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Abstract. We investigate constraint domains in which answers to caimtab-

duction problems can be represented compactly by a mostajeaeswer. We
demonstrate several classes of domains which have thiggypput show that
the property is not compositional.

1 Introduction

Abduction is the inference rule that derivdsfrom B andC, such thatd, B + C. It
was considered by Peirce [12] to be — along with deductionimghaction — one of the
fundamental forms of reasoning. Mostly, abduction has laekitessed in a setting of
partially determined predicates or propositioBenstraint abductiomefers to abduc-
tion in a setting wherel, B andC come from a set of pre-defined, completely-defined
relations (constraints, in the sense of constraint logigmmming [6]) and4, the an-
swer, ensured A B — C.

Traditionally, abduction has been used as a model of stiehtipothesis formation
and diagnosis, and as a component of belief revision and imadsarning, but the
applications of constraint abduction are in query evatuimtising views [18], which is
used for integrating multiple sources of information [9)dan logic program analysis
[3, 4] and type inference [16].

In previous work it has been established that some natunstint domains, such
as linear arithmetic and finite terms, do not in general admihpact explicit repre-
sentations of all answers to an abduction problem [11, t0thik paper we investigate
constraint domains in which all answers can be representadgingle most general an-
swer. We call theskleyting domainsit turns out that many of the simpler, commonly-
used constraint domains have this property although evémeise simple cases there
are provisos. Furthermore, we show that even a simple catibmof Heyting do-
mains loses the Heyting property. This presents a subatatitiiculty for the use of
constraint abduction, but we demonstrate one case in whécbdmposition of Heyting
domains is Heyting. We leave for future work a detailed stafithis issue.

2 Background

The syntax and semantics of constraints are defined by araoristomain [6]. Given
a signatureX’, and a set of variablégars (which we assume is infinite), @nstraint
domainis a pair(D, £) whereD is a X-structure and_ (the language of constraints)



is a set of¥-formulas including constraints equivalenttteue and false, and closed
under conjunction and renaming of free variables. If, fansset of constraints C L,
every constraint is equivalent to a conjunction of renarfiezbnstraints then we refer
to S as a set oprimitive constraintsWe say the constraint domain isary if £ is
generated by a set of unary primitive constraints. We sagdistraint domain ifinite

if the set of values irD is finite.

When the constraint domaih is clear from the context we writ€ — C’ as an
abbreviation forD = C — C’. We sayC' is more general thar’ if ¢’ — C'. Two
constraints” andC"’ areequivalenif C — C’ andC’ — C.

The constraints (modulo equivalence) form a partially oedeset (poset) where
Cy < Cyiff C7 — Cs. true and false are, respectively, the top and bottom elements
of the poset. The greatest lower boufid1 C5 of two constraintg”; andCs is their
conjunctionC; A Cs. The least upper bour@d; LI Cs of two constraints may not exist.

When every pair of elements in a poset has a least upper baowral greatest lower
bound, the poset is calledlattice. If, in addition, top and bottom elements exist it is
called abounded latticeA lattice is said to balistributiveif, for all elementsz, y and
z,xM(yUz) = (xMNy)U(xMz)andzU (yMz) = (xUy) N (zUz). The complement
of an element: in a bounded lattice is an elemensuch that: U T is the top element
andz M7 is the bottom element. A distributive lattice where evegneént has a unique
complement is called Boolean lattice A Boolean lattice that provides the operations
M, U and~ is called aBoolean algebraTherelative pseudo-complemeritan element
x with respect to an elementis the unique (if it exists) greatest elemensuch that
zMa < y. A bounded lattice where every element has a relative pseadwplement
with respect to each element in the lattice is callddeyting lattice Every Boolean
lattice is a Heyting lattice. If the dual of a Heyting lattit&(the “upside-down” lattice,
where< and> are interchanged) also forms a Heyting lattice tféis abi-Heyting
lattice. Heyting lattices and algebras originated as models faiitionistic logic and
bi-Heyting algebras have been proposed as models for bpadisoning calculi [15],
but these uses seem largely unconnected to their use inathés.p

3 Simple Constraint Abduction

We can now formally define the simple constraint abductiavbfgm. Extensions of
this problem are discussed in Section 5. We wAitéor the existential quantification of
all variables.

