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A major problem facing the designers of programming languages is the
conflict between expressive power (or “high-levelness”) and efficiency of exe-
cution. In the conventional approach expressive power has been consistently
sacrificed in an ad hoc manner to efficiency and often has been confused with
the accumulation of “useful” features. This has resulted in the design of in-
tricate languages such as ADA. Both Backus and Hoare in their Turing
award addresses have been highly critical of this approach. The hope that
the complexity of such languages could be mastered by using the sophisti-
cated theoretical tools of denotational semantics has not been fulfilled.

Logic-based programming languages, on the other hand, have the great
advantage that formal tools such as models and resolution used to capture
their semantic properties do so in a simple and natural manner.

In the first part we will review the main semantic properties of definite
clauses, which form a theoretical basis for the study of PROLOG. These
are model theoretic semantics, least fixedpoint semantics, finite failure and
negation as failure. We will mention forthcoming results and discuss some
remaining open problems. We assume some familiarity with the literature,
and refer the reader to Lloyd’s account [25] for the basic results and ter-
minology. In a second part we consider extensions to definite clause logic
programs. Our concern is to characterize extensions which still possess the
unique semantic properties that are discussed in the first part. These proper-
ties do not depend on the Herbrand universe and standard unification, but
on their abstract relationship. Any domain and unification theory which
satisfy this relationship can be used without incurring any loss in semantic
properties. This approach is then substantially extended by allowing con-
straints over user-oriented domains. This results in a formalism which brings
the theory of logic programming closer to standard programming practice.

1



Definite clause logic programs

In 1879 Frege invented a system of symbolic representation, manipulation
and computation of “pure thought” which he called BEGRIFFSSCHRIFT.
This system is better known in English under the name of Predicate Calcu-
lus. The two relevant aspects of Predicate logic are model theory and proof
theory: model theory corresponds to specification and declarative notions,
proof theory corresponds to operational semantics and implementations. In
other words model theory is used to formalize “what” we want to be com-
puted and proof theory is used to formalize “how” to compute it.

The meaning we give to a program, as a logic formula, is the set of logical
consequences, that is the set of formulas which are true in every model of
the program. The meaning we give to a program, as a program, (rather than
as as a logic formula) is the set of formulas which are true in all models of
the program which use an intended domain and an intended interpretation
of the predicate and function symbols. The fact that logical consequence
does not depend on the interpretation given to the various symbols allows
the intended interpretation to be factored out and the computation can be
safely performed in a purely symbolic context.

The best known example is within clausal form predicate logic, and
devised by Robinson. Using unification and resolution to manipulate the
symbols of the Herbrand universe and the Herbrand base, the logical conse-
quences of a program can be symbolically computed in a sound and complete
manner. When the computation finds that A is true in all Herbrand (that is
symbolic) models it follows that A is true in all models and a fortiori in the
model intended by the person who wrote the program. It should be noted
here that this very strong property might be more than what we require.
The Skolem-Lowenheim theorem shows that we can find an arbitrary num-
ber of arbitrarily complex models for our program. To know that A will also
be true in models which are artificial, arbitrary and altogether irrelevant to
our problem, is neither required nor useful. This prompts the idea of the
algebraic approach, which we will mention later, in which a single domain is
considered, in contrast with the logic approach which allows a multiplicity
of domains.

However speeds of execution that are expected of programming lan-
guages have not been achieved in the general framework of clausal form.
The restriction to definite clauses, Which leads to a drastic loss in expressive
power, has nevertheless distinct advantages: computationally, the combina-
tion of definite clauses and the specialization of Kowalski and Kuehner’s SL
resolution [18] to definite clauses (called LUSH resolution by Hill [11] and



SLD resolution by Apt and van Emden [1]), is sufficiently efficient to form
a basis for the implementation of a programming language; logically, SLD
resolution is sound and complete for atomic logical consequences; and defi-
nite clauses retain the ability to represent all computable functions as shown
by Tarnlund [40], Sebelik and Stepanek [37]. We will review now some key
semantic properties of definite clause logic programs.

