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Abstract

Fair allocation of payo�s among cooperating players who canform various
coalitions of di�ering utilities is the classic game theoretic \coalition prob-
lem." Shapley's value is perhaps the most famous fairness criterion. In this
paper, a new allocation principle is proposed based on constraints. Initially
constraints are de�ned by the coalition payo�s, in the stand ard way. The
algorithm proceeds by \tightening" the constraints in a fai r manner until
the solution space is su�ciently small. An arbitrary bounda ry point is then
chosen as the \fair" allocation. Our technique has been implemented in the
constraint programming language CLP(R) and evaluated against Shapley
values for various benchmark problems. We show how our method is related
to Shapley values, some empirical tests and describe an application to bond
swaps.

1 Introduction

This paper investigates a constraint approach to the standard coalition prob-
lem in game theory. Consider a scenario with two companies,A and B. If
A markets a product on his own, a return of $1M is feasible. Similarly for
B, a return of $2M is feasible. If however bothA and B join forces, then a
return of $4M is feasible due to synergistic e�ects and economies of scale.
The question then is given that the best strategy is forA and B to cooperate,
how should the payo� be distributed between A and B. This simple example
illustrates a 2 player cooperative game which is a special case of the more



general problem. In general, the coalition problem deals with n players who
can cooperate with each other to form coalitions. An assumption is that
cooperation requires negotiation between the players and such bargaining
can be enforced. The problem is formalized by assigning to each coalition
(subset of cooperating players) a utility which representsthe value of the
coalition. Normally, the (grand) coalition comprising the entire group has
the greatest utility. In this case, we assume that all players cooperate, re-
ceiving the highest payment. The problem is to divide this payment among
the players in a \fair" way.

For instance Rai�a [4] shows, for the three-party coalition problem, how
to convert the utilities into a linear program where the vari ables correspond
to the fair payment to the corresponding player. An n-player game de�nes
at most 2n � 1 constraints with n variables. Each constraint de�nes the
payo� bound of a unique potential coalition. The 2 n � 1 constraints derive
from the 2n � 1 subsets within a set ofn elements. Each subset de�nes a
potential coalition.

If the resulting constraints have no solution, i.e., is inconsistent, it indi-
cates that the individual coalition constraints are too restrictive to allow any
fair allocation. Certain allocation techniques, including our own and Shap-
ley values can produce a solution even if the constraints areinconsistent. In
this paper, however, we focus on consistent problems.

If the constraint set is consistent, then it represents the convex hull of a
multi-dimensional solution space to the problem. In other words, all points
within and on the hull represent feasible allocations of the group payment
among the cooperating players. One linear programming approach would
be to specify an objective function which can optimize over the perimeter
of the space. Unfortunately, it is highly likely that perime ter values are
\unfair" in the sense that certain players feel cheated because of the gap
between what they are receiving and what they could receive if they joined
a smaller coalition. Such players might drop out of the union, leaving the
Pareto frontier. Intuitively, fair solutions are within the space, and therefore
not the perimeter solutions obtained with optimizing the li near program.

Rai�a [4] and Shapley [3] suggest heuristics for �nding a fair internal
point. In fact, their algorithms do not involve the constrai nt space per se:
they compute the fair solution from the original data, i.e., the coalition
payo�s. Thus, as mentioned above, they can produce an allocation even for
an inconsistent problem with no rational agreement point.

In this paper we present some alternative techniques for a fair allocation.
This is accomplished by �rst formulating the linear constra ints as previously
described. The algorithm here, implemented in CLP(R) [2] then arti�cially
tightens the constraints in an incremental, \fair" manner. Intuitively, we
assume that each coalition payo� is worth more than it actually is, slowly
reducing the size of the solution space. The tightening process itself is a
parameter of the algorithm, and we propose three possibilities: absolute,
relative and hybrid tightening. As we tighten the constrain ts, we eventually



produce a very small solution space that contains acceptable solutions. We
then arbitrarily choose a solution to present as the answer.1

This technique is practical with constraint programming languages which
allow easy manipulations of complex constraints. The advantage of the tech-
nique is that it can potentially be extended to produce solutions where Shap-
ley values and other techniques based on average marginal utility cannot.

