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Abstract

This paper discusses correctness of a simple transformation system for
logic programs. The transformation system is based on Unfold/Fold trans-
formations, but differs in the form of folding from Tamaki and Sato’s system.
We present three progressively stronger forms of this system and prove pro-
gressively weaker forms of correctness. We give attention to the effects of
transformation on finite failure as well as on successful computations.

1 Introduction

Source-to-source transformations play an important role in program optimizations,
both those provided automatically as part of the compilation process and those
performed by the programmer during the development of the program. Correctness
criteria provide the senses in which the program resulting from the transformations
is equivalent to the original program. A collection of transformations which have
been shown to be correct, can provide validation of part of the compilation process
or a formal framework for the manual development of programs. We investigate
the correctness of a transformation system including unfold/fold transformations
and replacement.

The unfold/fold transformations of [Burstall and Darlington 77] (and indepen-
dently [Manna and Waldinger 79]) were designed for functional programs. They
were adapted for the development of logic programs in [Clark79] and [Hogger 81].
However such transformations did not necessarily preservethe set of computed an-
swer substitutions; some answers to some queries could be lost and extra work was
necessary to ensure that specific applications of the transformations produced fully
equivalent programs.

[Tamaki and Sato 84] presented a transformation system based on these trans-
formations and showed that it preserved the least Herbrand model, and hence it
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preserves the set of computed answer substitutions. The system given there has
been generalized in several ways ([Bloch 84], [Tamaki and Sato 86], [Kanamori
and Maeji 86], [Kanamori and Fujita 87], [Kanamori and Horiuchi 87], [Sato 87])
while retaining this form of correctness. In this paper we investigate a transforma-
tion system where the folding operation takes a different form from the previously
mentioned systems: the folding clause comes from the current program rather than
the original program. A consequence is that the proof of correctness of the transfor-
mation system can be decomposed into the proof of correctness of each individual
transformation On the other hand, this form of folding does not have the same
power as that of Tamaki and Sato.

We take advantage of the declarative semantics of logic programs to define our
correctness criteria in terms of these semantics, and to prove correctness of each
transformation at this abstract level. Existing soundnessand completeness results
are then used to verify that more operational correctness criteria are also satisfied.
We thus avoid working directly with the more complex operational semantics. A
further advantage of this approach is that the results extend with little difficulty to
constraint logic programming languages.

We present three progressively stronger forms of the system, and for these sys-
tems prove progressively weaker forms of correctness. These forms of correctness
correspond to different forms of equivalence of logic programs [Maher 87]. The
strongest form of correctness implies that the system preserves finite failure in ad-
dition to success. The middle form of correctness preservessuccess, and preserves
finite failure when the programs concerned satisfy a condition that is satisfied by
most programs which arise in practice [Jaffar et al 86]. The weakest form of cor-
rectness is the same as that used by Tamaki and Sato, which preserves success but
says nothing about finite failure.

The paper is organized as follows. In the next section we givenecessary pre-
liminary definitions. The transformation system is presented in the third section. In
the fourth section the correctness of the various forms of this system is proved, and
the results are related to the operational behavior of programs. Section five makes
comparisons between the expressive power of this transformation system and the
transformation system of [Tamaki and Sato 86]. Section six considers the exten-
sion of this system and these results to constraint logic programming and logic
programming with negation.

2 Preliminaries

We assume we have disjoint sets ofvariablesV , function symbolsΣ andpredicate
symbolsΠ containing the symbol ‘=’. Each function and predicate symbol has an



associatedarity. Terms and atoms are constructed in the usual way. WhereA is an
atom,pred(A) denotes its associated predicate symbol. AlanguageL is the col-
lection of well-formed formulas determined by a subsetΣ(L) of function symbols
and a subsetΠ(L) of predicate symbols. However, in an abuse of terminology, we
will sometimes treat a language as the collection of these symbols.

We use≡ to denote syntactic identity. A term isground if it contains no vari-
ables. The set of all ground terms is called theHerbrand universe, denoted byHU ,
and the set of all ground atoms is called theHerbrand base, denoted byHB. The
set of ground atoms in languageL is denoted byHB(L). When considering sets
of ground atoms we will useX =L Y to denoteX ∩HB(L) = Y ∩HB(L).

