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You could not step twice into the
same rivers; for other waters are
ever flowing on to you.
Heracleitus of Ephesus (as quoted

by Plutarch,On the E at Delphi)

The concept of belief revision is, in essence, a simple one. We are interested
in characterising the dynamics of epistemic states; how an agent in a particular
epistemic state modifies this state upon receipt of some new information (or epis-
temic input). Moreover, we are interested in investigating changes of belief that
are performed in arational manner.

1 Foundationalism Versus Coherentism

Before addressing the problem of how to alter an epistemic state given an epis-
temic input, we shall briefly investigate the nature of the states themselves. The
two foremost approaches to modelling epistemic states are thefoundationaland
coherencetheories. Pollock [46] refers to these asdoxastictheories; they assume
that the justificatory pedigree of beliefs depends solely on those beliefs held by an
agent.

�This paper is taken, with minor alterations, from Chapter 2 of Maurice Pagnucco,The Role of
Abductive Reasoning Within the Process of Belief Revision, PhD thesis, Department of Computer
Science, University of Sydney, February 1996.
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The major distinguishing feature of the foundational approach is that it demar-
cates a special class of beliefs. These are often referred to as “epistemologically
basic beliefs” (or simply “basic beliefs”). Every belief in a foundational system
is supposed to be justified in terms of other beliefs which are, in turn, justified
by further beliefs until ultimately we reach basic beliefs which have no need of
justification. In a certain sense, they can be thought of as self justifying.

Examples of foundational systems within artificial intelligence are Doyle’s [7]
Truth Maintenance System (TMS)1 and its successor the Assumption Based Truth
Maintenance System (ATMS) [49]. Their basic task is to record inferences passed
to them by a domain dependent problem solver. Basically, the TMS consists of
two structures:nodesrepresenting propositions; and,justifications representing
reasons. Each node may be in one of two states:

in the node has a valid justification and consequently is considered a current belief
out the node does not have a valid justification; it is currently not believed

A justification is a pair of sets of nodes: aninlist and anoutlist. A justification is
valid if all nodes on itsinlist are in and all those on itsoutlist areout. Clearly, a
proposition becomes a belief when one of its justifications is valid; it becomes a
non-belief when none of its justifications are valid. The TMS takes care of creat-
ing new nodes and adding or retracting justifications. This may become a complex
process as other nodes and justifications may be affected. Also, circular justifica-
tions must not be admitted. It can also mark a node as acontradiction. This has the
effect of stating that the elements of a justification for this node are inconsistent. If
such a node acquires a valid justification a process known asdependency-directed
backtrackingensues, making sure that any justification is no longer valid.2

Elkan [9] (see also Reinfranket al. [47, 48]) provides a logical rendering of the
TMS in order to show how it relates to Gelfond and Lifschitz’ [17] stable model
semantics for logic programming and Moore’s [36] (propositional) autoepistemic
logic. A justification for a propositionc is simply represented as a (directed) propo-
sitional clause

a1 ^ : : : ^ an ^ :b1 ^ : : : ^ :bm ! c

(where: represents negation as failure).3 Propositionsa1; : : : ; an represent those
1The term Truth Maintenance System has often been cited as a misnomer and the alternative

Reason Maintenance System (RMS) suggested as a more appropriate alternative. However, the term
Truth Maintenance System appears to have stuck and we shall use it here.

2This is essentially achieved by retracting beliefs known asassumptions— having a justifica-
tion with a non-emptyoutlist — which, although not necessarily part of the justification, lead to it
becoming invalid.

3In autoepistemic logic this justification may be rendereda1^: : :^an^:Lb1^: : :^:Lbm ! c.
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in the justification’sinlist while b1; : : : ; bm are those in theoutlist. A contradiction
c can be represented by the clausea1 ^ : : : ^ an ! c meaning thata1; : : : ; an
cannot all be believed (think of a contradictionc as representing?).

One of the more popular successors of the TMS is de Kleer’s [4] ATMS. It is
based on the idea of keeping track of the assumptions upon which a proposition is
based as well as its justifications.4 In this case a node is composed of three parts:
thedatumrepresenting a proposition but treated as atomic; thelabel representing
sets of assumptions — calledenvironments— which would allow the datum to
be inferred; and, thejustifications, each containing antecedents supporting the da-
tum. An assumptionis a node with an environment consisting of its datum only.5

The nodes derivable from an environment (including those corresponding to the
elements of the environment itself) are referred to ascontexts. Sets of assumption-
s that cannot hold simultaneously are referred to asnogoods. They are similar to
contradictions in the TMS and act like integrity constraints, reducing the size of the
search space for any eventual query passed to the ATMS (by causing the deletion
of derived justifications that violate these constraints). When an inference is passed
to the ATMS it takes care of updating nodes. If the consequent is unknown, a new
node is created with the consequent as the datum. The antecedent of the inference
becomes a new justification for the node and labels of the antecedents are used in
determining the label for the node. All combinations of an environment from every
label are used in determining new environments. However, a label must be

consistent no environment is a superset of a nogood
complete the environment from which the datum follows is a superset of some

environment in the datum’s label
sound the datum follows from each environment
minimal no environment is a subset of another environment in the label

Soundness and completeness are guaranteed by the procedure used to compute
environments. Inconsistent and non-minimal environments must be removed.

Logically, ATMS justifications are simply Horn clauses

a1 ^ : : : ^ an ! c

wherec represents the datum anda1; : : : ; an a justification. Assumptions can be
represented in the same manner however, in this case,a1; : : : ; an is taken from one
of the datum’s environments. Nogoodsfa1; : : : ; ang are just supports for falsity,
a1 ^ : : : ^ an ! ?:

4Moreover, whereas the TMS concentrates on finding one support, the ATMS is geared towards
finding all supports.

