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Abstract. Abduction is usually carried out on partially-defined predicates. In
this paper we investigate abduction applied to fully-defined predicates, specifi-
cally linear arithmetic constraints over the real numbers.Abduction in this con-
text has application to query answering using views and typeinference, and po-
tential relevance to analysis of concurrent/constraint/logic programs. We show
that only rarely do abduction problems over linear arithmetic constraints have
unique most general answers. We characterize the cases where most general an-
swers exist. In general there may be infinitely many maximally general answers,
or even answers that are not represented by maximally general answers. We take
steps towards representing such answers finitely.

1 Introduction

Abduction is the inference rule that derives, fromB andC, A such thatA, B ⊢ C.
It was considered by Peirce [11] to be – along with deduction and induction – one of
the fundamental forms of reasoning. Mostly, abduction has been addressed in a setting
of partially determined predicates or propositions.Constraint abduction[10] refers to
abduction in a setting whereA, B andC come from a set of pre-defined, completely-
defined relations (constraints, in the sense of constraint logic programming [4]) andA,
the answer, ensuresA ∧ B → C.

Traditional forms of abduction differ from constraint abduction in that they address
predicates that are incompletely defined by some properties. Abductive logic program-
ming [5] and abductive constraint logic programming (ACLP)[6] differ further from
constraint abduction in that the inference relation⊢ is not material implication. Fur-
thermore, constraints are used in ACLP only in support of theabduction of predicates;
constraints alone are not abduced from.

It is usual in works on abduction to require thatA is consistent withB, that is, that
A is not stronger than¬B. However, ifB ∧ C is unsatisfiable then, for any answerA,
A ∧ B is unsatisfiable. (This because if(A ∧ B) → C then(A ∧ B) → (B ∧ C).)

Thus we can divide the simple problem into two cases:

– B ∧ C is unsatisfiable
In this case the answers are exactly those constraints stronger than¬B.

– B ∧ C is satisfiable
In this case we are only interested in answersA that are consistent withB, that is,
constraints that arenotstronger than¬B. Notice that this implies that the strength-
ening of an answerA might not be an answer



In this paper we focus on the latter case.
Clearly, determining whether such a problem has an answer istrivial: we can simply

chooseA to be equivalent toC. Instead, we will address the issue of characterizing all
answers and/or finitely representing them. In particular, we will seek to identify when
a single answer can represent all answers. In this paper we will address linear arith-
metic constraints. In a companion paper [10], equational constraints over the Herbrand
universe are addressed. It turns out that different kinds ofconstraints require different
techniques to characterize the answers.

In the next section we outline some applications of constraint abduction. Then, fol-
lowing some brief background on constraints, constraint abduction is formally defined.
In Section 5 an abstract notion of rank is introduced and several properties are estab-
lished of constraint domains that support such a notion. These properties are used in
characterizing answers to constraint abduction problems on linear arithmetic equalities
in Section 6. Section 7 addresses the same issue for linear arithmetic inequalities but
the development is more complicated, partly because this constraint domain does not
support a rank.

2 Applications of Constraint Abduction

We outline situations in type inference and query answeringwith views where con-
straint abduction is needed. Constraint abduction is also important for analysis of logic
programs [1, 3, 7], although that work focuses on finite, artificially constructed domains.

2.1 Type Inference

Type systems have developed in two different but compatibledirections. Though these
developments have addressed functional languages, they will be exemplified here in a
logic language. Work on index types [17] and “practical” dependent types [15] intro-
duces extra parameters to types which provide a refinement ofthe types and a conse-
quent ability to assert type-checkable statements about functions/predicates.

For example, the type of theappend predicate might be

append(list( α, m), list( α, n), list( α, m+n))

which asserts, in addition to the parametric polymorphism of append , that the length
of the third argument is the sum of the lengths of the first two arguments. Here the type
list( α, n) is defined by

list( α, n) is [] where n = 0
or [ α | list( α, m) ] where n = m+1

where the length of a list is implicitly defined as part of the type. In this case, every
occurrence ofappend gives rise to an equationx1 + x2 = x3 over integer variables
when type-checking.

Work on guarded recursive types [16] presents the opportunity to refine types in a
different way. These can allow different rules in the definition of a predicate to be typed
differently, based on differing patterns in the head.

For example, given the type definition



type both( α) is i( α) where α = int
or b( α) where α = bool

which expresses a discriminated union type, we can define

p(i(X), Y) :- Y = X + 1.
p(b(X), Y) :- Y = true.

