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all the conditions are met, there ma y b e no solutions. In order to increase

the c hances of a successful searc h, the user ma y use some of the conditions

to express preferences. F or instance

str ong : D el ta = 0 ; w eak : T heta > 0 ;

str ong : abs ( M idpoint � S tock pr ice ) � 2 : 5 ; w eak : M ar g in � 1000 ;

r eq uir ed : Retur n > M ar g in � I nter est + D ebit + C ommission

where we ak , str ong and r e quir e d refer to strengths 2, 1 and 0 resp ectiv ely . W e

assume the use of the unsatis�e d c ount b etter comparator. Then one answ er

whic h has a solution that satis�es constrain ts 1,2,4,5 is b etter than an answ er

with a solution that satis�es constrain ts 3,4,5. If w e are lo oking for the b est

answ er and w e �rst �nd the answ er satisfying constrain ts 1,2,4,5 then w e

can prune the branc h that leads to the second answ er without computing

the en tire branc h.

The in tro duction of hierarc hical constrain ts, reduces the problem of un-

dersp ecifying or o v ersp ecifying an options strategy and hence obtaining to o

man y answ ers or no answ ers (an almost w asted computation), and pro vides

a natural ranking of the answ ers obtained.

5 Conclusion

W e ha v e presen ted t w o classes of commands: those whic h manipulate an

answ er to obtain a more sp ecialized answ er, and those whic h generate and

searc h a collection of answ ers. When answ ers con tain 
oundered goals it is

necessary to distinguish b et w een answ ers to the original query and answ ers

to a sub-query whic h is a sp ecialized answ er. W e do this b y en tering a sub-

shell ev ery time an answ er is �rst sp ecialized b y an answ er manipulation

command, lea ving only when w e in v ok e the \Original Answ er" command.

W e ha v e only a partial implemen tation of the prop osed system. Sev eral

of the commands require direct access to details of the constrain t solv er,

whic h is not a v ailable to a meta-in terpreter. A complete compiled imple-

men tation of the prop osed query in terface requires sev eral mo di�cations to

existing implemen tation tec hniques: a more 
exible constrain t solv er, path

mo di�cations to the W AM, built-in measures including v alue calculation and

storage. Ho w ev er eac h of these is clearly implemen table.
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where w e tak e the lexicographic ordering of S

1

� � � � � S

n

. A solution is a

pre-solution whic h is maximal under this ordering. (There are man y other

meaningful orderings on S

1

� � � � � S

n

, but they don't corresp ond to the

nature of constrain t hierarc hies as de�ned in [1 ].)

By taking the scales to b e the set of all sets of constrain ts ordered b y

inclusion and g

i

( � ; C

i

) = f c 2 C

i

jD j = c� g w e obtain the notion of lo-

c al ly pr e dic ate b etter [1]. If w e c ho ose the scales to b e < and mak e an appro-

priate c hoice of pre-measures w e can deriv e the glob al ly b etter comparators

[2].

F or example consider the follo wing pre-measures (on the scale < ):

h

S

( � ; C ) = n where n is the n um b er of constrain ts c 2 C suc h that

D j = c� , h

U

( � ; C ) = � n where n is the n um b er of constrain ts c 2 C suc h

that D 6j = c� . The notions of b etter that arise from taking g

i

= h

S

(or

g

i

= h

U

) for 1 � i � n are kno wn resp ectiv ely as satis�e d c ount b etter [1]

and unsatis�e d c ount b etter [2 ]. These t w o notions are seman tically iden tical

for an y �xed constrain t hierarc h y , since they pro vide iden tical orderings of

pre-solutions.

The ab o v e comparators compare di�eren t pre-solutions of the same con-

strain t hierarc h y , as in [1] and [2 ]. In our framew ork it is easy to extend the

de�nition to compare pre-solutions of di�eren t hierarc hies: � on H is b etter

than � on H

0

if

( g

1

( �; C

1

) ; : : : ; g

n

( �; C

n

)) � ( g

1

( � ; C

0

1

) ; : : : ; g

n

( � ; C

0

n

))

Ho w ev er, in order to do pruning of the searc h tree w e need to b e able to com-

pare constrain t hierarc hies and, more generally , goals con taining constrain t

hierarc hies. W e de�ne the hier ar chic al me asur e M deriv ed from g

1

; : : : ; g

n

,

as the mapping

M ( G ) = l ub ( g

1

( � ; C

1

) ; : : : ; g

n

( � ; C

n

))

from goals to S

1

� � � � � S

n

, where G is a goal con taining the constrain t

hierarc h y H and the least upp er b ound

1

is tak en o v er all pre-solutions � of

H . It is in teresting to note that although the comparators based on h

S

and

h

U

are seman tically iden tical on single hierarc hies, the hierarc hical measure

based on h

U

is a pruning measure while the measure based on h

S

is not.

As an example, consider an OT AS [7 ] query to generate option strategies

for p ositions whic h are delta-neutral, theta-p ositiv e, within 2.5 p oin ts of the

curren t sto c kprice, require only $1000 margin and ha v e a maxim um return

that is pro�table. The query con tains the follo wing constrain ts.