For notational convenience we will use the notions of a set ofatoms and a
conjunction of atoms interchangeably. For the same reason we will sometimes use
the lettersx, y, z, ... to denote finite sets or lists of variables and use expressions
such as∀x to denote∀x1 ∀x2...∀xn, f(x) to denotef(x1, x2, ..., xn) andx = t

for x1 = t1 ∧ · · · ∧ xn = tn,where thexi’s are the elements ofx.
A substitutionis a mapping from variables to terms which is the identity func-

tion on all but a finite number of variables. The natural extensions mapping terms
to terms and atoms to atoms are also called substitutions. The identity function
is denoted byε. A unifier of two atomsA and B is a substitutionθ such that
Aθ ≡ Bθ. An mgu (most general unifier) of A andB is a unifierµ of A and
B such that ifα is a unifier ofA andB thenα = µ ◦ β for some substitution
β. In this paper we will choose all mgu’s to be idempotent. Arenamingis an
invertible substitution, that is, a substitutionα such that for some substitutionα−1,
α ◦ α−1 = α−1 ◦ α = ε.

It is convenient for describing the transformations to use some terminology
introduced in [Tamaki and Sato 86]. Amoleculeis an existentially quantified (pos-
sibly empty) conjunction of atoms. Two molecules∃x X and∃y Y are equal
if there is a variable renamingα of the variablesx to the variablesy such that
Xα = Y . A molecule∃x X is a submoleculeof the molecule∃y Y if there is
a variable renamingα of the variablesx to a subset of the variablesy such that
Xα ⊆ Y andvar(Y −Xα) ∩ xα = ∅. That is,∃x X is a submolecule of∃y Y if
∃y Y ≡ ∃z(∃xα Xα) ∧ Z for some variablesz and conjunction of atomsZ.

A definite clausehas the formA← B whereA is an atom (thehead) andB is
a conjunction of atoms (thebody). A programP is a collection of definite clauses.
In the following we will simply use the word “clause to refer to a definite clause.
A clause body can be regarded as a molecule; the clauseA ← B is equivalent to
A ← ∃x B wherex is the set of variables in the clause which appear inB but not
in A. When we refer to a bodyB as a molecule, this should be understood as a
reference to∃x B.

A clauseA ← B subsumesthe clauseC ← D if there is a substitutionθ such



thatAθ ≡ C andBθ ⊆ D. A variantof a syntactic object is the result of renaming
the variables in that object. We will assume that, whenever avariant is used, it
contains only new variables.

A goal is a collection of atoms. Aderivationfor a programP and initial goal
Gθ is a (finite or infinite) sequence of goals{Gi}. Consecutive goals are related in
the following manner: for someA ∈ Gi and some variantH ← B1, ..., Bn of a
clause ofP and whereH andA have the same predicate symbol andθi is an mgu
of A andH Gi+1 = ((Gi − A) ∪ {B1, ..., Bn}θi. A is said to beselectedat step
i. This derivation step is calledSLD-resolution. A computation ruledetermines
(uniquely) for every goal in a derivation which atom in that goal is selected.

A derivation is infinite unless, for some goal in the derivation, there is no next
goal. There are two cases. A derivation issuccessfulif someG, is empty. In this
case the compositionθ0 ◦ θ1 ◦ · · · ◦ θi−1 of the substitutions generated at each step,
restricted to the variables of the initial goal, is called ananswer substitution. The
second case occurs when the derivation is finitely failed. A derivation isfinitely
failed if no (variant of the) head of a clause ofP unifies with the selected atom. A
derivation isfair if every atom which appears in the derivation is chosen at some
step. Agroundderivation is a derivation except thatθ, is a unifier ofA andH such
thatGi+1 is ground. If the initial goal is ground then it is equivalentto say that a
ground derivation is a derivation using the ground instances of clauses ofP . An
SLD treefor a goalG is a tree with goals as nodes whereG is at the root, each
non-empty goal contains a selected atom, and the children ofa node are the goals
obtained in one derivation step using the selected atom of that node.

The operational model we will use is fair SLD-resolution, that is, SLD-resolution
where every branch of the SLD tree forms a fair derivation. Weconsider three
sets of ground atoms which correspond to finitary computations: the success set
SS(P ) = {A : A has a successful derivation forP}, the finite failure setFF (P ) =
{A : A has a finite failed SLD tree forP}, and the ground finite failure setGFF (P ) =
{A : fair ground derivation of A forP is finitely failed}. Fair SLD-resolution guar-
antees thatA is in FF (P ) exactly when the goalA terminates with failure, inde-
pendent of the specific computation rule. Success or finite failure of an atom can be
discovered finitely using fair SLD-resolution. ThusSS(P ) andFF (P ) correspond
to terminating computations. HoweverGFF (P ) does not represent only terminat-
ing computations; although every fair ground derivation ofan atom inGFF (P ) is
finitely failed, there may be infinitely many of them.