This paper is organized as follows. The constraint based algorithm is
formally de�ned in Section 2. Section 4 reviews Shapley's axioms and dis-
cusses fairness issues. A CLP(R) implementation is summarized in Section
3. Section 5 illustrates the technique for the ScandinavianCement Problem
from Rai�a [4]. Section 6 presents empirical benchmark analysis comparing
the proposed technique to Shapley values. Section 7 describes a �nancial
bond swapping application of our work. Conclusions and future work are
summarized in Section 8.

2 A Constraint-based Coalition Allocation Algo-
rithm

First we will brie
y review the game theoretic setting for th e coalition prob-
lems addressed here (see [3, 4]). Consider ann-player game where variable
X i denotes the allocated payo� to player 1 � i � n from the (cooperative)
group payo�. We require X i � 0, i.e., we don't allow negative shares. We
will use N to denote the set of all playersf 1; : : : ; ng. A coalition Ci is a sub-
set of N . The coalition composed of all players,N , is the grand coalition.
For each coalition, we de�ne a payo� function p() which gives the value of
that coalition where p(; ) = 0. We require that p() is non-negative. In addi-
tion, we will assume that p() is superadditive, i.e. p(U) + p(V ) � p(U [ V )
for all U; V � N and U \ V = ; . We will assume that the grand coalition
gives the highest payo� and is the optimal strategy.

The problem then is then how to allocatep(N ) to X i such that

nX

i =1

X i = p(N ):

This coalition problem can be formulated as a linear program(see [4]) as
follows:

� The grand coalition gives the constraint
P n

i =1 X i = p(N ). This being
the maximum cooperative group payo�.

� For each coalition which is smaller than the the grand coalition,
P

i 2 Ci
X i � p(Ci ), so that each coalition is happy. This is the proper-

subset coalition payo�s. There are at most 2n � 2 such inequalities.

1The de�nition of \small space" is made indirectly with a para meter � that de�nes the
termination condition of the tightening procedure, as disc ussed in Section 2.



This system of constraints is also called thecore.
The algorithm inputs are a set T of inequalities describing the proper-

subset coalition payo�s, and an equality G describing the cooperative group
payo�. Assume that constraints in T are normalized in the form

P
k2 Cj

X k �
RHSj , where RHSj is some real, nonnegative constant, for 1� j � j T j.

We de�ne a tightening vector K of constants, and

T(K ) = f
X

k2 Cj

X k � 
 (RHSj ; K j ) j 1 � j � j T jg

where 
 () is called the fair tightening function. The de�nition of 
 () will be
deferred until Section 4. Let S(K ) = T(K ) [ G.

Figure 1 gives the pseudo-code of the algorithm. The arguments of the
algorithm are the parameterized constraintsS(), a termination granularity � ,
and an increment � max . Important local variables are the tightening vector
K and a bit vector F . � max is chosen as a su�ciently large real number.
We used (� max ; � ) = (1000; 0:0001) in the tests conducted in Section 6.

search(S(), � , � max ) f
initialize K = < 0; 0; :::; 0 >

F = < 1; 1; :::1 >
while (F 6= 0) do f

� = � max

while (� > � ) do f (I)
K = K + � F
if : sat (S(K )) then

K = K � � F
� = � =2

g
for f 8 j j 1 � j � j Sj g do f (II)

R = K
Rj = K j + 2 �

Fj =
�

1 if sat (S(R))
0 otherwise

g
g
for f 8 j j 1 � j � j Sj g do f (III)

R(K ) = S(K ) n
P

k2 C j
X k � 
 (RHSj ; K j )

[
P

k2 C j
X k = 
 (RHSj ; K j )

if sat ( R(K ) ) then
S(K ) = R(K )

g
return S(K )

g

Figure 1: Constraint Tightening Algorithm



The bit vector F uses a `1' to represent that the corresponding tightening
parameter is non-�xed, a `0' to represent that it is �xed. The outer loop
of the algorithm �nds the tightest K such that S(K ) is satis�ed. Phase I
�nds the largest consistent increment for all non-�xed tigh tening parameters.
Phase II then �xes critical parameters that previously limi ted the tightening
search. This loop (containing phases I and II) iterates until all parameters
are �xed. Phase III then �nds an arbitrary solution within th is space by
conditional conversion of inequalities to equalities.