D el ta = 0 ; T heta > 0 ; abs ( M idpoint � S tock pr ice ) � 2 : 5 ;

M ar g in � 1000 ; Retur n > M ar g in � I nter est + D ebit + C ommission

If the only required condition is that the maxim um return is pro�table then

the curren t mark et ma y pro vide to o man y solutions. Y et if w e require that

1

Note that no w w e m ust assume that least upp er b ounds exist for eac h S

1

; � � � ; S

n

.



eac h goal. Both the righ tmost branc hes do not need to b e further explored

b ecause they cannot yield answ ers b etter than that already obtained. It is

not y et clear in what circumstances the cost of the computation sa v ed b y

pruning out w eighs the o v erhead of computing the measures.

e

e

e

%

%

%

Z

Z

Z

Z

Z

�

�

�

�

�

X � Y ; c ( X ) : (0)

X + 2 Y = 3 ; X � 0 ; X � 3 ; b ( Y ) : (3)

X + 2 Y = 3 ; X � 3 ; X � 7 ; Y � � 1 : (8)

X + 2 Y = 3 ; X � 3 ; X � 7 ; b ( Y ) : (9)

X + 2 Y = 3 ; a ( X ) ; b ( Y ) : ( 1 )

q ( X ; Y ) : ( 1 )

Figure 2: T ra v ersal of searc h tree for q ( X ; Y )

4.2 Constrain t Hierarc hies

Constrain t hierarc hies [1 ] extend the notion of constrain ts b eing strict re-

quiremen ts, to allo w constrain ts to express preferences as w ell. They w ere

�rst com bined with constrain t logic programming (to form the HCLP class

of languages) in the con text of in teractiv e graphics [2 ]. There the emphasis

w as on c ho osing a preferred solution according to some de�nition of b etter,

for a �xed constrain t hierarc h y . W e giv e a di�eren t presen tation of con-

strain t hierarc hies than [1] [2 ], whic h enables us to compare solutions from

di�eren t hierarc hies. (This problem is also addressed in [19 ].) This allo ws

us to dev elop measures for HCLP programs.

A c onstr aint hier ar chy H is a m ultiset of constrain ts eac h lab eled with

a strength. These strengths form a total order, and w e will map them on to

the in tegers 0 : : : n . Let C

i

in denote the m ultiset of constrain ts in H with

strength i , with their lab els remo v ed. If i < j then the constrain ts of C

i

are preferred o v er those of C

j

. C

0

is the set of constrain ts whic h must b e

satis�ed, that is constrain ts in the usual CLP sense.

A pr e-solution � of hierarc h y H is a v aluation for the v ariables in H suc h

that 8 c 2 C

0

; D j = c� . A pr e-me asur e g is a mapping from pre-solutions and

sets of constrain ts to a scale S , e.g. g ( � ; C ) = s 2 S .

Let � and � b e pre-solutions of constrain t hierarc h y H . Let g

1

; : : : ; g

n

b e pre-measures with scales S

1

; : : : ; S

n

. Then � is b etter than � with resp ect

to these parameters if

( g

1

( �; C

1

) ; : : : ; g

n

( �; C

n

)) � ( g

1

( � ; C

1

) ; : : : ; g

n

( � ; C

n

))



An example of a non-represen tation indep enden t measure is \the n um b er of

constrain ts in G ". A measure m is non-trivial if 9 G

1

G

2

; m ( G

1

) < m ( G

2

).

Ev ery non-trivial measure is useful for de�ning preferred answ ers, but

some measures will require the en tire searc h tree to b e tra v ersed in the

determination of the b est answ ers. W e c haracterize those measures that can

ignore parts of the searc h tree safely as follo ws. A pruning measure is a

measure m suc h that: if G

0

can b e obtained from G in a single computation

step using program P then m ( G

0

) � m ( G ). Supp ose w e wish to �nd a b est

answ er (according to m ) to some query Q . Supp ose w e already ha v e one

answ er of v alue M , and the computation reac hes a goal G where m ( G ) < M .

If m is a pruning measure then the p ortion of the searc h tree ro oted at G

can safely b e ignored, since an y answ er in this p ortion will b e w orst than

the curren t b est answ er.

A measure m is monotonic if

D j = G ! G

0

) m ( G ) � m ( G

0

) :

Clearly , an y monotonic measure is represen tation indep enden t. A measure

is c onstr aint-b ase d if it ignores all the atoms in a goal. It is not di�cult to

sho w that an y constrain t-based monotonic measure is a pruning measure for

all programs.

In languages suc h as CLP( < ), where the constrain t solv er is based up on

the Simplex Algorithm, a natural form of preference is the maximal (or

minimal) v alue of an ob jectiv e function sub ject to a set of constrain ts. Giv en

an ob jectiv e function f on v ariables ~y w e can de�ne a measure m

f

with scale

< [ f1g as follo ws

m

f

( C ^ G ) = max

~x 2 sol

n

( C ) j ~y

f ( ~ x )

where sol

n

( C ) j ~y is the solutions of constrain t C restricted to the v ariables ~y .

F or the measure to b e non-trivial the ob jectiv e function should b e restricted

to the v ariables app earing in the query . In the example in the in tro duction w e

migh t c ho ose m

f

( G ) = min C ost to �nd the c heap est 
igh ts, and m

f

( G ) =

min Ar r iv al T ime � D epar tur eT ime to �nd the quic k est 
igh ts.