When attempting to infer the acceptable types forX andY , the rules ofp generate
expressionstX = int → tY = int andtX = bool → tY = bool wheretX andtY are
variables representing the type ofX andY respectively.

In general, such refined types lead to similar implication constraint expressions [12].
Principal types associate a single parameterized type to each type variable, perhaps un-
der some restrictions (such as those coming from type classses), such that other ac-
ceptable types are instances of the principal type. An algorithm is given in [13] for
computing principal types, where they exist, in a guarded recursive type system. Prin-
cipal types correspond to most general answers of constraint abduction problems over
FT , and abduction of such constraints was investigated in [10].

For the program above,p has a principal type

p(both( α), α)

which can be inferred as the answertX = tY of the joint constraint abduction problem
involving both implication constraint expressions.

The use of both these refinements of types leads for a need to handle expressions
of the formC1 → C2, where theCi are constraints involving both equations on type
expressions and other constraints on index type variables.In particular, linear arith-
metic constraints are useful to express relations on sizes of data structures. Although
we might expect to solve such constraints with an integer constraint solver, solving the
constraints over the reals has a lower complexity and experience suggests that solving
the constraints over the reals is sufficient [15]. Since we would like to assign a single
principal type to each expression, it turns out that we are looking for a most general
answer to the constraint abduction problem involvingC1 andC2.

2.2 Query Answering

In database systems we sometimes want to answer a query as much as possible using
previously defined relations. In a distributed database, this can limit the copying of
large relations from one site to another. In data integration via a mediated schema, this
provides a way to coherently query data from autonomous datasources. In both cases,
previously defined relations are formulated asviews– queries over the base relations –
and the problem is to (partially) answer an input query, using the available views. We
can allow pre-defined relations (constraints) in queries and views. In particular, for this
paper, these are linear arithmetic constraints. See [2] fora more thorough and detailed
survey of work on query answering using views than can be presented here.

If we have an input query

Q(x̃) : −P1(x̃, ỹ), . . . , Pn(x̃, ỹ), C(x̃, ỹ)



and views
Vi(ũ) : −Pi1(ũ, ṽ), . . . , Piki

(ũ, ṽ), Bi(ũ, ṽ)

then we are looking for a query

Q′(x̃) : −V ′

i (x̃, w̃), . . . , V ′

m(x̃, w̃), A(x̃, w̃)

such that the relationQ′ is a subrelation ofQ, independent of the data in the base
relations. HereP refers to a base relation,V to a view, andA, B, andC to constraints.
Given the use of viewsV ′

1 , . . . , V ′

m, and some extra conditions on either these views
or the constraint domain,A is required to satisfyA ∧

∧m

i=1
Bi → C to ensure that

Q′ is a subrelation ofQ. That is,A must be an answer to the constraint abduction
problem involving

∧m

i=1
Bi andC. Obviously, a finite representation of such answers

is important to the computation of the subrelationQ′.

3 Constraints

The syntax and semantics of constraints are defined by a constraint domain. Given a
signatureΣ, and a set of variablesV ars (which we assume is infinite), aconstraint
domainis a pair(D,L) whereD is aΣ-structure andL (the language of constraints) is
a set ofΣ-formulas closed under conjunction and renaming of free variables. WhenD is
the real numbers andL is all conjunctions of linear equalities (respectively, inequalities)
then these constraint domains will be denotedℜLinEqn (resp.ℜLinIneq). We will also
discuss constraint domainsQLinEqn andQLinIneq, whereD is the rational numbers,
andZLinEqn andZLinIneq , whereD is the integers. For linear constraints, constraint
domains based onℜ or Q are elementarily equivalent, so all results forℜ extend toQ.
We useFT to denote the constraint domain of equations over finite terms.

For most of the results of this paper we assume that constraint languages are gen-
erated, by conjunction and variable renaming, from a set of primitive constraints. Thus
a constraint can be viewed as a set of primitive constraints,and every subset of a con-
straint is a constraint. We say that such constraint languages aregenerated from primi-
tive constraints. This is certainly true of the constraint languages of the two constraints
domains that are the main focus of this paper:ℜLinEqn andℜLinIneq. For these con-
straint domains we also have the property that the constraint language is closed under
existential quantification:∀c ∈ L ∀x ∈ V ars ∃c′ ∈ L D |= c′ ↔ ∃x c. As a conse-
quence, it will suffice to consider answersA such thatvars(A) ⊆ vars(B)∪vars(C).
(In contrast, this does not hold forFT [10].) We will write ∃̃ to express the existential
closure of a formula, and sometimes use a comma to express conjunction.

