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explored in other guises, for example, logics for conditionals [4—6] and non-monotonic
logics[11,15].

Classical accounts of belief change (such as AGM [8]) are geared to deal with “one-
shot” belief change. While providing a cogent account of how a rational agent should
change her beliefs in light of a piece of evidence, they fail to give a systematic account
of belief change as an iterative process—of how an epistemic agent should deal with
a (possibly temporal) sequence of evidential pieces of information. This shortcoming
is addressed in the literature on iterated belief change [2,4,7,13,18,20,26]. One account
of iterated belief change that has attracted a lot of scrutiny is that of Darwiche and
Pearl [6,7]. However, this approach has been undermined on two fronts. Firgtly, it has
been shown by Freund and Lehmann [9] (and later by Nayak et al. [17]) that this account
is inconsistent with the classical AGM belief change framework [8] which it seeks to
extend and hence is overly strong. Secondly, it allowed iterated changes of belief that
are intuitively unappealing. In the later development of their work Darwiche and Pearl [7]
attempt to address the former problem but the latter persists. Even so, the solution to the
first problem is not without concern as it requires a modification to the way in which the
AGM framework is viewed.

In this paper, we address the deficiencies of the Darwiche—Pearl approach to iterated
belief revision. It is based on Nayak et a. [17] but substantially extends that account. In
particular, while that work [17] lacked a semantics, the current work suppliesthe semantics
of the approach taken. The semantics is provided in a fashion similar to one used in the
Darwiche—Pearl account for ease of comparison.

In Section 1 we discuss how the AGM account of belief change [1,8] fails to provide
an account of iterated belief change. We also show in this section how the Darwiche—
Pearl (D—P) account [6] attempts to deal with this matter, but fails to do so. We point out
that Darwiche and Pearl’s later work does not address the over-permissiveness of their
framework. In Section 2 we provide an extension of a modified D—P account, based on a
dynamic belief revision operation, which is successful in this task. We aso show that this
operation must be viewed as a unary operation for the sake of consistency. In Section 3 we
characterise this new framework via entrenchment kinematics. In Section 4 we provide a
semantic construction of such dynamic belief revision operators. In Section 5 we provide
abrief discussion of how the approach taken in this paper blocks the counterexamplesthat
Darwiche and Pearl use against Natural Revision [4], but their own account does not. We
a so briefly sketch an account of how our proposal can be modified to deal with inconsistent
belief statesin amoreinteresting way. Finaly, we conclude with a brief summary.
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Let us start with the classical account of belief change propounded by Alchourrén,
Gérdenfors and Makinson, popularly known as the AGM account of belief change [1,8].
In the AGM approach, the object language (the language in which the beliefs of an
agent are represented) is a propositional language £ closed under the usual connectives
-, —>, <, A and v. Two eminent members of £ are T (Truth) and L (Falsity). For
technical reasons we take this language £ to be a finitary language, i.e., a language
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generated from a finite set of atomic propositions. The underlying logic (the logic of
the agent) is represented by its consequence operation Cn which satisfies the following
conditions: For all sets of sentences I", I’ and all sentences x and y,

Inclusion: I CCn(IN).

Iteration: Cn(Cn(I")) =Cn(I').

Monotonicity: Cn(I") CCn(I") whenever " C I,

Supraclassicality: x € Cn(I') if I" classically implies x.

Deduction: yeCn(I"U{x})iff (x —> y) e Cn(IN).

Compactness: If x e Cn(I") thenx e Cn(I"’) for somefinite I’ C I.
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We often write I - x for x € Cn(I'").

Any set of sentences K C £ closed under Cn is called a belief set (or theory) and
represents a possible belief state. We may interpret the members of K to be the sentences
that the agent holds as beliefs. By K we denote the set of all possible belief sets (in £). We
use K| to denote the absurd belief set L.

