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Simple Environments for Synchronous Perfect Recall

Define @ : traces(E) — %Abtﬁ,...,x:,ob by
P(1) = {9 € Lik,... knc} | P (E), T =0}

An environment E is simple if {P(T) | T € traces(E)} is finite,
i.e. agents have only a finite number of possible states of knowledge

in that environment (with the synchronous perfect recall semantics)
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Example: Environment E with initial states | is a broadcast
environment if all initial states t are sources (STt fornos€ § and
for all non-initial states s € S\ I,

01(s) = 02(s) =... =0On(s)

Proposition: Every broadcast environment is simple

(The definition can be strengthened with the same result)

Progression Structures

A progression structure for environment E is a pair A_<_ , QV
consisting of an S5, Kripke structure M = (W, X3, ..., &u, D) and
a state mapping 0 : W — & such that

(W, p) = Tle(0(W), P)

for all w € W and p € Prop

Example: Pe n = (Mn, £in), where My, is the substructure of

_/\__wHVH consisting of the traces of length N
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The environment E operates on its progression structures by
(M,0) *xE = (M’,d’)
where M = (W', X ,..., K, T0) is the Kripke structure with
1. W={(ws)|weW, se S, o(w)Ts}
2. (W,9) K/ (v,t) iff wAiv and Oj(s) = O;(t)
3. T((WS), p) = Tee(s)
4. 0((ws) =s

Proposition: Pz ny1 is isomorphic to Pz n* E

Zig-Zag Morphisms
LetM = (W, K3,..., Kn, T) and M' = (W', &7,..., K, TT) be
Kripke structures

A zig-zag morphism (bisimulation) from (M, 0) to (M’,0’) is a
mapping O from W to W’ such that

1. ¢(a(u), p) = 1(u, p) for all u € W and p € Prop,
2. o(w) = o’(a(w)) forall w e W,
3. UKV implies a(u) &a(v), foralli=1...nand u,v € W,

4. if o (u) KV then there exists vV € W with 0 (V) = V' and UKV.
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Structure Minimization

Theorem: If O is a zig-zag morphism from (M, 0) to (M’, 0’} then
for all formulae ¢ € hﬁxb..;xsqow and all worlds W of M, we have
M, w = ¢ if and only if M’ o (w) = &.

Theorem: For all finite progression structures P there exists a
minimal size progression structure HmQA_uv with a zig-zag morphism
o : P — red(P). The structure red(P) is unique up to
isomorphism, and may be computed in time O(|P| - 1og|P]).
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Say propositions determine state in E when for all states S;t € &, if
Tle(S, p) = Te(t, p) forall p € Propthen s=t

Theorem: If propositions determine state in the environment E then

the following are equivalent:
(i) E is simple

(ii) The progression structures Hmacumbv take on a finite number
of values (up to isomorphism)

(iii) There exists a zig-zag morphism from _<__mmHVH to a finite Kripke

structure

Incremental Computation

Theorem: For all environments E, and all n,

red(Pe ny1) >~ red(red(Pepn) *E)
Theorem: There exists an algorithm A(E, T, ) such that for all
environments E in which propositions determine state

1. For all traces T and sentences ¢ € hﬁxr..;x?ﬂ_
AE,T,9) =yes iff IP*(E),T=¢

2. If E is a fixed simple environment then A(E, T, ¢) runs in time
O(lt| +[¢])
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Model Checking Knowledge and Branching Time
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Environments (transition form) with fairness

An environment in transition form with fairness condition is a tuple
of the form E = (S, le, T, O, T, ) where

1. S is a set of states of the environment.
2. le C &, is the set of initial states of the environment.
3. T C & x Sis a transition relation.

4. Oisatuple (O1,...,0n) such that for each i = 1..n,
O; : & — Obsis an observation function O.

5. T : S % Prop — {0, 1} is a valuation.

6. 0 C S is a Biichi acceptance condition

A run of an environment E with fairness condition is an infinite

sequence € = §S; . .. of states of E such that
1. o€ lg,
2. TSy forallk >0,
3. some S & 0 occurs infinitely often.

Atrace of E is a finite sequence p = . . . Sy of states satisfying

conditions 1 and 2.

Assumption: Every trace of E can be extended to a run of E.
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<edly, s;send, r:*> <e*, s*, ri*>

<edlvr, s;send, r:*>

<e*, swait, r:*> <e*, s* x>

le={w} Te(X, p) = trueiff x=d.
Os(w) =L,  Os(t) = Os(d) = sent
O(w)=0(t)=1L, Or(d)=rcvd

traces(E) = {wkd™ |k > 0,m > 0} U {wXtd™ | k > 0,m> 0}
Ifa = {w,t,d} then

R(E) = {w*}uU{wkd® | k> 0} U {wktd™ | k > 0}

If a = {d} then
R (E) = {wkd” | k > O} U {wktd® | k > 0}
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Realization

Let V be view.

Say that a formula ¢ is realized in E (wrt V) if

I'(E),(r,0) = ¢

forallrunsr € RY(E).

Problem: Given a finite environment E and a formula ¢ of the
language of knowledge and (linear/branching) time, decide if § is

realized in E wrt V.

Observation: Realization generalizes model checking hﬁ_ﬁ,..;xz,ﬂ

at a trace.

Suppose Ps is a proposition true only at state S of environment E.

Let T be the trace $S; . . . Sm. Then the following are equivalent

1. IVE),TE®

2. Py, = O(Ps; — --- O(Psy — §))) is realized in E wrt v.

3. Py = YO(Ps; — ---VO(Psy — ))) is realized in E wrt v.

10
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Branching Time, Observational View

Theorem: Realization of ¢ € Lk, . k,cvo.vu3u) in E with
respect to obs is in PTIME.

Let S be the set of reachable states of E

label states of M = (S, K3, . . ., K, Tle) by subformulas of ¢
1. label Sby Kj (CQ) if SKjt (SKct) implies t labelled
2. label sby VOU if STt implies t labelled by Y

3. label Sby 3(W1 U Wy) if there exists a sequence
S=%0,51,---,% such that S labelled Y and for | < k
STS.1ands is labelled Yy

11
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4. label Sby —V/(W1 U W) if there exists a sequence

S=$%,%,...,%;.--Sm of states such that

(@ §Tg g forall <m

(b) Sk = Sm

©) {%;---sSmpNa#£0

(d) either § is not labelled P> for all | < m, or, for the least |

such that § is labelled W5 there exists I” < | such that § is
not labelled Y
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