We sayC is more general thanC′ (or, equivalently,C′ is stronger thanC or, C′ is
more specific thanC) if C′ → C. Two constraintsC andC′ areequivalentif C → C′

andC′ → C. In this paper we assume that the syntactic representation of A is not
important, so that we are interested in equivalence classesof constraints (where two
constraints are equivalent if their sets of solutions are exactly the same).

The constraints modulo equivalence form a partially ordered set, whereC1 ≤ C2

iff C1 → C2. The poset has top elementtrue and bottom elementfalse. Any pair of
constraintsC1 andC2 has a greatest lower bound defined byC1∧C2, as a consequence



of the assumption thatL is closed under conjunction. On the other hand, the existence
of a least upper boundC1 ⊔ C2 for any pair of constraints depends on the constraint
domain. Achainis a totally ordered subset of the poset.

4 Constraint Abduction

We can now formally define the simple constraint abduction problem.

Definition 1 TheSimple Constraint Abduction (SCA) Problemis as follows:
Given a constraint domain(D,L), and given two constraintsB, C ∈ L such that

D |= ∃̃ B ∧ C, for what constraintsA ∈ L does

D |= (A ∧ B) → C

and
D |= ∃̃ (A ∧ B)

An instanceof the problem has a fixed constraint domain and fixed constraintsB

andC.

Throughout this paper,A, B andC refer to the constraints in a simple constraint
abduction problem. We omit reference to the constraint domain when it is clear from
the context and, for example, simply writeA∧B → C. In an abuse of terminology, we
often will refer to an instance as a SCA problem.

There are two classes of problem instances where the SCA problem is easy. IfB ↔
true thenC is an answer. IfB → C thentrue is an answer. We refer to these instances
astrivial .

Of all the answers, we are most interested in themaximally general answers, that is,
constraintsA such that(A ∧ B) → C and for everyA′, if A → A′ and(A′ ∧ B) → C

thenA′ → A. (That is, there is no answer strictly more general thanA.)
Under some circumstances, the maximally general answers represent all answers.

Definition 2 (Abductive Ascending Chain Property) A problem has theAbductive
Ascending Chain (AAC) propertyif whenever all constraintsAi in a chain satisfy
(Ai ∧ B) → C, the least upper bound of the chain exists and is an answer.

If this is true for every problem in a constraint domain(D,L) then we say(D,L)
has the Abductive Ascending Chain property.

Some constraint domains – such asFT , various finite domains, andℜLinEqn – do
not have infinite ascending chains. Thus these constraint domains vacuously have the
Abductive Ascending Chain property.

If a constraint domain has the AAC property then all answers are represented by the
maximally general answers.

Proposition 1 If a problem has the Abductive Ascending Chain property thenall an-
swers can be obtained, modulo equivalence, as a conjunctionof a maximally general
answer and another constraint.



Thus, under the AAC property assumption,A is an answer iff for some maximally
general answerA′, A → A′ andA ∧ B is satisfiable.

Of particular interest are the problem instances in which one constraint represents
all answers. In such cases there is a compact representationof the answers to the prob-
lem. An answerA to a SCA problem is amost general answerif, for every answerA′

of the problem,A′ → A. Clearly a most general answer is unique up to equivalence of
constraints. The main focus of this paper is on characterizing SCA problems that have
a most general answer.

It is often convenient to eliminate unnecessary primitive constraints from a con-
straint, to simplify reasoning. A primitive constrainta in A is redundantin A if (A −
a) → a1. A is redundancy-freeif there is no redundant constraint inA. A constrainta
in A is redundantin A with respect toB if (A− a)∧B → a. A is redundancy-freewrt
B if there is no constraint inA that is redundant wrtB.

A core of a constraintC wrt another constraintB is a subsetC′ of C such that
(B∧C′) ↔ (B∧C), andC′ is redundancy-free wrtB. A core can be obtained fromC
by repeatedly deleting constraints that are redundant wrtB until there are no redundant
constraints remaining.

In general, there is not a unique core.

Example 1.Consider the constraint domainℜLinEqn. Let B bex + y = 0 and letC
be2x − y = 0, 3x + y = 0. Then each of the constraints inC is redundant wrtB, but
not simultaneously. Thus each constraint inC is a core ofC wrt B. Notice that the two
cores are not equivalent.

Nevertheless, the replacement ofC by a core does not alter the simple abduction
problem.