Model theoretic semantics

As we observed above, we can restrict our attention to Herbrand models. For
brevity, throughout this section we will simply say “model” when referring
to Herbrand models and we will assume that A is a ground atom. For A

to be a logical consequence means that A belongs to all models. In general
the intersection of models is not a model so no model can be selected as
fully representative of the notion of logical consequence. However, in the
case of definite clauses, the intersection of all models is a model, as pointed
out by Van Emden and Kowalski [7]. Consequently the notion of ground
atomic logical consequence can be captured by a single model, namely the
intersection of all models, which is the least one.

However one must be careful when using this least model approach:
although the assignment of true to an atom A corresponds to A being a
logical consequence, the assignment of false never corresponds to ¬A being a
logical consequence. The approach makes sense only in conjunction with the
closed world assumption, where all ground atoms not in the least model are
assumed to be false. But this implies incompleteness: some atoms will lead
to infinite computations and the interpreter will not be able to determine
their truth value.

An alternative approach, has been proposed by Lassez and Maher [23]
whereby an atom is assigned true (false) if and only if it is true (false) in
all models. Otherwise there is not enough information in the program to
assign a truth value to an atom, it will be true in some models and false
in others. This ambiguity is reflected by the assignment of an undefined
truth value to the atom. Consequently we can have completeness, as atoms
which lead to infinite computations are assigned the value undefined. This
approach has been pursued recently by Fitting [9] and is based on work
of Manna and Shamir [28, 29, 30], Kripke [20] and old ideas of Herbrand,
Godel and Buchi [2]. Together with Mycroft [31] we believe that the notion
of undefined should be part of any declarative or operational semantics of
programming languages, whether based on logic or not.



Fixedpoint semantics

As narrated by Lassez, Nguyen and Sonenberg [24] there is a fair amount of
confusion concerning fixedpoint semantics in the literature. Fortunately in
the case of logic programs the situation is very clear and simple. Consider the
informal semantics of a program, “You have facts and you have rules. Apply
the rules to the facts to generate new facts. Repeat this operation until you
cannot generate new facts.” This amounts to define a set inductively. If
a function represents the application of the rules to transform a old set of
facts into a new set of facts, we have a fixedpoint when the new set of facts
is equal to the preceding set of facts. The fixedpoint constructed that way
happens to be the least.

This is a very general phenomenon, but the choice of the least fixedpoint
is, from a declarative point of view, somewhat arbitrary or inadequate, as
argued in previously mentioned references [28, 29, 30]. The fact that we
have a least fixedpoint simply means that we have abstracted a computa-
tional process, by itself it does not provide a strongly motivated declarative
semantics. The fixedpoint which, according to Manna and Shamir, is the
most “natural” is called the optimal fixedpoint and is, in general, not equal
to the least one. One advantage of logic programs over conventional pro-
grams is that the least fixedpoint is equal to the least model, as shown by
Van Emden and Kowalski [7], therefore it is associated to logical consequence
and has a meaningful declarative interpretation.

In the context of three valued logic, that is when undefined is assigned
to literals which are not logical consequences, the situation is even more
striking. Lassez and Maher [23] have shown that the notions of models and
fixedpoints coincide. Models are used to give semantics to logic formulas,
fixedpoints are used to give semantics to recursive definitions. As a program
can be viewed both as a logic formula and as a recursive definition, it is more
satisfactory to have the two notions of model and fixedpoint coincide, rather
than having the equality only in the case of least elements. Now we still have
that the least model captures the notion of logical consequence and is the
right choice to give a declarative semantics based on logic. Furthermore it is
equal to the optimal fixedpoint which is the right choice to give a declarative
semantics to a recursive definition. As models and fixedpoints coincide, the
optimal fixedpoint is equal to the least fixedpoint. There is no need to argue
over which fixedpoint semantics is more desirable.

Further fixedpoint semantics have been given by Lassez and Maher [21,
22] where definite clauses are viewed as a production system. Here again
the notions of fixedpoint and model coincide. This view also allows the



establishment of a relationship between the semantics of the rules and the
semantics of the program, in other words it provides an elementary deno-
tational semantics. This semantics was used to study the decomposition of
a program into an equivalent collection of subprograms which can be run
independently. It is also suitable for the study of the dual problem of com-
position of modules to form whole programs. This was shown by O’Keefe
[34] who essentially used this semantics to formalize a notion of modularity.