The measures m

f

are examples of constrain t-based monotonic measures,

and hence are pruning for all programs. F or example, consider the follo wing

CLP( < ) program

q(X,Y) :- X + 2Y = 3, a(X), b(Y).

q(X,Y) :- X <= Y, c(X,Y).

a(X) :- X >= 3, X <= 7.

a(X) :- X >= 0, X <= 3.

b(Y) :- Y >= -1.

c(X,Y) :- 3X - Y = 7, Y >= 0.

then the query q(X, Y) with pruning measure m ( C ^ G ) = max X � Y

sub ject to C giv es the searc h tree of Figure 2 with scale v alues app ended to



of the en tire computation, since a failed deriv ation ma y b ecome successful

after the query is decremen ted. Recen t w ork attac ks this problem using

dep endency-di rected bac ktrac king [3 ] and re-execution [6 ].

Recen tly Cheng et al [4 ] ha v e prop osed a user-in terface for logic pro-

grams based on a view of atoms in a query as op erators whic h transform

relations to relations (this view is called T uplePip es). Although the discus-

sion there is v ery v alue-orien ted, the underlying ideas can b e extended to

constrain t-orien ted systems. The T uplePip es concept roughly corresp onds,

in our framew ork, to a com bination of the simple form of incremen tal query-

ing presen ted in [5] and a request for all answ ers from a query (command

� , T able 2). It do es not ha v e the 
exibilit y (it seems) to cop e with in ter-

mediate queries whic h pro duce an in�nite searc h tree. Ho w ev er it has some

no v el features whic h are not addressed in this pap er.

4 Finding Best Answ ers

In situations where man y answ ers are p ossible, one imp ortan t tec hnique for

limiting the answ ers presen ted to the user is to restrict to the N b est answ ers.

T o �nd b est answ ers w e m ust ha v e some metho d to compare t w o answ ers.

W e need to b e able to asso ciate a v alue with eac h answ er, and compare

the relativ e w orth of these v alues. W e formalize these concepts in the next

subsection.

Hierarc hical constrain ts [1 ] pro vide a simple w a y for the user to sp ecify

the relativ e imp ortance of di�eren t constrain ts in an answ er. In the second

subsection w e extend the curren t theory to sho w that constrain t hierarc hies

pro vide a basis for comparing di�eren t answ ers to a query . In particular,

they can express a notion of b est answ er.

4.1 Pruning

Giv en a query Q ( ~ y ) the computation rule of the underlying CLP system

and the program determines a searc h tree con taining all answ ers to the

query . Throughout this subsection w e assume this tree remains �xed. In

this section a goal is an existen tially quan ti�ed conjunction of atoms and

constrain ts where only the v ariables ~y are free.

A sc ale is a partially ordered set of v alues. A me asur e is a mapping from

goals to a scale. T ogether a measure and scale de�ne a preference relation

b et w een goals. Ideally , a measure is only dep enden t on the meaning of a

goal since, for example, w e w ould not w an t the relativ e w orth of answ ers to

b e altered b y the w a y the answ ers are represen ted in the CLP system, or the

w a y they w ere accum ulated. Equiv alen t answ ers should ha v e equal measures.

F ormalizing this prop ert y , a measure m is r epr esentation indep endent if

D j = G $ G

0

) m ( G ) = m ( G

0

)



during the execution of the original query P ; Q and incremen tation has a

corresp onding deriv ation for the query P ; I ; Q and vice v ersa. F rom this

follo ws the correctness of our approac h | the tec hnique do es not in tro duce

spurious answ ers, nor do es it omit an y answ ers.

Prop osition 2 The p ath-b ase d exe cution of incr emental queries is sound

and c omplete.

On the example ab o v e, using the approac h of [5 ] the execution visits ev ery

no de in the searc h tree of the original query to the righ t of the �rst answ er

and to the left of the second answ er. Placing the query incremen t b efore the

initial query (as is p ossible in b oth our approac h and that of [13 ]) results

in the computation a v oiding executing an y of the safety check goals of the

original searc h tree (except for those in the successful deriv ation), since the

new curren t information fails most resistor c hoices. The di�erence b et w een

the approac h of [13 ] and our approac h is that while w e b egin our searc h

from R1 = 100, R2 = 40 they m ust re-searc h all resistor c hoices, e�ectiv ely

redoing the computation from scratc h.

Our curren t implemen tation, lik e those of [5, 13] uses meta-in terpretation.

A compiler tak es a program and pro duces a new program with eac h predi-

cate augmen ted to k eep trac k of path information and to run in a restricted

mo de with resp ect to an input path. A query meta-in terpreter calls indi-

vidual atoms in the query , and handles the incremen tal mo di�cations of the

query . The meta-in terpreter splits the path information around a query in-

cremen t and the augmen ted program searc hes only new no des in the searc h

tree of the p ost-incremen t. The meta-in terp eter also uses eac h stored an-

sw er as an en vironmen t to run the query incremen t, and stores the resulting

answ ers.