At least three forms of epistemic change are recognised in the AGM framework. These
changesare represented by three operations+ (expansion), — (contraction) and * (revision).
These functions are intended to output, given a sentence x, the result of expanding,
contracting or revising one’s body of beliefs by x. It is however unclear whether these
operations, specifically the contraction operation — and the revision operation x, are binary
operations, mapping an arbitrary pair (K, x) of belief set and sentence to aresultant belief
set K’, or unary operations that map a sentence x to a resultant belief set K’ with the
understanding that a fixed belief set K is taken to be the background knowledge. In the
literature there is support for both these readings, and each of these choices substantially
limits what can be achieved in the ensuing framework (see Rott’s eminently readable
paper [24] for the implications of making these choices). For the present purpose, we take
these operations to be binary operations, i.e., +, —, x:K x £ — K that, for every belief
set and a sentential input, returns abelief set.

Since members of K are often interpreted as belief states, these operations may be
viewed as state transition functions.? In this paper we confine our discussion only to belief
revision (x).

We state below the constraints that the revision operation is required to satisfy in the
AGM framework. Motivation and interpretation of these constraints can be found in [8].
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1 Wewill be forced to discard this assumption in favour of aunary operation in Section 2.5.

2 Of late [7,18] however, belief states are taken to be more than simply belief sets—belief states are now
taken to mean an entity that has information as to what beliefs are currently held, as well as their relative
45 firmness/entrenchment.
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(4*) IfKt—xthenCn(K U{x}) C K} (Preservation)
5" Ki=K,iff F—x (Consistency)
(6" If Fx <y, thenKy =K} (Extensionality)
() K{ay) SONKY Uy (Super-expansion)

(8% If—y ¢ KithenCn(KyU{y}) S K(,,,, (Sub-expansion).
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1.1. The problem of iterated belief change

e
[
=
N e

[
w
[
w

It is easily noticed that the AGM system tells us precious little about iterated belief
change. The only interesting inference about iterated belief change that we can draw from
the AGM postulatesis
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(This follows primarily from (3*), (4*), (7*) and (8*).) But the AGM system does not
constrain iterated belief change in any manner when —y € K. This has occasionally been
interpreted as the AGM system permitting, when —y € K}, all possible iterated belief
changes consistent with 1*—6*. In other words, in the envisioned situation, (Ky)} may be
equated with any belief set K’ such that y € K’ without violating the AGM constraints.
The following example by Darwiche and Pearl [7] illustrates this point:
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Example 1 (Darwiche and Pearl, 1997). We are introduced to alady X who sounds smart
and looks rich, so we believe that X is smart and X is rich. Moreover, since we professto
no prejudice, we also maintain that X is smart evenif found to be poor and, conversely, X is
rich evenif found not to be smart. Now, we obtain some evidencethat X isin fact not smart
and we remain of course convinced that X isrich. Still, it would be strange for us to say,
“If the evidence turns out false, and X turnsout smart after all, we would no longer believe
that X isrich”. If we currently believe X is smart and rich, then evidencefirst refuting then
supporting that X is smart should not in any way change our opinion about X being rich.
Strangely, the AGM postulates do permit such a change of opinion. ...
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Let us formalise and examine this example. We know that
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K =Cn({smart,rich}), and —smarte K*g ..
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We are to find out whether or not rich € (K* g ) dmart- Since —smart € K* ., clearly
AGM-It has no bearing on this example, so asfar asthe classical account of belief revision
is concerned, any belief set K’ can be this revised belief set so long as smart € K’. For

instance, Cn({smart, —rich}) is as good a candidate as any other!
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1.2. Darwiche—Pearl proposal

In order to aleviate this situation, Darwiche and Pearl [6] impose four further
constraints on the AGM revision operation .3 Their constraints are couched in the K-M
formalism [14] which assumes that each belief set can be expressed as a single sentence.*
We will present these constraints in the AGM terminology instead. The extra constraints
they propose are the following (DP1-DP4):