A complete logic program(or completion ofP ) is a collectionP ∗ of predicate
definitions, each of the form



p(x)↔











∃y1(x = t1&B1)
∨ ∃y2(x = t2&B2)

. . .

∨ ∃yn(x = tn&Bn)











corresponding to the collection of all clauses inP with p in the heads:

p(t1)← B1

p(t2)← B2

...
p(tn)← Bn

whereyi denotes the variables in theith clause above and eachBi is a (possibly
empty) conjunction of atoms. Ifp does not appear in the head of a clause thenP ∗

contains
¬p(x)

We use the following axiomatizationE∗ (dependent only onΣ) of the Herbrand
domain, which is based on one given in [Clark 78].

For everyf ∈ Σ
f(x) = f(y)↔ x = y

For everyf, g ∈ Σ, f 6≡ g

f(x) 6= g(y)

For every termτ(x) containingx except ‘x’

x 6= τ(x)

The functionTP , introduced by van Emden and Kowalski [1976], maps subsets
of the Herbrand base to subsets of the Herbrand base and is defined by

TP (I) = {A ∈ HB : there is a ground instanceA← B1, B2, ..., Bn

of a clause inP such that{B1, B2, ..., Bn} ⊆ I}

The following sets are defined by transfinite induction:
TP ↑ 0 = ∅
TP ↑ (k + 1) = TP (TP ↑ k)
TP ↑ ω = ∩k<ω TP ↑ k



TP is continuous on the complete lattice of subsets ofHB ordered by set in-
clusion. HenceTP (TP ↑ ω) = TP ↑ ω. The least Herbrand modelM of P is
equal toTP ↑ ω. M determines the correct answer substitutions for each goal.
If Σ is infinite thenM also determines the maximally general computed answer
substitutions:

Lemma 1 (1) LetM be the least Herbrand model of a programP and letQ be a
goal. SupposeΣ is infinite. IfM |= Qθ thenP computes an answer substitutionα

for Q whereα is more general thanθ.

Proof: Let β instantiate the variables inQθ to distinct new constants. By the
strong completeness of SLD-resolution (eg. [Lloyd 84])Q has a successful deriva-
tion with answer substitution a such that a is more general than θ ◦ β. Sinceα

cannot contain any of the constants inβ, it follows thatα is more general thanθ.
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For p, q ∈ ΠU , q directly dependson p if some rule definingq has an atom
with predicate symbolp in the body. We sayq dependson p written p ≤ q, to
refer to the reflexive transitive closure of direct dependence. We say that a clause
A ← B containsdirect recursionat B′ ∈ B if B′ and a variable renaming ofA
are unifiable. (In this case it is possible for the clause to beused on a goal during
execution and then used again onB′.)

In a series of program transformations we will denote the initial program by
P0, and the resultant series of programs isP0, P1, P2, . . . , Pn, . . .. We assume
that there is a languageL, determined by the symbols which are intended to be
accessible to a user of the program, in which queries may be made and answers
may be expressed. Every programP , has a corresponding languageLi containing
the function symbolsΣ and all predicate symbols inPi or L, so thatL ⊆ Li. To
simplify the exposition we assume that if a predicate symbolp appears inLi but
not inLi+1 thenp does not appear in anyLj for j > i.

3 The Transformations

We consider the following transformations on a programP :

Definition

The addition of a set of clauses
Ai ← Bi



to P where, for eachi, pred(Ai) is a new predicate symbol, that is, a predicate
symbol not appearing inP . In the context of a series of transformationspred(Ai)
must not have appeared in a previous program in the series.

Deletion

The deletion of all clauses defining a setS of predicate symbols such that, for every
p ∈ S, p does not occur inL and every predicate symbol inP which depends onp
appears inS.

Inclusion of Subsumed Clauses

The addition of a clause which is subsumed by a clause ofP .

Removal of Subsumed Clauses

The deletion of a clause which is subsumed by another clause of P .

Unfolding

The replacement of a clause (the unfolded clause)

A← B

in P by the clauses

(A← B − {B′} ∪Dj)µj j = 1, 2, . . . ,m

atB′ whereB′ ∈ B, the clauses

Hj ← Dj j = 1, 2, . . . ,m

are variants of the clauses inP such thatB′ andHj unify, andµj is an mgu ofB′

andHj . We assume that the variants do not have any variables in common with
the unfolded clause. Note that ifB′ does not unify with any (variant of a) head of
a clause then the unfolded clause is deleted.

For the most part we also assume that there is no unfolding of direct recursion,
in other words, no variant ofA is unifiable withB′. As a special case there is no
direct recursion ifpred(A) 6= pred(B′).



