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all the conditions are met, there may be no solutions. In order to increasethe chances of a successful search, the user may use some of the conditionsto express preferences. For instancestrong : Delta = 0; weak : Theta > 0;strong : abs(Midpoint� Stockprice) � 2:5; weak :Margin � 1000;required : Return > Margin � Interest +Debit+ Commissionwhere weak, strong and required refer to strengths 2, 1 and 0 respectively. Weassume the use of the unsatis�ed count better comparator. Then one answerwhich has a solution that satis�es constraints 1,2,4,5 is better than an answerwith a solution that satis�es constraints 3,4,5. If we are looking for the bestanswer and we �rst �nd the answer satisfying constraints 1,2,4,5 then wecan prune the branch that leads to the second answer without computingthe entire branch.The introduction of hierarchical constraints, reduces the problem of un-derspecifying or overspecifying an options strategy and hence obtaining toomany answers or no answers (an almost wasted computation), and providesa natural ranking of the answers obtained.5 ConclusionWe have presented two classes of commands: those which manipulate ananswer to obtain a more specialized answer, and those which generate andsearch a collection of answers. When answers contain 
oundered goals it isnecessary to distinguish between answers to the original query and answersto a sub-query which is a specialized answer. We do this by entering a sub-shell every time an answer is �rst specialized by an answer manipulationcommand, leaving only when we invoke the \Original Answer" command.We have only a partial implementation of the proposed system. Severalof the commands require direct access to details of the constraint solver,which is not available to a meta-interpreter. A complete compiled imple-mentation of the proposed query interface requires several modi�cations toexisting implementation techniques: a more 
exible constraint solver, pathmodi�cations to the WAM, built-in measures including value calculation andstorage. However each of these is clearly implementable.6 AcknowledgementsWe would like to thank Alan Borning, Catherine Lassez, Amy Martindaleand Molly Wilson for helpful discussions and comments. The OTAS exampleis due to Catherine Lassez.



where we take the lexicographic ordering of S1 � � � � � Sn. A solution is apre-solution which is maximal under this ordering. (There are many othermeaningful orderings on S1 � � � � � Sn, but they don't correspond to thenature of constraint hierarchies as de�ned in [1].)By taking the scales to be the set of all sets of constraints ordered byinclusion and gi(�; Ci) = fc 2 CijD j= c�g we obtain the notion of lo-cally predicate better [1]. If we choose the scales to be < and make an appro-priate choice of pre-measures we can derive the globally better comparators[2]. For example consider the following pre-measures (on the scale <):hS(�; C) = n where n is the number of constraints c 2 C such thatD j= c�, hU(�; C) = �n where n is the number of constraints c 2 C suchthat D 6j= c�. The notions of better that arise from taking gi = hS (orgi = hU) for 1 � i � n are known respectively as satis�ed count better [1]and unsatis�ed count better [2]. These two notions are semantically identicalfor any �xed constraint hierarchy, since they provide identical orderings ofpre-solutions.The above comparators compare di�erent pre-solutions of the same con-straint hierarchy, as in [1] and [2]. In our framework it is easy to extend thede�nition to compare pre-solutions of di�erent hierarchies: � on H is betterthan � on H 0 if(g1(�;C1); : : : ; gn(�;Cn)) � (g1(�; C 01); : : : ; gn(�; C 0n))However, in order to do pruning of the search tree we need to be able to com-pare constraint hierarchies and, more generally, goals containing constrainthierarchies. We de�ne the hierarchical measure M derived from g1; : : : ; gn,as the mapping M(G) = lub(g1(�; C1); : : : ; gn(�; Cn))from goals to S1 � � � � � Sn, where G is a goal containing the constrainthierarchy H and the least upper bound1 is taken over all pre-solutions � ofH . It is interesting to note that although the comparators based on hS andhU are semantically identical on single hierarchies, the hierarchical measurebased on hU is a pruning measure while the measure based on hS is not.As an example, consider an OTAS [7] query to generate option strategiesfor positions which are delta-neutral, theta-positive, within 2.5 points of thecurrent stockprice, require only $1000 margin and have a maximum returnthat is pro�table. The query contains the following constraints.Delta = 0; Theta > 0; abs(Midpoint� Stockprice) � 2:5;Margin � 1000; Return > Margin � Interest +Debit+ CommissionIf the only required condition is that the maximum return is pro�table thenthe current market may provide too many solutions. Yet if we require that1Note that now we must assume that least upper bounds exist for each S1; � � � ; Sn.



