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Introduction to AGM Approach | Belief Expansion
Want to add a belief(s) without giving anything up
(K+1) Forany sentence a and any belief set K,
K+ aisabelief set (closure)
(K+2) aeK+a (success)
(K+3) KCK+a (inclusion)
(K+4) IfaeK,thenK+a=K (vacuity)
(K+5) IfKCH,thenK+aCH+a (monotonicity)
(K+6) For al belief setsK and sentencesa, K + a isthe

smallest belief set satisfying (K+1) — (K+5)  (minimality)

Theorem: The expansion function + satisfies (K + 1) — (K + 6) iff
K+a=Cn(Ku{a}).

Thereis only one AGM expansion function—classical consequence
“Logic—the last refuge of o scoundrel? Cn

Thisis not the case for AGM contraction and revision
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Contraction Example

Suppose K contains the closure of the following formul ae:

rain — wet_grass
rain

shop_open

shop_open — light_on

Consider possibilitiesfor K-wet_grass.

rain — wet_grass rain shop_open
shop_open shop_open shop_open — light_on
shop_open — light_on shop_open — light_on
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Belief Contraction

Want to give up a belief or suspend judgement; do not want to add
any beliefs

(K=1) For any sentence ¢ and any belief set K,

K=@isabelief set (closure)
(K=2) K=@pCK (inclusion)
(K=3) IfogK,thenK-p=K (vacuity)
(K=4) Ift/pthenpg K=o (success)
(K=5) IfeeK,KC(K-@)+@ (recovery)
(K=6) IfF@+ g, thenK=@=K=y (preservation)
(K=7) K=onK=yY CK=(oAY) (conj. overlap)

(K=8) Ifog K=(pAWY), thenK=(pAY) CK=@  (con;j. inclusion)
In particular, note the difference between
K-=(@A): need only give up either @or Y
K= (@V ): must give up both @ and

(© Samir Chopra and Maurice Pagnucco, 2000 Generated: 22 September 2000

LSS 2000, Tuesday 12 December, 2000 Applied Logic I: Introduction to AGM Approach |

Additional Properties

The following properties follow from the AGM postulates for belief
contraction.

If oe K, then (K@) +9C K
K-o=Kn(K=@)+ -

K=onCn({g}) C K=(eA W)
Either K= (@A) CK-@or K= (pAY) C K=y

o > W NP

Either K= (@A Y) = K=@or K= (@A W) = K= or K= (oA ) =
K-enK=y

6. fY—pe K-pandp— P € K=, thenK-@p=K-=
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Digression—Commensurability Thesis
(Levi 1991)

“Given an initial state of full belief K; and another state of full belief
Ky, there is always a sequence of expansions and contractions, beginning
with Ky, remaining within the state of potential states of full belief and
terminating with K,.”
Levi Identity: Kx@= (K--@)+ @

Given acontraction function we can construct a (associated) revision

function: contract anything that would cause the addition of ¢ to lead
to inconsistency and then expand by ¢

Harper Identity: K-@=KnNKx*-@
Given arevision function we can construct a (associated) contraction
function: revise by —¢ (which would remove @ if it were currently

believed so asto have a consistent revision) and keep those beliefsin
K that were maintained by thisrevision
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Constructing Contraction Functions

AGM contraction function is simply a mapping from a belief set and
aformulato anew belief set that satisfies certain restrictions

How would we go about “constructing” such a function especidly if
we wanted to implement one in acomputer program?

Storing al the possible mappingsis out of the question!

There are anumber of constructions for contraction functions that we
shall investigate

Thefirst ideaisto consider removing just enough formulae from K so
that it no longer implies @
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Maximal Non-implying Subsets

Definition: K’isamaximal subset of K that failstoimply @(a@-remainder)
iff

() KK CK

(i) e¢ K’

(iii) forany p e Ksuchthaa p ¢ K', o — o€ K’

We denote by K_ L@ the set of all such maximal non-implying subsets.