Finite Failure

By definition, when we compute partial recursive functions, there are in-
puts which lead to infinite computations. As Kowalski pointed out [19], in
the context of logic programming there is no limit to the amount of infinite
branches that can be pruned from the search space (by loop-checking meth-
ods etc.), and no algorithm can exist to eliminate all of them. Consequently
we can further and further approximate the closed world assumption but
never, in general, reach it.

If we cannot eliminate all infinite computations which are due to the
nature of the problem, we should at least do our best not to introduce new
ones via our interpreter. In that respect resolution behaves badly - a large
number of infinite computations that have nothing to do with the problem
to be solved are nevertheless introduced.

Apt and Van Emden [1] introduced fixedpoint techniques to establish
in a more elegant way vanous results, for instance Hill’s soundness and
completeness of SLD resolution [11]. Their methods have become standard
since. They met, however, with difficulties when characterizing the finite
failure of SLD resolution to prove an atom to be a logical consequence.
This led to long and involved proofs and a weak result, difficult to interpret
semantically: the SLD finite failure set is equal to the complement of T ↓ ω.
The result is difficult to interpret semantically, as the complement of T ↓ ω

is an abstract mathematical object implicitly defined; we just have a purely
mathematical characterization of the SLD finite failure set. It is weak in the
sense that T ↓ ω only implies that there exists a finitely failed SLD tree for
A while infinite SLD trees for A may also be present. If we wish to make use
of this result, we must build an interpreter which generates all SLD trees, a
fairly daunting prospect.

Lassez and Maher [22] made the remark that the standard concept of
fairness should be introduced in SLD resolution in order to remove a class
of infinite computations due to the interpreter’s design. The result was
startling; most difficulties in the treatment of SLD finite failure were due to



the presence of these unnecessary loops. With this modification, all trees (for
a given goal) behave the same way: either all fail or none fail. Furthermore, if
some SLD tree for A is finitely failed then all fair SLD trees for A are finitely
failed. Consequently, if we have a fair implementation of SLD resolution,
testing for SLD finite failure simply requires the generation of a single tree,
as is the case for success.

Moreover, a general definition of the finite failure set FF was provided,
independent of any implementation (SLD or otherwise), which was clearly
needed and simple to derive. It turned out that A ∈ FF can be easily re-
formulated into A 6∈ T ↓ ω, so this abstract mathematical formula has, in
fact, a meaning: it defines the general notion of finite failure! Consequently
one could derive the soundness and strong completeness of fair SLD resolu-
tion with respect to finite failure and the soundness and weak completeness
of SLD resolution with respect to finite failure. These results provided an
appropriate setting in which to address the problem of negation as failure.
We conclude this section on finite failure with a brief presentation of a topic
of current research.

An approach to increasing the finite failure set, while preserving the
success set has been proposed by Naish and Lassez [33]. For any program P,
the set of instances of P (that is programs more specific than P) which have
the same set of successful ground derivations has a least element, called a
most specific logic program. This most specific logic program has not only a
larger finite failure set than P but its SLD trees are shorter than those of P.
There is no known algorithm to transform a program into its most specific
version and we strongly suspect that there is none. However some heuristics
are developed, which show that this most specific version of a program can
be obtained in a significant number of cases.

Negation as Failure

Clark provided a formal framework to study negation as failure [3], via
the notion of complete logic programs, and proved the soundness of this
rule. This was quite important as it provided a better understanding of the
negation as failure rule and opened an active area of research. But also it
was very nice technically as, complete programs not being in clausal form,
it was not evident that resolution could still be meaningful.

Apt and Van Emden [1] used their fixedpoint techniques to formalize
negation as failure. However, they worked in the restricted case of the Her-
brand Universe and syntactic identity as an equality theory, so their result
of soundness was weaker than Clark’s. The time was ripe to put together



Clark’s formalism, Apt and Van Emden’s fixedpoint techniques, Lassez and
Maher’s results on the soundness and completeness of finite failure. This is
what Jaffar, Lassez and Lloyd did in [13] where they established the com-
pleteness of the negation as failure rule with a fairly involved proof, which
has since been presented in many different ways.