Definition 1 TheSimple Constraint Abduction Probleisas follows:
Given a constraint domai(D, £), and given two constraint®, C' € £ such that
D =3 B A C, for what constraintsd € £ does

DE=(AANB) = C

and
DE3I(AAB)

Aninstanceof the problem has a fixed constraint domain and fixed congsd?
andC. We callA ananswerto the problem instance.



Throughout this paperd, B andC refer to the constraints in a simple constraint
abduction problem. In an abuse of terminology, we often keiler to an instance as a
SCA problem.

Traditional abduction might be thought of as a kind of highater constraint ab-
duction where the variables range over relations and thetaints state tuples that
are in/out of those relations. Abductive logic programmjiipis somewhat different
because the deductive relatibris different from material implication. ACLP [8] ex-
tends abductive logic programming with constraints. ltsuseversion of SCA (where
C'is false) in its algorithm but it does not perform abduction on coaistts, only on
formulas that may involve constraints.

It is easy to see that there is always an answer to a SCA proijetaking A to
be C. However, in general there may be infinitely many answerd,va@ will need a
finite representation. For example Bfisx > 5 andC is ¢ > 7 thenC is an answer,
but so is every constraint > k wherek > 7. In this case( can be considered to
be a representation of all answers since, for all answiérsd’ is the conjunction of
some constraint witd' (that is,A’” — C), and every4’ that is obtained in this way and
is consistent withB is an answer. We say an answéito a SCA problem is thenost
general answeif, for every answeid’ of the problemA’ — A.

Unfortunately, not all SCA problems have a most general answhich leads us to
considemaximally general answeré maximally general answer is an answesuch
that there is no answer strictly more general tiarmhese answers are singled out by
the parsimony principle of abductive inference, which sgjg choosing explanations
with weakest explanatory power. They also have the potewotieompactly represent
many answers, since they can be taken to represent all sirangwers.

However, in some constraint domains such as linear aritbro@tstraints, the max-
imally general answers do not represent all answers [11thEtmore, even in con-
straint domains where maximally general answers repredeanswers, there may be
infinitely many maximally general answers [10, 11]. It isariérom [10, 11] that only
rarely do SCA problems have most general answers in theredmsiomains that those
papers address (linear arithmetic constraints/finite egoalities).

In this paper, we will focus on identifying constraint domsfor which every SCA
problem has a most general answer. This property ensuttdbédgifficulties mentioned
above are avoided, though at the cost of limiting the coimgtdmmains over which we
can abduce. In the type-inference setting, it correspantteetprincipal-types property.
We sayD is aHeyting domairwhen this property holds. This terminology is justified
by the following result.

Proposition 1 Let D be a constraint domairD is a Heyting domain iff the poset of
constraints has the property that every element has a vagiseudo-complement with
respect to each element in the poset.

This proposition essentially reformulates the propertypeing a Heyting domain in
order-theoretic terms. The relative pseudo-complemeptéasisely the most general
answer. Note that a Heyting domain might not form a Heytintida because it might
not be a lattice. However, every finite unary constraint diorfarms a lattice, and thus
every finite unary Heyting domain is a Heyting lattice.



4 Heyting Constraint Domains

We have seen that constraint domains involving arithmeter ¢the reals or integers,
or equality over finite terms, are not Heyting domains. Of las@aining widely-used
constraint domains, most are unary. In particular, bourdliaterval constraints are
used for solving integer problems [5] and non-linear carims problems [1], as well as
problems over finite sets [2, 13] or multisets [17], whilet&domain constraints are the
basis of CSPs. Hence we focus on establishing ifiwhen thedsienilar domains are
Heyting, and presenting a constructive characterizatfdhar most general answers,
when it exists.