© 0O N o g b~ W N P
© 0O N o g b~ W N P

DP1: If y = x then (K:);zK;
DP2:  If y = —x then (K})j = K.
DP3:  Ifx € K} thenx € (K})’.
DP4  If —x ¢ K} then —x ¢ (KD)%,
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These four constraints appear to be very plausible indeed. Thefirst postulateisjustified on
the grounds of specificity: since the subsequent evidence y is more specific than the initial
evidence x, thelater evidence washes away the earlier evidence. The second constraint says
that in the case of two contradictory pieces of evidence, it is the later piece of evidence
that prevails. The third postulate is based on the intuition that if learning y is grounds
for believing x, then learning x followed by learning y cannot constitute grounds for
suspending belief in x. Finaly, the last postulate says that if learning y is not sufficient
grounds for dis-believing x, then learning x and then learning y cannot constitute such
grounds either—"no evidence can contribute to its own demise” [7].

Degspite the intuitive appeal of this approach, it was realised very early that these
postulates are too strong. Freund and Lehmann [9] have shown that DP2 conflicts with
the AGM postul ates. Even weakening DP2 in the following manner does not help:®
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For instance, consider K = Cn(#) and K’ = Cn({x}), and let x and y be atomic sentences.
It follows from 1*—6* that Kﬁky = K7}, Hence (Kfy); = (K} ,-,)3- Applying DP2’ to

this equality, we get K" = K77, i.e., Cn({x, y}) = Cn({y}). Contradiction! O
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Such considerationshave led Lehmann [16] to further weaken DP2. Darwiche and Pearl
themselves, on the other hand, have later sought to alter the AGM framework itself to
suit their needs [7]. This they do by assuming analogues of the AGM postulates in a
system that seeks to revise belief states as opposed to belief sets. This re-interpretation
of the AGM system is largely innocuous, except for the modification it requires in the
Extensionality Postulate (6*) which states that logically equivalent pieces of evidence
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3 Inalater paper [7] Darwiche and Pear| slightly altered their framework to the effect that their work is about
the revision of belief states, not about belief sets. We will discuss this further later in this section.

4 Once afi nitary language is assumed, abelief set K can be represented by asentence k such that Cn({k}) = K.
The constraints on abelief revision operation can then be represented as relations among sentences; e.g., the AGM
postulate (7*) can be rephrased as: (k % x) Ay =k * (x A y). See Katsuno and Mendelzon [14] for details.

5 We are thankful to Daniel Lehmann for pointing this out in private communication.
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have the same effect on a body of beliefs. The postulate (6*) licences, for instance,
that Cn({a, b})* , = Cn({a,a — b})}_ _, since a — —a is logicaly equivalent to —a
and the two bellef sets Cn({a, b}) and Cn({a,a — b}) are identical. According to the
modification sought by Darwiche and Pearl, it is not sufficient for this purpose that the
pieces of evidence be logically equivalent and the body of beliefs identical; the belief
states in question must be identical as well. To continue this example, we cannot infer
that Cn({a, b})* , = Cn({a,a — b})’_, _, unless we also know that the (identical) belief
sets Cn({a, b}) and Cn({a,a — b}) are associated with an identical belief state. It is
easily verified that given such a weakened version of Extensionality, the proof above that
DP2’ (and indeed DP2) is inconsistent with the AGM postulates does not go through.
In particular, in the above proof, from the fact that K n= = K%, the derivation of
(Kfy)* (Kmﬁ )} will be blocked.

