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Abstract

This paper discusses correctness of a simple transformsyistem for
logic programs. The transformation system is based on dfffold trans-
formations, but differs in the form of folding from Tamakic&Bato’s system.
We present three progressively stronger forms of this systed prove pro-
gressively weaker forms of correctness. We give attentioihé effects of
transformation on finite failure as well as on successful potations.

1 Introduction

Source-to-source transformations play an important rofgdégram optimizations,
both those provided automatically as part of the compitafioocess and those
performed by the programmer during the development of thgnam. Correctness
criteria provide the senses in which the program resultiogpfthe transformations
is equivalent to the original program. A collection of treatenations which have
been shown to be correct, can provide validation of part@ttimpilation process
or a formal framework for the manual development of prograifve investigate
the correctness of a transformation system including dfffdld transformations
and replacement.

The unfold/fold transformations of [Burstall and Darlingt77] (and indepen-
dently [Manna and Waldinger 79]) were designed for funalgmrograms. They
were adapted for the development of logic programs in [CI&jkand [Hogger 81].
However such transformations did not necessarily presbeseet of computed an-
swer substitutions; some answers to some queries couldbarid extra work was
necessary to ensure that specific applications of the tremstions produced fully
equivalent programs.

[Tamaki and Sato 84] presented a transformation systenmdlmasthese trans-
formations and showed that it preserved the least Herbramdkeinand hence it



preserves the set of computed answer substitutions. Thensygiven there has
been generalized in several ways ([Bloch 84], [Tamaki ant 86], [Kanamori
and Maeji 86], [Kanamori and Fuijita 87], [Kanamori and Hatiu87], [Sato 87])
while retaining this form of correctness. In this paper wastigate a transforma-
tion system where the folding operation takes a differentfrom the previously
mentioned systems: the folding clause comes from the dupregram rather than
the original program. A consequence is that the proof ofeziness of the transfor-
mation system can be decomposed into the proof of correctsfemach individual
transformation On the other hand, this form of folding does mave the same
power as that of Tamaki and Sato.

We take advantage of the declarative semantics of logicranog to define our
correctness criteria in terms of these semantics, and teeorrectness of each
transformation at this abstract level. Existing soundraskcompleteness results
are then used to verify that more operational correctnétsiarare also satisfied.
We thus avoid working directly with the more complex opera#il semantics. A
further advantage of this approach is that the results dxeth little difficulty to
constraint logic programming languages.

We present three progressively stronger forms of the systathfor these sys-
tems prove progressively weaker forms of correctness. eltoems of correctness
correspond to different forms of equivalence of logic pesgs [Maher 87]. The
strongest form of correctness implies that the system presdinite failure in ad-
dition to success. The middle form of correctness preseswesess, and preserves
finite failure when the programs concerned satisfy a camdlithat is satisfied by
most programs which arise in practice [Jaffar et al 86]. Tleakest form of cor-
rectness is the same as that used by Tamaki and Sato, whadmyee success but
says nothing about finite failure.

The paper is organized as follows. In the next section we igaeessary pre-
liminary definitions. The transformation system is presdri the third section. In
the fourth section the correctness of the various formsisfsystem is proved, and
the results are related to the operational behavior of pragr Section five makes
comparisons between the expressive power of this tranatiwmsystem and the
transformation system of [Tamaki and Sato 86]. Section snsilers the exten-
sion of this system and these results to constraint logignaraming and logic
programming with negation.

2 Preliminaries

We assume we have disjoint setsvafiablesV, function symbol&: andpredicate
symboldlI containing the symbol ‘=". Each function and predicate sghitas an



associatearity. Terms and atoms are constructed in the usual way. Whésen
atom,pred(A) denotes its associated predicate symbola#guageL is the col-
lection of well-formed formulas determined by a subsétL.) of function symbols
and a subsdil(L) of predicate symbols. However, in an abuse of terminology, w
will sometimes treat a language as the collection of theswhsys.

We use= to denote syntactic identity. A term ggoundif it contains no vari-
ables. The set of all ground terms is called iterbrand universedenoted byH U,
and the set of all ground atoms is called therbrand basedenoted byH B. The
set of ground atoms in languadeis denoted by B(L). When considering sets
of ground atoms we will us& =, Y to denoteX N HB(L) =Y N HB(L).