4.1 Boolean Constraint Domains

Proposition 1 characterizes the Heyting domains, but iscad provide a way to com-
pute a most general answer. However, in Boolean algebrasaweampute the most
general answer directly, using the algebraic operations.

Proposition 2 Let D be a constraint domain where the constraints form a Boolean
lattice. Consider the SCA problem ovBrand defined to be B LI C.
ThenA is the most general answer.

The above result applies to finite domains, as used in CSRsendach variable
ranges over a finite set of valugsand the only primitive constraints restrict variables
to a subset oD. The complement of a constraintc S is 2 € (D\S). The least upper
bound is obtained by uniofz € S;) L (z € S3) isz € (S1 U S2). The greatest lower
bound is expressed by conjunction and can be obtained bgéut#on in a similar way.
Similarly, the constraint domain where constraints arensof floating point-bounded
intervals over the real numbers, as used in Echidna [14]Hswing domain by this
result.

Note that the least upper bound operatiois, in general, different from disjunc-
tion V. However, when the constraint language is closed undettioaghe constraint
domain forms a Boolean lattice and, in that case, the legstpound is exactly dis-
junction.

So far we have been using the lattice structure ofdbestraints In the remain-
der of this section we consider constraint domains wherg@éntal order ofvaluesis
important.

4.2 Bounds on a Total Order

Interval/bounds constraints on a total order cannot beesséid by Proposition 2 be-
cause these constraints do not form a distributive lattice @complement is not de-
fined.

Example 1.Consider bounds constraints on integers. Cetbex € 1.5, Cy bex €
7.9andCs; bex € 5..6. ThenC; U Cyisz € 1..9. and(C; U Cy) A Csisx € 5..6.
However,C; A Csisxz € 5.5 andCy A Cs is false so (C; A C3) U (Cy A Cs) is
x € 5..5. Thus the lattice of constraints is not distributive.



The complement o€, must be an interval disjoint from..5 and hence contains
only numbers less than 1 or greater than 5. But then the Ipastrdbound of these two
intervals cannot be the full interval of integers. Thus ctement is not defined.

Consider any constraint domaln with a total ordering<. If we consider bounds,
primitive constraints have the form< z or x < ¢, wherec is a constant and is a
variable. If we consider intervals, primitive constraihts/e the form: € [..u, meaning
I < z < u, wherel andu are constants and is a variable. In both cases we might
also consider strict inequalities; to simplify the expiositwe will omit this possibility,
which complicates the description but does not raise anyissves.

For both bounds and intervals, a solved form can be compuytedsentially inter-
secting all intervals (or bounds) concerning each variakies, in a solved form there
is at most one interval or two bounds (one lower, one uppeBamh variable. If there
is no lower (upper) bound on a variable in a constraint we caasthough there is an
infinitely small (large) bound.

Given B andC, which we can assume without loss of generality are in sdieed,
we construct to satisfyA A B — C as follows:

For each variable in B or C, letl andlZ (v} anduf,) be the lower (respectively,
upper) bounds fox in B andC'. Define A as follows. For each variable

d<zisinAiff d=1%,d# —ooandl} <&

< disin Aiff d =ug, d # coanduf < uf
That is, A contains those bounds 6fthat are strictly tighter than those 6.

The following result follows directly from the constructiof A.

Theorem 1. Consider the SCA problem over a constraint domain of boundstotal
order. LetA be as defined above. Thdnis the unique most general answer.

For example, let3 be2 < z A2z < 8andC bel < xz Az < 5. Thenl} £ I
(2 £ 1) and soA contains no lower bound far. Butug < u% (5 < 8) so A contains
x < 5.

Since intervals are essentially the conjunction of two lasyme can achieve a sim-
ilar resultin that case, but only if there is minimum possilolwer bound and maximum
possible upper bound. If there is no minimum possible loveema and maximum pos-
sible upper bound (for example, if bounds of intervals caraby integer, but not an
infinite bound) then SCA problems can have an infinite asegndhain of answers,
and thus not have a maximally general answer.