Proposition 2 LetA, B andC be constraints and letC′ be a core ofC wrt B. Then
A ∧ B → C iff A ∧ B → C′

Obviously, a core ofC wrt B is an answer for the corresponding SCA problem.
Although a core ofC wrt B might seem to be a good candidate for a maximally general
answer, and perhaps even a most general answer, it is not always maximally general.

Example 2.Consider the constraint domainFT . LetB bex = a and letC bef(x, y) =
f(a, b). ThenC is the core ofC wrt B, butC is not a maximally general answer. This
problem has a most general answery = b.

Even if the use of a coreC′ of C wrt B does not immediately result in a maximally
general answer, it does simplify the SCA problem by eliminating some irrelevant con-
straints. We can simplify further by reducingB to a coreB′ wrt C′. In this case we
have(B′∧C′) ↔ (B∧C) but the simplification does not preserve answers to the SCA
problem.

1 If A is a constraint that, when considered as a set of primitive constraints, containsa then we
write A− a to denote the conjunction of all primitive constraints inA excepta.



Example 3.Consider the constraint domainℜLinIneq. Let B bex + y ≥ 0, andC be
x ≥ 0 ∧ y ≥ 0. ThenC′, the core ofC wrt B, is the same asC andB′, the core ofB
wrt C′, is true. However, letA bex − y = 0. ClearlyA ∧ B → C butA ∧ B′ 6→ C′.

However, it is not difficult to show that any answer to the SCA problem formed by
B′ andC′ is also an answer to the problem formed byB andC.

We say a constraintA is equivalent toC moduloB if (A ∧ B) ↔ (B ∧ C). Most
general answersA have this property. Clearly, any core ofC wrt B is equivalent toC
moduloB. We might expect that such constraints are maximally general answers, but
consider the following example. LetB be y = d andC beu = v. Two answers are
u = v andy = d ∧ u = v, and both are equivalent toC moduloB, but clearly the
second is not a maximally general answer.

This example is representative of how constraints equivalent toC moduloB might
not be maximal. However the property of being equivalent toC moduloB is a kind of
upper limit on answers to a SCA problem:

Proposition 3 SupposeA is equivalent toC moduloB and A′ is an answer more
general thanA. ThenA′ is equivalent toC moduloB.

Thus if the problem has the Abductive Ascending Chain Property then every con-
straint equivalent toC moduloB is stronger than (or equivalent to) a maximally gen-
eral answer equivalent toC moduloB.

Clearly many maximally general answers are equivalent toC moduloB. However,
not all maximally general answers have this property. In particular, it can depend on the
constraint domain.

Example 4.Consider a SCA problem overFT whereB is y = a andC is x = h(u).
Apart fromC, this SCA problem has the maximally general answerA: x = h(y) ∧
u = a. (Notice thatA 6→ C; for example, in a context wherey = b.) AlthoughA is
maximally general it results inA ∧ B being strictly stronger thanB ∧ C.

We say an answerA is fully maximalif A is a maximally general answer andA∧B

is maximally general among all expressionsA′∧B whereA′ is an answer. Equivalently,
A is fully maximal if A is a maximally general answer andA is equivalent toC modulo
B. The answerA of Example 4 is not fully maximal. In [10], fully maximal answers
were proposed as a way to handle the proliferation of maximally general answers over
FT .

5 Constraint Domains with Rank

It is difficult to establish further properties of constraint abduction without introducing
conditions on the constraint domain. We now consider constraint domains that support
a weak notion of rank in the following sense. A well-founded set is an ordered set that
does not contain an infinite, strictly-decreasing sequence.

Definition 3 Consider a constraint domainD. Let rank be a function mapping con-
straints to a well-founded set. LetX , Y andZ range over constraints. Consider the
following axioms:



1. if X → Y thenrank(X) ≥ rank(Y )
2. if X → Y andrank(X) = rank(Y ) thenX ↔ Y

3. if X → Y andrank(X) > rank(Y ) then there existsZ such thatX → Z, Z → Y ,
andrank(X) > rank(Z) ≥ rank(Y )

We say a constraint domainsupports a rankif a functionranksatisfying these axioms
can be defined.

It is well-known thatℜLinEqn supports a rank. The notion of rank forFT identified
in [9] also satisfies the axioms, and soFT supports a rank. Although there are many
abstract formulations of dimension, an abstract formulation of rank seems to have been
missing.

All constraint domains that support a rank have the Abductive Ascending Chain
property. As a result, maximally general answers representall answers.

Proposition 4 Suppose a constraint domainD supports a rank. ThenD has no infi-
nite strictly increasing sequence. Consequently,D has the Abductive Ascending Chain
property.