For notational convenience we will use the notions of a seitoms and a
conjunction of atoms interchangeably. For the same reasorilvsometimes use
the letterse, y, z, ... to denote finite sets or lists of variables and use expression
such asvzx to denoteVzy Vxs...Vz,, f(x) to denotef(xy, xo,...,x,) andz = ¢
forxzy =t1 A --- Az, = t,,where ther;’s are the elements af.

A substitutionis a mapping from variables to terms which is the identitycfun
tion on all but a finite number of variables. The natural esiems mapping terms
to terms and atoms to atoms are also called substitutions. idemtity function
is denoted bye. A unifier of two atomsA and B is a substitutiond such that
A6 = BO. An mgu(most general unifigrof A and B is a unifiery of A and
B such that ifa is a unifier ofA and B thena = p o 8 for some substitution
B. In this paper we will choose all mgu’s to be idempotent.refsamingis an
invertible substitution, that is, a substitutiansuch that for some substitutien !,
acal=aloa=c¢.

It is convenient for describing the transformations to usme terminology
introduced in [Tamaki and Sato 86]. rAolecules an existentially quantified (pos-
sibly empty) conjunction of atoms. Two moleculés X andJy Y are equal
if there is a variable renaming of the variablesr to the variableg, such that
Xa =Y. Amoleculedz X is asubmoleculeof the moleculedy Y if there is
a variable renaming of the variablesr to a subset of the variablessuch that
Xa CY andvar(Y — Xa) Nza = . Thatis, 3z X is a submolecule afy Y if
Jy Y = 3z(3xa Xa) A Z for some variables and conjunction of atoms'.

A definite clausdnas the formA < B whereA is an atom (thdnead and B is
a conjunction of atoms (thHeody). A program P is a collection of definite clauses.
In the following we will simply use the word “clause to refer & definite clause.
A clause body can be regarded as a molecule; the clduse B is equivalent to
A «— Jx B wherez is the set of variables in the clause which appeaB ibut not
in A. When we refer to a body as a molecule, this should be understood as a
reference talzr B.

A clauseA +— B subsumethe clause” «— D if there is a substitutiod such



thatA9 = C'andB6 C D. A variantof a syntactic object is the result of renaming
the variables in that object. We will assume that, wheneveareant is used, it
contains only new variables.

A goalis a collection of atoms. Alerivationfor a programP and initial goal
G0 is a (finite or infinite) sequence of godl&; }. Consecutive goals are related in
the following manner: for somd € G; and some variantf «— By, ..., B, of a
clause ofP and whereH and A have the same predicate symbol #ds an mgu
of AandH G;y1 = ((G; — A) U{By,..., B, }6;. Ais said to beselectedat step
. This derivation step is calleBLD-resolution A computation ruledetermines
(uniquely) for every goal in a derivation which atom in thabgjis selected.

A derivation is infinite unless, for some goal in the derigatithere is no next
goal. There are two cases. A derivatiorsigcessfulf someG, is empty. In this
case the compositiofy o 6, o - - - 0 6;_1 of the substitutions generated at each step,
restricted to the variables of the initial goal, is calledaarswer substitutionThe
second case occurs when the derivation is finitely failed. eAvdtion isfinitely
failedif no (variant of the) head of a clause Bfunifies with the selected atom. A
derivation isfair if every atom which appears in the derivation is chosen atesom
step. Agroundderivation is a derivation except thatis a unifier ofA and H such
that G, is ground. If the initial goal is ground then it is equivaléatsay that a
ground derivation is a derivation using the ground instarafeclauses of?. An
SLD treefor a goalG is a tree with goals as nodes whe¥eis at the root, each
non-empty goal contains a selected atom, and the childramofie are the goals
obtained in one derivation step using the selected atomadiibde.