Example 2.Consider a constraint domain of finite intervals over thegers. IfB is
xz € 0.5andC is x € 1..10 then any constraint of the formz € 1..n is an answer,
but the set of all such constraints forms an ascending chiginne least upper bound.

4.3 Bounds on a Quasi Order

If the values of a constraint domain are quasi-ordered by a relatiahthen we can
consider the induced equivalence relatioand the induced partial order over the quo-
tient D/ ~. Any C-bound onD induces a bound oP/ ~, and vice versa. Thus



Proposition 3 LetD be the constraint domain of a quasi-order over aBeind letD’
be the corresponding quotient constraint domain of the aedipartial order.
ThenD is a Heyting domain ifD’ is a Heyting domain.

Constraint domains with a quasi-ordering can arise whercttion or rounding of
numbers is performed. For example, the set of real numbegadsi-ordered by the
ordering on integers via truncation:C y iff || < |y]|. Thus the above result implies
that limitations of machine representability of numberl not affect the Heyting do-
main property for the constraint domains discussed in theipus subsection. Later we
will see an example involving finite sets.

4.4 Bounds on a Partial Order

We can obtain similar results for some patrtially orderedst@int domains with bounds
constraints. Unlike a total order, a partially ordered ¢rist domain with bounds con-
straints forms a Heyting domain only when the partial ordes & certain structur@
must be a bi-Heyting lattice. However, the constructiorhig answer cannot be given
in such simple terms, in general.

Theorem 2. Consider the SCA problem over a constraint doniRif bounds on a
partial order that forms a bi-Heyting lattice. Thénis a Heyting domain.

In this result the relative pseudo-complement is needethéoupper bounds, while
its dual is needed for the lower bounds.

We can construct most general answers if the partial ordealoés forms a Boolean
lattice — for example, bounds on set variables [2] where garas the values that a set
variable can take are bounded above by a finite set. Suppamed C' are in solved
form. We defined by, for each variable,

d<zisin Aiff d = (IZ M%) andl% # 1%

z <disinAiff d = (v Uu%) anduf 2 uf
wherell andr are the lattice operations apalenotes the complementpfThenA is
the most general answer.

Theorem 3. Consider the SCA problem over a constraint doniRif bounds on a
partial order that forms a Boolean lattice. Suppose thatdéeof values of variable-free
terms inD (that can be used as bounds in constraints) is closed undeoplerations
of the lattice (1, M, and complement). Let be as defined above.

ThenA is the most general answer.

Theorem 3 applies directly to the constraint domain of beudfinite sets.

Example 3.Consider interval constraints on finite sets as in Conjuljo lHere the
lattice operations on the values of the domain are the familiion, intersection and set
complement operations. Suppose théas a lower bound i of [ = {1,2,3} and a
lower boundinC of [, = {1,2,4}. Thenl}, # % andl} = {1,2,4}11{1,2,3} = {4}.



If the values of this constraint domain are the finite subsétn infinite set and
constraints are intervals then, like Example 2, there mayaa most general answer.
But if the values are the subsets of a finite set then there issh general answer, even
when the constraints are intervals. However, this onlyiappb finite sets where subset
bounds are the only constraints; if there are more conssrtien there might not be a
most general answer.

4.5 Finite Set Constraints

In [13], the conventional containment partial ordering anité sets is used in combina-
tion with a quasi-ordering based on the cardinalities of aatl a lexicographic ordering
on sets. The quasi-orderingis defined byX C Y iff | X| < |Y|, where| X | denotes
the cardinality ofX. The lexicographic ordering is defined recursively as fofio

XYiff X=0orz<yorz=yAX\{z} 2 Y\{y}
wherez = maz(X), the largest element iX, andy = maz(Y) and < is a total
order over all elements that may appear in a set. For exarsppgose elements of
the sets are natural numbers ands the usual ordering on natural numbers. Then
{3,2,1} < {4,2} sincemaz({3,2,1}) = 3 < 4 = max({4,2}). The characteristic
vector representation of a sgtis a listy s of 0/1 values such that th&h value is inS
iff the ¢'th element ofy s is 1, where the values are ordered frerlargest to smallest.
Thelongest common prefiaf two setsU andV is the longest common prefix ofis
andyy .