Reversible Folding

Reversible folding requires two clauses fromP , the folded clauseA← B and the
folding clauseH ← D which we assume to be different from the folded clause.
Reversible folding is the replacement of the folded clause by the clause

A← (B −Dθ) ∪Hθ

whereDθ is a submolecule ofB andHθ unifies with only one head of a clause in
P (which must beH ← D). θ acts only on the variables ofH.

This form of reversible folding differs from the reversiblefolding of [Tamaki
and Sato 86]. Here the folding clause is inP whereas in [Tamaki and Sato 86] the
folding clause must come fromP0. One consequence is that this transformation
system does not have the same power as the one in [Tamaki and Sato 86].

Replacement

A replacement rule takes the form

J ⇒ K

whereJ andK are molecules with the same free variables. Application of such a
replacement rule to a clause

A← B

consists of the replacement of a submoleculeB′ of B by Kθ whereB′ = Jθ and
θ acts only on the free variables ofJ to obtain

A← (B −B′) ∪Kθ

A replacement rule may be applied to such a clause only when nopredicate ap-
pearing in the replacement rule depends onpred(A).

We will allow only certain valid replacement rules in whichJ andK are in
some sense equivalent with respect to a program. (Such a program is said to val-
idate the replacement rule.) Transformation systems of different strengths are ob-
tained by varying the strength of this equivalence. The following section contains
more details.

We allow the use of a replacement ruleR onPi only if all the predicate symbols
of R occur inLi andR is validated by somePj wherej ≤ i. This means that the
validity of replacement rules can be verified at whichever stage in the process of
transformation is convenient and not only at the first stage or at the current stage as
some transformation systems require.

We will deal with transformation systems containing all of these transforma-
tions.



4 Correctness

In this section we present three progressively stronger transformation systems and
prove their correctness with respect to progressively weaker semantics. By first
examining the form of equivalence betweenP ∗

i andP ∗

i+1 for each transformation,
the proofs become stralghtforward. We will use notation established in the previous
section when describing the transformations.

Let Pi+1 be the result of applying some transformation toPi. We consider
the relationship betweenP ∗

i andP ∗

i+1 and between their respective least Herbrand
modelsMi andMi+1.

4.0.1 Definition and Deletion

These two transformations are inverses of each other, so we will treat them together.
The relationship between the models ofP ∗

i and the models ofP ∗

i+1, wherePi

formed by one of these transformations, is given by the following lemma. It shows
that the addition of predicate definitions for new predicatesymbols does not affect
the meaning of the old predicate symbols. Thus if, syntactically, one predicate
symbol does not depend on another then this is also true semantically.

Lemma 2 (2) Let Pi+1 be obtained fromPi by the addition of clauses defining
new predicates, that is, predicates which do not appearPi. Then, for every model
of P ∗

i (respectivelyP ∗

i+1) there is a model ofP ∗

i+1 (P ∗

i ) which differs only in the
meaning given to new predicates. In particular, the least Herbrand models ofP ∗

i

andP ∗

i+1 differ only in this way.

Proof: We represent interpretations as a pre-interpretationJ and a subset of

HBJ = {p(d1, d2, . . . , dn) : p is a predicate symbol of arityn
anddi is an element of the domain ofJ}

Note that theJ-models of a complete programP ∗ are exactly the fixedpoints
of T J

P . (See [Lloyd 84] for details of pre-interpretations andT J
P .)

Let Mi be a model ofP ∗

i and letJ be the pre-interpretation ofMi. By slightly
adapting two results of [Lassez and Maher 84] (Proposition 3.1 and Theorem 4.2)
Mi+1 = (T J

Pi+1
+ Id)ω(Mi) is a fixedpoint ofT J

Pi+1
and so is a model ofP ∗

i+1

(Id is the identity function andfω(X) = ∪∞n=0f
n(X).) It is easy to show by

induction thatMi+1 restricted to the old predicates gives exactlyMi. If Mi is the
least Herbrand model ofP ∗

i thenMi+1 is the least Herbrand model ofP ∗

i+1.
Let Mi+1 be a model ofP ∗

i+1 and J be the pre-interpretation ofMi+1 De-
fine Mi to be the restriction ofMi+1 to the old predicates. ThenT J

Pi
(Mi) ⊆



T J
Pi

(Mi+1) ⊆ T J
Pi+1

(Mi+1) = Mi+1. Also T J
Pi

(Mi) contains only old predicates,

soT J
Pi

(Mi) ⊆Mi.
Let A ∈ Mi ⊆ Mi+1. Then there is a ground instanceA ← B of a clause of

Pi+1 such thatB ⊆ Mi+1, sinceMi+1 is a fixedpoint ofT J
Pi+1

. That clause must

be in Pi sinceA ∈ Li and soB ⊆ Mi. HenceMi ⊆ T J
Pi

(Mi). ThusMi is a
fixedpoint ofT J

Pi
and so is a model ofPi. If Mi+1 is the least Herbrand model of

P ∗

i+1 thenMi is the least Herbrand model ofP ∗

i . 2

4.0.2 Inclusion/Removal of Subsumed Clause

If Pi+1 is obtained fromPi by inclusion or removal of a subsumed clause, then it
is straightforward to show thatE∗ |= P ∗

i+1 ↔ P ∗

i [Maher 86].