Proposition 5 Suppose a constraint domainD supports a rank that maps constraints
to the natural numbers, and satisfies

rank(C1 ∧ C2) ≤ rank(C1) + rank(C2)

for all constraintsC1 andC2.
Consider a SCA problem overD.
If A is equivalent toC moduloB andrank(A ∧ B) = rank(A) + rank(B) thenA

is a maximally general answer of the problem.

6 Real Linear Equations

The constraint domainℜLinEqn consists of linear equations over the real numbers.
Any equalities can be expressed by two inequalities. The solved form ofℜLinEqn is a
conjunction of equations of the form̃x = t̃(ỹ) wherex̃ ∩ ỹ = ∅. A solved form also
represents a substitution that replace eachxi by ti(ỹ). The solved form is essentially
the same as achieved by Gauss-Jordan elimination.

In this section we assume that the rank of a constraintA is defined in the tradi-
tional way: the number of independent equations inA or, equivalently, the number of
non-trivial equations in the solved form ofA. It is straightforward to see that the ax-
ioms for rank specified in Definition 3 are satisfied by this definition. Furthermore,
rank(A ∧ B) ≤ rank(A) + rank(B) for any constraintsA andB in ℜLinEqn. Thus
the propositions of the previous section apply toℜLinEqn. The rank of a constraint is
closely related to redundancy, since the rank is the number of independent equations.
There are some further relationships that are relevant to this paper.

Lemma 1. SupposeA andB are redundancy-free. Then the following are equivalent:

– rank(A ∧ B) = rank(A) + rank(B)



– A is redundancy-free wrtB
– B is redundancy-free wrtA.

In ℜLinEqn, there is a close relationship between maximally general answers and
constraints equivalent toC moduloB. As a result, there is no distinction between max-
imally general answers and fully maximal answers.

Proposition 6 Consider a SCA problem overℜLinEqn. Every maximally general an-
swer is also a fully maximal answer.

By Proposition 4, inℜLinEqn the maximally general answers represent all answers.
However there may be infinitely many maximally general answers.

Example 5.Let B bey = x andC bey = −x. LetAm bey = mx for any constantm.
ThenAm is a maximally general answer form 6= 1. There is similar behavior at higher
dimensions.

Intuitively, B andC define intersecting, inequivalent hyperplanes. Any rotation of
C about its intersection withB (except forB itself) is an answer.

As an immediate consequence of this observation we must lookto characterize
the maximally general answers rather than compute them individually. Fortunately, in
ℜLinEqn we can do this.

Theorem 1. Consider the SCA problem overℜLinEqn.
A is a maximally general answer of the problem iffA is equivalent toC moduloB

andrank(A ∧ B) = rank(A) + rank(B).

In ℜLinEqn a SCA problem has a most general answer only in trivial cases.

Theorem 2. Consider the SCA problem overℜLinEqn.
There is a most general answer of the problem iffB ↔ true or B → C.

Notice that, if it exists, the most general answer is a core ofC wrt B.
As a corollary to the proof of the above theorem we have a 1-∞ law for the number

of maximally general answers of a SCA problem overℜLinEqn.

Corollary 1. Every SCA problem overℜLinEqn either has a most general answer or
has infinitely many maximally general answers.

7 Real Linear Inequalities

The constraint domainℜLinIneq consists of linear inequalities over the real numbers.
It will be convenient to write all inequalities in the formt ≤ 0 wheret is a linear

expression containing at most one occurrence of each variable, and one constant. All
linear inequalities can be placed in this form.

A linear combinationof inequalitiesCi (or ti ≤ 0), i = 1, . . . is an inequality∑
i αiti + (−δ) ≤ 0, where theαi are constants andδ is a non-negative constant, and



may be written
∑

i αiCi + (−δ ≤ 0). In a non-negative (positive) linear combination
all αi’s are non-negative (respectively, positive).

If c is a single inequalityt ≤ 0 thenc= denotes the corresponding equalityt = 0.
An implicit equalityin a set of inequalitiesC is a non-tautologous inequalityc in C such
thatC → c=. Geometrically, an equation defines a hyperplane, and the hyperplane of
c= is said to be the supporting hyperplane ofc (it is the boundary of the half-space
defined byc). We say a constraint isfull dimensionalif it has no implicit equalities.

Two classes of techniques are used to prove the results in this section. The first is an
algebraic approach to the duality of linear programming, based on linear combinations
of inequalities, which allows us to address implicit equalities using the characterization
of [8]. The second is the use of convexity, density, and topological characterizations of
boundaries in the construction of answers. Unfortunately,space constraints prevent the
presentation of proofs.