Some clari�cations about the algorithm in Figure 1 are in order.

� We assume that the grand coalition is the only pareto-e�cient solu-
tion. This can be generalized to deal with other de�nitions of optimal
coalitions, but we show this simpler case for clarity.

� The ratio �=� is the percentage variation that is acceptable. Fur-
thermore, note that arbitrary solutions are at most 2�

p
n apart in the

space, the usual Euclidean distance. Thus we can tune the search with
� .

� The reassignment of � = � max within the main loop is conservative.
However, the phase I loop is su�ciently simple to quickly reduce �
each time through.

� One way of computing a minimum initial � max is the maximum K
over all inequalities i such that 
 (RHS i ; K ) = RHSG, where RHSG

is the bound of the grand coalition, assumed to be the largestbound.

� The algorithm can easily be extended with negative � so as to relax an
initially unsatis�able constraint system, i.e. an empty co re, to permit
a solution.

� The algorithm makes use of a constraint solver,sat () which deter-
mines if the constraints are satis�able. A side-e�ect of sat () is the
instantiation of variables if they are ground. Thus phase III generates
a speci�c solution by converting the inequalities to equations.

Considering the time complexity of the proposed algorithm,let m be the
number of legal coalitions (including the grand coalition). Input size m is
bounded by 2n � 1 for an n-player game. In the worst case, we need to iterate
m times, wherein each iteration only one coalition is tightened. Within each
iteration, we need to makelog2(� =�) search steps. Each search step we need
to solve m linear inequalities. Let's call this cost P(m) which is polynomial
for some solution algorithms, and exponential worst-case for the Simplex
method, but polynomial average case. Thus the worst-case time complexity
order is O(mP (m)log2(� max =�)).

The complexity is exponential in the number of players because of the
combinatorial explosion in the number of coalitions that can be formed.



search1( _, _, Delta, Epsilon, Final, Final ) :-
Delta < Epsilon, !.

search1( Id, Prev, Delta, Epsilon, K0, Final ) :-
Next = Prev + Delta,
update( K0, Next, K1 ),
const( Id, K1 ), !,
search1( Id, Next, Delta/2, Epsilon, K1, Final ).

search1( Id, Prev, Delta, Epsilon, K, Final ) :-
search1( Id, Prev, Delta/2, Epsilon, K, Final ).

update( [], _, [] ).
update( [ f(fix,K) | Ks ], New, [ f(fix,K) | Vs ] ) :-

update( Ks, New, Vs ).
update( [ f(float,_) | Ks ], New, [ f(float,New) | Vs ] ) :-

update( Ks, New, Vs ).

Figure 2: Binary Search for Tightening Parameters in CLP(R)

A naive implementation of Shapley's algorithm has a complexity O(n � n!)
because it requires computing the marginal utility for each player for each
permutation of the n player coalitions. See Owen [3] for discussion of special
cases where Shapley values can be computed more e�ciently.

3 Implementation

The previously described algorithm was implemented in 184 lines of CLP(R)
[1, 2]. In this section only the kernel of the implementation is described: the
binary search for the tightening parameters.

Figure 2 shows the CLP(R) implementation of the search procedure.
The main procedure, search1/6 is passed the payo� data (Id ), the tight-
est bounds known to keep the space solvable (Prev), the current increment
to attempt on the bounds (Delta ), the minimum granularity for termina-
tion ( Epsilon ), and the current tightening vector ( K0). The last argument
(Final ) is the output tightening vector.

Clause (1) of search1/6 terminates the search when the increment is
smaller than the desired granularity. Clause (2) increments the current
tightening vector and tries the new constraint set and tightening vector with



const/2 . If the space is still nonempty, the search recurses with half the
increment. If the space is empty, the clause (3) is executed which retains
the old tightening vector, but also halves the increment.

Procedure update/3 updates the tightening vector. Any K i is imple-
mented by the data structure f(Type,Value) whereType is either fix (the
parameter is �xed) or float (the parameter has not yet been �xed). Only
non-�xed parameters are incremented.

All parameters are initialized as float , and if su�ciently iterated, all
parameters eventually becomefix . The test to convert a non-�xed to a
�xed parameter is not shown here. Essentially, each non-�xed parameter is
separately incremented by 2� . For each such trial where the space becomes
empty, the parameter becomes �xed.

