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plem

entations
ofknow
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program
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w
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M
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fo
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n
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u
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P
erfect

R
ecall

D
efine

Φ
:
t
r
a
c
e
s(E

)
→

P
(L

{K
1
,...,K

n
,C
} )

by

Φ
(τ)

=
{ϕ

∈
L
{K

1
,...,K

n
,C
}
|

I
s
p
r(E

)
,τ
|=

ϕ
}

A
n

environm
entE

is
sim

ple
if{Φ

(τ)
|τ
∈
t
r
a
c
e
s(E

)}
is

finite,

i.e.
agents

have
only

a
finite

num
ber

ofpossible
states

ofknow
ledge

in
thatenvironm

ent(w
ith

the
synchronous

perfectrecallsem
antics)
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E
xam

p
le:

E
nvironm

entE
w

ith
initialstates

I
is

a
broadcast

environm
entifallinitialstates

t
are

sources
(sT

t
for

no
s
∈

S
)

and

for
allnon-initialstates

s
∈

S
\

I,

O
1 (s)

=
O

2 (s)
=

.
.
.=

O
n (s)

P
ro

p
o

sitio
n

:
E

very
broadcastenvironm

entis
sim

ple

(T
he

definition
can

be
strengthened

w
ith

the
sam

e
result)

S
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P
ro

g
ressio

n
S

tru
ctu

res

A
progression

structure
for

environm
ent E

is
a

pair〈M
,σ
〉

consisting
ofan

S
5

n
K

ripke
structure

M
=
〈W

,K
1
,
.
.
.
,K

n
,π
〉

and

a
state

m
apping

σ
:W

→
S

e
such

that

π
(w

,p)
=

π
e (σ

(w
)
,p)

for
allw

∈
W

and
p
∈

P
rop

E
xam

p
le:

P
E

,n
=
〈M

n
,
f
i
n
〉,w

here
M

n
is

the
substructure

of

M
s
p
r

E
consisting

ofthe
traces

oflength
n
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T
he

environm
entE

operates
on

its
progression

structures
by

〈M
,σ
〉
∗

E
=
〈M

′,σ
′〉

w
here

M
′=

〈W
′,K

′1
,
.
.
.
,K

′n
,π

′〉
is

the
K

ripke
structure

w
ith

1.
W

′=
{(w

,s)
|w

∈
W

,
s
∈

S
e
,σ

(w
)T

s}

2.
(w

,s)K
′i (v

,t)
iffw

K
i v

and
O

i (s)
=

O
i (t)

3.π
′((w

,s)
,p)

=
π

e (s)

4.σ
′((w

,s))
=

s

P
ro

p
o

sitio
n

:P
E

,n+
1

is
isom

orphic
to

P
E

,n
∗

E
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ag

M
o

rp
h

ism
s

Let M
=
〈W

,K
1
,
.
.
.
,K

n
,π
〉

and
M
′=

〈W
′,K

′1
,
.
.
.
,K

′n
,π

′〉
be

K
ripke

structures

A
zig-zag

m
orphism

(bisim
ulation)

from
〈M

,σ
〉

to
〈M

′,σ
′〉

is
a

m
apping

α
from

W
to

W
′such

that

1.π
′(α

(u)
,p)

=
π
(u

,p)
for

allu
∈

W
and

p
∈

P
rop

,

2. σ
(w

)
=

σ
′(α

(w
))

for
allw

∈
W

,

3.
u
K

i v
im

pliesα
(u)K

′i α
(v),for

alli=
1
.
.
.n

and
u
,v
∈

W
,

4.
ifα

(u)K
′i v
′then

there
exists

v
∈

W
w

ith
α
(v)

=
v
′and

u
K

i v.
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S
tru

ctu
re

M
in

im
izatio

n

T
h

eo
rem

:
If α

is
a

zig-zag
m

orphism
from

〈M
,σ
〉

to
〈M

′,σ
′〉

then

for
allform

ulae
ϕ
∈

L
{K

1
,...,K

n
,C
}

and
allw

orlds
w

ofM
,w

e
have

M
,w

|=
ϕ

ifand
only

ifM
′,α

(w
)
|=

ϕ
.

T
h

eo
rem

:
F

or
allfinite

progression
structures

P
there

exists
a

m
inim

alsize
progression

structure
r
e
d
(P

)
w

ith
a

zig-zag
m

orphism

α
:P

→
r
e
d
(P

).
T

he
structure

r
e
d
(P

)
is

unique
up

to

isom
orphism

,and
m

ay
be

com
puted

in
tim

e
O

(|P
|·log

|P
|).
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determ
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state

in
E

w
hen

for
allstates

s
,t
∈

S
e ,if

π
e (s

,p)
=

π
e (t,p)

for
allp

∈
P

rop
then

s
=

t

T
h

eo
rem

:
Ifpropositions

determ
ine

state
in

the
environm

entE
then

the
follow

ing
are

equivalent:

(i)
E

is
sim

ple

(ii)
T

he
progression

structures
r
e
d
(P

E
,n )

take
on

a
finite

num
ber

ofvalues
(up

to
isom

orphism
)

(iii)
T

here
exists

a
zig-zag

m
orphism

from
M

s
p
r

E
to

a
finite

K
ripke

structure
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:
F
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allenvironm

ents
E

,and
alln

,

r
e
d
(P

E
,n+

1 )
'
r
e
d
(
r
e
d
(P

E
,n )
∗

E
)

T
h

eo
rem

:
T

here
exists

an
algorithm

A
(E

,τ
,ϕ

)
such

thatfor
all

environm
ents

E
in

w
hich

propositions
determ

ine
state

1.
F

or
alltraces τ

and
sentencesϕ

∈
L
{K

1
,...,K

n
,C
} ,

A
(E

,τ
,ϕ

)
=

‘yes’iff
I
s
p
r(E

)
,τ
|=

ϕ

2.
IfE

is
a

fixed
sim

ple
environm

entthen
A
(E

,τ
,ϕ

)
runs

in
tim

e

O
(|τ|+

|ϕ
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(tran
sitio

n
fo

rm
)

w
ith

fairn
ess

A
n

environm
ent

in
transition

form
w

ith
fairness

condition
is

a
tuple

ofthe
form

E
=
〈S

e
,Ie ,T

,O
,π

e
,α
〉

w
here

1.
S

e
is

a
setofstates

ofthe
environm

ent.