The operational model we will use is fair SLD-resolutiorattts, SLD-resolution
where every branch of the SLD tree forms a fair derivation. dasider three
sets of ground atoms which correspond to finitary computatidhe success set
SS(P) = {A : Ahas a successful derivation fBY}, the finite failure sef"'F'(P) =
{A : A has afinite failed SLD tree faP}, and the ground finite failure s&tF' F'(P) =
{A . fair ground derivation of A forP is finitely failed}. Fair SLD-resolution guar-
antees thatl is in F'/F'(P) exactly when the goall terminates with failure, inde-
pendent of the specific computation rule. Success or finiteésof an atom can be
discovered finitely using fair SLD-resolution. The$'(P) andF F(P) correspond
to terminating computations. Howeve# F'( P) does not represent only terminat-
ing computations; although every fair ground derivatiomofatom inG F F(P) is
finitely failed, there may be infinitely many of them.

A complete logic progranfor completion ofP) is a collectionP* of predicate
definitions, each of the form



Hyl (ac == tl&Bl)

p(w) - V ﬂyg(.%' = tQ&Bg)

Vo Jyp(x =t,&By)
corresponding to the collection of all clausesHwith p in the heads:

p(t1) « By
p(t2) — Ba

p(tn) — B,

wherey; denotes the variables in thi€ clause above and eadd is a (possibly
empty) conjunction of atoms. §f does not appear in the head of a clause tRén
contains

—p(z)

We use the following axiomatizatiofi* (dependent only oR) of the Herbrand
domain, which is based on one given in [Clark 78].
For everyf €

Foreveryf,ge X, f#yg

f(z) # 9(y)

For every termr(x) containingz except r’

x # 7(x)

The functionT'p, introduced by van Emden and Kowalski [1976], maps subsets
of the Herbrand base to subsets of the Herbrand base andrisdiefy

Tp(I) ={A € HB: thereisaground instancé — By, Bo, ..., B,
of a clause inP such tha{{ By, Bs, ..., B,} C I}

The following sets are defined by transfinite induction:
Tp T O - @
Tp 1 (k+1)=Tp(Tp 1T k)
TplTw=Mk<oTp Tk



Tp is continuous on the complete lattice of subsetgid? ordered by set in-
clusion. Hencel'r(Tp 1 w) = Tp 1 w. The least Herbrand modal/ of P is
equal toTp T w. M determines the correct answer substitutions for each goal.
If ¥ is infinite thenM also determines the maximally general computed answer
substitutions:

Lemma 1 (1) Let M be the least Herbrand model of a prografhand letQ be a
goal. Suppos& is infinite. If M = Q6 then P computes an answer substitution
for (Q wherea is more general thaf.

Proof: Let § instantiate the variables @6 to distinct new constants. By the
strong completeness of SLD-resolution (eg. [Lloyd 83]has a successful deriva-
tion with answer substitution a such that a is more genegal tho 5. Sincea
cannot contain any of the constantsdnit follows that« is more general thaé.

a

Forp,q € Iy, q directly depend®n p if some rule defining; has an atom
with predicate symbop in the body. We say dependson p writtenp < ¢, to
refer to the reflexive transitive closure of direct depemdenNe say that a clause
A « B containsdirect recursionat B’ € B if B’ and a variable renaming of
are unifiable. (In this case it is possible for the clause tadel on a goal during
execution and then used again Bh)

In a series of program transformations we will denote thainprogram by
Py, and the resultant series of programsHg Pi, P, ..., P,,.... We assume
that there is a languagk, determined by the symbols which are intended to be
accessible to a user of the program, in which queries may luke raad answers
may be expressed. Every progrdmhas a corresponding languafjecontaining
the function symbol& and all predicate symbols iR; or L, so thatl. C L;. To
simplify the exposition we assume that if a predicate symbappears in_; but
not in L;, thenp does not appear in anly; for j > 1.

3 The Transformations
We consider the following transformations on a progrBm

Definition

The addition of a set of clauses
Ai < BZ



to P where, for each, pred(A;) is a new predicate symbol, that is, a predicate
symbol not appearing i®. In the context of a series of transformatigned(A4;)
must not have appeared in a previous program in the series.

Deletion

The deletion of all clauses defining a $ebf predicate symbols such that, for every
p € S, pdoes not occur i, and every predicate symbol id which depends op
appears irf.