4 Fairness and the Constraint Tightening Func-
tion

All non-�xed parameters are increased in step during an iteration. Once
the space becomes unsatis�able, critical parameters are �xed, and another
iteration is executed. However, the tightening algorithm is only as \fair" 2

as the 
 function which de�nes how the constraints are in
ated. To fu rther
understand how fairness relates to
 , we �rst review the Shapley axioms [3].

Shapley stipulated that n-person coalition games must satisfy the follow-
ing three criteria to be considered fair. He went on to prove that Shapley
values are the only technique that can make this guarantee.

1. A carrier of a game must split the entire group payo�: none must go
to slackers. For example, consider a 3-player game wherep(f X g) =
0, p(f Y g) = 5, p(f Z g) = 5, p(f X; Y g) = 5, p(f X; Z g) = 5, p(f Y; Zg)
= 10, and p(f X; Y; Z g) = 10. The p() function gives the payo� of
a coalition. Here X is the slacker and f Y; Zg is the carrier. A fair
solution will pay X nothing.

2. Fair solutions are invariant under relabeling the players. In other
words, the search strategy or solution method does not depend on
the order that players are considered.

3. Fair solutions are linearly composable. For example, consider two n-
player gamesG1 and G2 with solutions S1 and S2. If we sum corre-
sponding coalition payo�s in both games into G3, then the fair solution
to G3 should beS1 + S2. The implications of this axiom are far reach-
ing. It means that fair solutions are insensitive to translation or scaling
of payo�s. For example given a game denominated in dollars oryen,
the solution is identical. Less intuitively, if we o�er an ex tra $100 to
each player in a game, a fair solution gives each player his original cut

2What is fair will depend on the assumptions made.



Shapley
type function axioms

absolute 
 (RHS; K ) = RHS + f (K ) 2 & 3
relative 
 (RHS; K ) = RHS(1 + g(K )) 1 & 2
hybrid 
 (RHS; K ) = RHS(1 + g(K )) + f (K ) 2

Table 1: Families of Partially Fair 
 Functions (f (0) = g(0) = 0)

(before the bonus) plus the $100. In other words, the bonus cannot
a�ect a fair solution.

It is arguable if these axioms are necessary or su�cient to de�ne fairness.
Certainly there are alternatives to Shapley values that have been proposed,
e.g., Rai�a's \o�ers that cannot readily be refused" method ([4] pg. 270).
Rai�a claims:

\It is not easy to suggest a compelling set of `fairness princi-
ples' that deserve to be universally accepted asthe arbitrated
solution."

Without taking sides in this dispute, it is enlightening to e valuate the fairness
of the tightening method with respect to these axioms. For the 
 (RHS; K )
function to make sense, it must necessarily obey:

1. monotonicity in K to ensure that the bounds get tighter.

2. 
 (RHS; 0) = RHS to ensure consistency with the original problem.

In addition to these, J. Larson3 conjectured that if 
 also obeys the
following two axioms in addition to those above, it will necessarily obey
Shapley's axioms:

3. 
 (0; K ) = 0 to ensure that slackers don't get paid!

4. 
 (R + S; K ) = 
 (R; K ) + 
 (S; K ).

We also hypothesize that in fact no
 can satisfy all four of the previous tight-
ening axioms. However, we o�er three families of
 functions that achieve
partial success, summarized in Table 1 wheref and g are any monotonic
functions in K such that f (0) = g(0) = 0.

Intuitively, absolute tightening shrinks the space without regard to its
displacement from the origin. Thus slackers eventually getsome payo�,
making the family less fair. Relative tightening is less intuitive: it doesn't
su�er from the fair carrier problem, but rather it is not line arly composable.

3Personal communication.
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Figure 3: Illustrating Tightening Procedure

To visualize relative tightening, consider a rectangle in two-space de�ned
by four inequalities such that each side is parallel to an axis, as shown in
Figure 3. Each side of the rectangle will travel inwards towards the solution
space,in proportion to its distance from its parallel axis. Thus the space will
be shrinking as shown (the tightening vectors are not drawn to scale).