We present now a different point of view for the negation as failure rule,
which relates it to standard theorem proving techniques. This will be done
in the propositional case and illustrated by the following simple example

A↔ (B ∧ C) ∨D

B ↔ E ∨ F

C

¬D

¬E

¬F

IFF

We can rewrite this complete program in clausal form by considering
separately the if and only-if parts of IFF. It is well-known that a complete
program has an if part which is made up of definite clauses IF and that an
atom is made true by IFF exactly when it is made true by IF. In this case
the only-if part can also take a form similar to definite clauses FI negated

atoms appear in the head and the body.

A← B,C ¬A← ¬B,¬D

A← D ¬A← ¬C,¬D

B ← E ¬B ← ¬E,¬F

B ← F ¬D

C ¬E

¬F

IF FI

The duality between IF and FI enables us to characterize the atoms
made false by IFF using the previous result: an atom is made false by IFF
exactly when it is made false by FI.

Clearly this result enables us to optimize a resolution theorem-prover by
using SLD resolution on just the IF part of IFF, if we have an atom to prove,
and using SLD resolution on just the FI part if we have a negated atom to
prove. The optimization comes from the fact that SLD resolution can be



used, useless interactions between the IF and FI parts are automatically
avoided. More surprising is the fact that this is, essentially, what is done
when the negation-as-failure rule is used with SLD resolution on IF. To make
this point clearer, consider the following finitely failed SLD tree for A using
IF as the program and the successful SLD derivation for ¬A using FI as the
program.

A

/ \

B,C D,C

/ \

E,C F,C fail

| |

fail fail

¬A

¬B,¬D

¬E,¬F,¬D

¬F,¬D

¬D

2

Here we can see that the goals in the derivation correspond to cross-
sections of the branches of the failed SLD tree, each atom in a goal cor-
responding to a single failed subtree. SLD resolution on an atom in the
derivation corresponds to considering all the immediate subtrees of the goal
containing that atom in the failed SLD tree. Atoms, such as C, which do
not contribute to failure in the SLD tree are ignored in the derivation.

In general the relation between a finitely failed tree for the IF part and
a successful SLD derivation for the FI part is not so obvious. In particular,
it is necessary to Skolemize the existential variables in the FI part of IFF
and to include some form of Clark’s equality axioms. A demonstration that
every false atom has a proof from IFF, in a conventional proof system, that
corresponds to a finitely failed tree of the IF part, would constitute a more
direct proof of the completeness of the negation as failure rule. If the proof
system were similar to SLD resolution then the demonstration would be a
step towards an incremental implementation of negation in a manner similar
to the work of Sato and Tamaki [35], Schultz [36] and Naish [32].

The Asymmetric Theory

The formal semantics of complete logic programs are not well balanced.
We would like a duality between True and False, success and failure, least



fixedpoint and greatest fixedpoint, least model and greatest model such that:

A is True A is False
iff iff

A ∈ least (Herbrand) model A 6∈ greatest (Herbrand) model

A ∈ SS A ∈ FF

iff iff
There exists a successful Every ground derivation is

ground derivation finitely failed

T ↑ ω = lfp(T ) T ↓ ω = gfp(T )

As we pointed out earlier A True implies that A is true in all models,
not just the models over an intended domain of interpretation, here the
Herbrand Universe. So we would also like to have the duality:

A is true in all models A is false in all models
iff iff

A is true in all A is false in all
Herbrand models Herbrand models

This duality would imply that the logic approach and the algebraic ap-
proach coincide. Unfortunately, if all the statements on the left hand side
hold, none of the statements on the right hand side hold. The reason lies in
the discrepancy between two notions of finite failure:

The first notion is the one introduced by Lassez and Maher [22] which
can be worded in the following way

A ∈ FF iff there exists n such that all ground derivations for
A are failed with length ≤ n

This set FF is computable via fair SLD resolution.
The second notion was introduced in Jaffar, Lassez and Maher [15]. It

is called ground finite failure:

A ∈ GFF iff all ground derivations for A are failed finitely.