4.0.3 Unfolding

If Pi+1 is obtained fromPi by unfolding then, if direct recursion is not unfolded,
the unfolding predicate definition is the same inP ∗

i andP ∗

i+1. Hence the unfolded
predicate definition and the resultant predicate definitionare equivalent in the pres-
ence ofE∗ and the unfolding predicate definition, since unfolding replaces one
expression by another logically equivalent expression andthen simplifies. Thus
E∗ |= P ∗

i+1 ↔ P ∗

i .
When the unfolding of direct recursion is allowed we still have E∗ |= P ∗

i →
P ∗

i+1 ThusMi is a model ofP ∗

i+1 and soMi ⊇ Mi+1. We do not have the equiv-
alence when direct recursion is unfolded since thenP ∗

i+1 does not contain the un-
folding predicate definition. For example, ifPi is p(x) ↔ p(f(x)) andPi+1 is
p(x)↔ p(f(f(x))) and the two complete logic programs are not equivalent.

However, whenPi+1 is obtained fromPi by unfolding, even on direct re-
cursion, the programs have the same least Herbrand model. Wehave already
seen thatMi ⊇ Mi+1. To show thatMi ⊆ Mi+1 we prove by induction that
TPi
↑ n ⊆ TPi+1

↑ n for everyn. Clearly this holds forn = 0 and, since unfolding
cannot delete unit clauses, it holds forn = 1.

Let A ∈ TPi
↑ (n+1). Then there is an instanceA← B of a clause ofPi such

thatB ⊆ TPi
↑ n. If that clause also appears inPi+1 thenA ∈ TPi+1

(TPi
↑ n) ⊆

TPi+1
↑ (n + 1). Otherwise that clause is the unfolded clause. SayC ∈ B is the

instance of the atom at which the unfolding occurred. ThenC ← D is an instance
of a clause ofPi andD ⊆ TPi

↑ (n−1). ClearlyA← (B−{C})∪D is an instance
of a clause ofPi+1. Furthermore(B − {C}) ∪D ⊆ TPi

↑ n ∪ TPi
↑ (n − 1) ⊆

TPi
↑ n ⊆ TPi+1

↑ n by the induction hypothesis. ThusA ∈ TPi+1
↑ (n + 1).



4.0.4 Reversible Folding

If Pi+1 is obtained fromPi by reversible folding then, sinceHθ unifies with only
one clause, we must haveP ∗

i |= Hθ ↔ ∃y Dθ. The transformation replaces
one formula by another which is logically equivalent in the presence ofP ∗

i , so
P ∗

i → P ∗

i+1. SinceH ← D is not the folded rule we also have
P ∗

i+1 |= Hθ ↔ ∃y Dθ and soP ∗

i+1 → P ∗

i .

4.0.5 Replacement

We will begin by taking the following definition of validity.A replacement rule

J ⇒ K

is valid if

P ∗

0 |=HU J ↔ K

We will consider other possible definitions of validity later.
Let Pi+1 be obtained fromPi by replacement using the ruleJ ⇒ K on the

clause

A← B

and supposePi validates this rule, that is

P ∗

i |=HU J ↔ K

Let Q be the set of all clauses ofPi such that the predicatep they define sat-
isfiesp ≤ q for some predicate symbolq in the replacement rule. By one of the
conditions on the use of replacement rules,Q does not define the predicate ofA.

Since

P ∗

i |=HU J ↔ K

we must have
Q∗ |=HU J ↔ K

But Q is also a subset ofPi+1 so

P ∗

i+1 |=HU J ↔ K

Thus
|=HU P ∗

i+1 ↔ P ∗

i



and it follows thatPi+1 validates the same replacement rules asPi.
A similar argument applies for the stronger notion of validity

P ∗

i , E∗ |=HU J ↔ K

and shows that
E∗ |= P ∗

i+1 ↔ P ∗

i

and thatPi+1 validates the same replacement rules asPi. Similarly if

M∗

i |= J ↔ K

then we can show thatMi+1 = Mi.
We now establish three progressively weaker correctness results for three pro-

gressively more powerful transformation systems based on the transformations de-
scribed above.