7.1 Abduction

It is substantially more difficult to address, forℜLinIneq, the issues addressed in the
previous section forℜLinEqn. One problem is thatℜLinIneq does not support a rank.

Example 6.Let Xi bex ≤ 1− 1

i
for i = 1, 2, . . ., so thatXi → Xi+1 andXi+1 6→ Xi.

By axioms 1 and 2, if there is a rank then rank(Xi) > rank(Xi+1). However this implies
that the codomain of rank is not well-founded. HenceℜLinIneq does not support a rank.

A second problem is that, unlike many other constraint domains, the AAC property
fails forℜLinIneq, so that the maximally general answers may not represent allanswers
of a SCA problem.

Proposition 7 The constraint domainℜLinIneq does not have the Abductive Ascending
Chains Property.

Proof. It is sufficient to exhibit one SCA problem with an ascending chain of answers
where the least upper bound is not an answer. LetB be−1 ≤ x, x ≤ 0, 0 ≤ y, y ≤ 2
andC be0 ≤ x, x ≤ 1, 0 ≤ y, y ≤ 1. The second constraint inB is an implicit equality
in B ∧ C. Note thatB ∧ C defines the line segmentx = 0, 0 ≤ y, y ≤ 1.

LetAk bex ≥ 0, x ≥ k(y−1), wherek is a rational number. ThenAk is an answer,
for 0 < k < ∞, and within that range fork, if s < t thenAt → As. The least upper
bound of{Ak | k > 0} is A0. However,A0 is not an answer. Consequently, this SCA
problem does not have a maximally general answer.

Intuitively, for smaller and smaller values ofk > 0, Ak defines a larger and larger
proportion of the half-planex ≥ 0. Furthermore, the boundary of eachAk passes only
through the liney = 1 whenx = 0, and ensuresB ∧ Ak is equivalent toB ∧ C.
However the least upper bound does not have this property:B ∧ A0 defines the line
segmentx = 0, 0 ≤ y, y ≤ 2, and this does not implyy ≤ 1 in C.

In addition to the trivial cases,ℜLinIneq has another case where the existence of a
most general answer is obvious. IfB andC only involve a single variablex, say, then
the problem isone-dimensionaland the constraints are simply bounds onx. In this case
there is always a most general answer. For the remainder of this section we implicitly
assume that the problem is not one-dimensional in this way.



7.2 Abduction without Implicit Equalities

The presence or absence of implicit equalities is a major factor in the existence of
most general answers. This is, perhaps, already apparent from consideringℜLinEqn.
We begin by establishing some properties that hold when implicit equalities are absent
from B.

Lemma 2. Consider the constraint domainℜLinIneq. SupposeA ∧ B is consistent,A
is redundancy-free wrtB, A → A′, andA′ ∧ B → A.

If no B0 ∈ B is an implicit equality inA ∧ B, thenA′ ↔ A.

The lemma has a useful corollary.

Corollary 2. Consider a SCA problem over the constraint domainℜLinIneq where no
constraint inB is an implicit equality ofB ∧ C.

If A is equivalent toC moduloB and A is redundancy-free wrtB thenA is a
maximally general answer and a fully maximal answer for the SCA problem.

In particular, any coreC′ of C wrt B is a maximally general answer and a fully
maximal answer. If the SCA problem has a most general answer,thenC′ is the most
general answer.

The hypothesis thatB has no implicit equalities inB ∧ C is necessary, as the fol-
lowing example demonstrates.

Example 7.Let B be−1 ≤ x, x ≤ 0, 0 ≤ y, y ≤ 1 andC be0 ≤ x, x ≤ 1,−1 ≤
y, y ≤ 0. The second and third constraints inB are implicit equalities inB ∧ C.

Let Ak bey ≤ kx wherek > 0 is a constant. Then, for eachk, Ak is a maximally
general answer. To see this note that any more general constraint A′ would have the
form y ≤ kx+ c wherec > 0 is a constant. But thenx = 0, y = min(c, 1) is a solution
of A′ ∧ B, but not ofC. ThusA′ is not an answer.

Hence the SCA problem does not have a most general answer and,indeed, has
infinitely many maximally general answers.

As we saw in Proposition 7, for some SCA problems overℜLinIneq not all answers
are represented by maximally general answers. Nevertheless, we now turn our attention
to characterizing the instances of SCA overℜLinIneq that have most general answers.
This is substantially more complicated than forℜLinEqn and we will need several lem-
mas to develop different parts of the characterization.