By Theorem 1, the constraint domain of bounds over sets uheédexicographic
ordering is a Heyting domain. Similarly, by Proposition 3idheorem 1, the constraint
domain of bounds on cardinalities of sets is a Heyting domsnwve saw above, from
Theorem 3, the constraint domain of bounds over sets underahtainment ordering
is a Heyting domain. However, it does not immediately folkiat a constraint domain
combining these kinds of constraints has unique most geaeswers.

Indeed, consider the SCA problem wheBes |z| = 1 andC is z = {1}. Then
bothz C {1} and{1} C « are maximally general answers. Thus the constraint domain
which uses all three kinds of constraints (as in [13]) is ndegting domain (and neither
are the constraint domains using only cardinality constseand either of the other two
orderings). That is, the property of being a Heyting domainat compositional, even
in this relatively simple case.

Definition 2 Thecomposition by languagef constraint domainéD, £;) and (D, L2)
having the same structuf® is (D, £) whereL is the conjunctive closure df; U £,.

Proposition 4 The Heyting property is not closed under composition by leug.

Let us now consider the constraint domain involving onlyteimment and lexico-
graphic bounds constraints. A constraintin this consttaimguage is irsimplified form
if the constraints on any variabiehave the formi; C = C d,,, fi < « < f, where

! Elements are written in descending order in this examplengresize the lexicographic nature
of <.



-d; C f, Cdyandd, C fi Cdy, -

— maz(d,) = maz(f,) andmaz(d;) = maz(f;), whereZ denotes the complement
of z,

— the longest common prefix ¢gf and f, is a prefix ofd; andd,,.

This simplified form is similar to the normal form of rewriteles given in [13], though
formulated differently, and every constraint can be sifigdiby similar rules.

Let B be in simplified form and leBC be the simplified form oB A C'. We define
A’ using the methods defined earlier for Theorem 1 (in the case @instraints) and
for Theorem 3 (in the case &f constraints). Thusg!’ contains) < z if izc < I and
Ilpc = x otherwise, wherég andip¢ are the corresponding-lower bounds for in
B and BC respectivelyA’ contains) C z if Igc C I andige Nip C x otherwise,
where herdp andip¢c are the corresponding-lower bounds forx in B and BC
respectively. Upper bounds are similar.

Given A’, we expand the bounds, if possible as follows. K4ét, and A”_,, be A’
except that thes-lower bound (respectivelg-upper bound) of is omitted. If(A" ; A
B) — —(lp X = < la) holds then the<-lower bound ofz in A’ is replaced by
the C-lower bound. Similarly, ifA” , A B — —(uas < & < upg) holds then the<-
upper bound of: in A’ is replaced by th&-upper bound. A similar expansion on the
C-bounds is unnecessary. The resulting constraidt is

Theorem 4. Consider an SCA problem over the constraint domain of firdte with
both containment and lexicographic orderings. l£be as defined above.
ThenA is the most general answer.

Example 4.Consider the SCA over the combined domain on subset$,8f 2, 1}. Let
Bbe{3,1} <z,ord) Cx C{4,3,2,1},{3,1} = = = {4,3,2,1} in simplified form,
and letC be{2} C = C {4,3,2},{3,2} < = < {4,3,2}. ThenBC( is identical toC
andA’is {2} C = C {4,3,2},{3,2} < =z < {4,3,2}. Expanding the lower bound
sinced’ ,AB — x # {3,1},wefindAis {2} Cx C {4,3,2},{2} = = < {4,3,2}.

