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O
verview

�

B
elief

E
xpansion

�

B
elief

C
ontraction

�

FirstC
onstruction—

m
axim

alnon-im
plying

subsets

�

M
axichoice

contraction

�

Fullm
eetcontraction

�

Partialm
eetcontraction

�

R
ecovery

and
W

ithdraw
alfunctions

�

Sum
m

ary
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B
elief

E
xp

an
sio

n

�

W
antto

add
a

belief(s)
w

ithoutgiving
anything

up

(K�

1)
For

any
sentence

α
and

any
belief

setK
,

K

�

α
is

a
belief

set
(closure)

(K�

2)
α

�

K

�

α
(success)

(K�
3)

K

�

K

�

α
(inclusion)

(K�
4)

Ifα

�

K
,then

K

�

α

�

K
(vacuity)

(K�
5)

If
K

�

H
,then

K�

α

�

H

�

α
(m

onotonicity)
(K�

6)
For

allbelief
sets

K
and

sentencesα
,K�

α
is

the
sm

allestbelief
setsatisfying

(K�

1)
–

(K�

5)
(m

inim
ality)

T
heorem

:
T

he
expansion

function�

satisfies� K

�

1�

–

� K

�

6�

iff
K�

α

�

C
n� K

�� α� � .

�

T
here

is
only

one
A

G
M

expansion
function—

classicalconsequence
C

n

�

T
his

is
notthe

case
for

A
G

M
contraction

and
revision
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C
ontraction

E
xam

ple

Suppose
K

contains
the

closure
of

the
follow

ing
form

ulae:

rain�

w
et

grass
rain
sho

p
o

pen
sho

p
o

pen�

light
on

C
onsider

possibilities
for

K
.�

w
et

grass:

rain�

w
et

grass
rain

sho
p

o
pen

sho
p

o
pen

sho
p

o
pen

sho
p

o
pen�

light
on

sho
p

o
pen�

light
on

sho
p

o
pen�

light
on
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B
elief

C
o

n
tractio

n

�

W
antto

give
up

a
belief

or
suspend

judgem
ent;do

notw
antto

add
any

beliefs

(K
.�

1)
For

any
sentence

φ
and

any
belief

setK
,

K
.�

φ
is

a
belief

set
(closure)

(K
.�

2)
K

.�

φ�

K
(inclusion)

(K
.�

3)
Ifφ� �

K
,then

K
.�

φ �

K
(vacuity)

(K
.�

4)
If�  

φ
then

φ� �

K
.�

φ
(success)

(K
.�

5)
Ifφ�

K
,K

�
� K

.�

φ� �

φ
(recovery)

(K
.�

6)
If 

φ!

ψ
,then

K
.�

φ �

K
.�

ψ
(preservation)

(K
.�

7)
K

.�

φ"

K
.�

ψ

�

K
.�� φ#

ψ�

(conj.
overlap)

(K
.�

8)
Ifφ� �

K
.�� φ#

ψ� ,then
K

.�� φ#

ψ� �

K
.�

φ
(conj.

inclusion)

�

In
particular,note

the
difference

betw
een

�

K
.�� φ#

ψ� :
need

only
give

up
eitherφ

orψ

�

K
.�� φ$

ψ� :
m

ustgive
up

both
φ

and
ψ
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A
d

d
itio

n
alP

ro
p

erties

T
he

follow
ing

properties
follow

from
the

A
G

M
postulates

for
belief

contraction.

1.
Ifφ�

K
,then� K

.�

φ� �

φ�

K

2.
K

.�

φ �

K

"� K
.�

φ� � %

φ

3.
K

.�

φ"

C
n�� φ� � �

K
.�� φ#

ψ�

4.
E

ither
K

.�� φ#

ψ� �

K
.�

φ
or

K
.�� φ#

ψ� �

K
.�

ψ

5.
E

ither
K

.�� φ#

ψ� �

K
.�

φ
or

K
.�� φ#

ψ� �

K
.�

ψ
or

K
.�� φ#

ψ� �

K
.�

φ"

K
.�

ψ

6.
Ifψ

�

φ�

K
.�

φ
and

φ�

ψ

�

K
.�

ψ
,then

K
.�

φ �

K
.�

ψ

c�

Sam
ir

C
hopra

and
M

aurice
Pagnucco,2000

G
enerated:

22
Septem

ber
2000

L
SS

2000,T
uesday

12
D

ecem
ber,2000

A
pplied

L
ogic

I:Introduction
to

A
G

M
A

pproach
I

7

D
ig

ressio
n

—
C

o
m

m
en

su
rab

ility
T

h
esis

(L
evi1991)

“G
iven

an
initial

state
of

fullbelief
K

1
and

another
state

of
full

belief
K

2 ,there
is

alw
ays

a
sequence

of
expansions

and
contractions,beginning

w
ith

K
1 ,rem

aining
w

ithin
the

state
of

potentialstates
of

fullbelief
and

term
inating

w
ith

K
2 .”