each goal. Both the rightmost branches do not need to be further exploredbecause they cannot yield answers better than that already obtained. It isnot yet clear in what circumstances the cost of the computation saved bypruning outweighs the overhead of computing the measures.eee%%% ZZZZZ����� X � Y; c(X) : (0)X + 2Y = 3; X � 0; X � 3; b(Y ) : (3)X + 2Y = 3; X � 3; X � 7; Y � �1 : (8)X + 2Y = 3; X � 3; X � 7; b(Y ) : (9)X + 2Y = 3; a(X); b(Y ) : (1)q(X; Y ) : (1)
Figure 2: Traversal of search tree for q(X; Y )4.2 Constraint HierarchiesConstraint hierarchies [1] extend the notion of constraints being strict re-quirements, to allow constraints to express preferences as well. They were�rst combined with constraint logic programming (to form the HCLP classof languages) in the context of interactive graphics [2]. There the emphasiswas on choosing a preferred solution according to some de�nition of better,for a �xed constraint hierarchy. We give a di�erent presentation of con-straint hierarchies than [1] [2], which enables us to compare solutions fromdi�erent hierarchies. (This problem is also addressed in [19].) This allowsus to develop measures for HCLP programs.A constraint hierarchy H is a multiset of constraints each labeled witha strength. These strengths form a total order, and we will map them ontothe integers 0 : : :n. Let Ci in denote the multiset of constraints in H withstrength i, with their labels removed. If i < j then the constraints of Ciare preferred over those of Cj . C0 is the set of constraints which must besatis�ed, that is constraints in the usual CLP sense.A pre-solution � of hierarchy H is a valuation for the variables in H suchthat 8c 2 C0; D j= c�. A pre-measure g is a mapping from pre-solutions andsets of constraints to a scale S, e.g. g(�; C) = s 2 S.Let � and � be pre-solutions of constraint hierarchy H . Let g1; : : : ; gnbe pre-measures with scales S1; : : : ; Sn. Then � is better than � with respectto these parameters if(g1(�;C1); : : : ; gn(�;Cn)) � (g1(�; C1); : : : ; gn(�; Cn))



An example of a non-representation independent measure is \the number ofconstraints in G". A measure m is non-trivial if 9G1 G2; m(G1) < m(G2).Every non-trivial measure is useful for de�ning preferred answers, butsome measures will require the entire search tree to be traversed in thedetermination of the best answers. We characterize those measures that canignore parts of the search tree safely as follows. A pruning measure is ameasure m such that: if G0 can be obtained from G in a single computationstep using program P then m(G0) � m(G). Suppose we wish to �nd a bestanswer (according to m) to some query Q. Suppose we already have oneanswer of value M , and the computation reaches a goal G where m(G) < M .If m is a pruning measure then the portion of the search tree rooted at Gcan safely be ignored, since any answer in this portion will be worst thanthe current best answer.A measure m is monotonic ifD j= G! G0 ) m(G) � m(G0):Clearly, any monotonic measure is representation independent. A measureis constraint-based if it ignores all the atoms in a goal. It is not di�cult toshow that any constraint-based monotonic measure is a pruning measure forall programs.In languages such as CLP(<), where the constraint solver is based uponthe Simplex Algorithm, a natural form of preference is the maximal (orminimal) value of an objective function subject to a set of constraints. Givenan objective function f on variables ~y we can de�ne a measure mf with scale< [ f1g as follows mf(C ^G) = max~x2soln(C)j~y f(~x)where soln(C)j~y is the solutions of constraint C restricted to the variables ~y.For the measure to be non-trivial the objective function should be restrictedto the variables appearing in the query. In the example in the introduction wemight choose mf(G) = min Cost to �nd the cheapest 
ights, and mf (G) =min ArrivalT ime�DepartureTime to �nd the quickest 
ights.The measures mf are examples of constraint-based monotonic measures,and hence are pruning for all programs. For example, consider the followingCLP(<) programq(X,Y) :- X + 2Y = 3, a(X), b(Y).q(X,Y) :- X <= Y, c(X,Y).a(X) :- X >= 3, X <= 7.a(X) :- X >= 0, X <= 3.b(Y) :- Y >= -1.c(X,Y) :- 3X - Y = 7, Y >= 0.then the query q(X, Y) with pruning measure m(C ^ G) = max X � Ysubject to C gives the search tree of Figure 2 with scale values appended to