At some point during the binary search, two opposite sides ofthe rect-
angle will cross, making the space empty. The tightening parameters (corre-
sponding to these two sides) allowing the smallest nonemptyspace will then
be �xed. During the next iteration, the remaining two sides w ill continue
to travel towards each other until they also cross. It is important to note
that the �nal small rectangle will not lie in the center of mass of the original
rectangle. Since the sides moved in proportion to their distances from the
axes, the �nal space will be biased towards the origin.

The relative tightening procedure strongly resembles Rai�a's \balanced
increments" method ([4], pg. 243). Furthermore, the families of tightening
functions have an economics interpretation. Consider the coalitions as pro-
cesses that convert inputs into utility. Then K are additional inputs that we
feed the system, and@
=@Kis the rate as which inputs are converted into
utility. Absolute tightening presupposes that @
=@K= @f(K )=@Kso there
is no \economy of scale" associated with the original value of a coalition.
Relative tightening presupposes that @
=@K= RHS (@g(K )=@K). Thus
utility production is ampli�ed by the original coalition va lue.

The hybrid family loses both Shapley axioms 1 and 3, but o�ers the

exibility to perhaps moderate the tightening process through judicious se-
lection of f and g. From an economic standpoint, coalition \production"
is modeled as a combination of �xed and variable e�ects, as inany realis-
tic process. Heuristic experimentation with the hybrid family is a topic of
future research. In the remainder of the paper, we focus on absolute and
relative tightening functions where f (K ) = g(K ) = K .

5 Examples

Rai�a [4] presents a 3-player game called the Scandinavian Cement Problem.
Consider playersX , Y , and Z with the following coalition payo�s: p(f X g)



= 30, p(f Yg) = 22, p(f Z g) = 5, p(f X; Y g) = 59, p(f X; Z g) = 45, p(f Y; Zg)
= 39, and p(f X; Y; Z g) = 77. Rai�a presents this as a linear programming
problem in which he immediately eliminates one of the variables in order to
plot the solution space in two dimensions. Here we plot the constraints in
three dimensions because it better illustrates how the constraint tightening
behaves.

The linear constraints can be formulated in CLP(R) as follows:

const( [ X, Y, Z ] ) :-
X >= 30, Y >= 22,
Z >= 5, X + Y >= 59,
X + Z >= 45, Y + Z >= 39,
X + Y + Z = 77.

Since const/1 succeeds, it indicates that the solution space is nonempty.
Const can be extended with tightening factors Ki (here we show relative
tightening):

const( [ X,Y,Z ], [ K1,K2,K3,K4,K5,K6 ] ) :-
X >= 30*(1 + K1),
Y >= 22*(1 + K2),
Z >= 5*(1 + K3),
X + Y >= 59*(1 + K4),
X + Z >= 45*(1 + K5),
Y + Z >= 39*(1 + K6),
X + Y + Z = 77.

In relative tightening, the factors are implemented as a percentage of the
original lower bound. Thus for instance if K1 = 0.2, the singleton X coali-
tion is being \tightened" by 20% over its original value of 30 to 36. Table 2
shows the six parameters for successive iterations of the relative tightening
algorithm. Initially parameters are set very high (1000%), but the binary
search algorithm rapidly focuses the space in the �rst iteration to 7.6%.
Parameters labeled \*" have been �xed by the search, i.e., nofurther tight-
ening is possible for that constraint, given the minimal granularity � . In this
problem, the second iteration almost doubles parametersK1, K2, and K3 to
17%. The third iteration doubles parametersK2and K3to 30%. Finally, the
widest constraint, for coalition f Z g, is tightened down in the �nal iteration
with K3 = 169%.

Figure 4 (not drawn to scale) illustrates the 3-dimensionalsolution space
of the problem. The X + Y + Z = 77 plane is shown, as are the projections
of X � 30, Y � 22, and Z � 5. These projections on the plane de�ne
an asymmetric triangle from the larger equilateral triangle. The 2-player
coalition constraints are not shown in this �gure.

Figure 5 (not drawn to scale) illustrates the problem in a 2-space de�ned
by the plane X + Y + Z = 77. The asymmetric triangle is intersected by
the three inequality constraints representing the 2-player coalition payo�s.