In a W AM implemen tation the path information is already enco ded

within the c hoice p oin ts. A full implemen tation of the query mo di�cations

w e prop ose could extract this path information while bac ktrac king to the

end of the pre-incremen t, execute the query incremen t, and then run the

p ost-incremen t according to the path information. If query incremen ts are

only constrain ts w e need not explicitly collect the path information, since it

is only used once. W e can just use the actual path (as presen t in the c hoice

p oin ts) to determine the p ost-incremen t execution. Hence this approac h is

esp ecially applicable to CLP languages.

< NG Add Before Insert goal G b efore ( N

th

) atom in query

> NG Add After App end goal G after ( N

th

) last atom in query

T able 3: Query Mo di�cation Commands

An ob vious extension to the query handling facilities describ ed ab o v e is

the deletion of parts of a query . Ho w ev er this ma y require re-examination



P ) v ersions of the deriv ation tree of Q . Similarly I

0

1

; I

00

1

; I

2

; I

3

are pruned

v ersions of the deriv ation tree of I . And Q

0

2

; : : : ; Q

00

3

are pruned (b y the query

incremen t I ) v ersions of Q

2

and Q

3

.

The basic tec hnique of our approac h is to asso ciate with eac h deriv ation

a p ath whic h is the list of clauses c hosen at eac h step in this deriv ation. In

Figure 1 the query is incremen ted after a successful deriv ation, and the path

for this deriv ation is sho wn. Execution of the incremen ted query pro ceeds

roughly as follo ws: W e use standard bac ktrac king to retriev e the execution

state at the end of the pre-incremen t and then execute the incremen t. F or

ev ery successful deriv ation of the incremen t whic h extends the path in P

w e use the path information to restrict execution of the p ost-incremen t.

Sp eci�cally , the p ost-incremen t execution is restricted so that as long as w e

follo w the path of the original deriv ation (of the p ost-incremen t) w e can only

c ho ose branc hes at or to the righ t of that c hosen in the original deriv ation.

The path restrictions force the new deriv ation to tra v erse only the unexplored

part of the searc h tree. When bac ktrac king reac hes the pre-incremen t the

path restrictions are not applicable to subsequen t executions of the p ost-

incremen t. If w e ha v e sa v ed answ ers (c.f. section 3.1) eac h of these forms

an en vironmen t for executing the query incremen t, and is replaced b y the

answ ers to these additional executions.

Original execution Execution after incremen ting query
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2 Successful deriv ations

Figure 1: Incremen tal querying strategy

The execution of the query | b efore and after incremen tation | is

sho wn in Figure 1. The shaded part of eac h diagram sho ws the p ortion

of the searc h tree tra v ersed b y the execution. Ev ery deriv ation generated



available_res(40).

available_res(100).

...

available_res(2700) .

available_res(6000) .

available_res(10000 ).

volt_div(V, I, V2, R1, R2) :-

V1 = I * R1, V2 = I * R2, V = V1 + V2,

available_res(R1 ), available_res(R2 ).

safety_check(V, I) :- PowerLimit = 100, V * I < PowerLimit.

safety_check(V, I) :- CurrentLimit = 5, V < CurrentLimit.

The initial query

?- V=110, 30<V2, V2<40, volt_div(V,I,V2,R1 ,R2), safety_check(V2,I).

returns the answ er constrain t V = 110, R1 = 100, R2 = 40, V2 = 31.4, I =

0.785 . The user notices that the curren t is to o large for the v oltage source

in use, and insists on a smaller curren t b y adding the query incr ement

??- I <= 0.10.

The next answ er returned is V = 110, R1 = 6000, R2 = 2700, V2 = 34.1,

I = 0.0126 . The addition of the query incremen t made the incremen ted

answ er unsatis�able . Hence the execution w as forced to bac ktrac k and de-

termine a new answ er for the initial query . Although there are similarities

with the constrain t addition discussed in the previous section, in that situ-

ation adding the new constrain ts w ould cause the answ er unsatis�able , but

there w ould b e no bac ktrac king.

The �rst system for incremen tal querying in logic programming w as pre-

sen ted b y v an Emden et al [5 ]. In that system, queries are incremen ted b y

app ending user-sp eci�ed atoms to the end of the original query . The execu-

tion for the query incremen t con tin ues in the con text of the curren t answ er.

This strategy is easy to implemen t and natural with resp ect to the PR OLOG

selection rule. The query incremen t is, in e�ect, a �lter on the answ ers of

the original query .

A second system [13 ] extended [5 ] b y allo wing the user to place the

query incremen t at an y p osition in the original query . It app ears to b e

implemen ted b y bac ktrac king to the p osition where the query incremen t is

to b e added, inserting the incremen t, and then executing the incremen t and

the remainder of the query in the usual PR OLOG fashion. This extension

represen ts a signi�can t impro v emen t, since a w ell-placed query incremen t

can considerably prune the size of the searc h tree.

Our approac h to implemen ting incremen tal querying impro v es on that of

[13 ]. It pro duces a smaller tree to b e searc hed b y exploiting a more detailed

kno wledge of the execution b efore the query w as incremen ted.