We do not have any reservation about this particular way of resolving the issue except
for the impression it gives that the problem is being altered instead of being solved.
Furthermore, there are many accounts of belief state revision already available in the
literature [18,25,26]. We instead look at the problem from a different perspective. We
maintain that the AGM framework can still be retained as is, however the revision
operation * adopted by an agent itself evolves in light of new evidence. We recognise
that the derivation of (K’* )y = (KMﬁ )% from K/*} =K}, should be blocked. But the
underlying reason, in our VIGN is dlfferent—the two sequenual revision operations used
are different. We will give more reasons for taking this decision in the next section.
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1.3. Astubborn problem
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There is however a more serious problem with the Darwiche—Pearl approach that was
first reported by Nayak et a. [17]: it is too limited in scope to assist in iterated belief
change in some very common situations. This problem is rather resilient in that although
the weakening of Extensionality buys Darwiche and Pearl consistency with the underlying
belief revision framework, it still fails to address this problem. In order to see that the DP
postulates are too limited in scope, consider the following scenario.
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Example 2 (Nayak et al., 1996). Our agent believesthat Tweety isasinging bird. However,
since thereis no strong correlation between singing and birdhood, the agent is prepared to
retain the belief that Tweety sings even after accepting the information that Tweety is not
a bird, and conversely, if the agent were to be informed that Tweety does not sing, she
would still retain the belief that Tweety is a bird. Imagine that the agent first receives the
information that Tweety is not a bird, then the information that Tweety does not sing. On
such an occasion, it is reasonable to assume that the agent should believe that Tweety is
a non-singing non-bird. However, this is not guaranteed by the Darwiche—Pearl account.
Thisis so, because, as easily seen, AGM-It (if —y ¢ K} then (K7)§ = XM) and DP1-
DP4 are inapplicable in the above case. Note that this problem is not affected by whether
the D—P postulates and AGM postulates are taken to be about belief sets or belief states.
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As we mentioned earlier, we will develop an account of a dynamic belief revision
operation to accommodate Darwiche—Pear| postulatesin an AGM framework. Towardsthis
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end, we will adopt the original Darwiche—Pearl framework [6] in spirit, without courting
inconsistency. In order to handleiterated belief changein all situations, including scenarios
depicted by Example 2, we will extend the account of iterated belief change proposed by
Darwiche and Pearl. The next section is devoted to this end.

2. Dynamic belief revision
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We noted in the last section that although Darwiche and Pearl’s later work [ 7] addresses
the issue of their framework being rather too strong, it still leaves the under-specification
problem as is. There are primarily two reasons why a complete specification of iterated
belief changeislacking in their framework.
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(1) Escaping from inconsistency. Inconsistent belief sets are not beyond the reach of an
agent. However, the D—P approach does not provide an account of how one may revise
one'sheliefsoncesheisin K | .

(2) Problem of counteracting evidence. We will say that x is counter-evidence for y if
—y € K}. If both—x € K3 and —y € K, that isboth x and y are counter-evidencefor
each other, we will say that they are pieces of evidence that counteract. It is possible
for x and y to be mutually consistent, and yet counteract: e.g., ability to fly and being
amammal are a counteracting pair, yet they jointly occur. However, none of the D—P
postul ates are applicable to compute (K )7, if x and y are mutually consistent, but are
acounteracting pair.
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Both of these problems need to be dealt with for completely specifying a strategy for
iterated belief change. Let uslook at them in turn.
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2.1. Escaping frominconsistency
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We propose a very straightforward solution to this problem. We will assume that once
an agent has plunged into logical inconsistency, she loses al the genuine information she
had acquired so far and so starts her epistemic life anew. Thisis arather drastic measure,
but our purpose is to provide an escape route from inconsistency so that a strategy for
iterated belief change can be fully specified. Accordingly we propose:
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e Absurdity: (K1)} = Cn({x}) for any sentence x.
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Thisis perhaps not the best way to deal with this situation. There are other means available
to recover from such inconsistency. For instance, Rott [23] provides a mechanism for
extracting useful information even after plunging into an inconsistent belief state. This
framework, however, involves explicit representation of the “basic beliefs’; our framework
does not have such richnessin structure. It is certainly possible to obtain amore interesting
means of escaping from inconsistency without assuming such rich representation of beliefs
by recourse to certain rather “artificial” means. For instance, as we briefly discuss in
Section 5, we can escape from inconsistency by assuming an “impossible world” apart
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from all the possible worlds. For the purpose of this paper, however, we merely recognise
that it isa special case, and treat it as such.