Theorem 3 (3) LetPi be obtained fromP0 by the program transformation system
where there is no unfolding on direct recursion and every replacement ruleJ ⇒ K

which is used onPk satisfies

P ∗

j , E∗ |= J ↔ K

for somej ≤ k < i. Then

P ∗

i , E∗ |= f iff P ∗

0 , E∗ |= f

for every formulaf expressible inL

Proof: The proof is by induction oni, where the induction hypothesis consists of
the consequent of the theorem and the justification of the replacement rules:

P ∗

i , E∗ |= f iff P ∗

0 , E∗ |= f

for every formulaf expressible inL, and ifJ ↔ K is in Li and

P ∗

j , E∗ |= J ↔ K

for somej < i then

P ∗

i , E∗ |= J ↔ K

The base step,i = 0, is trivial. The induction step proceeds by cases, one for
each transformation in the system. For Definition and Deletion transformations,



models ofP ∗

i andP ∗

i+1 differ only on the predicates introduced or deleted (lemma
2). It follows that

P ∗

i , E∗ |= f iff P ∗

i+1, E
∗ |= f

for every formulaf expressible inLi∩Li+1. Consequently the induction step holds
in this case. For a Replacement transformation the second part of the induction
hypothesis is needed to show that the replacement rule is validated byPi. Then for
this and the remaining transformations

E∗ |= Pi+1 ↔ Pi

as discussed above for the individual transformations, andso the induction step
holds.2

A simple corollary of this theorem is that, under the conditions of the theorem,
Pi andP0 have the same behavior when used to execute a goal. More precisely

Corollary 4 (4) Under the conditions of the previous theorem, ifG is a goal inL

then

(a) G succeeds with maximally general answer substitutionθ when executed
by Pi iff G succeeds with maximally general answer substitutionθ when
executed byP0

(b) G fails when executed byPi iff G fails when executed byP0

where, for the second part, we assume that the computation rule is fair.

This corollary follows immediately from soundness and completeness results
for successful and finitely failed derivations. Note that itfollows from part (a) that
every answer substitution forG computed byPi is less general than (or equivalent
to) an answer substitution forG computed byP0, and vice versa.

There is a slightly stronger result which can be drawn from the previous theo-
rem: for a form of transformation system satisfying the conditions of the theorem,
the models ofP ∗

0 andP ∗

i differ only on predicates which are not inL. This has the
following corollary.

Corollary 5 (5) Under the conditions of the previous theorem

(a) SS(Pi) =L SS(P0)

(b) FF (Pi) =L FF (P0)



(c) GFF (Pi) =L GFF (P0)

We now consider a more powerful form of the transformation system where
a replacement rule is validated in all Herbrand models, but not necessarily in all
models. This is more realistic than the previous transformation system since, for
example,plus defined in the usual recursive way is not associative in some non-
Herbrand models.

Theorem 6 (6) LetPi be obtained fromP0 by the program transformation system
where there is no unfolding on direct recursion and every replacement ruleJ ⇒ K

which is used onPk satisfies

P ∗

j |=HU J ↔ K

for somej ≤ k < i. Then

P ∗

i |=HU f iff P ∗

0 |=HU f

for every closed formulaf expressible inL.

Proof: The proof is similar to the proof of the previous theorem.2

We present the following example to show that, unlike the previous form of
the transformation system, whenΣ is finite transformations can alter the answer
substitutions computed (although the collection ofgroundanswer substitutions is
unchanged). LetP be the program

P (x)

Q(a)
Q(s(x))

R(x)← P (x)

Now if Σ = {a, s} then

P ∗ |=HU P (x)↔ Q(x)

so we can apply the replacement ruleP (x) ⇒ Q(x) to the last clause ofP and
obtain



P (x)

Q(a)
Q(s(x))

R(x)← Q(x)

These two programs do not compute the same answer substitutions for the goal
r(x). This difficulty does not occur whenΣ is infinite. Further comments on
differences which result when the distinction is made between a finite and infinite
set of function symbols appear in [Maher 86]. However note that these differences
only result when the finiteness ofΣ is exploited in a program. (In essence there is
a use of a domain closure axiom, for example∀x x = a ∨ ∃y x = s(y).) If we
assume that the finiteness ofΣ is not exploited (which is generally true in practice)
then corollary 7(a) will hold in this case also.