of the entire computation, since a failed derivation may become successfulafter the query is decremented. Recent work attacks this problem usingdependency-directed backtracking [3] and re-execution [6].Recently Cheng et al [4] have proposed a user-interface for logic pro-grams based on a view of atoms in a query as operators which transformrelations to relations (this view is called TuplePipes). Although the discus-sion there is very value-oriented, the underlying ideas can be extended toconstraint-oriented systems. The TuplePipes concept roughly corresponds,in our framework, to a combination of the simple form of incremental query-ing presented in [5] and a request for all answers from a query (command� , Table 2). It does not have the 
exibility (it seems) to cope with inter-mediate queries which produce an in�nite search tree. However it has somenovel features which are not addressed in this paper.4 Finding Best AnswersIn situations where many answers are possible, one important technique forlimiting the answers presented to the user is to restrict to the N best answers.To �nd best answers we must have some method to compare two answers.We need to be able to associate a value with each answer, and comparethe relative worth of these values. We formalize these concepts in the nextsubsection.Hierarchical constraints [1] provide a simple way for the user to specifythe relative importance of di�erent constraints in an answer. In the secondsubsection we extend the current theory to show that constraint hierarchiesprovide a basis for comparing di�erent answers to a query. In particular,they can express a notion of best answer.4.1 PruningGiven a query Q(~y) the computation rule of the underlying CLP systemand the program determines a search tree containing all answers to thequery. Throughout this subsection we assume this tree remains �xed. Inthis section a goal is an existentially quanti�ed conjunction of atoms andconstraints where only the variables ~y are free.A scale is a partially ordered set of values. A measure is a mapping fromgoals to a scale. Together a measure and scale de�ne a preference relationbetween goals. Ideally, a measure is only dependent on the meaning of agoal since, for example, we would not want the relative worth of answers tobe altered by the way the answers are represented in the CLP system, or theway they were accumulated. Equivalent answers should have equal measures.Formalizing this property, a measure m is representation independent ifD j= G$ G0 ) m(G) = m(G0)



during the execution of the original query P;Q and incrementation has acorresponding derivation for the query P; I; Q and vice versa. From thisfollows the correctness of our approach | the technique does not introducespurious answers, nor does it omit any answers.Proposition 2 The path-based execution of incremental queries is soundand complete.On the example above, using the approach of [5] the execution visits everynode in the search tree of the original query to the right of the �rst answerand to the left of the second answer. Placing the query increment before theinitial query (as is possible in both our approach and that of [13]) resultsin the computation avoiding executing any of the safety check goals of theoriginal search tree (except for those in the successful derivation), since thenew current information fails most resistor choices. The di�erence betweenthe approach of [13] and our approach is that while we begin our searchfrom R1 = 100, R2 = 40 they must re-search all resistor choices, e�ectivelyredoing the computation from scratch.Our current implementation, like those of [5, 13] uses meta-interpretation.A compiler takes a program and produces a new program with each predi-cate augmented to keep track of path information and to run in a restrictedmode with respect to an input path. A query meta-interpreter calls indi-vidual atoms in the query, and handles the incremental modi�cations of thequery. The meta-interpreter splits the path information around a query in-crement and the augmented program searches only new nodes in the searchtree of the post-increment. The meta-interpeter also uses each stored an-swer as an environment to run the query increment, and stores the resultinganswers.In a WAM implementation the path information is already encodedwithin the choice points. A full implementation of the query modi�cationswe propose could extract this path information while backtracking to theend of the pre-increment, execute the query increment, and then run thepost-increment according to the path information. If query increments areonly constraints we need not explicitly collect the path information, since itis only used once. We can just use the actual path (as present in the choicepoints) to determine the post-increment execution. Hence this approach isespecially applicable to CLP languages.<NG Add Before Insert goal G before (Nth) atom in query>NG Add After Append goal G after (Nth) last atom in queryTable 3: Query Modi�cation CommandsAn obvious extension to the query handling facilities described above isthe deletion of parts of a query. However this may require re-examination