L
eviIdentity:

K &

φ �
� K

.�%

φ� �

φ
'

G
iven

a
contraction

function
w

e
can

constructa
(associated)revision

function:
contractanything

thatw
ould

cause
the

addition
ofφ

to
lead

to
inconsistency

and
then

expand
by

φ
H

arper
Identity:

K
.�

φ �

K"

K & %

φ

'

G
iven

a
revision

function
w

e
can

constructa
(associated)contraction

function:
revise

by %
φ

(w
hich

w
ould

rem
ove

φ
if

itw
ere

currently
believed

so
as

to
have

a
consistentrevision)

and
keep

those
beliefs

in
K

thatw
ere

m
aintained

by
this

revision
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C
o

n
stru

ctin
g

C
o

n
tractio

n
F

u
n

ctio
n

s
�

A
G

M
contraction

function
is

sim
ply

a
m

apping
from

a
belief

setand
a

form
ula

to
a

new
belief

setthatsatisfies
certain

restrictions

�

H
ow

w
ould

w
e

go
about“constructing”

such
a

function
especially

if
w

e
w

anted
to

im
plem

entone
in

a
com

puter
program

?

�

Storing
allthe

possible
m

appings
is

outof
the

question!

�

T
here

are
a

num
ber

of
constructions

for
contraction

functions
thatw

e
shallinvestigate

�

T
he

firstidea
is

to
considerrem

oving
justenough

form
ulae

from
K

so
thatitno

longer
im

pliesφ

c�

Sam
ir

C
hopra

and
M

aurice
Pagnucco,2000

G
enerated:

22
Septem

ber
2000

L
SS

2000,T
uesday

12
D

ecem
ber,2000

A
pplied

L
ogic

I:Introduction
to

A
G

M
A

pproach
I

9

M
axim

alN
o

n
-im

p
lyin

g
S

u
b

sets

D
efinition:

K (

is
a

m
axim

alsubsetofK
thatfailsto

im
ply

φ
(aφ-rem

ainder)
iff
(i)

K (
�

K
(ii)

φ� �

K (

(iii)
for

any
ψ

�

K
such

thatψ

� �

K (

,ψ

�

φ�

K (

W
e

denote
by

K )

φ
the

setof
allsuch

m
axim

alnon-im
plying

subsets.

D
efinition:

A
selection

function
γ

:2 *
�

+

is
a

function
such

thatfor
any

K

�
+

and
φ�,

, /0� �

γ� K)

φ� �

K)

φ
w

henever
K)

φ

� �

/0
and

K
otherw

ise.
Ifγ

alw
ays

returns
a

singleton
w

henever
K)

φ

� �

/0,then
γ

is
referred

to
as

an
opinionated

selection
function.
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M
axich

o
ice

C
o

n
tractio

n

Idea:
selectthe

“best”
elem

entfrom
K)

α
(m

inim
alchange).

D
efinition:

L
etγ

be
an

opinionated
selection

function.
A

m
axichoice

contraction
function

over
K

m
ay

be
defined

as
follow

s

(D
ef

M
ax)

K
.�

φ �
-

γ� K)

φ�

w
henever

K)

φ� �

/0
K

otherw
ise

T
heorem

:
If

.�

is
a

m
axichoice

contraction
function

over
K

,
then

it
satisfies

(K
.�

1)
–

(K
.�

6).

T
heorem

:
If

a
revision

function &

is
obtained

from
a

m
axichoice

contraction
function

.�

via
the

L
evi

Identity,then
for

any
φ

such
that

%

φ�

K
,K &

φ
is

com
plete.

'

M
axichoice

doesn’trem
ove

enough
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F
u

llM
eet

C
o

n
tractio

n

Idea:
A

llor
nothing!

D
efinition:

A
fullm

eetcontraction
over

K
m

ay
be

defined
as

follow
s

(D
ef

Full)
K

.�

φ �
-

.� K )

φ�

w
henever

K )

φ� �

/0
K

otherw
ise

T
heorem

:
A

ny
fullm

eetcontraction
function

satisfies
(K

.�

1)
–

(K
.�

6)

T
heorem

:
If

a
revision

function &

is
obtained

from
a

fullm
eetcontraction

function
.�

via
the

L
evi

Identity,
then

for
any

φ
such

that %

φ

�

K
,

K &

φ �

C
n� φ� .