In Figure 1, the original query is P ; Q and the query incremen t I is

added b et w een P and Q , making P the pr e-incr ement part and Q the p ost-

incr ement part of the query . Q

1

; Q

2

; Q

3

are pruned (b y the pre-incremen t



example, after in tro ducing the constrain t X = helen the user ma y request all

loans for whic h Helen is eligible with the command \*".

: N Next Answ er Sa v e curren t answ er and compute next

( N ) answ er(s) (where necessary)

; N Next Answ er Ignore curren t answ er and compute next

( N ) answ er(s) (where necessary)

b N Go Bac k Go bac k to ( N

th

) last sa v ed answ er

� All Answ ers Compute and sa v e all remaining answ ers

. Answ er Num b er Prin t out curren t answ er n um b er

f N Goto Answ er Goto N

th

sa v ed answ er

$ Final Answ er Goto �nal sa v ed answ er

/ C Searc h F orw ard Find next sa v ed answ er consisten t with C

? C Searc h Bac kw ard Find previous sa v ed answ er

consisten t with C

h Halt In terrupt curren t execution

n NM Best N Answ ers Complete execution retaining the b est N

answ ers according to measure M (see 4.1)

1 M Best Answ er so far Find the b est sa v ed answ er b y measure M

T able 2: All-solutions commands

3.2 Incremen tal Querying

In man y situations the Prolog query mec hanism forces a user to ask man y

closely related queries. As observ ed in [5], users often do not ha v e a clear

idea of what question they wish to ask, but their ideas b ecome clearer as they

in teract with the system. The �rst few queries made are \range-�nding";

they giv e the user an idea of the v ariet y and magnitude of the database. In

the ensuing queries the user con v erges on the in tended query . Sometimes

the user simply wishes to explore the con ten ts of the database, without an

underlying in tended query [16 ]. And sometimes the user's querying strategy

is to start with a to o general query and re�ne it to the in tended query .

One problem whic h all these in teraction st yles share is that sometimes

queries result in to o man y answ ers to b e comprehensible. W e shall presen t

t w o approac hes to the solution of this problem. The �rst, whic h w e presen t

in this subsection, allo ws the user to mo dify a query while the query is

still b eing computed. Suc h mo di�cation mak es incr emental c hanges to the

original query . The second approac h allo ws the user to restrict the answ ers

to \b est" answ ers. This approac h is pursued in Section 4.

F or an example of incremen tal querying, consider the follo wing CLP( < )

program for designing v oltage dividers from a list of a v ailable resistors, sub-

ject to some safet y conditions, adapted from [10 ].



mortgage(P, I, 1, MP):- P * (1 + I) - MP = 0.

mortgage(P, I, T, MP):- T >= 2, mortgage(P*(1+I )-MP, I, T-1, MP).

.....

?- salary(X,S) when ground(X).

salary(helen, 110000).

salary(bruce, 45000).

?- number_of_depen dents (X, N) when ground(X).

number_of_dependen ts(he len, 3).

.....

The query loan(X, P, MP) leads to the conditional answ er

Inc = S - T, A = 2300*N + 5000, salary(X, S),

number of dependents(X, N), tax(S, A, T),

loan type(IntY, TermY, Inc), mortgage(P, IntY/12, TermY*12, MP).

If the user adds the constrain t X = helen then the dela y ed atoms salary(X,

S) and number of dependents(X,N) are w ok en and execution can pro ceed de-

termining the �nal answ er P = 105.006 * MP . Then presuming that Helen

w an ts a mortgage of $200000 w e can add the constrain t P = 200000 obtain-

ing the answ er MP = 1904.646 . If she no w w an ts to consider a mortgage of

$180000 then w e can undo the last command and then add the constrain t

P = 180000 . When Bruce w an ts to consider a mortgage the user simply re-

turns to the original answ er, adds the constrain t X = bruce and pro ceeds

from there.

3 Mo difying Queries

A basic assumption of this section is that the user is sim ultaneously in ter-

ested in man y answ ers to a single query . As a consequence w e �rst need

to consider a mo de of execution in whic h previous answ ers ma y b e sa v ed.

Basic commands are giv en in the �rst subsection. Sometimes there will b e

to o man y answ ers to a query . One solution to this problem is to incremen-

tally add further constrain ts and atoms to the (already executing) query .

W e explore tec hniques for making e�cien t incremen tal c hanges to a query .

3.1 All-Solutions Mo de

W e �rst consider a mo de of execution in whic h previous answ ers ma y b e

sa v ed. The mo de of execution w e describ e is only fully sensible when the

result of the computation is fully expressed b y the answ er constrain ts. That

is, the computation do es not result in side e�ects suc h as input/output or

mo di�cation of the program.

W e require an in terface that allo ws the user to p eruse the a v ailable an-

sw ers with ease. T ypically a user ma y w an t to mo v e non-sequen tially through

the answ ers, and compute new answ ers as they are required. T able 2 pro vides

a summary of some desirable commands for suc h an in terface. In the loan



implication C ! 9 ~y C

0

b y comparing the solv ed form for C with the solv ed

form for C ^ C

0

. Also, an y solv er for a language whic h includes negativ es of

eac h constrain t can b e used to test implication, since C ! D i� C ^ : D is not

satis�able. Incorp orating in terfaces to external solvers and gr aphic displays

do es not directly a�ect the constrain t handling facilities of the system.