P ) versions of the derivation tree of Q. Similarly I 01; I 001 ; I2; I3 are prunedversions of the derivation tree of I . And Q02; : : : ; Q003 are pruned (by the queryincrement I) versions of Q2 and Q3.The basic technique of our approach is to associate with each derivationa path which is the list of clauses chosen at each step in this derivation. InFigure 1 the query is incremented after a successful derivation, and the pathfor this derivation is shown. Execution of the incremented query proceedsroughly as follows: We use standard backtracking to retrieve the executionstate at the end of the pre-increment and then execute the increment. Forevery successful derivation of the increment which extends the path in Pwe use the path information to restrict execution of the post-increment.Speci�cally, the post-increment execution is restricted so that as long as wefollow the path of the original derivation (of the post-increment) we can onlychoose branches at or to the right of that chosen in the original derivation.The path restrictions force the new derivation to traverse only the unexploredpart of the search tree. When backtracking reaches the pre-increment thepath restrictions are not applicable to subsequent executions of the post-increment. If we have saved answers (c.f. section 3.1) each of these formsan environment for executing the query increment, and is replaced by theanswers to these additional executions.Original execution Execution after incrementing query�������� �������� @@@@@@@@JJJ
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P PQ12 2 Q2 2 Q3 Q1 Q02 Q002 Q03 Q003I2 I3I 01 I 0012 Successful derivationsFigure 1: Incremental querying strategyThe execution of the query | before and after incrementation | isshown in Figure 1. The shaded part of each diagram shows the portionof the search tree traversed by the execution. Every derivation generated



available_res(40).available_res(100)....available_res(2700).available_res(6000).available_res(10000).volt_div(V, I, V2, R1, R2) :-V1 = I * R1, V2 = I * R2, V = V1 + V2,available_res(R1), available_res(R2).safety_check(V, I) :- PowerLimit = 100, V * I < PowerLimit.safety_check(V, I) :- CurrentLimit = 5, V < CurrentLimit.The initial query?- V=110, 30<V2, V2<40, volt_div(V,I,V2,R1,R2), safety_check(V2,I).returns the answer constraint V = 110, R1 = 100, R2 = 40, V2 = 31.4, I =0.785. The user notices that the current is too large for the voltage sourcein use, and insists on a smaller current by adding the query increment??- I <= 0.10.The next answer returned is V = 110, R1 = 6000, R2 = 2700, V2 = 34.1,I = 0.0126 . The addition of the query increment made the incrementedanswer unsatis�able. Hence the execution was forced to backtrack and de-termine a new answer for the initial query. Although there are similaritieswith the constraint addition discussed in the previous section, in that situ-ation adding the new constraints would cause the answer unsatis�able, butthere would be no backtracking.The �rst system for incremental querying in logic programming was pre-sented by van Emden et al [5]. In that system, queries are incremented byappending user-speci�ed atoms to the end of the original query. The execu-tion for the query increment continues in the context of the current answer.This strategy is easy to implement and natural with respect to the PROLOGselection rule. The query increment is, in e�ect, a �lter on the answers ofthe original query.A second system [13] extended [5] by allowing the user to place thequery increment at any position in the original query. It appears to beimplemented by backtracking to the position where the query increment isto be added, inserting the increment, and then executing the increment andthe remainder of the query in the usual PROLOG fashion. This extensionrepresents a signi�cant improvement, since a well-placed query incrementcan considerably prune the size of the search tree.Our approach to implementing incremental querying improves on that of[13]. It produces a smaller tree to be searched by exploiting a more detailedknowledge of the execution before the query was incremented.In Figure 1, the original query is P;Q and the query increment I isadded between P and Q, making P the pre-increment part and Q the post-increment part of the query. Q1; Q2; Q3 are pruned (by the pre-increment