Iteration K1 K2 K3 K4 K5 K6
0 1000 1000 1000 1000 1000 1000
1 0.07689 0.07689 0.07689 0.07689 0.07689* 0.07689*
2 0.166655* 0.166655 0.166655 0.07689 0.07689* 0.07689*
3 0.166655* 0.297189* 0.297189 0.07689* 0.07689* 0.07689*
4 0.166655* 0.297189* 1.69241* 0.07689* 0.07689* 0.07689*

Table 2: Scandinavian Cement: Relative Tightening

Y

Z

X

(30,22,5)

X+Y+Z = 77

Figure 4: Scandinavian Solution Space: 3D View



X+Y > = 59

X+Z > = 45

X+Y+Z = 77

Y+Z > = 39

Figure 5: Shrinking the Scandinavian Solution Space

As the RHS bounds of 2-player coalitions are increased during tightening,
these three constraints move towards the center of the solution space. As
the RHS bounds of 1-player coalitions are increased during tightening, the
three edges of the triangle move towards the center of the solution space.

The primary advantage of our method over others is not in its more
re�ned de�nition of fairness, but rather in its ability to so lve ad hoc prob-
lems. These become important when coalition payo�s are not precise: lower
bounds or ranges may be known. In addition, we may desire to model depen-
dencies among di�erent coalitions' payo�s. We illustrate t his by consider-
ing alternative versions of the Scandinavian Cement problem. Conventional
techniques do not address these extended problems.

Suppose we know thatp(f X g) > 30 andp(f Y g) > 22 (other information
is as previously stated). PlayerX and Y have dependent payo�s such that if
p(f X g) > 32 then p(f Y g) > 25. This can be modeled (before the tightening
transformation) as:

const( [ X, Y, Z ] ) :-
X >= 30,
Y >= 22, dep( X, Y ),
Z >= 5,
X + Y >= 59,
X + Z >= 45,
Y + Z >= 39,
X + Y + Z = 77.

dep( X, _ ) :- X =< 32.
dep( X, Y ) :- X > 32, Y > 25.

More complex relationships betweenX and Y can be similarly modeled in
CLP(R), an arbitrary example is,

dep( X, _ ) :- X =< 32.



Tightening Scheme
game N Shapley Values relative absolute
cement f 35.5,28.5,13g f 35.0,28.5,13.5g f 34.4,28.3,14.3g
tweak1 3 f 36.8,25.8,14.3g f 37.2,23.0,16.8g f 37,23,17g
rand1 f 29.5,41,49.5g f 31.4,38.8,49.7g f 27.5,42,50.5g
rand2 f 22.5,35,39.5g f 20.1,36.8,40.1g f 21.3,36.3,39.3g
rand3 f 46.5,38.5,28.3,36.7g f 47.7,36.4,23.8,42.1g f 48,40,32,30g
rand4 4 f 39.3,44.2,46.8,39.7g f 43.7,21.4,64.7,40.2g f 37.5,30.25,53.5,48.75g
rand5 f 31.3,51.8,54.2,62.7g f 34.3,55.3,51.0,59.4g f 34,59,52,55g
tweak5 f 37.2,46,48.3,68.5g f 49.4,35.7,28.1,86.8g f 60.5,38,31,70.5g

mean squared di�erences
cement 0 0.155 1.06
tweak1 3 0 4.88 5.06
rand1 0 2.86 2.00
rand2 0 3.18 1.06
rand3 0 13.5 15.8
rand4 4 0 215 81.2
rand5 0 10.5 30.8
tweak5 0 249 228

Table 3: Benchmark Allocations: Shapley vs. Tightening

dep( X, Y ) :- X > 32, X < 35, Y > 25, Y < 30.
dep( X, Y ) :- X >= 35, X < 40, Y >= 30, Y < 33.
dep( X, Y ) :- X >= 40, Y = 33.

6 Empirical Analysis

Table 3 shows eight benchmark games of 3 and 4 players used to evaluate
the proposed allocation technique. Note that the games donot all have the
same total payo�. Cementis the Scandinavian Cement problem.Tweak1 is
a slight variant of cementused to illustrate some shortcomings of proposed
algorithm. The next �ve games were randomly generated. The �nal game
tweak5is a slight variant of rand5, again illustrating how our solutions diverge
from Shapley values when the space is irregular. For each game, the Shapley
values, relative and absolute tightened values are given. The mean squared
di�erences with respect to the Shapley values are given.