Darwiche and Pearl themselves [7] claim that they have dealt with this problem.
They have dightly altered the definition of Spohn’s Ordinal Conditionalisation Functions
(OCF's) [25] for this purpose. Spohn assumes that at least one world is assigned the «-
value of 0O; that is, the knowledge of the agent in question is always satisfiable. Darwiche
and Pear| dispense with this assumption, thusallowing belief stateswith inconsistent belief
sets. This they do in the context of showing that their framework can be modeled via
OCF's. However, their framework is completely relational, and usestotal preordersinstead
of Spohn’s k¢ functions. Since atotal preorder does not allow the set of minimal elements
to be empty, it is not clear how their framework can deal with inconsistent belief sets, or
for that matter with self-contradictory evidence.
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2.2. Problem of counteracting evidence
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Let us suppose that all that an agent knows about Kim isthat it is aliving thing. If the
agent were to learn that x : mammal _ki m she would infer that —y : —=f | y_ki msince
very few mammalsfly. On the other hand, if the agent wereto learnthat y : f 1 y_ki m the
agent would infer that —x : —mammal _ki m since most flyers are non-mammals. Thus, x
and y here are a counteracting pair. They are moreover mutually consistent. Suppose that
the agent first learnsthat Kim isamammal, and then that Kim flies. In this case, because of
the evident underlying conflict, the agent might be inclined to check the veracity of these
two pieces of evidence; but given that the evidence in question is as good as the AGM
system requires (cf. Postulate of Success), we submit that the agent should infer that Kim
is aflying mammal (such as a bat). So the subsequent evidence (y) does not override the
previous evidence x.

This example suggests that when x A y I/ L, the sentence x is in (K})} (even) if
—x € Ky and —y € K}. If we alow this principle, then it is reasonable to allow the
seemingly weaker principle that the sentence x isin (K})} if x Ay I/ —x, —x ¢ K and
-y € K (for in this case, y isless “in conflict” with x given the background knowledge
K, than it isin the earlier case). From these two principles, together with AGM-It and
DP3, followsthe following principle:
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e #Recalcitrance: If x A yt/ L thenx € (K;:);.
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2.3. Need for a dynamic revision operation
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In Section 1 we noticed that use of a dynamic revision operation can block unwanted
conflict between DP2 and the AGM postulates. In this section we provide further reason
for adopting such a dynamic revision operation. In particular, if we want to retain
#Recal citrance, then we have to discard the notion of afixed belief revision operator.®
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6 Alternatively we can, like Darwiche and Pearl, discard the basic AGM assumption that the revision operation
is applied to a belief set.
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We have seen that #Recalcitrance appears to be a well justified principle. However, it
turns out to be rather strong. The following impossibility result shows that there is no
revision operation * satisfying the AGM postul ates and #Recal citrance.

Theorem 3. No belief revision operation * that satisfies the AGM postulates satisfies
#Recalcitrance.
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Proof.” Assume, for reductio, that * is a revision operation that satisfies the AGM
postulates and #Recal citrance. Let the belief set K contain two atomic sentences a and
b. Then, by the AGM postulates, K; = K, = K. Hence, (K;)* ., = (K})* v =
K* .- Since each of a and b are individually consistent with —a v —b, it follows from
#Recalcitrance that either of themisin K* ,_,. On the other hand, by Success, —a v —b
isinkK* ., ,.HenceK* ., L.But, by Consistency, since —a v —b{# L, itisrequired

that K* ,,_, 17 L. Contradiction.
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This result has two® alternative explanations:
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(1) #Recalcitranceistoo strong. We should reject/weaken it in a judicious manner.