5Cf. TMS — the notions differ.
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Example 1.1 Using part of our previous hamburger example

o1 ^ ph1 ! e

o2 ^ ph2 ! e

Suppose also that the two restaurants serve milkshakes so that, if a restaurant is
open and I purchase a milkshake from it (pm1=pm2), then I will have a milkshake
(m)

o1 ^ pm1 ! m

o2 ^ pm2 ! m

Moreover, suppose there is a municipal restriction stating that the two restaurants
can never be open at the same time. We express this fact through the addition of
the following nogood

o1 ^ o2 ! ?

Now, suppose a new inference is passed to the ATMS: I am satiated (s) after having
a hamburger and a milkshake

e ^m! s

All possible justifications fore andm produce the following justifications fors

o1 ^ ph1 ^ pm1 ! s

o1 ^ ph1 ^ o2 ^ pm2 ! s

o1 ^ pm1 ^ o2 ^ ph2 ! s

o2 ^ ph2 ^ pm2 ! s

However, the second and third violate the nogood and must be removed. All justi-
fications are minimal. 2

The coherence approach, unlike the foundational approach underlying the TMS
and ATMS, denies the existence of any select set of basic beliefs. On this account,
beliefs are justified by the way they interact or “cohere” with other beliefs. In other
words, it is the relationship with other beliefs that is important when determining
whether a belief is justified.

Pollock [46] distinguishes four types of coherence theories into two groups:

1a) Positive Coherence

The agent must possess reasons for maintaining a belief. That is,
each belief must have “positive support”.
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1b) Negative Coherence

The agent is justified in holding a belief provided there is no rea-
son to think otherwise. (“All beliefs are ‘innocent until proven
guilty”’, Pollock [46] p. 72.)

2a) Linear Coherence

The agent adopts a more traditional (i.e., foundational) view of
reasons except that if we look at a reason, the reasons for hold-
ing reasons, etc., we would never stop; either we have an infi-
nite sequence of reasons or there is some circularity in the reason
structure.

2b) Holistic Coherence

The agent is justified in holding a belief due to some relationship
between the belief and all other beliefs held.

It is possible to have coherence theories which possess more than one aspect from
this list.

The distinction between the foundational and coherence approaches is often il-
lustrated through two metaphors: the foundationalist “pyramid” and the coherentist
“raft”. These are succinctly expressed by Sosa [51]:

For the foundationalist every piece of knowledge stands at the apex of
a pyramid that rests on stable and secure foundations whose stability
and security does not derive from the upper stories or sections. For the
coherentist a body of knowledge is a free-floating raft every plank of
which helps directly or indirectly to keep all the others in place, and
no plank of which would retain its status with no help from the others.

The latter derives from a metaphor by Neurath [41] used to express the fact that
it is not possible (nor desirable) to start from scratch in developing a language for
scientific discourse:

We are like sailors who have to rebuild their ship on the open sea,
without ever being able to dismantle it in dry-dock and reconstruct it
from the best components.

Pollock [46] notes that this metaphor is more in keeping with the negative coher-
ence view.
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2 The AGM Framework for Belief Revision6

We shall base our study on the AGM framework for belief revision [1, 12, 13].
This approach is claimed, by G¨ardenfors [13] (also [12] p. 35), to be coherentist
in nature. The main reason for adopting this approach is that it is a well developed
formal framework. Moreover, links have been investigated between belief revision
and other areas of artificial intelligence (e.g., nonmonotonic reasoning [15, 35]).

It was mentioned earlier that we are interested in accounts of rational belief
change. G¨ardenfors and Rott [16] adopt the following rationality criteria or “in-
tegrity constraints”:

� Where possible, epistemic states should remain consistent

� Any sentence logically entailed by beliefs in an epistemic state should be
included in the epistemic state

� When changing epistemic states, loss of information should be kept to a
minimum7

� Beliefs held in higher regard should be retained in favour of those held in
lower regard

The third criterion can be thought of as a manifestation of Occam’s razor as
applied to the removal of information (rather than the making of hypotheses), and
is held in high regard in the AGM framework. In fact, it is often mentioned in
connection with this framework. We shall see that a variant of it also applies to the
acquisition of new information.

The second criterion leads to the following conception of an epistemic state
within the AGM framework. Epistemic states are closed under logical consequence
(Cn) and are referred to asbelief sets.8 The set of all belief sets is denotedK. One
special type of belief set is the absurd belief setK? which contains all formulae
in L. This rather idealistic modelling of epistemic states may best be viewed as
the agent’sdoxastic commitment to full recognitionof the truth of the deductive
consequences of what it believes (see Levi [31] p. 8). A lot of attention has also

6The results in this section may be found in the AGM literature; in particular, they are collected
together in G¨ardenfors [12] unless otherwise stated.

7This is also referred to as the Principle of Informational Economy [12] and, when informational
loss is measured by set inclusion, the Principle of Conservation [25]. They are special cases of the
Principle of Minimal Change [25] which states that minimal change should occur when beliefs are
added as well as removed.

8That is, belief sets are simply theories albeit with a special interpretation in mind.
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been paid to the study ofbelief bases[11, 21, 37, 40]; sets of formulae that are not
necessarily closed under the logical consequence operation.

Given any consistent belief setK, there are three types ofepistemic attitude
toward a sentence�:

(i) � is accepted(or believed) if� 2 K

(ii ) � is rejected(or not believed) if:� 2 K

(iii ) � is indeterminedif � 62 K and:� 62 K

Epistemic inputs are represented by a single sentence from the object language.
More complex representations may be found in the literature (e.g., [23, 52]).

Belief change operators can be seen as prescribing how a given epistemic state
is to be altered given an epistemic input. The AGM considers three types of belief
change operators given a belief stateK, representing the agent’s current epistemic
state, and epistemic input�:

Belief Expansion (K+
� ) Incorporation of new belief� into K without retraction

of any existing beliefs

Belief Contraction (K�
� ) Removal of belief� from K without introduction of

any new beliefs

Belief Revision (K�
�) Incorporation of new belief� intoK with possible removal

of existing beliefs in order to maintain consistency

A belief change operator is essentially a function taking a belief setK and epis-
temic input� to a new belief setK 0

� (+;�; � : K�L ! K).9 These belief change
operators are investigated in a number of ways: through rationality postulates and
through a variety of constructions. The postulates are then related to the construc-
tions viarepresentation theorems. The idea is to study all possible belief change
functions — that is, all possible ways of expanding, contracting and revisingK by
� — in accord with the rationality constraints imposed by the postulates.