Obviously how accurately the tightening methods approximate Shapley
values is highly variable. Neither relative nor absolute tightening appears
to be superior. To illustrate the discrepancies with Shapley values, consider
tweak1which takes the original Scandinavian Cement problem and modi�es
the payo� to coalition f X; Z g from 45 to 53. The resulting relative mean
squared di�erence increases by a factor of 31 times. Notice that the e�ect of
boosting the f X; Z g payo� relative to all others is the same in all techniques:
Y 's side payment decreases, subsidizingX and Z . The relative tightening



scheme however more signi�cantly penalizesY (by 20%) than do the Shapley
values, which penalizesY by only 10%. Absolute tightening gets MSE = 5
for tweak1, and approximates Shapley slightly better than does the relative
scheme. However, it also breaks down fortweak5.

7 Application

Due to space constraints, we can only sketch an application of our technique
in some �nancial optimization applications at Morgan Stanl ey. The problem
is one of determining the swap of securities among a pool of participant port-
folios to optimize an objective under various constraints (for a basic text,
see [6]). At Morgan Stanley, such applications were developed within the
context of the BondSwap system [5]. Various objectives included maximiz-
ing tax bene�ts and minimizing capital convexity charges. Engaging many
participants is critical to the overall optimization becau se only with criti-
cal mass, can the universe of bonds reach su�cient size to enable pro�table
transactions even when highly constrained.

One very practical problem with conducting such a swap is forthe par-
ticipants to cooperate. On their own, it would be highly unli ke for them to
join forces. Individual �rms are tempted to swap with the mar ket, thereby
facing higher overheads. An intermediary can be e�ective inconvincing par-
ties to join a coalition by optimizing and executing their swap at guaranteed
prices. However, even with an intermediary, negotiation isneeded to con-
vince parties to join. For instance, participants can drop out if they perceive
inequity in the division of gains.

The coalition technique described in this paper can be used to compute a
fair division. First, the intermediary optimizes a set of portfolios of various
coalitions, recording a total realizable gain with each experiment. These are
the bounds for the coalitions. In practice, not all coalitions are needed be-
cause subgroups of subsidiary portfolios will only be included if their parent
participates. The fair division can then be solved with our algorithm.

There are two main advantages to using our constraint approach for
solving the fairness problem. First, we can model \special deals" made by
the intermediary with individual �rms. Secondly, we can int egrate some
of the general portfolio constraints up from the optimizer, into the fairness
algorithm. For example, a typical portfolio constraint is a bound on the
required duration of the portfolio. A constraint could be added in the fairness
algorithm to compensate a �rm more if their duration constra int is active.

8 Conclusions

This paper described a technique for determining a fair allocation for the
classic n-player coalition problem. The solution exploits the use ofa con-
straint programming language like CLP(R) which provides the ability to



easily manipulate and solve arithmetic constraints. It is well known how
to model the coalition problem in terms of linear constraints. However fair
allocation value methods like Shapley do not make use of the constraints at
all. In this paper, we propose a computational approach based on constraint
manipulation where any number of (multi-dimensional) linear constraints
are tightened by iterative scaling. The tightening shrinks the solution space
in a \fair" manner based on a parameterized
 function. One can continue
shrinking the space until the �nal space is reduced to be arbitrarily small,
from which any boundary point can be chosen as an allocation.The advan-
tage of this approach compared with more direct approaches such as Shapley
values or pure linear programming, is that the computational nature allows

exibility and incorporation of other considerations into the determination
of fair allocation.

We demonstrate the technique for relative and absolute
 tightening
functions, and discussed the properties of
 which relate to Shapley-fairness.
Our empirical results for simple 
 functions show di�ering approximations
to Shapley values: some were close, some were not.

Interesting future research directions include: 1) experimentation with
the family of 
 functions to better approach Shapley-fairness; 2) derive afor-
mal relationship between our scheme are two types of Rai�a-fairness: \bal-
anced increments" and \o�ers that cannot readily be refused" [4], and 3)
determine how to model, in constraints, uncertain coalition payo�s and a
related attribute: risk preferences among players.
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