(2) When we revise our current belief set K to a new belief set K7, it is not only the
belief set K that changes; the revision operation involved, namely x, also undergoes
modification. The revision operation used to revise the “prior” belief set K to K’ and
the revision operation that would be used to revise the “posterior” belief set K’ to,
say, K" are, in general, different. Hence the derivation of (K;)* ,_, = (K})* ,_, =
K* from K; = K; = K isillegal.
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Of the above two explanations, we adopt the second one. We have noted earlier that use of a
dynamic revision operation can prevent the conflict between DP2 and the AGM framework.
Our position receives further support from two different considerations:
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(@) competing accounts of belief change such as Boutilier’s [4] must be interpreted as
implicitly using dynamic belief revision operationsin order to make sense;
(b) the notion of afixed belief revision operation is unintuitive and overly restrictive.
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First we demonstrate that the account of iterated belief change proposed by Boutilier which
has drawn significant attention must be interpreted as using a dynamic belief revision
operation in order to make sense. It is not necessary to go into the detailed structure
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7 For an alternative proof of thistheorem, see [23, pp. 134-135]. We thank Hans Rott for pointing out aminor
error in the proof originally provided in [17].

8 _..or more, depending on what counts as an alternative explanation. Many works in the area [18,19,25,26]
directly deal with the change in the belief state (as opposed to belief set) that incorporates a selection mechanism.
Change in the belief state in this sense corresponds to the change in the revision operation, and hence is subsumed
under the second item below. We choose to underplay this explanation since we have not yet officially introduced
the notion of abelief state, and the notion of belief state played no role in generating the contradiction at hand.
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of Boutilier's account; all we need is the following consequence of his assumptions [4,
Theorem 7, p. 524]:

Theorem 4 (Boutilier, 1993). Let A1, ..., A, bearevision sequencewith oneincompatible
update A,. Then (K3 )%, - )4, = K, 1.4, 14, Where Ag isthe most recent compatible
update for A,. If thereis no such Ax then (K3 )%, .- )%, =K} -

By saying that A, is the only incompatible update, he meansthat each A; (1 <i <n)
is consistent with K;‘;[_l but A, isinconsistent with K;‘;n_l. Thefollowing observationis a
consequence of Theorem 4.
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Observation 1. Let x be a fixed revision operation satisfying Boutilier’s constraints; let
x € K suchthat x - y. Then, =y € K*—x.
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The behavior of a revision operation %, as depicted by this observation, is very
disturbing. Consider an agent who believes that Cleopatra had a son (and hence a child).
According to thisresult, if the agent wereto learn that Cleopatra had no son, then the agent
must concludethat Cleopatrahad no children. But that is counterintuitive: having no sonis
not sufficient evidenceto infer barrenness. We conclude that in Boutilier's system, iterated
revision makes no sense unless it is assumed that the revision operation x changes along
with belief change.

Next we give acommonsensical account of why the notion of afixed revision operation
is counterintuitive. It isageneral AGM assumption that a revision operation « determines
aunique belief set K’ = K given any belief set K and any evidential statement x. If this
is so, then an agent would have no need to change her revision operation x. It, however,
has the counterintuitive consequence that whenever the agent has the belief set K and
accepts the evidence x, she will invariably end up in the same revised belief set K’ no
matter how she came to the beliefsin K. Intuitively the firmness of beliefs plays a crucial
role in determining the revised belief set. It is conceivable that at two different times, ¢
and 12, an agent has the same set of beliefs but the relative firmness of the beliefs are
different. If the agent accepts the same evidence at 71 and 2, the resultant belief sets would
be different. Many works in the literature including Spohn [25], Nayak [18], Nayak et al.
[19], Williams [26] and of course, Darwiche and Pearle [ 7] provide models of belief state
change to account for this. We aim at attaining effectively the same goal by changing the
belief setsinstead; but this cannot be doneif the belief revision operation is fixed once and
for al. Hence the need for a dynamic belief revision operation . It isimportant, however,
to keep in mind that we are not studying a different phenomenon, but offering a different
perspective of the same phenomenon.
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2.4. Nature of dynamic revision
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In light of the above discussion, we submit that the prior revision operation used
to revise K and the posterior revision operation used to revise K} are not necessarily
identical. We denote the former by « as before; the latter is denoted by x|x. Accordingly,
#Recalcitranceisrecast as.
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e Recalcitrance: If x A y b L thenx e (K;“)j'x.