2.2 Floundered Goals as Answ ers

By 
oundered goals w e mean goals con taining atoms, none of whic h ma y b e

c hosen b y the computation rule. Suc h goals ma y o ccur in man y di�eren t

con texts: as a result of user-pro vided con trol annotations (as in MU-Prolog

[12 ]) or the computation rule of the language [11 , 15], as a result of break-

p oin ts created in the pro cess of debugging, as a result of a user in terrupt,

from a p olicy of in telligen t query answ ering [8 ], or in telligen t in teraction with

the user [18 ], in a system for conducting h yp othetical reasoning [14 ].

In the previous discussion w e dealt with answ ers consisting only of con-

strain ts. If dela y ed atoms app ear in the answ er w e can still apply the ma-

nipulations discussed in the previous subsection, although w e need to extend

them for the more general form of answ ers. Pro jection m ust apply to the

en tire answ er, so no v ariable whic h o ccurs in a dela y ed atom ma y b e elim-

inated. Implication b ecomes a form of subsumption. Deletion requires us

to return to the answ er state b efore the deleted constrain t w as added. Ad-

dition (and exemplify) ma y w ak e some of the dela y ed atoms. F urthermore,

a user ma y w ak e a dela y ed atom using the wake command. In these cases

the computation can b e allo w ed to con tin ue. With the de�nition of answ er

extended to include 
oundered goals and the extensions of the commands

discussed ab o v e, the previous Prop osition con tin ues to hold.

Consider the follo wing program for an (imaginary) CLP( < ) system sup-

p orting \when" declarations [17 ], whic h relates salary , eligibili t y for loans

and details of loan repa ymen t.

loan(X, P, MP) :- income(X, Inc), loan_type(IntY, TermY, Inc),

IntM = IntY/12, TermM = TermY*12, mortgage(P,IntM,Ter mM,MP ).

income(X,Inc) :- Inc = S-T, salary(X,S), allowance(X,A), tax(S,A,T).

allowance(X, A) :- number_of_dependent s(X, N), A = N * 2300 + 5000.

?- tax(S, A, T) when ground(S) and ground(A).

tax(S,A,T) :- S > A, taxscale(S-A, T).

tax(S,A,0) :- S <= A.

?- taxscale(I, T) when ground(I).

taxscale(I, T) :- I <= 16000, T = 0.25 * I.

taxscale(I, T) :- 16000 < I, I <= 60000, T = 0.30*(I-16000)+40 00.

taxscale(I, T) :- 60000 < I, T = 0.40 * (I - 60000) + 17200.

?- loan_type(Int, Term, Inc) when ground(Inc).

loan_type(11.0/100 , 30, I) :- I >= 60000.

loan_type(10.8/100 , 20, I) :- I >= 80000.

loan_type(10.5/100 , 15, I) :- I >= 120000.

?- mortgage(P, I, T, MP) when ground(I) and ground(T).



p V Pro ject Pro ject answ er on to v ariables V

a C Add Add constrain t C to answ er and simplify

a G Add Add goal G to answ er constrain t

d C Delete Delete added constrain t C from answ er

d G Delete Delete added goal G from answ er

e Exemplify Construct an example ground answ er

i C Implication T est whether answ er implies C

c C Consequence T est whether answ er is implied b y C

o Original Answ er Displa y original answ er

u Undo Undo the last command

x S External Solv er In v ok e external solv er S on answ er constrain t

g R V Graph Answ er In v ok e an external routine R to graph the

answ er restricted to 2 (3) v ariables V

w A W ak e W ak e atoms A

r Run Execute a w ak e atoms

z A Sleep Dela y atoms A

T able 1: Answ er Manipulation Commands

F or a CLP( D ) program P , if the goal G results in answ er C then

P ; D j = C ! G

The next prop osition sho ws that a similar soundness prop ert y is preserv ed

under the manipulations discussed in this section.

Prop osition 1 L et P b e a CLP( D ) pr o gr am and G a go al with answer C .

L et y

1

; : : : ; y

k

b e al l the variables eliminate d by pr oje ction during a series of

manipulations, and let the r esult of these manipulations applie d to C b e C

0

.

Then

P ; D j = C

0

! 9 y

1

: : : y

k

G

The implemen tation of these commands need not imp ose m uc h extra

burden on the constrain t handling facilities of the basic CLP system. A

user addition of a new constrain t is no di�eren t from constrain t additions

generated in the execution of a query . Most tests for solv abilit y implicitly

construct a solution; implemen ting exemplify w ould only require deriving

this solution explicitly . The abilit y to p erform pr oje ctions should already

b e in the constrain t output routine, in order to eliminate auxiliary v ariables

in tro duced in the computation. The abilit y to test for gener alize d implic ation

ma y already b e in the CLP system if the system can dela y execution of atoms

as in [11 , 15 ]. Ev en if this capabilit y is not so readily a v ailable, constrain t

solv ers whic h are based on a su�cien tly stable solv ed form can test for the



v ariables. F or example in CLP( < ) the system migh t return the answ er

X + Y + Z � 1 ; � 2 Y + Z � 3 ; Y � 2 Z � 2

whic h giv es the complete solution set of some query q(X, Y, Z) , but it ma y

b e more helpful to the user to see explicitly what constrain ts are placed on

the v alues X can tak e. In the ab o v e example w e can conclude X � 6. This

constrain t is said to b e the pr oje ction of the ab o v e constrain t on to X . Y and

Z ha v e b een pr oje cte d out .