The difference with FF is that even though all derivations are finitely failed,
their length is not bounded, and most importantly the set GFF is not
computable.



We compute FF , but it is the non computable GFF which is character-
ized via the greatest fixedpoint

FF ⊆ GFF = gfp(T )

If A ∈ GFF and A is not in FF , then there exists an infinite SLD derivation
for A which cannot be grounded. So the interpreter is manipulating symbols
that cannot be bound to elements of the intended domain, leading to the
discrepancy between the logic and algebraic approaches. This also implies
that in the algebraic approach the negation as failure rule is not complete.

However all the right hand side results hold, and we have a symmet-
ric theory, if we restrict ourselves to programs such that FF = GFF or,
equivalently, T ↓ ω is equal to the greatest fixedpoint. From a purely mathe-
matical point of view this is a rather exceptional case. However, it appeared
that even though it is easy to construct programs such that T ↓ ω is not
equal to the greatest fixedpoint they are all very contrived and do not cor-
respond to any program arising from standard practice. Thus we were led
to conjecture that all “decent” programs satisfy T ↓ ω = gfp(T ). If this in-
formal conjecture holds then we have a much simpler and elegant theory for
logic programs. An important step in that direction was achieved by Jaffar
and Stuckey [17]. Calling “canonical” the programs such T ↓ ω = gfp(T ),
they show that every logic program is equivalent to a canonical program.
Therefore the class of canonical programs is representative of the class of all
programs.

In a similar attempt to define a class of programs with good semantic
properties, Fitting [9] recently proposed that the only acceptable programs
were those satisfying a condition which, for definite clauses, is equivalent
to requiring T to be down-continuous. Down-continuity implies that T ↓
ω = gfp(T ), so the “acceptable” programs form a subclass of the “decent”
programs. However Maher’s characterization of down-continuous programs
[26, 27] shows that the “acceptable” program class is too small - “acceptable”
programs cannot express transitive closure, for example.

Conservative Extensions

Much of the present research in Logic Programming concentrates on ex-
tensions to Prolog. An important issue is the integration of the essential
concepts of functional and logic programming. Another issue is the use of
equations to define data types. Recent work along these lines, from Goguen



and Meseguer, Kahn, Komorowski, Kornfeld, Reddy, Sato and Sakurai, Sub-
rahmanyam and You will be found in the text edited by DeGroot and Lind-
strom [6].

There is some concern that these extensions have little connection left
with logic. In fact, the very nature of the concepts in these extensions
is such that it is not difficult to accommodate them in standard logic or
some variant thereof. The crucial point we want to address is not the issue
of formalization within or without logic, but whether the unique semantic
properties of logic programs are preserved in the extensions.

For instance, Hansson and Haridi [10] and, independently, van Emden
and Lloyd [8] re-interpreted PROLOG II in standard logic but did not ad-
dress the key semantic issues: establish the existence of least model and
least fixedpoint semantics and the corresponding soundness and complete-
ness results for successful derivations, establish also the soundness and com-
pleteness results for finite failure and for the negation as failure rule. In fact
what we require is that all the basic theory for definite clauses be rewritten
for PROLOG II. This could represent a major undertaking, which should be
repeated for any extension or modification to PROLOG. We will describe
now a comparatively simple method to solve that problem.

The Scheme

In Jaffar, Lassez and Maher [15] we proposed a “logic programming lan-
guage scheme” that is now briefly explained. Consider the language of def-
inite clauses as being defined with the following components: The syntax
of definite clauses, the Herbrand universe as the domain of symbolic com-
putation together with syntactic identity as underlying equality theory, an
interpreter based on fair SLD resolution, a unification algorithm, and nega-
tion as failure.

Many extensions can be viewed or formalized by replacing the domain of
symbolic computation by another which is obtained by replacing syntactic
identity by another equality theory. We would like to preserve the key
property of the Herbrand universe, namely that we have a single domain
in which logical consequence can be determined. This property will hold if
and only if the equality theory has a finest congruence. In such a case one
can easily derive least model and least fixedpoint semantics similar to those
of definite clauses. This is not a contrived case as Horn equality theories
admit finest congruences, and represent a large and useful class of equality
theories, they include in particular equational theories. It then appears that
the declarative properties of Definite Clauses over the Herbrand Universe



are shared by Definite Clauses over a large class of domains which naturally
generalize the Herbrand Universe. The operational aspects of success and
failure can be adapted by considering generalized unification and preserving
SLD resolution. The corresponding results of soundness and completeness
follow naturally.