example, after introducing the constraint X = helen the user may request allloans for which Helen is eligible with the command \*".: N Next Answer Save current answer and compute next(N) answer(s) (where necessary); N Next Answer Ignore current answer and compute next(N) answer(s) (where necessary)bN Go Back Go back to (Nth) last saved answer� All Answers Compute and save all remaining answers. Answer Number Print out current answer numberf N Goto Answer Goto Nth saved answer$ Final Answer Goto �nal saved answer/C Search Forward Find next saved answer consistent with C? C Search Backward Find previous saved answerconsistent with Ch Halt Interrupt current executionnNM Best N Answers Complete execution retaining the best Nanswers according to measure M (see 4.1)1M Best Answer so far Find the best saved answer by measure MTable 2: All-solutions commands3.2 Incremental QueryingIn many situations the Prolog query mechanism forces a user to ask manyclosely related queries. As observed in [5], users often do not have a clearidea of what question they wish to ask, but their ideas become clearer as theyinteract with the system. The �rst few queries made are \range-�nding";they give the user an idea of the variety and magnitude of the database. Inthe ensuing queries the user converges on the intended query. Sometimesthe user simply wishes to explore the contents of the database, without anunderlying intended query [16]. And sometimes the user's querying strategyis to start with a too general query and re�ne it to the intended query.One problem which all these interaction styles share is that sometimesqueries result in too many answers to be comprehensible. We shall presenttwo approaches to the solution of this problem. The �rst, which we presentin this subsection, allows the user to modify a query while the query isstill being computed. Such modi�cation makes incremental changes to theoriginal query. The second approach allows the user to restrict the answersto \best" answers. This approach is pursued in Section 4.For an example of incremental querying, consider the following CLP(<)program for designing voltage dividers from a list of available resistors, sub-ject to some safety conditions, adapted from [10].



mortgage(P, I, 1, MP):- P * (1 + I) - MP = 0.mortgage(P, I, T, MP):- T >= 2, mortgage(P*(1+I)-MP, I, T-1, MP)......?- salary(X,S) when ground(X).salary(helen, 110000).salary(bruce, 45000).?- number_of_dependents(X, N) when ground(X).number_of_dependents(helen, 3)......The query loan(X, P, MP) leads to the conditional answerInc = S - T, A = 2300*N + 5000, salary(X, S),number of dependents(X, N), tax(S, A, T),loan type(IntY, TermY, Inc), mortgage(P, IntY/12, TermY*12, MP).If the user adds the constraint X = helen then the delayed atoms salary(X,S) and number of dependents(X,N) are woken and execution can proceed de-termining the �nal answer P = 105.006 * MP. Then presuming that Helenwants a mortgage of $200000 we can add the constraint P = 200000 obtain-ing the answer MP = 1904.646. If she now wants to consider a mortgage of$180000 then we can undo the last command and then add the constraintP = 180000. When Bruce wants to consider a mortgage the user simply re-turns to the original answer, adds the constraint X = bruce and proceedsfrom there.3 Modifying QueriesA basic assumption of this section is that the user is simultaneously inter-ested in many answers to a single query. As a consequence we �rst needto consider a mode of execution in which previous answers may be saved.Basic commands are given in the �rst subsection. Sometimes there will betoo many answers to a query. One solution to this problem is to incremen-tally add further constraints and atoms to the (already executing) query.We explore techniques for making e�cient incremental changes to a query.3.1 All-Solutions ModeWe �rst consider a mode of execution in which previous answers may besaved. The mode of execution we describe is only fully sensible when theresult of the computation is fully expressed by the answer constraints. Thatis, the computation does not result in side e�ects such as input/output ormodi�cation of the program.We require an interface that allows the user to peruse the available an-swers with ease. Typically a user may want to move non-sequentially throughthe answers, and compute new answers as they are required. Table 2 providesa summary of some desirable commands for such an interface. In the loan