2.1 Postulates

Rationality postulates specify constraints that the respective operators should sat-
isfy. They are guided by the rationality criteria outlined above which we adopt in
this dissertation as the standards for characterising a rational agent.

9The restriction that the nature of an epistemic state be the same before and after undergoing
change is referred to as thePrinciple of Categorical Matching[16].
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2.1.1 Expansion

The expansion of a belief setK by an epistemic input� is denotedK+
� . Expan-

sion is generally recommended when� is consistent withK. An AGM expansion
operator+ : K � L ! K satisfies the following rationality postulates:

(K+1) For any sentence� and any belief setK,
K+
� is a belief set (closure)

(K+2) � 2 K+
� (success)

(K+3) K � K+
� (inclusion)

(K+4) If � 2 K, thenK+
� = K (vacuity)

(K+5) If K � H, thenK+
� � H+

� (monotonicity)
(K+6) For all belief setsK and all sentences�, K+

� is the
smallest belief set that satisfies (K+1) — (K+5) (minimality)

The postulate of closure expresses the fact that+ is a function taking a be-
lief set and a sentence as input and produces a belief set. Success states that the
epistemic input is accepted in the expanded epistemic state. Inclusion says that no
beliefs are retracted and is a form of the Principle of Minimal Change as phrased
above. Vacuity represents a boundary case and states that nothing need be done
if the epistemic input is already accepted.10 Monotonicity says that, if one belief
state contains at least the same information as another, then its expansion will con-
tain at least the information of the expansion of the other with respect to the same
epistemic input. The postulate of minimality can be considered an expression of
the Principle of Minimal Change applied to the addition of new beliefs to an epis-
temic stateK; the smallest possible change to accommodate the new information
is made. The term “smallest” is understood with respect to set inclusion (of the
original epistemic state relative to the expanded epistemic state). This leads to the
following representation theorem.

Theorem 2.1 The expansion function+ satisfies(K+1) — (K+6) if and only if
K+
� = Cn(K [ f�g).

Therefore, to calculate an AGM expansion, one need only take the deductive clo-
sure of the initial epistemic state and the new information.

2.1.2 Contraction

The contraction of a belief setK by epistemic input� is denotedK�
� . Contraction

is recommended when doubt is raised about a current belief or the agent wishes
10Postulate (K+4) is superfluous as it follows from postulates (K+1) — (K+3), (K+5) and (K+6).

8



to temporarily suspend belief in a proposition. It can be used together with ex-
pansion to perform revision, as we shall see, and satisfies the following rationality
postulates:

(K�1) For any sentence� and any belief setK,
K�
� is a belief set (closure)

(K�2) K�
� � K (inclusion)

(K�3) If � 62 K, thenK�
� = K (vacuity)

(K�4) If 6` � then� 62 K�
� (success)

(K�5) If � 2 K, K � (K�
� )

+
� (recovery)

(K�6) If ` �$ �, thenK�
� = K�

� (extensionality)
(K�7) K�

� \K
�
� � K�

�^� (intersection)11

(K�8) If � 62 K�
�^� , thenK�

�^� � K�
� (conjunction)12

Closure states that a contraction operation takes pairs of belief sets and formulae
to belief sets (� : K�L ! K). Inclusion says that no new beliefs should be intro-
duced into the contracted epistemic state. Vacuity expresses the fact that nothing
need be done if the epistemic input is not currently accepted. It is a manifestation
of the Principle of Minimal Change. Success states that if it is possible to remove
the epistemic input, it will be retracted from the current epistemic state. The only
situation in which it is not possible to do so occurs when the epistemic input is a
logical truth for, by the second of our rationality criteria above, it will be included
in all possible epistemic states. Recovery says that if we were to retract a belief
fromK and then expand the result by the same formula, all original beliefs would
be included in the final epistemic state. This behaviour is also due to the Princi-
ple of Minimal Change to a certain extent since this principle dictates that beliefs
not be unnecessarily discarded when determiningK�

� . Recovery is arguably the
most controversial of the AGM rationality postulates and there are a number of
contributions discussing its removal [20, 34]. Makinson [34] refers to a contrac-
tion operation satisfying postulates (K�1) — (K�4) and (K�6) as awithdrawal.
Extensionality expresses the Principle of Irrelevance of Syntax; it is the content
rather than the syntactic formulation of the epistemic input that is important in be-
lief change. These first six postulates are often referred to as thebasic postulates
for contraction overK. The remaining two postulates are supplementary postu-
lates. They are best motivated in the style of Nayak [37] (p. 506). Intersection
states that, if one does not give up belief in
 when giving up belief in� nor in
giving up belief in�, then one should not give up belief in
 when giving up belief

11Also referred to asconjunctive overlap[22].
12Also referred to asconjunctive inclusion[22].
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in the conjunction� ^ �. Conjunction states that, if one were to give up� when
giving up the conjunction�^�, then whatever one gives up in giving up�, should
also be given up in giving up� ^ �.