4.6 Bounds on Finite Multisets

When the constraint domain consists of bounds over multegables [17] the above
results do not apply. First we define this constraint domaimultiset is a function
in S — N, whereS is a finite set. Thus a multiset = {{a,b,b}} is formalized
as a function wheren(a) = 1, m(b) = 2, andm(c) = 0. Multisets are ordered
by the containment ordering, < mq iff Vs € S mq(s) < ma(s). We saym, is
contained inms or m; is a submultiset ofn,. Under the containment ordering there
is a least multiset (the empty multiset, which is the zerocfiom), and we assume
there is a greatest multiséf. The least upper bound and greatest lower bound under
this ordering can be defined as follow(si, Ll m2)(s) = max{mi(s), m2(s)} and
(mq1 Mma)(s) = min{mi(s), ma(s)}.

The primitive constraints in a multiset constraint doma@vdathe forme < m or
m < x, specifying that the value of the variallés contained in (respectively, contains)
the multisetn. For any constrain€, we can expres§’ as A\ ¢y ,,,(l& < zAx <
ug). We assume there is a greatest multiséin the constraint domain, the multisets



under consideration are exactly the submultiset®/ofind that each submultiset can be
represented by a constant expression. Thu¥ i finite then multiset variables range
over a finite collection of multisets.

The containment ordering on multisets does form a distikibuattice, but it does
not have a complement. Thus the lattice of values is not adwlattice, and thus
Theorem 3 does not apply. Similarly, Proposition 2 does pptyabecause the lattice
of constraints is not a Boolean lattice.

Nevertheless, we can construct the most general answeyt8@#a problem over

such multiset constraints. For a given SCA problem, defims/\ /... (1% < 2Az <
u%) where

sy = [0 Thls) 2 ()

A 12.(s) otherwise
and

wi(s) = { M) wh(s) < ug(s)
A u%(s) otherwise
Then A defines the most general answer for the SCA problem over setiition-
straints.

Theorem 5. Consider the SCA problem over a constraint domain of boundsutiset
variables where there is a greatest multidét Let A be as defined above.
ThenA is the unique most general answer.

For example, ifB is {{a, b, b}} (thatis,mp(a) = 1, mp(b) = 2, mp(c) = 0) and
Cis {{a,b,c}} (mc(a) = 1, me(d) = 1, me(c) = 1) thenAis {{c}} (ma(a) = 0,
ma(b) =0,ma(c) =1).

5 Generalized Constraint Abduction

Simple constraint abduction is the basis for other abdaogpimblems [10]. In joint
constraint abduction, several simple problems must beedosimultaneously by an
answerA. In variable-restricted constraint abductiofi,may use only a limited set
V of variables. For Heyting domains, joint problems can be decomposedsintple
abduction problems, and the conjunction of all most geremmalvers provides a most
general answer to the joint problem iff the joint problem hasanswer. See [10].

Corresponding to every variable restricted problem isiestrictecdproblem — the
simple problem where the variable restriction is ignore@. &&n use the unrestricted
problem to address the variable-restricted problem.

Theorem 6. Let (D, £) be a constraint domain where constraints are generated from
unary primitive constraints. Then the variable-restrittonstraint abduction problem
wrt V has an answer ifb = B — 3y C.

Furthermore, assuming the variable-restricted problers ha answer, if the unre-
stricted problem has a most general answer then that is &lsarost general answer
to the restricted problem.

2 This set corresponds to the notionaifduciblesn traditional abduction.



6 Conclusions

We have investigated the class of Heyting domains: thoseadmmvhere every simple
constraint abduction problem that has an answer has a mostajenswer. We have
demonstrated classes of domains that have this propertghviticlude many of the

simpler commonly-used constraint domains. We have sedrtithaHeyting property

is not preserved under constraint language compositidrthatiit does extend to joint
constraint abduction and, for unary domains, to variabricted abduction.
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