implication C ! 9~yC 0 by comparing the solved form for C with the solvedform for C ^C 0. Also, any solver for a language which includes negatives ofeach constraint can be used to test implication, since C ! D i� C^:D is notsatis�able. Incorporating interfaces to external solvers and graphic displaysdoes not directly a�ect the constraint handling facilities of the system.2.2 Floundered Goals as AnswersBy 
oundered goals we mean goals containing atoms, none of which may bechosen by the computation rule. Such goals may occur in many di�erentcontexts: as a result of user-provided control annotations (as in MU-Prolog[12]) or the computation rule of the language [11, 15], as a result of break-points created in the process of debugging, as a result of a user interrupt,from a policy of intelligent query answering [8], or intelligent interaction withthe user [18], in a system for conducting hypothetical reasoning [14].In the previous discussion we dealt with answers consisting only of con-straints. If delayed atoms appear in the answer we can still apply the ma-nipulations discussed in the previous subsection, although we need to extendthem for the more general form of answers. Projection must apply to theentire answer, so no variable which occurs in a delayed atom may be elim-inated. Implication becomes a form of subsumption. Deletion requires usto return to the answer state before the deleted constraint was added. Ad-dition (and exemplify) may wake some of the delayed atoms. Furthermore,a user may wake a delayed atom using the wake command. In these casesthe computation can be allowed to continue. With the de�nition of answerextended to include 
oundered goals and the extensions of the commandsdiscussed above, the previous Proposition continues to hold.Consider the following program for an (imaginary) CLP(<) system sup-porting \when" declarations [17], which relates salary, eligibility for loansand details of loan repayment.loan(X, P, MP) :- income(X, Inc), loan_type(IntY, TermY, Inc),IntM = IntY/12, TermM = TermY*12, mortgage(P,IntM,TermM,MP).income(X,Inc) :- Inc = S-T, salary(X,S), allowance(X,A), tax(S,A,T).allowance(X, A) :- number_of_dependents(X, N), A = N * 2300 + 5000.?- tax(S, A, T) when ground(S) and ground(A).tax(S,A,T) :- S > A, taxscale(S-A, T).tax(S,A,0) :- S <= A.?- taxscale(I, T) when ground(I).taxscale(I, T) :- I <= 16000, T = 0.25 * I.taxscale(I, T) :- 16000 < I, I <= 60000, T = 0.30*(I-16000)+4000.taxscale(I, T) :- 60000 < I, T = 0.40 * (I - 60000) + 17200.?- loan_type(Int, Term, Inc) when ground(Inc).loan_type(11.0/100, 30, I) :- I >= 60000.loan_type(10.8/100, 20, I) :- I >= 80000.loan_type(10.5/100, 15, I) :- I >= 120000.?- mortgage(P, I, T, MP) when ground(I) and ground(T).



p V Project Project answer onto variables Va C Add Add constraint C to answer and simplifya G Add Add goal G to answer constraintd C Delete Delete added constraint C from answerd G Delete Delete added goal G from answere Exemplify Construct an example ground answeri C Implication Test whether answer implies Cc C Consequence Test whether answer is implied by Co Original Answer Display original answeru Undo Undo the last commandx S External Solver Invoke external solver S on answer constraintg RV Graph Answer Invoke an external routine R to graph theanswer restricted to 2 (3) variables VwA Wake Wake atoms Ar Run Execute awake atomsz A Sleep Delay atoms ATable 1: Answer Manipulation CommandsFor a CLP(D) program P , if the goal G results in answer C thenP;D j= C ! GThe next proposition shows that a similar soundness property is preservedunder the manipulations discussed in this section.Proposition 1 Let P be a CLP(D) program and G a goal with answer C.Let y1; : : : ; yk be all the variables eliminated by projection during a series ofmanipulations, and let the result of these manipulations applied to C be C 0.Then P;D j= C 0 ! 9y1 : : : ykGThe implementation of these commands need not impose much extraburden on the constraint handling facilities of the basic CLP system. Auser addition of a new constraint is no di�erent from constraint additionsgenerated in the execution of a query. Most tests for solvability implicitlyconstruct a solution; implementing exemplify would only require derivingthis solution explicitly. The ability to perform projections should alreadybe in the constraint output routine, in order to eliminate auxiliary variablesintroduced in the computation. The ability to test for generalized implicationmay already be in the CLP system if the system can delay execution of atomsas in [11, 15]. Even if this capability is not so readily available, constraintsolvers which are based on a su�ciently stable solved form can test for the