2.1.3 Revision

The revision of a belief setK by epistemic input� is denotedK�
�. Revision is

particularly important when� is inconsistent withK and the agent wishes to in-
corporate it in such a way as to end up in a consistent epistemic state. It satisfies
the following rationality postulates:

(K�1) For any sentence� and any belief setK,
K�
� is a belief set (closure)

(K�2) � 2 K�
� (success)

(K�3) K�
� � K+

� (inclusion)
(K�4) If :� 62 K, thenK+

� � K�
� (preservation)

(K�5) K�
� = K? if and only if ` :� (vacuity)

(K�6) If ` �$ �, thenK�
� = K�

� (extensionality)
(K�7) K�

�^� � (K�
�)

+

� (superexpansion)
(K�8) If :� 62 K�

�, then(K�
�)

+

� � K�
�^� (subexpansion)

(K�1) is the familiar postulate of closure (� : K � L ! K). Success states that
the new information should be included in the revised epistemic state. Inclusion
says that expansion represents an “upper bound” when incorporating new beliefs
(this will trivially hold in case the negation of the epistemic input is already ac-
cepted). Preservation expresses that, when the negation of the epistemic input is
not accepted, revision reduces to expansion. It is the conditional converse of in-
clusion. Vacuity tells us that the only situation in which revision would end up in
the inconsistent epistemic state occurs when the agent is asked to accept logical-
ly contradictory information. Extensionality, like its contraction counterpart, is an
expression of the Principle of Irrelevance of Syntax. Again, (K�1) — (K�6) are
referred to as thebasic postulates for belief revision overK. Two supplementary
postulates for revision exist and can be thought of as generalisations of Inclusion
and Preservation. Superexpansion states that any belief included in the revision of
K by � ^ � should also be included if we first reviseK by � and then expand
the result by�. Subexpansion says that, if� is not rejected in revisingK by �,
then any belief included by first revisingK by � and expanding the result by�
should also be included in the revision ofK by � ^ �. That is,K�

�^� and(K�
�)

+

�

consist of the same beliefs in this case. This postulate is the conditional converse
of Superexpansion.
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Interestingly enough, not all of the above operators are essential; some may be
defined in terms of the other operators.13 A revision operator, for instance, may
be determined from a contraction operator and an expansion operator via theLevi
Identity:

(Def �) K�
� = (K�

:�)
+

�

It states that a revision ofK by� can be performed by first removing:� (to avoid
inconsistency) and incorporating� into the result. The following theorem gives
credence to this definition (and Levi’s claims).

Theorem 2.2 Let� be a contraction function satisfying postulates(K�1) — (K�4)
and (K�6) and + an expansion function satisfying postulates(K+1) — (K+6).
Then the revision function� obtained from(Def �) satisfies(K�1) — (K�6). More-
over, if� satisfies(K�7), then� satisfies(K�7) and if� satisfies(K�8), then�
satisfies(K�8).

Notice that recovery is not required in Theorem 2.2. This tells us that revision
operators defined, via the Levi Identity, from AGM contractions and those from
withdrawal operators arerevision equivalent. That is, they determine the same
class of revision operators.

Alternatively, it is possible to define a contraction operator using a revision
operator and set intersection.14 This may be achieved by theHarper Identity:

(Def �) K�
� = K \ K�

:�

which states that contractingK by� consists of those beliefs inK that are retained
in revisingK by :�. The motivation for this definition stems from the fact that
K�
:� represents a minimal change ofK required to incorporate:� (in a consistent

manner) and should therefore include a large part ofK that does not entail�.

Theorem 2.3 Let � be a revision function satisfying postulates(K�1) — (K�6).
Then the contraction function obtained from(Def �) satisfies(K�1) — (K�6).
Moreover, if� satisfies(K�7), then� satisfies(K�7) and if � satisfies(K�8), then
� satisfies(K�8).

13In fact, Levi [30] claims that the only “legitimate” forms of changing an epistemic state are ex-
pansion and contraction, a view to which we subscribe. He refers to this as thecommensurability
thesis[31] (p. 65). Such a view places less emphasis on the revision operator which is deemed
achievable through a sequence of expansions and contractions. As a result, we place a greater em-
phasis on these latter two operators in this dissertation.

14Recall that the intersection of two belief sets is also a belief set.
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2.2 Constructions

Having outlined conditions that the various belief change operators should satisfy,
it is interesting to study how operators satisfying these postulates could be con-
structed. The AGM framework possesses four main constructions: selection func-
tions over maximal subsets ofK failing to imply �, Grove’s system of spheres,
epistemic entrenchment and safe contraction.15

2.2.1 Selection Functions

Given the Levi Identity and Theorem 2.1 regarding belief expansion, it is sufficient
to concentrate on contraction. One approach to constructing a contraction of belief
setK by epistemic input� is to seriously consider the Principle of Minimal Change
and look at subsets ofK which are as big as possible without entailing�. Such a
set can be defined as follows:

Definition 2.1 A belief setK 0 is a maximal subset ofK that fails to imply� if and
only if

(i) K 0 � K

(ii) � 62 K 0

(iii) for any � 2 L, if � 2 K and� 62 K 0, then� ! � 2 K 0

The set of all belief sets that are maximal subsets ofK failing to imply � are
denotedK?�.

Generally,K?� contains more than one maximal subset. The first idea in
constructing a contraction function is to apply aselection function
 to select one
element fromK?�.16 Intuitively, 
(K?�) returns the “best” element fromK?�
and is known as amaxichoice selection function. The contraction ofK by � can
be defined as follows

(Def Max) K�
� =

(

(K?�) wheneverK?� is nonempty17

K otherwise

and is referred to as amaxichoice contraction function overK. Sure enough, such
a function satisfies the basic postulates for belief contraction overK.

15A construction in terms of nice preorders over models (see [28, 15]) is also presented by Peppas
and Williams [45] but we shall not consider it here.

16A selection function applied to a setX returns an element of the co-domain wheneverX is
nonempty.

17Note thatK?� = ; only when` �.
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Lemma 2.4 LetK be a belief set. If� is a maxichoice contraction function over
K, then it satisfies postulates(K�1) — (K�6) for belief contraction overK.

Unfortunately, we obtain the following undesirable results.

Lemma 2.5 Let K be a belief set and� 2 L. If � 2 K and K�
� is defined

by means of a maxichoice contraction function, then for any proposition� either
� _ � 2 K�

� or � _ :� 2 K�
� .