The other principles about iterated revision, namely AGM-It, DP1-DP4 are similarly
modified. It is easily noticed that DP2’, when thus modified, is no longer inconsistent
with the AGM postul ates. Hence, once we adopt a dynamic belief revision operation, there
is no need to weaken DP2'. This, we consider, is further evidence that the belief revision
operation is dynamic, and is not fixed once and for all.

Recalcitrance mandates that if x and y are mutually consistent, x is in (K;‘);‘x
According to the postulate of Success, y is aso in (Kj);'x. Hence x A y isin (K;“)}‘."‘.
It would appear reasonable to assume then, that when x and y are mutually consistent,
(K;:)j‘x isactually theresult of revising K by x A y. Accordingly, we replace Recal citrance
by Conjunction:
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e Conjunction: If x Ayt L then (K})3™ = K*
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This postulate tells usthat if two sequentially received pieces of information are consistent
with each other, then they may be conjoined together into a single piece of information.

Obviously Conjunction implies Recalcitrance. What is more, if we accept Conjunction,
we get AGM-It, DP1, DP3 and DP4 for free:

[
3
[uy
~

N e
S © ®
N e
S © ™

N
[
N
[

Observation 2. In the presence of 1*—6*, Conjunction implies AGM-It, DP1, DP3 and
DP4, provided that the second occurrence of * in them are replaced by an occurrence
of |x.

N
N
N
N

NN
5w
NN
PN

N
(&
N
(&

Accordingly, the final list of postulates for the extended D—P framework, presented
below for convenience, is quite short:
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(0% (K 1)y =Cn({x}) for any sentence x (Absurdity)
(1*—6*) Asinthe AGM
(T*'new)  1fx Ayt Lthen (K)iX = K}

XAy

(8 new) Ifx Ayk L but b —x then (K})JM =K} (DP2).

W N
o ©
W N
o ©

w
s

(Conjunction)

w
N
w W
NP

w
w
w
w

The last two postulates may be viewed as constraints on | rather than on x*, and in fact
jointly defining the meta-revision operation | itself.

It is important to be clear what the last two postulates really imply. Consider for
instance a sequence of observationses, eo, ..., e,, —e, Where ey, e, . .., e, are atomic. It
would appear that the following is sound reasoning: ((K7)..)e V1"t = k2 .,
by (7*new). Hence K revised by the sequence e, e, . . ., e,, —e,, Using (8*new), results
in KX, , thus washing out all the previous evidence. The first step in this reasoning
is lega (by induction). The second step is however fallacious reasoning since it uses
indiscriminate use of Extensionality that dynamic revision is designed to block. On the
other hand, we can see that the desired result is K ..., ._,, - L€t ustake asimpler
example. Consider the observation sequence a, b, —b, where a and b are atoms. We need
to compute ((K)3)*, where +' = x|a and +” = %'|b. We can use (7*new) first, and get
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(KD, = (k*,,) %", But we cannot use (8*new) to simplify it any further now,
since x|a A b isdifferent from (x|a)|b. On the other hand, we can apply (8*new) asthefirst
step and infer that ((K;f);')i/;7 = (K;;)i'z. We can now apply (7*new) to simplify it further
and obtain (K™ = k* _, whereby (K});)*, =K

3
a an—b*

2.5. Dynamicrevision: binary or unary?
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So far we have argued that there are good reasons to view the revision operation
as a dynamic operation. This conclusion presupposed two important assumptions: (1) the
revision operation * is a binary operation, and (2) the revision operation * should be well
equipped to deal with iterated revision. The second assumption is not controversial, since
iterated belief revision is a declared goal of this enterprise. However, as we pointed out
in Section 1, opinion is divided in the research community as to whether or not « should
be viewed as a binary operation. We revisit the issue here, since, as we will soon see, the
dynamic revision must be interpreted as a unary operation.