variables. For example in CLP(<) the system might return the answerX + Y + Z � 1; �2Y + Z � 3; Y � 2Z � 2which gives the complete solution set of some query q(X, Y, Z), but it maybe more helpful to the user to see explicitly what constraints are placed onthe values X can take. In the above example we can conclude X � 6. Thisconstraint is said to be the projection of the above constraint ontoX . Y andZ have been projected out.The projection of the solution space of a constraint onto variables ~x canbe represented by the existential quanti�cation of the remaining variablesin the constraint. To simplify this representation we need to eliminate thequanti�ed variables. Although full elimination of the quanti�ed variables ispossible in some domains | for example real arithmetic, linear arithmeticand Boolean algebra | in most domains it is not possible. Nevertheless,in many domains and for many constraints a partial elimination is possible(e.g. in the domains of �nite and in�nite trees). We will also refer to thispartial elimination as projection.Given an answer, the user may wish to improve his/her understanding ofthe solution set by examining the consequences of imposing additional con-straints. For example, what happens in the above answer when X = Y (thesolution set becomes empty | the constraints are unsatis�able). Similarlythe user may wish to know if the above answer ensures that 2X + 3Y � 3(which, in fact, it does). To allow these kinds of questions we allow the userto add constraints to the answer and introduce a test for a generalized formof implication (called validation in [11]). This test determines whetherD j= C ! 9~y C 0for an answer constraint C and user-supplied constraint C 0, where ~y is thelist of variables in C 0 not in the variable environment of C. (The variableenvironment of C is a set consisting of the variables in the query, the variablesin the answer, and any new variables introduced by user-added constraints,except those variables that have been projected out).One constraint solving methodology of CLP languages is to delay thesolving of di�cult constraints. For these languages the solvability of someanswers may be unknown. These so called maybe answers can be testedfor solvability by invoking a more powerful solver. This approach allowscomplicated answers to be evaluated by solvers that are too slow to be usedin the CLP engine.Table 1 provides a summary of the answer manipulation commands. (Inthis table { and others we present { we assume, for simplicity, line-orientedinput. The ideas easily generalize to more sophisticated input interfaces).Projection, addition and deletion are the only manipulations that modifythe answer. Exempli�cation can be viewed as a form of repeated addition,while the remaining manipulations are all either tests or particular displaytechniques.



where Bi is a selected atom, and clauseB  C 0; D1; : : : ; Dmfrom P , where fB = Big ^ C ^ C 0 is satis�able in domain D, and results inthe goal fB = Big ^ C ^ C 0; B1; : : : ; Bi�1; D1; : : : ; Dm; Bi+1; : : : ; Bnwhere fB = Big is a set of constraints equating the arguments of atoms Band Bi. A computation rule determines at each step which atom (if any) isselected. A search tree for goal G (for some computation rule) is the treerooted at G where the children of each node G0 are the goals obtained froma derivation step applied to G0. A derivation of G is a branch in the searchtree of G.Operationally, we can think of a CLP derivation as calling procedures inthe usual way, accumulating constraints as they are met, and either verifyingthat the constraints are solvable or else backtracking if they are not. Thederivation terminates with the accumulated set of constraints, called theanswer constraint, which is presented in a form restricted (as far as possible)to the variables in the original goal by an output routine. For more detailsee [9].There are currently several CLP languages: CAL, CHIP, CIL, CLP(<),PROLOG-III, Trilogy, among others, and pure PROLOG can be thought ofas a simple CLP language. Although many of the examples we use through-out the paper are based on CLP(<) [10], the query interface we propose isindependent of the domain of the CLP language, and is applicable to all theabove languages.2 AnswersAnswers in conventional logic programming are simple and essentially self-explanatory. In CLP answers can be more complex, and in general it is moredi�cult to fully understand the solution set represented by an answer. The�rst part of this section presents an approach to overcome these problems.The second part brie
y considers a more general situation in which somedelayed atoms may be part of an answer. Our approach could be brie
ydescribed as providing the ability to manipulate answers. We present andmotivate several manipulations, and show that all these manipulations pre-serve a soundness property. In contrast to sections 3 and 4, the facilitiesdescribed in this section are useful even when only one answer to a query isof interest.2.1 Manipulating Answer ConstraintsThe user may want to restrict his/her attention to a particular subset of thevariables in the answers, or to determine relationships between particular