Corollary 2.6 Let� be a maxichoice contraction function overK. If a revision
function� is defined from� by the Levi Identity, then, for any� such that:� 2 K,
K�
� is a complete theory.

They suggest that maxichoice contractions retain too much information. In the
resulting revision, the agent has opinions as to the truth or falsity of every proposi-
tion.

It seems natural then to consider a selection function at the other extreme; one
returning all elements ofK?�. This is known as afull meet selection functionand
leads to afull meet contraction function overK which may be defined as follows.

(Def Meet) K�
� =

( T
(K?�) wheneverK?� is nonempty

K otherwise

A full meet contraction function also satisfies the basic postulates for contraction.

Lemma 2.7 LetK be a belief set. If� is a full meet contraction function overK,
then it satisfies postulates(K�1) — (K�6) for belief contraction overK.

However, we again have undesirable results.

Lemma 2.8 LetK be a belief set and� 2 L. If � 2 K andK�
� is defined by

means of a full meet contraction function, then for any proposition�, � 2 K�
� if

and only if� 2 K and:� ` �.

Corollary 2.9 Let � be a full meet contraction function overK. If a revision
function� is defined from� by (Def �), then for any� such that:� 2 K, K�

� =

Cn(�).

In a sense, too much information is removed. This is somewhat at odds with the
Principle of Minimal Change.

A remedy lies in making a compromise between these two extremes. We adopt
a selection function
 that returns a subset ofK?�. We can think of
 as returning
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the set of “best” elements ofK?�.18 This is referred to as apartial meet selection
function. The resulting contraction — apartial meet contraction function overK
— may be defined as follows

(Def Part) K�
� =

( T

(K?�) wheneverK?� is nonempty

K otherwise

The following representation theorem says that such functions exactly coincide
with the basic postulates for contraction.

Theorem 2.10 LetK be a belief set and� be a contraction function. Then� is a
partial meet contraction function overK if and only if it satisfies postulates(K�1)
— (K�6) for contraction overK.

It is interesting to further investigate the nature of the selection function
 and
how it decides which elements ofK?� are preferred. One idea is to impose a
relation� over the elements ofK?� and define
 by the followingmarking-off
identity (whenK?� 6= ;):

(Def 
) 
(K?�) = fK 0 2 K?� : K 00 � K 0 for allK 00 2 K?�g

The relation� “marks off” the most preferred elements ofK?�. When
 is
defined in this way, the resulting contraction function is referred to as arelational
partial meet contraction function overK.

Lemma 2.11 LetK be a belief set. Any relational partial meet contraction func-
tion overK satisfies postulate(K�7) for contraction overK.

A straightforward extension is to require� be transitive. In this case
 is known
as transitively relationaland the resulting contraction as atransitively relational
partial meet contraction function overK.

Lemma 2.12 LetK be a belief set. Any transitively relational partial meet con-
traction function overK satisfies postulate(K�8) for contraction overK.

The following theorem supports the utility of such a construction.

Theorem 2.13 LetK be a belief set and� be a contraction function defined over
K. Then� is a transitively relational partial meet contraction function overK if
and only if it satisfies postulates(K�1) — (K�8) overK.

The respective revision operation defined via the Levi identity satisfies postulates
(K�1) — (K�8). It can also be shown that requiring� to be connected does not
lead to further contraction postulates.

18Cf. the fourth rationality criterion. Each element of
(K?�) contains beliefs held in high-
er regard. The beliefs held in highest regard are those common to the best elements returned of

(K?�).
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2.2.2 Grove’s Sphere Semantics

Grove [19] developed a “sphere semantics” for the AGM framework inspired by
Lewis’ [32] semantics for counterfactual reasoning.19 He concentrated on revision
functions although the idea is easily extended to deal with contraction (via the
Harper Identity) and expansion.

Grove views maximally consistent sets of formulae (consistent complete theo-
ries) as “possible worlds”. He places an ordering over the setML of all possible
worlds. The possible worlds consistent with any setK are denoted[K] and may
be defined as follows.

[K] =

(
fm 2ML : K �mg if K 6= K?

; otherwise

In a similar fashion, the possible worlds consistent with a formula� are denoted
[�] and defined as[�] = [f�g] (i.e., [�] = fm 2 ML : � 2 mg). We also define
a functionth : 2ML ! K mapping sets of possible worlds to belief sets. For any
X �ML we have

(Def th) th(X) =

( T
fm 2 Xg for X �ML andX 6= ;

K? if X = ;

We reproduce the following properties, listed by Grove [19], for reference.

Lemma 2.14 Properties ofth [19].

(i) th([K]) = K for all belief sets (i.e., theories)K if the underlying logic is
compact

(ii) th(X) 6= K? if and only ifX is nonempty

(iii) For any sentence� 2 L andX �ML, th(X \ [�]) = Cn(th(X) [ f�g)

(iv) For X; X 0 �ML, if X � X 0, thenth(X 0) � th(X)

(v) ForK; K 0 2 K, if K � K 0, then[K 0] � [K]

A sphereis defined to be a set of possible worlds. Asystem of spheres centred
onK is an ordering over sets of possible worlds where[K] is the innermost sphere
andML the outermost sphere. It can be formally defined as follows.

19Grove’s idea can be viewed as a semantics insofar as it gives a “picture” for AGM belief change.
Strictly speaking however, it deals with syntactic objects.
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[K]
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.

S2
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S4

.

Figure 1: A system of spheres centred on[K].

Definition 2.2 [19]
LetS be any collection of subsets ofML. We callS a system of spheres, centred
onX for some subsetX �ML, if it satisfies the following conditions:

(S1) S is totally ordered by�; that is, ifU; V 2 S, thenU � V or V � U

(S2) X is the�-minimum ofS (i.e.,X 2 S and ifU 2 S, thenX � U )

(S3) ML is in S (the largest element ofS)

(S4) If � 2 L, and there is any sphere inS intersecting[�], then there is a smallest
sphere inS intersecting[�] (there is a sphereU 2 S such thatU \ [�] 6= ;,
andV \ [�] 6= ; impliesU � V for all V 2 S)

A pictorial representation of a system of spheres centred on[K] is given in Figure 1.