Inclusion of Subsumed Clauses

The addition of a clause which is subsumed by a clauge. of

Removal of Subsumed Clauses

The deletion of a clause which is subsumed by another clduBe o

Unfolding

The replacement of a clause (the unfolded clause)
A—B
in P by the clauses
(A—=B—-{B'}UDj)u; j=12,...,m
at B’ whereB’ € B, the clauses
Hj—D; j=12...,m

are variants of the clauses ihsuch thatB’ and H; unify, andy; is an mgu ofB’
and H;. We assume that the variants do not have any variables in comvith
the unfolded clause. Note that/f’ does not unify with any (variant of a) head of
a clause then the unfolded clause is deleted.

For the most part we also assume that there is no unfoldingexftdecursion,
in other words, no variant ofl is unifiable withB’. As a special case there is no
direct recursion ipred(A) # pred(B').



Reversible Folding

Reversible folding requires two clauses framthe folded clausel <— B and the
folding clauseH < D which we assume to be different from the folded clause.
Reversible folding is the replacement of the folded clausthb clause

A~ (B—D6)UHf

where D@ is a submolecule oB and H 6 unifies with only one head of a clause in
P (which must beH <« D). 6 acts only on the variables d¢f.

This form of reversible folding differs from the reversildte@lding of [Tamaki
and Sato 86]. Here the folding clause isfirwhereas in [Tamaki and Sato 86] the
folding clause must come fromf;. One consequence is that this transformation
system does not have the same power as the one in [Tamaki tm8&a

Replacement
A replacement rule takes the form

J=K

whereJ and K are molecules with the same free variables. Applicatioruchsa
replacement rule to a clause

A~ B

consists of the replacement of a submoledileof B by K6 whereB’ = J6 and
f acts only on the free variables gfto obtain

AH(B—B/)UKQ

A replacement rule may be applied to such a clause only whepredicate ap-
pearing in the replacement rule dependgoed(A).

We will allow only certain valid replacement rules in whichand K are in
some sense equivalent with respect to a program. (Such sapndg said to val-
idate the replacement rule.) Transformation systems &dréifit strengths are ob-
tained by varying the strength of this equivalence. Theofaithg section contains
more details.

We allow the use of a replacement riteon P; only if all the predicate symbols
of R occur inL; and R is validated by somé’; wherej < i. This means that the
validity of replacement rules can be verified at whichevagstin the process of
transformation is convenient and not only at the first stags the current stage as
some transformation systems require.

We will deal with transformation systems containing all bése transforma-
tions.



4 Correctness

In this section we present three progressively strongastoamation systems and
prove their correctness with respect to progressively weakmantics. By first
examining the form of equivalence betweBh and P}, | for each transformation,
the proofs become stralghtforward. We will use notatioalgghed in the previous
section when describing the transformations.

Let P, be the result of applying some transformationRo We consider
the relationship betweeR; and P ; and between their respective least Herbrand
modelsM; and M, ;.

4.0.1 Definition and Deletion

These two transformations are inverses of each other, sallteeat them together.
The relationship between the models Bf and the models o7, ;, where P;
formed by one of these transformations, is given by thefahg lemma. It shows
that the addition of predicate definitions for new predictmbols does not affect
the meaning of the old predicate symbols. Thus if, syntallyicone predicate
symbol does not depend on another then this is also true $ieaibn

Lemma 2 (2) Let P;,; be obtained fromP; by the addition of clauses defining
new predicates, that is, predicates which do not app@arThen, for every model
of P (respectivelyP;, ) there is a model of;, , (P;) which differs only in the
meaning given to new predicates. In particular, the leasthirEnd models ofP*
and P}, differ only in this way.

Proof: We represent interpretations as a pre-interpretafiamd a subset of

HB’ = {p(dy,da,...,d,) : pisa predicate symbol of arity
andd; is an element of the domain df}

Note that the/-models of a complete prograi* are exactly the fixedpoints
of 7. (See [Lloyd 84] for details of pre-interpretations afg.)

Let M; be a model ofP and let.J be the pre-interpretation @f/;. By slightly
adapting two results of [Lassez and Maher 84] (PropositidraBd Theorem 4.2)
My = (Tf,,, + Id)*(M;) is a fixedpoint of T, | and so is a model o},
(Id is the identity function and“(X) = U2, f"(X).) It is easy to show by
induction thatM,, restricted to the old predicates gives exactly. If M; is the
least Herbrand model @? then M, is the least Herbrand model &f', ;.