As for the standard case negation as failure requires more attention. For
an equality theory E, terms s and t are unifiable iff E |= ∃x(s = t). With the
negation issue at hand we need a dual property; that is we need to establish a
relationship between non existence of E unifiers and falsity in E. Informally
we say that E is unification complete if every possible solution of a given
equation can be represented by an E unifier of the equation. In particular
when there are no E unifiers there can be no solution. The soundness and
completeness of the negation as failure rule holds for unification complete
equality theories.

Consequently we have established the existence of a Logic Programming
language scheme. Its syntax is the syntax of Definite Clauses, its domain of
computation is left unspecified but it is assumed to be definable by a unifica-
tion complete equality theory, its interpreter is based on SLD resolution and
an appropriate generalized unification algorithm. The semantic properties
of definite clauses hold for the scheme and all its instances. Now instead of
establishing one by one the various semantic results for a given extension
to PROLOG, one can use the scheme to obtain them all in one move. This
is exemplified in Jaffar, Lassez and Maher [16] in the case of Colmerauer’s
PROLOG II [4], defined over the domain of rational trees. Essentially we
proceed in two steps, first give an equality theory whose standard model is
the intended domain of rational trees, then show that this equality theory
is unification PROLOG II can be viewed as an instance of the scheme and
possesses its semantics properties. We therefore have a logical interpreta-
tion of Colmerauer’s rewriting system. This treatment does not address the
problem of inequalities in PROLOG II [5]. It is done in the next section
which considers constraints in Definite Clauses.

Constraints

The idea of the scheme defining a class of languages which share the same
abstract semantic properties is repeated here. Instead of mapping the in-
tended domain on the Herbrand Universe and using specialized unification,
programming is done directly in the intended domain using its natural con-
straints. We thus use an algebraic framework as well as a logic programming
one. This revision of the scheme is called CLP which stands for Constraint



Logic Programming.
A CLP program consists of constrained rules which are of the form

A← c1, c2, ..., ck [] B1, B2, . . . , Bn

where A,B1, B2, ..., Bn are atoms and c1, c2, ..., ck form a set of constraints.
A goal is of the form

← c1, c2, ..., ck [] B1, B2, ..., Bn

The interpreter of an instance of CLP consists of the standard goal reduction
technique of logic programming and a constraint solver. Implementations
of this model of computation can benefit from the wide literature on the
problem of constraint solving.

Allowing constraints in the goals and bodies considerably raises the ex-
pressive power. A comparison can be made with the introduction of negated
atoms m the body of clauses of definite clause programs. It is well known
(Clark [3], Shepherdson [38,39]) that the implementation of negation via
variants of SLD resolution and negation as failure works only in restricted
cases. Furthermore, the semantic properties of definite clauses that we have
described no longer hold. It is therefore quite significant to note that CLP
programs have least fixedpoint and least model semantics, and results of
soundness and completeness that are similar to those of definite clause logic
programs, despite the introduction of constraints. Furthermore, the alge-
braic and logical approaches also coincide for canonical programs. A formal
presentation of these results is to be found in Jaffar and Lassez [12].

Colmerauer is now working on Prolog III and it seems that, as in the
case of Prolog II and the scheme, we will be able to show that Prolog III
can be viewed as an instance of CLP given the formal definition of Prolog
III.

Conclusion

The simplicity and elegance of definite clauses makes this formalism attrac-
tive from a theoretical point of view. The objects in this formalism are
the uninterpreted terms over the Herbrand universe. Programming how-
ever is not done exclusively in the Herbrand universe, but uses higher level
concepts such as arithmetic. In that sense we can view definite clauses as
the Turing machines of Logic Programming. This gap between theory and
programming practice can be reduced by introducing user-oriented domains



into the formalism. We have seen that this can be achieved without losing
the important properties of definite clauses.
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