Condition (S4) guarantees that if any formula� has worlds intersectingML

then there is a smallest sphere (in the sense of set inclusion) or innermost sphere in
S intersecting[�]. We shall denote such a sphere bycS(�). If [�] does not intersect
any sphere inS (i.e., [�] \ML = ;), thencS(�) = ML (note that this will only
occur whenever[�] = ; by condition (S3)).

With any system of spheresS centred on[K], we can associate a function
fS : L ! 2ML defined in the following manner for any� 2 L

(Def fS) fS(�) = [�] \ cS(�)
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[K]

ML

[α]

Figure 2: Sphere semantics for belief revision showing[K�
�] shaded.

Intuitively, the functionfS can be viewed as selecting those�-worlds20 in ML

that are “closest” to[K]. In other words, it selects the innermost�-worlds.
The sphere semantics for a revision operation is now simply specified as fol-

lows.
[K�

�] = fS(�)

That is, the worlds corresponding to a revision ofK by � are exactly those�-
worlds closest to[K]. Such a choice is motivated by the Principle of Minimal
Change interpreted with respect to the sphere model outlined above and taking
minimality to be “proximity” to [K]. It is illustrated in Figure 2 (with[K�

�] =

fS(�) = cS(�) \ [�] shaded).
The following two representation theorems show that the given semantics is

appropriate.

Theorem 2.15 [19]
LetS be any system of spheres inML centred on[K] for some belief setK in K.
If one defines, for any� 2 L, K�

� to beth(fS(�)), then the postulates(K�1) —
(K�8) are satisfied.

Theorem 2.16 [19]
Let� : K�L ! K be any function satisfying postulates(K�1) — (K�8). Then for
any (fixed) belief setK there is a system of spheres onML, S say, centred on[K]

and satisfyingK�
� = th(fS(�)), for all � 2 L.

20An �-world is any worldm 2 ML in which� holds (i.e.,� 2 m). [�] is, of course, the set of
all �-worlds.
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[α]

ML

[K]

Figure 3: Sphere semantics for belief expansion showing[K+
� ] shaded.

The semantics for belief expansion of an epistemic stateK by epistemic input
� is now straightforward to determine. In the principal case where:� 62 K we
have that� is consistent withK and therefore[K] \ [�] 6= ;. That is, the closest
�-worlds reside within the innermost sphere[K] and the worlds consistent with the
expanded epistemic state are thus given by

[K+

� ] = [K] \ [�]

This situation is illustrated in Figure 3. In the case that:� 2 K, we haveK+
� =

K?. However, in this case[K] \ [�] = ; and so again,[K+
� ] = [K] \ [�].

The sphere semantics for belief contraction is slightly more involved though
not all that complicated. In fact, it can be easily obtained from that of revision
using the Harper Identity. In this situation we are losing information and hence
increasing the number of possible worlds. In contracting an epistemic stateK by
epistemic input� we need to supplement the worlds in[K]. Specifically, we must
at least incorporate some:�-worlds otherwise� would still be accepted in the
contracted epistemic state and therefore violate the postulate of success for belief
contraction.21 In accordance with the Principle of Minimal Change we should add
the closest:�-worlds. Therefore, the worlds consistent with the new epistemic
state may be obtained by

[K�
� ] = [K] [ fS(:�)

This situation is illustrated in Figure 4.
21We are discussing the principal case here in which� 2 K. If � 62 K then no change in worlds

occurs.
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Figure 4: Sphere semantics for belief contraction showing[K�
� ] shaded.

2.2.3 Epistemic Entrenchment

It was shown by Grove [19] that an ordering over possible worlds is equivalent
to an ordering over the formulae ofL. A more popular treatment along these
lines was developed by G¨ardenfors and Makinson [14] and is known asepistemic
entrenchment. Intuitively, such an ordering represents a preference ordering over
formulae. Epistemic entrenchment is motivated, to a large extent, by the fourth
rationality criterion above.

In contraction, less entrenched formulae would be removed in preference to
more deeply entrenched formulae. An epistemic entrenchment ordering may be
formally defined as follows.

Definition 2.3 ([14]) An ordering� overL is an epistemic entrenchment ordering
if it satisfies the following conditions:

(SEE1) For any�; �; 
 2 L, if � � � and� � 
 then� � 
 (transitivity)
(SEE2) For any�; � 2 L, if f�g ` � then� � � (dominance)
(SEE3) For any�; � 2 L, either� � � ^ � or � � � ^ � (conjunctiveness)
(SEE4) WhenK 6= K?, � 62 K iff � � � for all � 2 L (minimality)
(SEE5) If� � � for all � 2 L, then` � (maximality)

The first postulate simply states that an epistemic entrenchment ordering is transi-
tive. The Dominance postulate is based on the rationale that, whenever a formula
� entails a formula� and one or the other must be given up, a smaller change
would result from abandoning�. Giving up� alone is not possible since, being
a consequence of�, it would be retained in the resulting belief set. Giving up
� alone, on the other hand, may be possible. Therefore, in general, giving up�
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would imply a smaller change than giving up�. Hence,� cannot be strictly less
entrenched than�. This postulate is clearly motivated by the Principle of Minimal
Change. The Conjunctiveness postulate says that removing� ^ � can be accom-
plished by removing either� or �. The minimality postulate states that non-beliefs
are minimally entrenched. The maximality postulate, on the other hand, says that
logical truths are maximally entrenched; logical truths are the hardest to give up.22

Essentially then, an epistemic entrenchment represents a total preorder over the
formulae of the language in which tautologies are maximally entrenched and non-
beliefs minimally entrenched.