'

Fullm
eetrem

oves
too

m
uch
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P
artialM

eet
C

o
n

tractio
n

Idea:
C

om
prom

ise!

D
efinition:

L
etγ

be
a

selection
function.

A
partialm

eetcontraction
over

K
m

ay
be

defined
as

follow
s

(D
ef

Partial)
K

.�

φ �
-

.

γ� K)

φ�

w
henever

K)

φ� �

/0
K

otherw
ise

T
heorem

:
For

every
belief

setK
,

.�
is

a
partialm

eetcontraction
function

iff
.�

satisfies
(K

.�

1)
–

(K
.�

6).

c�

Sam
ir

C
hopra

and
M

aurice
Pagnucco,2000

G
enerated:

22
Septem

ber
2000

L
SS

2000,T
uesday

12
D

ecem
ber,2000

A
pplied

L
ogic

I:Introduction
to

A
G

M
A

pproach
I

13

S
electio

n
F

u
n

ctio
n

s
—

m
o

re
d

etails

W
e

can
define

a
selection

function
as

follow
s

and
then

apply
restrictions

to
see

w
hatproperties

result

M
arking-off

identitiy/

γ� K )

φ� �
� K (

�

K )

φ
:K ((

/

K (

for
allK ((

�

K )

φ�

D
efinition:γ

is
a

transitively
relationaliff

itcan
be

defined
via

a
m

arking-
off

identity/

w
hich

is
transitive.

T
heorem

:
Forevery

beliefsetK
,

.�

is
a

transitively
relationalpartialm

eetcontraction
function

iff
.�

satisfies
(K

.�

1)
–

(K
.�

8).
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R
ecovery

T
he

opposite
half

of
(K

.�

5)
follow

s
from

(K
.�

1)
–

(K
.�

4)
giving

the
follow

ing
property

Ifφ�

K
,then

K

�
� K

.�

φ� �

φ

C
ounterexam

ple?:
(H

ansson
1991)

G
eorge

is
a

m
urderer

(m
)

G
eorge

is
a

law
breaker

(b)
G

eorge
is

a
tax

evader
(t)

K

�

C
n�� m� �� b� �

m

� �

K
.�

b

%

t� �

K

0

K
.�

b
K

�

C
n� K

.�

b�� b� � �

C
n� K

.�

b�� t� �

m

�

C
n� K

.�

b�� t� �
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W
ith

d
raw

als
(M

akin
so

n
1986)

Idea:
L

et’s
consider

functions
thatdon’tsatisfy

(R
ecovery)

D
efinition:

A
function

.�

is
a

w
ithdraw

alfunction
iff

itsatisfies
postulates

(K
.�

1)
–

(K
.�

4)
and

(K
.�

6)
for

contraction
over

K
.

D
efinition:

Tw
o

w
ithdraw

alfunctions �

and
.�

are
revision

equivalentiff
they

generate
the

sam
e

revision
function

via
the

L
eviIdentity.

T
heorem

:
L

et
K

be
any

belief
set.

T
hen

for
each

w
ithdraw

aloperation

�

on
K

,there
is

a
unique

contraction
function

.�

on
K

that
is

revision
equivalentto �

and
this

.�

is
the

greatestelem
entof1 �2 .

In
other

w
ords,w

ithdraw
alfunctions

can
be

partitioned
into

equivalence
classes

w
here

the
revision

function
associated

w
ith

each
m

em
berofa

class
behaves

the
sam

e.
T

he
m

axim
alelem

entof
each

class
(the

one
rem

oving
few

estbeliefs)
is

an
A

G
M

contraction
function

(and
there

is
only

one
per

class).
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S
u

m
m

ary
�

A
G

M
fram

ew
ork

characterised
in

term
s

of
(intuitive)

postulates
and

constructions

�

O
perations:

expansion,contraction
and

revision
(w

e
shalllook

atthis
operation

in
the

nextlecture)

�

B
elief

contraction
and

revision
can

be
related

in
term

s
of

the
L

eviand
H

arper
identities

�

E
ssentialy

this
m

eans
thatw

e
only

need
expansion

plus
one

of
contraction

or
revision

�

B
elief

contraction
characterised

in
term

s
of

postulates
and

our
first

construction
(m

axim
alnon-im

plying
subsets);

w
e

shall
see

other
constructions

in
the

follow
ing

lecture

�

Som
e

postulates—
such

as
R

ecovery—
are

open
to

question
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