent states of M, such that if
the state s is represented by {vy +— by,...,v, — by} then M, s = ¢ iff
\,%@T cee ®3V =1.

Computing f:
1. if ¢ = v; € Prop then fu(b1,...,by) = b;
2. foa="fa
3. fang = fa N fa (computed as above)
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Fixpoints (Tarksi-Knaster)

Let T : P(S) — P(S).
T is monotonic if X CY implies T(X) C T(Y) for all X,V C S.
X is a fixpoint of T if T(X) = X.

X is a least fixpoint of T if X is a fixpoint that is contained in all
other fixpoints.
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Note that if 7" is monomotonic then the sequence X; defined by
;X«o = S and NTI = MJALXMV satisfies No m NH m Nw m e

If S is finite, then for some n < |S]|, we have X,,, = X, for all m > n.

Proposition: If S is finite and T is monotonic, then it has a least

fixpoint, which is equal to X,,.

Computing .ﬂmﬂp U ¢o"
First compute fs,, fe,-
Let % = .Nwmm“_.mm

while f # (fon V (for A ChechEX(f)))
do = (fon V/ (fir A CheckEX ()

return(f)

A fixpoint characterization of E¢; U ¢,

Note first (E¢1 U ¢2) = ¢2 V (61 AEX (01 U ¢2))

Given a set X C S of states of M, define M[z — X] to be the Kripke
structure exactly like M except that the proposition x is true at
states in X and nowhere else.

Proposition: Let T : P(S) — P(S) be defined by
T(X)={t| (M[z— X],t) E ¢2V (p1 N EXz)}.

Then
{t | (M,t) = E¢1 U ¢o}
is the least fixpoint of T'.

A fixpoint characterization of EG¢

EG¢ = ¢ AEX(EG¢)

In this case, its the greatest fixpoint, computed as follows:

First compute fs.

Let f = firue

while f # (fs A CheckEX(f))
do f:=(fy NCheckEX(f))

return(f)
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Symbolic LTL model checking

Similar ideas can be applied to LTL.

In this case, we represent states, transitions, etc of the Biichi
automata symbolically.
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