Corollary 7 (7) Under the conditions of the previous theorem, ifG is a goal inL

then

(a) if Σ is infinite thenG succeeds with maximally general answer substitution
θ when executed byPi iff G succeeds with maximally general answer substi-
tution θ when executed byP0

(b) SS(Pi) =L SS(P0)

(c) GFF (Pi) =L GFF (P0)

Although success sets are preserved by this form of the transformation system,
finite failure sets are not. For example, the program

Q(x)← P (x)

can be transformed to

Q(x)← R(x)
P (s(x))← P (x)

and these two programs have different finite failure sets. However as corollary
7(c) shows, ground finite failure is preserved. Since most programs occurring in
practice satisfyFF (P ) = GFF (P ) [Jaffar et al 86], there is reason to hope that
“sensible” use of this transformation system can preserve finite failure. [Aquilano



et al 8?] presents a methodology for showingSS(P ) = HB − FF (P ). Thus in
some cases this methodology can be applied to show that finitefailure has been
preserved by this transformation system or the following stronger transformation
system.

The third transformation system allows unfolding of directrecursion and use
of replacement rules validated only in the least Herbrand model.

Theorem 8 (8) LetPi be obtained fromP0 by the program transformation system
where every replacement ruleJ ⇒ K which is used onPk satisfies

Mj |= J ↔ K

for somej ≤ k < i. Then the least Herbrand model ofP ∗

i agrees with the least
Herbrand model ofP ∗

0 on atoms inL. That is,

Mi =L M0

Proof: The proof is similar to the proof of theorem 3.2

Corollary 9 (9) Under the conditions of the above theorem, ifΣ is infinite then
a goalG in LG succeeds with maximally general answer substitutionθ when ex-
ecuted byPi iff G succeeds with maximally general answer substitutionθ when
executed byP0

Thus any program obtained from the initial program by transformations under
the conditions of this theorem will have the same success setas the initial program.
However the two programs may differ on finite failure and ground finite failure.

We have not addressed the problems of modularity directly. Nevertheless we
can deal with the hiding of predicates from other modules by formalizing a simple
notion of module as the second order formula

∃p1 . . . ∃pk P ∗

whereP ∗ is the completed program associated with the module andp1...pk are the
predicates local to the module. Recently [Chen 87] has developed a module system
based on similar ideas. It is straightforward to verify that, under the conditions
of theorem 3, the module resulting from the transformationsis equivalent to the
original module in the sense that

E∗ |= ∃p P ∗

0 ↔ ∃p
′ P ∗

i

wherep (p′) is the list of predicates local toP0 (Pi). Similar results hold for the
stronger forms of the transformation system.



5 Comparison

In this section we give an example demonstrating that the form of reversible folding
in [Tamaki and Sato 86] can produce programs which the reversible folding pre-
sented here cannot. We first consider the simple transformation system consisting
only of unfolding and reversible folding transformations.

Consider the following program

Divby2(0)
Divby2(s2(x))← Divby2(x)

Divby3(0)
Divby3(s3(x))← Divby3(x)

Divby6(x)← Divby2(x),Divby3(x)

By unfoldingDivby2 in the clause definingDivby6 three times and unfolding
Divby3 twice we obtain the clauses

Divby6(0)
Divby6(s6(x))← Divby2(x),Divby3(x)

Applying Tamaki-Sato reversible folding to the latter clause, the definition of
Divby6 becomes

Divby6(0)
Divby6(s6(x))← Divby6(x)

The resulting completed program has (non-Herbrand) modelswhich are not
models of the original completed program. More precisely, consider a domain
{sn(0) : n ≥ 0} ∪ zi : i ∈ ZZ wheres(zi) = zi+1 and an interpretation where
Divby2 is True ons2n(0), n ≥ 0, Divby3 is True ons3n(0), n ≥ 0, andDivby6
is True ons2n(0), n ≥ 0 andz6i, i ∈ ZZ. This interpretation is not a model of the
original completed program, but is a model of the resultant completed program.

As theorem 3 shows, transformations employing the form of reversible fold-
ing used in this paper do not alter the models of completed programs. Thus the
unfolding and reversible folding transformations alone (or, more generally, any
transformations under the conditions of theorem 3) cannot produce the program
produced above.

On the other hand, if we also allow definition and replacementtransformations
and letJ ⇒ K be valid wrtP if

P ∗ |=HU J ↔ K



then we can produce a program very similar to the program produced above. Specif-
ically, we can define a new predicateD6 by

D6(0)
D6(s6(x))← D6(x)

showing that in the new programP ′

P ′∗ |=HU ∀x Divby2(x) ∧Divby3(x)↔ D6(x)

and then applying the corresponding replacement rule to obtain

Divby6(x)← D6(x)

The resulting program is essentially the same as the one produced by Tamaki-
Sato reversible folding, although an extra predicate is necessary. However the pro-
cess of verifying the validity of a replacement rule is non-trivial, whereas it is
straightforward to test the applicability of Tamaki-Sato reversible folding. Con-
sequently the transformation system of [Tamaki and Sato 86]appears to be more
practicable for automatic transformation systems than thesystem presented here.
But for such a system there are greater difficulties in dealing with finite failure.