The pro jection of the solution space of a constrain t on to v ariables ~x can

b e represen ted b y the existen tial quan ti�cation of the remaining v ariables

in the constrain t. T o simplify this represen tation w e need to eliminate the

quan ti�ed v ariables. Although full elimination of the quan ti�ed v ariables is

p ossible in some domains | for example real arithmetic, linear arithmetic

and Bo olean algebra | in most domains it is not p ossible. Nev ertheless,

in man y domains and for man y constrain ts a partial elimination is p ossible

(e.g. in the domains of �nite and in�nite trees). W e will also refer to this

partial elimination as pro jection.

Giv en an answ er, the user ma y wish to impro v e his/her understanding of

the solution set b y examining the consequences of imp osing additional con-

strain ts. F or example, what happ ens in the ab o v e answ er when X = Y (the

solution set b ecomes empt y | the constrain ts are unsatis�able). Similarly

the user ma y wish to kno w if the ab o v e answ er ensures that 2 X + 3 Y � 3

(whic h, in fact, it do es). T o allo w these kinds of questions w e allo w the user

to add constrain ts to the answ er and in tro duce a test for a generalized form

of implication (called v alidation in [11 ]). This test determines whether

D j = C ! 9 ~y C

0

for an answ er constrain t C and user-supplied constrain t C

0

, where ~y is the

list of v ariables in C

0

not in the v ariable en vironmen t of C . (The v ariable

en vironmen t of C is a set consisting of the v ariables in the query , the v ariables

in the answ er, and an y new v ariables in tro duced b y user-added constrain ts,

except those v ariables that ha v e b een pro jected out).

One constrain t solving metho dology of CLP languages is to delay the

solving of di�cult constrain ts. F or these languages the solv abilit y of some

answ ers ma y b e unkno wn. These so called mayb e answ ers can b e tested

for solv abilit y b y in v oking a more p o w erful solv er. This approac h allo ws

complicated answ ers to b e ev aluated b y solv ers that are to o slo w to b e used

in the CLP engine.

T able 1 pro vides a summary of the answ er manipulation commands. (In

this table { and others w e presen t { w e assume, for simplicit y , line-orien ted

input. The ideas easily generalize to more sophisticated input in terfaces).

Pro jection, addition and deletion are the only manipulations that mo dify

the answ er. Exempli�cation can b e view ed as a form of rep eated addition,

while the remaining manipulations are all either tests or particular displa y

tec hniques.



where B

i

is a selected atom, and clause

B  C

0

; D

1

; : : : ; D

m

from P , where f B = B

i

g ^ C ^ C

0

is satis�able in domain D , and results in

the goal

 f B = B

i

g ^ C ^ C

0

; B

1

; : : : ; B

i � 1

; D

1

; : : : ; D

m

; B

i +1

; : : : ; B

n

where f B = B

i

g is a set of constrain ts equating the argumen ts of atoms B

and B

i

. A c omputation rule determines at eac h step whic h atom (if an y) is

selected. A se ar ch tr e e for goal G (for some computation rule) is the tree

ro oted at G where the c hildren of eac h no de G

0

are the goals obtained from

a deriv ation step applied to G

0

. A derivation of G is a branc h in the searc h

tree of G .

Op erationally , w e can think of a CLP deriv ation as calling pro cedures in

the usual w a y , accum ulating constrain ts as they are met, and either v erifying

that the constrain ts are solv able or else bac ktrac king if they are not. The

deriv ation terminates with the accum ulated set of constrain ts, called the

answer c onstr aint , whic h is presen ted in a form restricted (as far as p ossible)

to the v ariables in the original goal b y an output routine. F or more detail

see [9 ].

There are curren tly sev eral CLP languages: CAL, CHIP , CIL, CLP( < ),

PR OLOG-I I I, T rilogy , among others, and pure PR OLOG can b e though t of

as a simple CLP language. Although man y of the examples w e use through-

out the pap er are based on CLP( < ) [10 ], the query in terface w e prop ose is

indep enden t of the domain of the CLP language, and is applicable to all the

ab o v e languages.

2 Answ ers

Answ ers in con v en tional logic programming are simple and essen tially self-

explanatory . In CLP answ ers can b e more complex, and in general it is more

di�cult to fully understand the solution set represen ted b y an answ er. The

�rst part of this section presen ts an approac h to o v ercome these problems.

The second part brie
y considers a more general situation in whic h some

dela y ed atoms ma y b e part of an answ er. Our approac h could b e brie
y

describ ed as pro viding the abilit y to manipulate answ ers. W e presen t and

motiv ate sev eral manipulations, and sho w that all these manipulations pre-

serv e a soundness prop ert y . In con trast to sections 3 and 4, the facilities

describ ed in this section are useful ev en when only one answ er to a query is

of in terest.