Lemma 3. LetC′ be a core ofC wrt B. SupposeC′ 6→ B and no inequality inB is an
implicit equality inB ∧ C′.

If someC0 ∈ C′ is an implicit equality inB ∧ C′, then there is no most general
answer for the SCA problem.

The following example illustrates this lemma.

Example 8.Let B bex ≥ y and letC bey ≥ 0, y ≤ 0. Then the SCA problem satisfies
the conditions of the Lemma 3. The proof of the lemma constructs the answerA as
y ≥ 0, x ≤ 0. ThenA ∧ B is satisfied only byx = 0, y = 0. ClearlyA 6→ C since



x = −1, y = 1 satisfiesA, but notC. Similarly,C 6→ A sincex = 1, y = 0 satisfiesC,
but notA. Furthermore, there is no constraintA′ that is more general than bothA and
C and is an answer to the SCA problem: the least upper bound ofA andC is y ≥ 0,
but this is not an answer.

We say two inequalities,C1 andC2 opposeeach other if their corresponding hy-
perplanes are parallelC1 6→ C2, C2 6→ C1, andC1 ∧ C2 is satisfiable. ThusC1 ∧ C2

defines a polytope with two non-intersecting faces (or a single hyperplane if the bound-
aries ofC1 andC2 coincide). The polytope is bounded in the direction perpendicular to
the hyperplanes, but unbounded in every other orthogonal direction.

Lemma 4. LetC′ be a core ofC wrt B and letB′ be a core ofB wrt C′. Suppose the
SCA problem is non-trivial,B ∧ C is full-dimensional, andC′ 6→ B.

Then there is a most general answer for the SCA problem iffB′ andC′ each consists
of a single inequality, and they oppose each other.

Example 9.If B is x + y ≥ 2 andC is x + y ≤ 4 then the most general answer to this
SCA problem isC. However, ifB is x + y ≥ 2, x ≥ 0 andC is x + y ≤ 4 thenC is a
maximally general answer, but it is not more general than theanswer2x + y ≤ 4 and
hence, by Corollary 2, there is no most general answer.

We say that a constraintB touchesa constraintC if C → B and, for someB0 ∈ B,
B=

0 ∧ C is satisfiable. This describes a situation where the polyhedron of B encloses
the polyhedron ofC but (at least) one facet ofB makes glancing contact (i.e., touches)
the boundary ofC.

Lemma 5. LetC′ be a core ofC wrt B. SupposeC′ → B and no inequality ofB is an
implicit equality ofB ∧ C. Then

the SCA problem has a most general answer iffB does not touchC′

Example 10.Let B bey ≤ x + 1 and letC bex ≥ 0, y ≤ 1. C is a core ofC wrt B.
ThenB touchesC at the pointx = 0, y = 1. There is an answery ≤ −x+1, y ≥ −x+1
that is not less general thanC. Thus this SCA problem does not have a most general
answer.

In the proof of Lemma 5 an answer is constructed that is something like y ≤ −x +
1, y ≥ −x + 1,−1 ≤ x, x ≤ 0.

We can now characterize when most general answers exist, under the assumption
thatB does not participate in any implicit equalities inB ∧ C.

Theorem 3. Consider an SCA problem overℜLinIneq. Let C′ be a core ofC wrt B

and letB′ be a core ofB wrt C′. Suppose no inequality ofB is an implicit equality of
B ∧ C.

The problem has a most general answer iff and only if one of thefollowing condi-
tions is satisfied:

– the problem is trivial,
– the problem is one-dimensional,
– C′ → B andB does not touchC′

– C′ 6→ B, andB′ andC′ are single opposing inequalities



7.3 Abduction with Implicit Equalities

The previous section characterized the availability of a most general answer whenB
contains no implicit equalities. We now establish some lemmas addressing the issue in
the presence of implicit equalities. IfC contains both an inequality that is an implicit
equality inB ∧ C and one that is not then there is no most general answer.

Lemma 6. Consider a SCA problem. LetC′ be a core ofC wrt B and suppose it
contains both an implicit equalityC0 of B ∧ C and an inequalityC1 that is not an
implicit equality. Then this SCA problem does not have a mostgeneral answer.

The next result is in some sense an extension of Lemma 4, sinceit corresponds to
the case where the two opposing inequalities have the same supporting hyperplane.

Lemma 7. SupposeB andC are full-dimensional, butB ∧C is one smaller in dimen-
sion.

This SCA problem has a most general answer iff a coreC′ of C wrt B is a single
inequality and a coreB′ of B wrt C′ is a single inequality.