2.
Ie
⊆

S
e ,is

the
setofinitialstates

ofthe
environm

ent.

3.
T
⊆

S
e
×

S
e

is
a

transition
relation.

4.
O

is
a

tuple
〈O

1
,
.
.
.
,O

n 〉
such

thatfor
each

i=
1
..n

,

O
i :S

e
→

O
bs

is
an

observation
function

O
.

5.π
e

:S
e
×

P
rop

→
{0

,1}
is

a
valuation.

6.α
⊆

S
e

is
a

B
üchiacceptance

condition
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A
run

ofan
environm

entE
w

ith
fairness

condition
is

an
infinite

sequence
ε
=

s0 s1
.
.
.

ofstates
ofE

such
that

1.
s0
∈

Ie ,

2.
sk T

sk+
1

for
allk

≥
0

,

3.
som

e
s
∈

α
occurs

infinitely
often.

A
trace

of E
is

a
finite

sequence
ρ

=
s0

.
.
.sm

ofstates
satisfying

conditions
1

and
2.

A
ssu

m
p

tio
n

:
E

very
trace

ofE
can

be
extended

to
a

run
ofE

.
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<
e:*, s:*, r:*>

<
e:dly, s:send, r:*>

<
e:*, s:w

ait, r:*>

<
e:dlvr, s:send, r:*>

p

<
e:*, s:*, r:*>

Ie
=
{w
}

π
e (x

,p)
=

true
iffx

=
d

.

O
s (w

)
=
⊥

,
O

s (t)
=

O
s (d

)
=

sent

O
r (w

)
=

O
r (t)

=
⊥

,
O

r (d
)
=

rcvd

S
lid

e
18

t
r
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c
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s(E

)
=
{w

kd
m
|k

>
0
,m

≥
0}
∪
{w

ktd
m
|k

>
0
,m

≥
0}

Ifα
=
{w

,t,d
}

then

R
(E

)
=
{w

∞
}
∪
{w

kd
∞
|k

>
0}
∪
{w
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∞
|k

>
0}
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}

then

R
(E
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∞
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R
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Let v
be

view
.

S
ay

thata
form

ula
ϕ

is
realized

in
E

(w
rtv)

if

I
v(E

)
,(r,0)

|=
ϕ

for
allruns

r
∈

R
v(E

).

P
ro

b
lem

:
G

iven
a

finite
environm

entE
and

a
form

ula
ϕ

ofthe

language
ofknow

ledge
and

(linear/branching)
tim

e,decide
ifϕ

is

realized
in

E
w

rtv.
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n

:
R
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generalizes
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odelchecking

L
{K

1
,...,K

n
,C
}

ata
trace.

S
uppose

p
s

is
a

proposition
true

only
atstate

s
ofenvironm

entE
.

Let τ
be

the
trace

s0 s1
.
.
.sm

.
T

hen
the

follow
ing

are
equivalent

1.
I

v(E
)
,τ
|=

ϕ

2.
p

s0
→

�

(p
s1
→

.
.
.

�

(p
sm
→

ϕ
)))

is
realized

in
E

w
rtv.

3.
p

s0
→

∀

�

(p
s1
→

.
.
.∀

�

(p
sm
→

ϕ
)))

is
realized

in
E

w
rtv.
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ch
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g
T

im
e,O

b
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n
alV

iew

T
h

eo
rem

:
R

ealization
ofϕ

∈
L
{K

1
,...,K

n
,C

,∀

�

,∀
U

,∃
U
}

in
E

w
ith

respectto
o
b
s

is
in

P
T

IM
E

.
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LetS
′

be
the

setofreachable
states

ofE

labelstates
ofM

=
〈S

′,K
1
,
.
.
.
,K

n
,π

e 〉
by

subform
ulas

ofϕ

1.
labels

by
K

i ψ
(C

ψ
)

ifsK
i t

(sK
C t)

im
plies

t
labelled

ψ

2.
labels

by
∀

�

ψ
ifsT

t
im

plies
t

labelled
byψ

3.
labels

by
∃
(ψ

1
U

ψ
2 )

ifthere
exists

a
sequence

s
=

s0
,s1

,
.
.
.
,sk

such
thatsk

labelled
ψ

2
and

forl
<

k

sl T
sl+

1
and

sl
is

labelled
ψ

111
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4.
labels

by
¬
∀
(ψ

1
U

ψ
2 )

ifthere
exists

a
sequence

s
=

s0
,s1

,
.
.
.
,sk

,
.
.
.sm

ofstates
such

that

(a)
sl T

sl+
1

for
alll

<
m

(b)
sk

=
sm

(c)
{sk

,
.
.
.
,sm

}
∩

α
6=

/0

(d)
eithersl

is
notlabelled

ψ
2

for
alll

≤
m

,or,for
the

leastl

such
thatsl

is
labelled

ψ
2

there
exists

l ′
<

l
such

thatsl ′
is

notlabelled
ψ

1
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