The first three postulates (SEE1) — (SEE3) turn out to be quite significant and
any ordering satisfying them is referred to as anexpectations ordering[15]. Such
orderings provide a strong link between the AGM account of belief revision and
nonmonotonic inference [15, 35]. G¨ardenfors and Makinson supply the follow-
ing properties satisfied by expectations orderings, some of which will be useful in
proving results later in this dissertation.

Lemma 2.17 ([14])

(i) � � � or � � � (Connectivity)
(ii) If � ^ 
 � �, then� � � or 
 � �

(iii) � < � iff � ^ � < �

(iv) If 
 � � and
 � �, then
 � � ^ �

(v) If � � �, then� � � ^ �

Foo [10] also investigated epistemic entrenchment and provides the following
further properties related to expectations orderings and epistemic entrenchment
orderings. Note that we may write� = � for � � � and� � �. Also,� < � is a
shorthand for� � � and� 6� �. We denote the greater of a set of formulae� by
maxf�g and the lesser byminf�g. Those properties in the next lemma relate to
expectations orderings and some will be helpful later on.

Lemma 2.18 ([10])

(i) If � < � and� < 
, then� < 


(ii) If � � � and� < 
, then� < 


(iii) If � < 
 and� < �, then� < � ^ 


(iv) � 6< � for any� 2 L
(v) If � < �, then� < 
 _ � for any
 2 L
(vi) If � < �, then� < � _ �

22In fact, they cannot be given up at all given our second rationality criterion.
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(vii) If � < �, then� ^ 
 < � for any
 2 L
(viii) If � � �, then� ^ 
 � �

(ix) If � ^ 
 < �, then� < � or 
 < �

(x) If � � �, then� ^ 
 � � ^ 


(xi) If � = �, then� ^ 
 = � ^ 


(xii) � ^ � = minf�; �g

(xiii) � _ � � maxf�; �g

(xiv) If � = � _ �, thenmaxf�; �g = �

(xv) � = � _ � or � = � _ � iff maxf�; �g = � _ �

(xvi) � and� are not independent23 iff � = � _ � or � = � _ �

The following results relate to epistemic entrenchment orderings.

Lemma 2.19 ([10])

(i) If 6` � and` �, then� < �

(ii)24 Suppose� 2 K. If � < �, then� 2 K�
�

(iii) For all � and� 62 K, � � � and� � �

(iv) � 62 K iff � < � for all � 2 K

An epistemic entrenchment ordering� for a particular belief setK may be
constructed from a contraction function� using the following condition.

(C �) � �� � iff � 62 K�
�^� or ` � ^ �

The principal part of the condition states that� is at least as epistemically en-
trenched as� whenever� is removed fromK in contractingK by � ^ � since,
to contract by� ^ �, only one of� or � need be removed and the fact that� has
been removed means that it cannot be strictly more entrenched than� (otherwise,
only � need be given up). In the case where� and� are both tautological, they are
equally entrenched.

More importantly, it is possible to construct a contraction function�� (restrict-
ed to a particularK)25 from an epistemic entrenchment ordering as follows.

(C �) � 2 K
��
� iff both � 2 K and either� < � _ � or ` �

23Two formulae are independent if one can be removed without affecting the other.
24The proof of this property requires condition (C�) which we shall introduce shortly.
25Note that given an epistemic entrenchment relation�, the belief set over which it is restricted is

easily determined asK = f� : � < � for some� 2 Lg:
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Clearly, any formula not in the original epistemic state is not going to occur in the
contracted epistemic state. In the situation where the epistemic input is a logical
truth, it cannot be retracted and therefore no change is made. Otherwise, we note
that by the recovery postulate,:� _ � 2 K�

� for any belief� 2 K. Now, if the
disjunction�_� of the epistemic input and some belief� is more entrenched than
the epistemic input itself, then this disjunction is going to be retained. These two
facts imply that� will remain in the contracted state. The following representation
theorems show the appropriateness of the epistemic entrenchment ordering and the
conditions given above.

Theorem 2.20 [14]
LetK 2 K be a belief set and� be an epistemic entrenchment overK. If for any
� 2 L, we defineK�

� using(C �), then(K�1) — (K�8) are satisfied as well as
the condition(C�).

Theorem 2.21 [14]
Let� : K � L ! K be any function satisfying(K�1) — (K�8). Then, for any
belief setK 2 K, if we define� using condition(C �), then� is an epistemic
entrenchment ordering (i.e., it satisfies(SEE1) — (SEE5)) and also satisfies con-
dition (C�).

These three constructions are arguably the most important for the AGM frame-
work. They are clearly related as evidenced by the representation theorems. The
interested reader is referred to G¨ardenfors [12] and Peppas and Williams [45] for a
further discussion of these relationships.

2.2.4 Safe Contraction

The construction termedsafe contraction[2, 3] combines, in a certain sense, el-
ements common to both epistemic entrenchment orderings and partial meet con-
traction functions. On the one hand, it is assumed that an acyclic relation< of the
elements ofK is given.26 Moreover, we consider the minimal subsets of an epis-
temic stateK that imply epistemic input� (in partial meet contraction functions,
however, note that we deal with maximal subsets ofK failing to imply �). Such a
subset may be defined as follows.

Definition 2.4 A setK 0 is a minimal subset ofK implying� if and only if
26Alchourrón and Makinson refer to an acyclic relation as a “hierarchy”. It will be irreflexive and

asymmetric.
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(i) K 0 � K

(ii) K 0 ` �

(iii) K 00 6` � for anyK 00 � K 0

The set of all minimal subsets ofK implying � is denotedK + � (cf. K?�).

Definition 2.5 Any belief� 2 K is said to besafewith respect to� if and only if
� is not minimal under< with respect to the elements of anyK 0 2 K + �. The set
of all safe elements of K is denotedK n �.

A belief is safe if it is not “culpable” for the presence of�. Intuitively, one element
must be removed from each subset ofK in K + �. The ordering< helps us
choose which element to remove from each subset. The remaining beliefs are safe
and can be used to determine thesafe contractionof a belief setK by � (modulo
<). Specifically, we defineK�

� = Cn(K n �).
Safe contraction functions satisfy the six basic postulates for contraction. It is

interesting to investigate particular types of hierarchies< over beliefs.