Let M;,, be a model ofP; ; and.J be the pre-interpretation af/;;; De-
fine M; to be the restriction of\/;,; to the old predicates. Thefﬁ]ii(Mi) C



Tp (M) C TPJZ,H(MZ-H) = M;y1. Also T4, (M;) contains only old predicates,
soTy (M;) € M;.

Let A € M; C M,,,. Then there is a ground instange<— B of a clause of
P;+1 such thatB C M, 1, sinceM;; is a fixedpoint oij!iH. That clause must
be in P, sinceA € L; and soB C M,;. HenceM; C TP( M;). ThusM; is a

f|xedp0|nt ofTJ and so is a model aP;. If M, is the least Herbrand model of
P}, thenl; is the least Herbrand model of. O

4.0.2 Inclusion/Removal of Subsumed Clause

If P;,q is obtained fromP; by inclusion or removal of a subsumed clause, then it
is straightforward to show thdt* = P | < P; [Maher 86].

4.0.3 Unfolding

If P11 is obtained fromP; by unfolding then, if direct recursion is not unfolded,
the unfolding predicate definition is the samefih and P, ;. Hence the unfolded
predicate definition and the resultant predicate deflnmlmnequwalent in the pres-
ence of £* and the unfolding predicate definition, since unfoldinglaeps one
expression by another logically equivalent expression thed simplifies. Thus
E* = Py < B

When the unfolding of direct recursion is allowed we stilve&™ = P —

P}, ThusM; is a model ofP}, ; and soM; 2 M;,1. We do not have the equiv-
alence when direct recursion is unfolded since tfn does not contain the un-
folding predicate definition. For example, K is p(z) < p(f(z)) and Py; is
p(z) < p(f(f(x))) and the two complete logic programs are not equivalent.

However, whenP,; is obtained fromP; by unfolding, even on direct re-
cursion, the programs have the same least Herbrand modelhawe already
seen thatM; © M;,;. To show thatM; C M,,; we prove by induction that
Tp, Tn CTp,, T nforeveryn. Clearly this holds for, = 0 and, since unfolding
cannot delete unit clauses, it holds fore 1.

LetA € Tp, T (n+1). Then there is an instanceé— B of a clause of’; such
that B C Tp, T n. If that clause also appears iy, thenA € Tp_, (Tp, T n) C
Tp,., T (n+1). Otherwise that clause is the unfolded clause. Say B is the
instance of the atom at which the unfolding occurred. Thea D is an instance
ofaclause o, andD C Tp, 1 (n—1). ClearlyA «— (B—{C})UD is aninstance
of a clause ofP; ;. Furthermorg B — {C})UD C Tp, T nUTp, T (n—1) C
Tp, T n C Tp,, T n by the induction hypothesis. Thuse Tp,_, T (n + 1).



4.0.4 Reversible Folding

If P, is obtained fromP; by reversible folding then, sincHé unifies with only
one clause, we must hav®* = Hf — Jy DO. The transformation replaces
one formula by another which is logically equivalent in thmegence ofP;, so
P — Pf . SinceH « D is not the folded rule we also have

K3 K3

P}, = HO « Jy DO and soP}, | — P;.

2

4.0.5 Replacement
We will begin by taking the following definition of validityA replacement rule
J=K
is valid if
Pl gy J o K

We will consider other possible definitions of validity late
Let P, be obtained fromP; by replacement using the rule = K on the
clause

A~ B
and supposé’; validates this rule, that is
B FavJ < K

Let ) be the set of all clauses @, such that the predicatethey define sat-
isfiesp < ¢ for some predicate symbglin the replacement rule. By one of the
conditions on the use of replacement rul@sjoes not define the predicate 4Af

Since

B FavJ < K

we must have
Q" FrvJ — K

But @ is also a subset a?,,; so

P FrvJ < K

Thus
Fou Pl < B



and it follows thatP, ,; validates the same replacement rule®as
A similar argument applies for the stronger notion of vayidi

Pi*aE* |:HU J o K

and shows that
E* =Py, < P
and thatP,  ; validates the same replacement rule®asSimilarly if
M'EJ— K

then we can show that/; ., = M;.

We now establish three progressively weaker correctnesstsefor three pro-
gressively more powerful transformation systems baset®transformations de-
scribed above.