6 Extensions

Adapting this transformation system and its correctness proof to a constraint-based
logic programming (CLP) language [Jaffar and Lassez 87, Heintze et al 87] requl-
res very little adjustment. (Such languages have clauses ofthe form

H ← C,B

whereC is a conjunction of constraints - formulas involving only pre-defined pred-
icate symbols. An empty constraint will be represented logically by a tautology
such asx = x. We also assume that variables which appear only inC are ex-
plicitly quantified inC.) The main adjustment arises from the need to explicitly
incorporate knowledge of the domain and constraints of the language. We will let
E∗ denote a satisfaction-complete theory [Jaffar and Lassez 87] for the constraints
and domain of the language. As the notation suggests, Clark’s axioms play this role
for equality on the Herbrand universe. Thus, for example, programs containing6=
are included in the following discussion.

To minimize the adjustments to the transformations as stated, we assume that
the arguments of head atoms of clauses are distinct variables, and any clause of the
form



H(t1, t2)← B

is replaced by

H(x, y)← x = t1, y = t2, B

With this adjustment we can relax the condition for reversible folding from
“Hθ unifies with only one head of a clause inP ” to “ E∗ |= ∃̃ (Hθ = H ′∧Cθ∧C ′)
for only one of the clauses

H ′ ← C ′,D′

in P ”, where the folding clause is

H ← C,D

We add two further transformations:
If E∗ |= ¬C for a clause

H ← C,B

then delete that clause.
If E∗ |= C1 ↔ C2 then replace

H ← C1, B

by
H ← C2, B

The first allows deletion of useless clauses which may be generated by unfold-
ing or replacement. The second allows the rearrangement of the constraints in a
clause into a form suitable for a folding or replacement transformation. Clearly
both these transformations satisfy

E∗ |= P ∗

i+1 ↔ P ∗

i

A more compact transformation system could omit these as individual transfor-
mations and instead incorporate their effects as part of theunfolding, replacement
and folding transformations.

We also need to adjust the notion of subsumption to deal with knowledge of
the constraints and domain. A clauseH1 ← C1, B1 E∗-subsumesthe clause
H2 ← C2, B2 if there is a substitutionθ such thatH1θ ≡ H2, B1θ ⊆ B2



and E∗ |= C2 → C1θ. With this definition it is not hard to show that many
of the properties of subsumption-equivalence shown in [Maher 86] extend toE∗-
subsumption-equivalence, especially the correctness of the transformations includ-
ing or removingE∗-subsumed clauses. The proofs of correctness of the other
transformations are essentially unchanged, and so we can obtain results for CLP
languages which are similar to the theorems presented in theprevious section.

We can also obtain some counterparts of the corollaries in the previous section.
For each form of transformation system we can conclude that

a goalG in L succeeds when executed byPi iff G succeeds when
executed byP0

This result generally cannot be extended to the preservation of final constraints
(the CLP analogue of answer substitutions) since the strongform of completeness
(theorem 2 of [Maher 87]) may not be strong enough. We also have that for a form
of the transformation system satisfying the conditions of theorem 3

a goalG in L fails when executed byPi iff G fails when executed by
P0

Other transformation systems and their correctness results, such as [Tamaki
and Sato 86] and [Kanamori and Fujita 87], also extend readily to CLP languages
since these systems and their proofs are based only on the shape of proof trees.

The extension of this work to programs with negation is more difficult. If we
allow only stratified programs [Apt et al 86] then problems due to the possible
inconsistency ofP ∗ are avoided.

Lemma 2, which justifies the addition and deletion of clauses, requires a new
proof. The definition of subsumption given in section 2 can also be applied to rules
with negation. Thisrule-subsumptionis no longer the usual clausal subsumption,
but inclusion or removal of rule-subsumed rules preserves the equivalence of com-
pleted programs.

Unfolding can only apply to unnegated atoms. However in the presence of
a language allowing quantified constraints the “negation technique” of [Sato and
Tamaki 84] can sometimes be applied. In these cases it is possible to apply a form
of unfolding to negated atoms.

With these changes the theorems of this paper continue to hold. However the
corollaries rely on an execution mechanism which is sound and complete. Thus if
SLDNF-resolution is used, the corollaries will apply only to a restricted class of
programs.
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