and discuss possible notions of \best" where such pruning is possible. Weconsider the use of constraint hierarchies [1] to express the notion of \best"Query answers in conventional logic programming systems (for exampleX = [a, b j Y], Z = b) are simple and need no further clari�cation. Howeverin CLP systems answers may be very complex, for example, Z � 4� log(3+Y � X); X � 3 � eZ�Y . It is not clear what values X can take, nor is itclear what the relationship is between X and Y. In a conventional queryingenvironment the e�ect of assuming that X = Y must be calculated by hand.We propose a number of answer manipulations and demonstrate that theysatisfy a soundness property.The Options Trading Analysis System (OTAS) [7] was the initial mo-tivation for the extensions we describe in this paper. OTAS is a decisionsupport tool written in CLP(<) which generates and analyses options-basedinvestment strategies. It typically runs by taking some constraints on theparameters of the investment strategies to be explored and searching to �ndall the strategies that �t these requirements. The OTAS program alreadyincludes some of the features we describe. We are aiming at a principledintroduction of these features into CLP systems, to remove the onus of pro-viding such capabilities from application developers.In the remainder of this section we give a brief review of constraint logicprogramming. In the second section we present our approach to manipu-lating answer constraints. The �nal two sections are devoted to solving theproblem of too many answers. Section 3 presents incremental querying, andsection 4 the �nding of best answers.1.1 A Brief Review of Constraint Logic ProgrammingA constraint logic programming [9] system, CLP(D), exists in the context ofa particular structure D which determines the meaning of the function andrelation symbols. Constraints in the structure are relations upon terms ofthe structure. An atomic constraint takes the form r(t1; :::; tn) where r is ann-ary relation symbol de�ned by D. For example, the following are atomicconstraints in the domain of real numbers: X+Y > 7; Z2�3Z+8 = 0; X�Y � Z = 3:14. We assume that the class of constraints contains all atomicconstraints and is closed under conjunction and existential quanti�cation.A solution of a constraint C is an assignment v of values from D to variablessuch that D j= v(C).Constraint logic programs di�er from logic programs by allowing con-straints in bodies of rules and goals. A constraint logic program is thus a�nite set of rules of the formA C; B1; : : : ; Bnwhere A and Bi, 1 � i � n, are atoms, and C is a constraint.A derivation step using CLP(D) program P takes a goal C; B1; : : : ; Bi; : : : ; Bn



Expanding Query Power in ConstraintLogic Programming LanguagesMichael J. Maher and Peter J. StuckeyIBM T.J. Watson Research Center,P.O. Box 704, Yorktown Heights, NY 10598, U.S.A.AbstractWe present some extensions to the query interface for Constraint Logic Pro-gramming (CLP) languages. One is an improvement of existing incrementalquerying schemes that always makes use of previous execution, and we ver-ify its correctness. We de�ne a framework for computing best answers toa query, and discuss goal measures which do not require the entire searchtree for a query to be traversed. In particular we examine the use of con-straint hierarchies in this framework. We also propose a collection of answermanipulation commands for interaction with the executing query.1 IntroductionThe query interface to logic programming systems has remained basicallyunchanged since the early Prologs. It only allows the user to ask a query, viewan answer, or ask for the next answer. As a result the interface is clumsy forqueries where the user is interested in several answers. For example, supposethat we are querying an airline booking system. A naive query will simplyask for combinations of 
ights from (say) New York to Melbourne. Howevermany such combinations exist. After examining a few of the answers, theuser will realize that the query was under-speci�ed. It would be desirableto permit the user to constrain this query further by, for example, insistingthat there are fewer than 4 connections.Simply repeating the existing query with the added constraint wastesthe previous computational e�ort. Consequently some form of incrementalquerying [5, 13] is indicated. Unfortunately the approach of [5] is not well-suited to this problem since it might generate a combination of 6 
ightsand then reject it, rather than rejecting the combination as soon as the �rst4 
ights are chosen. The approach of [13] allows the incremented query tohave the desired behavior, but in this case gains no bene�t from the previouscomputation, and so repeats the existing query with added constraint. Wedevelop an algorithm for incremental querying which always exploits theprevious computation.A second response a user may take to an under-speci�ed query is to askfor only the \best" answers, for example, the cheapest 
ight combinations.Again it is preferable that the more expensive 
ight combinations be elim-inated from consideration as early as possible. We formalize the situation