Theorem 3 (3) Let P; be obtained fron, by the program transformation system
where there is no unfolding on direct recursion and everyaegment rule/ = K
which is used o, satisfies

Pl E EJe K
for somej < k < i. Then
P E*E fiff Bj,E* = f
for every formulaf expressible in.

Proof: The proof is by induction om, where the induction hypothesis consists of
the consequent of the theorem and the justification of theecement rules:

P E* = fiff Py,E* = f
for every formulaf expressible i, and if J < K isin L; and
PLE EJ< K
for somej < i then

The base step,= 0, is trivial. The induction step proceeds by cases, one for
each transformation in the system. For Definition and Datetransformations,



models of ;" and P}, , differ only on the predicates introduced or deleted (lemma
2). It follows that

PLE = fiff PR EY = f

for every formulaf expressible i;NL; ;. Consequently the induction step holds
in this case. For a Replacement transformation the secomdfpthe induction
hypothesis is needed to show that the replacement ruleidatd byP;. Then for
this and the remaining transformations

E*E Py o P

as discussed above for the individual transformations, ssanthe induction step
holds.O

A simple corollary of this theorem is that, under the comdig of the theorem,
P, and Py have the same behavior when used to execute a goal. Moregdkeci

Corollary 4 (4) Under the conditions of the previous theorent7ifs a goal inL
then

(a) G succeeds with maximally general answer substituiowwhen executed
by P; iff G succeeds with maximally general answer substitutiomhen
executed by

(b) G fails when executed b; iff G fails when executed b,

where, for the second part, we assume that the computatlerigtair.

This corollary follows immediately from soundness and ctatgmess results
for successful and finitely failed derivations. Note thdbitows from part (a) that
every answer substitution f@¥ computed byF, is less general than (or equivalent
to) an answer substitution fa¥ computed byP,, and vice versa.

There is a slightly stronger result which can be drawn froengfevious theo-
rem: for a form of transformation system satisfying the dtods of the theorem,
the models of?; and P differ only on predicates which are notin This has the
following corollary.

Corollary 5 (5) Under the conditions of the previous theorem
(@) SS(P;) =1 SS(Py)
(b) FF(P) =1 FF(P)



(¢) GFF(P) = GFF ()

We now consider a more powerful form of the transformatiostesyn where
a replacement rule is validated in all Herbrand models, buitnecessarily in all
models. This is more realistic than the previous transftionasystem since, for
example,plus defined in the usual recursive way is not associative in soome n
Herbrand models.

Theorem 6 (6) Let P; be obtained fron?, by the program transformation system
where there is no unfolding on direct recursion and everyaegment rule/ = K
which is used o, satisfies

P Epu J < K
for somej < k < i. Then
P Env fiff By Enu f
for every closed formulg expressible ..

Proof: The proof is similar to the proof of the previous theorem.

We present the following example to show that, unlike thesiprtes form of
the transformation system, whéhis finite transformations can alter the answer
substitutions computed (although the collectiorgadund answer substitutions is
unchanged). LeP be the program

Now if ¥ = {a, s} then

P* v P(z) < Q(z)

so we can apply the replacement rdtéx) = Q(x) to the last clause oP and
obtain



R(z) — Q(z)

These two programs do not compute the same answer sulostgtditir the goal
r(x). This difficulty does not occur wheR is infinite. Further comments on
differences which result when the distinction is made betwe finite and infinite
set of function symbols appear in [Maher 86]. However nott these differences
only result when the finiteness tfis exploited in a program. (In essence there is
a use of a domain closure axiom, for examgler = a vV Jy = = s(y).) If we
assume that the finitenessXfis not exploited (which is generally true in practice)
then corollary 7(a) will hold in this case also.

Corollary 7 (7) Under the conditions of the previous theorent7ifs a goal inL
then

(a) if X is infinite thenG succeeds with maximally general answer substitution
6 when executed b, iff G succeeds with maximally general answer substi-
tution # when executed b¥,

(b) SS(P;) =1, SS(FRy)
(¢) GFF(PR) =1 GFF(R)

Although success sets are preserved by this form of theftremation system,
finite failure sets are not. For example, the program

Q(x) « P(x)
can be transformed to

Q(z) — R(x)
P(s(x)) < P(z)

and these two programs have different finite failure setswéder as corollary
7(c) shows, ground finite failure is preserved. Since mastj@ms occurring in
practice satisfyF'F'(P) = GFF(P) [Jaffar et al 86], there is reason to hope that
“sensible” use of this transformation system can preseniefiailure. [Aquilano



et al 8?] presents a methodology for show\§(P) = HB — FF(P). Thusin
some cases this methodology can be applied to show that failiee has been
preserved by this transformation system or the followingraier transformation
system.