Example 11.This example is a variant of Example 9. IfB is x + y ≥ 2 andC is
x + y ≤ 2 then the most general answer to this SCA problem isC. However, ifB is
x + y ≥ 2, x ≥ 0 andC is x + y ≤ 2 thenC is a maximally general answer, but it
is not more general than the answer2x + y ≤ 2 and hence, by Corollary 2, there is no
most general answer.

Except for the trivial case, ifB has implicit equalities inB then there is no most
general answer.

Lemma 8. Suppose there is a non-tautological equatione such thatB → e.
Then the SCA problem has a most general answer iffB → C.

Informally, this result holds because ife is t = 0 then any constraints ≤ 0 in a core
C′ of C wrt B could be replaced bys + t ≤ 0, giving a different answer.

Although we cannot use a most general answer to represent allanswers in this case,
a simple observation allows us to reduce this problem to a simpler one.

Lemma 9. SupposeB has implicit equalities and we write them as explicit equations
θ̂ in solved form. ThenA ∧ B → C iff Aθ ∧ Bθ → Cθ

Thus we can extract all the implicit equalities fromB, which can be done with
standard techniques, and apply them as a substitution. The answers of the SCA problem
onBθ andCθ are answers to the original problem and, furthermore, constraints that are
equivalent to such an answer, moduloθ̂, are also answers to the original problem, and
these are the only answers. Hereθ is the substitution corresponding to solved formθ̂.

However the substitutionθ does not simplify the problem into a form addressed in
the previous subsection becauseB might have an implicit equality inB ∧ C that is not
an implicit equality inB. For example, ifB is x ≤ y andC is y ≤ z, z ≤ x thenB∧C

impliesx = y. Thus we need a stronger reduction.



Lemma 10. SupposeB ∧C has implicit equationŝθ. ThenA∧B → C iff A∧B → θ̂

andAθ ∧ Bθ → Cθ.

This still does not directly simplify the problem to the cases of the previous sub-
section because inequalities inB might be implicit equalities in̂θ. That is, for some
B0 ∈ B, it might be thatθ̂ → B=

0 . Nevertheless, it shows that the problem of rep-
resenting answers for SCA problems can be broken down into two specialized parts:
abduction from implicit equalities, and abduction in a full-dimensional context.

We can now characterize when a SCA problem has a most general answer. It is
apparent that the presence of implicit equalities inB precludes most general answers,
except in the case addressed in Lemma 7.

Theorem 4. Consider an SCA problem overℜLinIneq. Let C′ be a core ofC wrt B

and letB′ be a core ofB wrt C′.
The problem has a most general answer if and only if one of the following conditions

is satisfied:

– the problem is trivial,
– the problem is one-dimensional,
– no inequality ofB is an implicit equality ofB ∧ C, C′ → B andB does not touch

C′

– no inequality ofB is an implicit equality ofB ∧ C, C′ 6→ B, andB′ andC′ are
single opposing inequalities

– B is full-dimensional,B ∧ C is one dimension less, and bothB′ andC′ consist of
a single inequality.

In [7] it was shown that a constraint language with primitiveconstraints of the form
ax + by ⊗ 0 wherea, b ∈ {−1, 0, 1}, ⊗ ∈ {<,≤} has the property that every SCA
problem has a most general answer. However, as several of ourexamples suggest, a
slightly richer language loses this property.

8 Discussion

Only simple constraint abduction has been addressed in thispaper, although the appli-
cations discussed earlier require extensions to this basicidea. Query answering requires
thatA be restricted to variables in the queryQ′, while type inference requires the simul-
taneous solution of several SCA problems. The relationshipbetween these extensions
and SCA problems is addressed in [10]. In particular, using Proposition 6 of [10] and
quantifier elimination we can determine whether a SCA problem can be solved under a
given variable restriction. ForℜLinEqn andℜLinIneq the quantifier elimination is rela-
tively straightforward. Maximally general answers for thevariable restricted abduction
problem are simply those maximally general answers for the SCA problem that satisfy
the variable restriction. Simultaneous solution of SCA problems can be reduced to so-
lution of the individual SCA problems when the AAC property holds. However, this
leaves the problem unaddressed for constraint domains likeℜLinIneq .

While the results of this paper are also valid for linear constraints over the ratio-
nal numbers, they do not necessarily extend to the integers.However, it is easy to see



that the example showingℜLinIneq does not have the AAC property also applies to
ZLinIneq . This is an indication that characterizing SCA problems with most general
answers over this domain will be no easier than forℜLinIneq.
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