2.1 Manipulating Answ er Constrain ts

The user ma y w an t to restrict his/her atten tion to a particular subset of the

v ariables in the answ ers, or to determine relationships b et w een particular



and discuss p ossible notions of \b est" where suc h pruning is p ossible. W e

consider the use of constrain t hierarc hies [1 ] to express the notion of \b est"

Query answ ers in con v en tional logic programming systems (for example

X = [a, b j Y], Z = b) are simple and need no further clari�cation. Ho w ev er

in CLP systems answ ers ma y b e v ery complex, for example, Z � 4 � log (3 +

Y � X ) ; X � 3 � e

Z � Y

. It is not clear what v alues X can tak e, nor is it

clear what the relationship is b et w een X and Y. In a con v en tional querying

en vironmen t the e�ect of assuming that X = Y m ust b e calculated b y hand.

W e prop ose a n um b er of answ er manipulations and demonstrate that they

satisfy a soundness prop ert y .

The Options T rading Analysis System (OT AS) [7 ] w as the initial mo-

tiv ation for the extensions w e describ e in this pap er. OT AS is a decision

supp ort to ol written in CLP( < ) whic h generates and analyses options-based

in v estmen t strategies. It t ypically runs b y taking some constrain ts on the

parameters of the in v estmen t strategies to b e explored and searc hing to �nd

all the strategies that �t these requiremen ts. The OT AS program already

includes some of the features w e describ e. W e are aiming at a principled

in tro duction of these features in to CLP systems, to remo v e the on us of pro-

viding suc h capabilities from application dev elop ers.

In the remainder of this section w e giv e a brief review of constrain t logic

programming. In the second section w e presen t our approac h to manipu-

lating answ er constrain ts. The �nal t w o sections are dev oted to solving the

problem of to o man y answ ers. Section 3 presen ts incremen tal querying, and

section 4 the �nding of b est answ ers.

1.1 A Brief Review of Constrain t Logic Programming

A constrain t logic programming [9] system, CLP( D ), exists in the con text of

a particular structure D whic h determines the meaning of the function and

relation sym b ols. Constrain ts in the structure are relations up on terms of

the structure. An atomic c onstr aint tak es the form r ( t

1

; :::; t

n

) where r is an

n -ary relation sym b ol de�ned b y D . F or example, the follo wing are atomic

constrain ts in the domain of real n um b ers: X + Y > 7 ; Z

2

� 3 Z + 8 = 0 ; X �

Y � Z = 3 : 14. W e assume that the class of constrain ts con tains all atomic

constrain ts and is closed under conjunction and existen tial quan ti�cation.

A solution of a constrain t C is an assignmen t v of v alues from D to v ariables

suc h that D j = v ( C ).

Constrain t logic programs di�er from logic programs b y allo wing con-

strain ts in b o dies of rules and goals. A c onstr aint lo gic pr o gr am is th us a

�nite set of rules of the form

A  C ; B

1

; : : : ; B

n

where A and B

i

, 1 � i � n , are atoms, and C is a constrain t.

A derivation step using CLP( D ) program P tak es a goal

 C ; B

1

; : : : ; B

i

; : : : ; B

n
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Abstract

W e presen t some extensions to the query in terface for Constrain t Logic Pro-

gramming (CLP) languages. One is an impro v emen t of existing incremen tal

querying sc hemes that alw a ys mak es use of previous execution, and w e v er-

ify its correctness. W e de�ne a framew ork for computing b est answ ers to

a query , and discuss goal measures whic h do not require the en tire searc h

tree for a query to b e tra v ersed. In particular w e examine the use of con-

strain t hierarc hies in this framew ork. W e also prop ose a collection of answ er

manipulation commands for in teraction with the executing query .

1 In tro duction

The query in terface to logic programming systems has remained basically

unc hanged since the early Prologs. It only allo ws the user to ask a query , view

an answ er, or ask for the next answ er. As a result the in terface is clumsy for

queries where the user is in terested in sev eral answ ers. F or example, supp ose

that w e are querying an airline b o oking system. A naiv e query will simply

ask for com binations of 
igh ts from (sa y) New Y ork to Melb ourne. Ho w ev er

man y suc h com binations exist. After examining a few of the answ ers, the

user will realize that the query w as under-sp eci�ed. It w ould b e desirable

to p ermit the user to constrain this query further b y , for example, insisting

that there are few er than 4 connections.

Simply rep eating the existing query with the added constrain t w astes

the previous computational e�ort. Consequen tly some form of incremen tal

querying [5, 13] is indicated. Unfortunately the approac h of [5] is not w ell-

suited to this problem since it migh t generate a com bination of 6 
igh ts

and then reject it, rather than rejecting the com bination as so on as the �rst

4 
igh ts are c hosen. The approac h of [13 ] allo ws the incremen ted query to

ha v e the desired b eha vior, but in this case gains no b ene�t from the previous

computation, and so rep eats the existing query with added constrain t. W e

dev elop an algorithm for incremen tal querying whic h alw a ys exploits the

previous computation.

A second resp onse a user ma y tak e to an under-sp eci�ed query is to ask

for only the \b est" answ ers, for example, the c heap est 
igh t com binations.

Again it is preferable that the more exp ensiv e 
igh t com binations b e elim-

inated from consideration as early as p ossible. W e formalize the situation