Definition 2.6 If K is a belief set and< is a hierarchy then, for all�; �; 
 2 K

(i) < continues up̀ overK if and only if� < � and� ` 
 imply� < 


(ii) < continues dowǹ overK if and only if� ` � and� < 
 imply� < 


(iii) < is virtually connected overK if and only if� < � implies either� < 
 or

 < �

It can be shown [2] that, if< continues up or dowǹ , then the resulting safe
contraction function satisfies the postulate of intersection (K�7) and, if< is virtu-
ally connected overK, it satisfies the postulate of conjunction (K�8) overK. The
following representation theorem holds at least whenK consists of a finite number
of logically equivalent sentences (i.e., whenK is partitioned into a finite number
of equivalence classes by the consequence relation`).

Theorem 2.22 LetK be a belief set. A safe contraction function� is generated
by a hierarchy< that continues up and dowǹoverK and is virtually connected
if and only if� is a transitively relational partial meet contraction function over
K.
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3 Spohn — Ordinal Conditional Functions

An alternative approach to the problem of belief revision has been proposed by
Spohn [52]. We shall only give a brief outline here as we do not make much use of
this approach in this dissertation.

Spohn bases his account on possible worlds although one need not identify
these with the possible worlds considered by Grove [19]27. The set of all possible
worlds is denotedW . Possible worlds are considered to be ordered by agrading
of disbelief. An ordinal conditional functionk is used for this purpose, assigning
an ordinal to each worldw 2 W . The smaller the ordinal assigned to a world, the
more plausible (less disbelieved) it is (0 being the smallest ordinal). In this manner,
k specifies an epistemic state.

Since propositions can be identified with sets of worlds, it is also possible to
talk about the grading of disbelief of a proposition�. It is simply that of the most
plausible of its�-worlds i.e.,k(�) = minfk(w) : � 2 wg. A grading of disbelief
possesses two important properties

� Eitherk(�) = 0 or k(:�) = 0 for any proposition�

� k(� [ �) = minfk(�); k(�)g for consistent� and�.

We can therefore say that a proposition� is believed (or accepted) in an epistemic
state induced byk if and only if k(:�) > 0. This proposition� is said to be
believed withdegree of firmnessk(:�). An ordinal conditional function then, al-
lows us to say whether one proposition is more firmly believed (more plausible)
than another proposition� in an epistemic state. In this way, the number of possi-
ble epistemic attitudes is greater than those possible with the AGM and therefore
ordinal conditional functions are more discriminating.

Another important difference between Spohn’s framework and the AGM is
the manner in which belief change is effected. Spohn takes epistemic inputs to
consist not only of a proposition� but also of an ordinal. Intuitively, the ordinal
represents the degree of firmness� should acquire after the change takes place.
This means that belief expansion, contraction and revision, as we have come to
know them in the AGM, can all be captured by a single mechanism. The actual
belief change process is known asconditionalisation. The basic idea is that, for
epistemic input� (proposition) andi (ordinal) the� and:� worlds are “shifted”
relative to each other in order to assign� degree of firmnessi. An example is
illustrated in Figure 5. In the ordinal conditional function on the leftk(�) = 1 and
k(:�) = 0 (i.e.,:� is believed with degree of firmness 1) while that on the right

27Spohn’s possible worlds can be thought of as uninterpreted points.
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Figure 5: An example of Spohn’s approach to belief revision.

shows the result of conditionalisation on input�; 3. Another advantage of Spohn’s
approach, evidenced by this example is that it permitsiterated revision. That is, it
is possible to perform a sequence of belief changes due to the fact that the ordering
on worlds (grading of disbelief) is still defined after every change. It is not, at first,
clear how this is achievable in the AGM since there is no selective mechanism (i.e.,
system of spheres, epistemic entrenchment, etc.) defined after a change. However,
a number of authors have attacked the problem [18, 29, 38, 39, 50, 53].

4 Summary and Discussion

Belief revision is the study of the dynamics of epistemic states. The two main
approaches to modelling epistemic states are known as foundationalism and co-
herentism. Essentially, foundationalism posits the existence of a select set of epis-
temologically basic beliefs whereas coherentism denies the existence of any such
beliefs at all. Formally however, any such difference has been called into question.
Dixon and Foo [6] show, in the case of contraction, how ATMS behaviour can be
achieved through a particular ordering of beliefs in an epistemic entrenchment or-
dering. Only the relative ordering of certain formulae need be specified, giving rise
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to apartial epistemic entrenchment ordering. This ordering characterises a class of
epistemic entrenchment orderings, any of which exhibit the same contraction be-
haviour as a particular ATMS context. Del Val [5] goes even further, showing that,
for a finite propositional language, a mathematical definition of a coherence revi-
sion operator based on Katsuno and Mendelzon’s [26] version of the AGM and a
definition of a foundational revision operator motivated by syntax-based approach-
es to belief revision (see [33, 40], for example) lead to identical classes of revision
operators. This result, however, only shows the equivalence of operators satisfying
the definitions given and leaves open the connection between coherence and foun-
dational theories in general. Moreover, one must keep in mind that these theories
concern the nature of epistemic states not the method employed to move from one
epistemic state to another. We shall stick with the more intuitive descriptions of
the theories given here. Arguments for and against both theories can be found in
Gärdenfors [13] and Doyle [8].

Our main concern here is with the (purportedly) coherent AGM framework,
due principally to its well developed logical theory. Katsuno and Mendelzon [27]
claim that the AGM is well suited to situations in which an agent is reasoning about
a static world but does not have full information about it. They offer an account
of an alternative belief change operator, known asbelief update, claimed to be
suited to reasoning about dynamic worlds. Peppas [44] investigates the relationship
between the two approaches but since it is not central to our concerns here, we shall
not consider it further.
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