The third transformation system allows unfolding of direetursion and use
of replacement rules validated only in the least Herbrandeho

Theorem 8 (8) Let P; be obtained fron, by the program transformation system
where every replacement rule=- K which is used orP; satisfies

MjEJ—K

for somej < k < 4. Then the least Herbrand model 8f agrees with the least
Herbrand model of?; on atoms inL. That is,

M; =1, My
Proof: The proof is similar to the proof of theorem 3.

Corollary 9 (9) Under the conditions of the above theoremZifs infinite then
a goal G in LG succeeds with maximally general answer substitutiavhen ex-
ecuted byP; iff G succeeds with maximally general answer substitutiomhen
executed by,

Thus any program obtained from the initial program by tramsftions under
the conditions of this theorem will have the same successs3ée initial program.
However the two programs may differ on finite failure and gradinite failure.

We have not addressed the problems of modularity directgveitheless we
can deal with the hiding of predicates from other modulesdgnfilizing a simple
notion of module as the second order formula

dpy...3p, P*

whereP* is the completed program associated with the modulepangb;. are the
predicates local to the module. Recently [Chen 87] has dpeel a module system
based on similar ideas. It is straightforward to verify thatder the conditions
of theorem 3, the module resulting from the transformatisnsquivalent to the
original module in the sense that

E*Edp Py« 3p P

wherep (p') is the list of predicates local t6;, (P;). Similar results hold for the
stronger forms of the transformation system.



5 Comparison

In this section we give an example demonstrating that tha fifireversible folding
in [Tamaki and Sato 86] can produce programs which the ribterlding pre-
sented here cannot. We first consider the simple transf@maystem consisting
only of unfolding and reversible folding transformations.

Consider the following program

Divby2(0)
Divby2(s%(z)) « Divby2(x)

Divby3(0)
Divby3(s3(z)) « Divby3(z)

Divby6(z) « Divby2(x), Divby3(x)

By unfolding Divby?2 in the clause definin@:vby6 three times and unfolding
Divby3 twice we obtain the clauses

Divby6(0)
Divby6(s®(z)) « Divby2(x), Divby3(z)

Applying Tamaki-Sato reversible folding to the latter dauthe definition of
Divby6 becomes
Divby6(0)
Divby6(s®(z)) «— Divby6(x)

The resulting completed program has (non-Herbrand) maahish are not
models of the original completed program. More precisebnsider a domain
{s™(0) : n > 0} Uz :i€ ZZ wheres(z;) = z;+1 and an interpretation where
Divby2 is True ons?"(0),n > 0, Divby3 is True ons3"(0),n > 0, and Divby6
is True ons?*(0),n > 0 andzg;, i € ZZ. This interpretation is not a model of the
original completed program, but is a model of the resultamigleted program.

As theorem 3 shows, transformations employing the form wénsble fold-
ing used in this paper do not alter the models of completedrpms. Thus the
unfolding and reversible folding transformations alone (oore generally, any
transformations under the conditions of theorem 3) cannodyce the program
produced above.

On the other hand, if we also allow definition and replacenramsformations
and letJ = K be valid wrtP if

P*leUJHK



then we can produce a program very similar to the programymexdiabove. Specif-
ically, we can define a new predical¥ by

D6(0)
D6(s5(z)) «— D6(x)

showing that in the new prograi
P"™ =gy Vo Divby2(z) A Divby3(z) « D6(z)
and then applying the corresponding replacement rule &bt
Divby6(z) < D6(x)

The resulting program is essentially the same as the oneipeddoy Tamaki-
Sato reversible folding, although an extra predicate i®ssary. However the pro-
cess of verifying the validity of a replacement rule is nawidl, whereas it is
straightforward to test the applicability of Tamaki-Saewversible folding. Con-
sequently the transformation system of [Tamaki and Sat@aBpkars to be more
practicable for automatic transformation systems tharsyiséeem presented here.
But for such a system there are greater difficulties in dgahith finite failure.