Definition: A selection functiony: 2X — K isafunction such that for
anyKe Xandope L, 0+#y(KLp) CKLowhenever KLp# 0and K
otherwise. If y always returns a singleton whenever K_L@ # 0, thenyis
referred to as an opinionated selection function.
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Maxichoice Contraction

Idea: select the“best” element from K_La (minimal change).

Definition: Let y be an opinionated selection function. A maxichoice
contraction function over K may be defined as follows

(Def Max) K gz 4 YKLO) whenever K170
K otherwise

Theorem: If = is a maxichoice contraction function over K, then it
satisfies (K—=1) — (K—6).
Theorem: If arevision function = is obtained from a maxichoice

contraction function — viathe Levi Identity, then for any ¢ such that
-@€ K, Kx@iscomplete.

Maxichoice doesn’t remove enough
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Full Meet Contraction

Idea: All or nothing!

Definition: A full meet contraction over K may be defined as follows
K g A N(KL@) whenever KLo+# 0

(Def Full) )
K otherwise

Theorem: Any full meet contraction function satisfies (K-1) — (K-6)

Theorem: If arevision function * is obtained from afull meet contraction
function — viathe Levi Identity, then for any ¢ such that —¢ € K,

Kx@=Cn(@).
Full meet removestoo much
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Partial Meet Contraction

Idea: Compromisel

Definition: Lety beaselection function. A partial meet contraction over
K may be defined as follows

(Def Partial)

Ko | NY(KLY) whenever K170
= K otherwise

Theorem: For every belief set K, =~ isapartial meet contraction function
iff — satisfies(K—-1) —(K-6).

(© Samir Chopra and Maurice Pagnucco, 2000 Generated: 22 September 2000

Applied Logic I: Introduction to AGM Approach |

Selection Functions — more details

We can define a selection function as follows and then apply restrictions
to see what properties result

Marking-off identitiy <

y(KL) ={K' e KLp: K" <K' foral K" € KL}

Definition: yisatransitively relational iff it can be defined viaamarking-
off identity < which istransitive.

Theorem:
For every belief set K, — isatransitively relational partial meet contraction
function iff — satisfies(K=1) —(K-=8).
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Recovery

The opposite half of (K=5) follows from (K-1) — (K=4) giving the
following property
If pe K, thenK = (K-@) + @

Counterexample?. (Hansson 1991)

Georgeisamurderer (m)

George isalaw breaker (b)
Georgeisatax evader (t)

K =Cn({m}u {b})

m¢ K-=b

-tZK2DK-=-b

K CCn(K=-bu{b}) CCn(K-bu{t})
me Cn(K-bu{t})
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Withdrawals (Makinson 1986)

Idea: Let's consider functionsthat don’t satisfy (Recovery)

Definition: A function —isawithdrawal function iff it satisfies postulates
(K+1) — (K-4) and (K-—-6) for contraction over K.

Definition: Two withdrawal functions — and — arerevision equivalent iff
they generate the same revision function viathe Levi [dentity.

Theorem: Let K be any belief set. Then for each withdrawal operation
— on K, there is a unique contraction function —on K that is revision
equivalent to — and this — is the greatest element of [—].

In other words, withdrawal functions can be partitioned into equivalence
classeswhere the revision function associated with each member of aclass
behaves the same. The maximal element of each class (the one removing
fewest beliefs) isan AGM contraction function (and there is only one per
class).
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Summary

AGM framework characterised in terms of (intuitive) postulates and
constructions

Operations: expansion, contraction and revision (we shall look at this
operation in the next lecture)

Belief contraction and revision can be related in terms of the Levi and
Harper identities
Essentialy this means that we only need expansion plus one of
contraction or revision

Belief contraction characterised in terms of postulates and our first
construction (maximal non-implying subsets); we shall see other
constructionsin the following lecture

Some postulates—such as Recovery—are open to question
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