6 Extensions

Adapting this transformation system and its correctnessffp a constraint-based
logic programming (CLP) language [Jaffar and Lassez 87ntdeiet al 87] requl-
res very little adjustment. (Such languages have claustémdbrm

H~—CB

whereC is a conjunction of constraints - formulas involving onhegtefined pred-
icate symbols. An empty constraint will be representeddally by a tautology
such ast = z. We also assume that variables which appear onlg iare ex-
plicitly quantified inC'.) The main adjustment arises from the need to explicitly
incorporate knowledge of the domain and constraints ofahguage. We will let
E* denote a satisfaction-complete theory [Jaffar and LasgpfoBthe constraints
and domain of the language. As the notation suggests, €laxibms play this role
for equality on the Herbrand universe. Thus, for examplegm@ms containingt
are included in the following discussion.

To minimize the adjustments to the transformations asdtate assume that
the arguments of head atoms of clauses are distinct vasiadohel any clause of the
form



H(tl,tg) — B
is replaced by
H(x7y) Hx:lL'17y:lL'27B

With this adjustment we can relax the condition for reveesiiolding from
“ HO unifies with only one head of a clauseitito “ E* =3 (H0 = H'ACONC")
for only one of the clauses
H — O, D
in P", where the folding clause is
H—CD

We add two further transformations:
If E* = —~C for a clause

H—~CB

then delete that clause.
If E* = C; < C5 then replace

H<—01,B

by
H CQ,B

The first allows deletion of useless clauses which may berg@tby unfold-
ing or replacement. The second allows the rearrangemeitecédnstraints in a
clause into a form suitable for a folding or replacementgfanmation. Clearly
both these transformations satisfy

E' =Py o P

A more compact transformation system could omit these agthal transfor-
mations and instead incorporate their effects as part afitii@lding, replacement
and folding transformations.

We also need to adjust the notion of subsumption to deal witwkedge of
the constraints and domain. A clausg «— (1, By E*-subsumegshe clause
Hy, «— (s, By if there is a substitutiord such thatH,0 = H,, B0 C B,



and E* = Cy — (C16. With this definition it is not hard to show that many
of the properties of subsumption-equivalence shown in [dMa&6] extend tof™-
subsumption-equivalence, especially the correctneswedfansformations includ-
ing or removing £*-subsumed clauses. The proofs of correctness of the other
transformations are essentially unchanged, and so we damabsults for CLP
languages which are similar to the theorems presented préwious section.

We can also obtain some counterparts of the corollariesiptévious section.
For each form of transformation system we can conclude that

a goalG in L succeeds when executed By iff G succeeds when
executed by

This result generally cannot be extended to the preservafifinal constraints
(the CLP analogue of answer substitutions) since the stianng of completeness
(theorem 2 of [Maher 87]) may not be strong enough. We alse hat for a form
of the transformation system satisfying the conditionshebrem 3

a goalG in L fails when executed by, iff G fails when executed by
Py

Other transformation systems and their correctness sesuth as [Tamaki
and Sato 86] and [Kanamori and Fujita 87], also extend readiCLP languages
since these systems and their proofs are based only on the shproof trees.

The extension of this work to programs with negation is maffécdlt. If we
allow only stratified programs [Apt et al 86] then problemsdo the possible
inconsistency ofP* are avoided.

Lemma 2, which justifies the addition and deletion of clauseguires a new
proof. The definition of subsumption given in section 2 candde applied to rules
with negation. Thigule-subsumptioris no longer the usual clausal subsumption,
but inclusion or removal of rule-subsumed rules presetve&guivalence of com-
pleted programs.

Unfolding can only apply to unnegated atoms. However in tresgnce of
a language allowing quantified constraints the “negatichr@&ue” of [Sato and
Tamaki 84] can sometimes be applied. In these cases it idp@ss apply a form
of unfolding to negated atoms.

With these changes the theorems of this paper continue tb Mawever the
corollaries rely on an execution mechanism which is sourblcemplete. Thus if
SLDNF-resolution is used, the corollaries will apply ontyd restricted class of
programs.
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