Let us see why the assumption that * is a binary operation is so intuitively appealing.
The job of the operation = is to provide a mechanism to accommodate new information. It
is tempting to think that each epistemic agent is blessed with her own revision operation,
and no matter what her current beliefs are, can use this operation to revise them in light of
new information. Since theoretically any member K € K could bethe agent’s current belief
set, there is good reason to assume that =+ must be a binary operation taking an arbitrary
belief set asits first argument.

Thismotivation, however, runs counter to thefact that * isadynamic operation. In order
to illustrate this point, let us consider atrivial language £ generated by two atoms « and
b. Accordingly, there are sixteen members in K (corresponding to the sixteen possible
sentences in this language modulo truth-functional equivalence), say K1, ..., K16. Lét
us assume that the agent’s initial belief set is K1 = Cn({a, b}), and her initial revision
operation is x. Now, since % is a binary operation, it maps any belief set in K and any
sentencein L to abelief set. Let’s say thefirst piece of evidence the agent acceptsis —a,
and her revision operation « happens to map (Cn({a, b}), —a) to K2 = Cn({—a, b}), i.e.,
(K1)*,, = K2. In the process, of course, the revision operation *, being a dynamic one,
evolves to x|—a. We of course know that this new operation x|—a can be used to revise
the new belief set (K1)* , = K. However, we have to grant that x|—a is also a binary
operation, and that this operation also maps every belief set, sentence pair to a belief set.
For instance, we should be able to meaningfully talk about the belief-set (Klg)Z‘ﬁ“. But
we cannot do that without ensuring that K12 is the result of revising some “initial” belief
set by —a—and obviously K1 was not thisinitial belief set. The emerging picture is that,
while migrating from x to x|—a, we not only revise the actual initial belief set K1, but also
other members Ko, ..., K1 0f K which potentially could have been the initial belief set.
How we can systematically revise such potential belief sets appearsto be problematic.

That, however, is not the end of our troubles. Since the operation *|—a can take any
member of K as its first argument, we must ensure that for every member K; € K there
is a member K; € K such that (K;)*, = K. In other words, the unary function *-,
constructed from x by fixing its second argument to —a must be a 1-1 mapping from
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K to K. But that isabig ask! There is nothing special about our choice of —a as the first
piece of evidence we chose. It could have been any other sentence of the language L7 .
So what is required is that, for any sentence x of L7, theinitial revision operation * must
be such that the unary function =, constructed from it by fixing its second argument to x
must be a 1-1 mapping from K to K. But that is not possible, specifically because * is
a constant function mapping every member of K to K ! We hasten to add that no special
appeal was made in this argument to the fact that we chose L for the purpose of this
illustration—the argument will go through no matter which languageis at issue.

The above argument conclusively shows that, contrary to our initial assumption, a
dynamic belief revision operation cannot be a binary revision operation. Further reasons
for choosing unary revision operations over binary operations can be found in Rott’s [24].
From here onwards, we assume that the revision operation * is actually a unary operation,
taking only an evidential sentence asits argument, and that the K in the postul ates of belief
revisionisafixed belief set; i.e., « : L — K. Dropping thereferenceto K isnot ahandicap,
since it can be obtained from the (initial) unary operation * as follows: x(T) = K. Thus
one may view the operation * asthe belief state itself, since it not only providesthe means
to change one’s beliefs, but encodes the beliefs as well.

It is worth noting that there are two operations involved when an agent revises her
beliefs. Thereis the (unary) revision operation * that determines what the agent’s beliefs
would be after therevision step: x(x) isthe new belief set. Thereisa (binary) meta-revision
operation | that determines what the next revision operation would be: x|x is the new
revision operation. It is tempting to draw an analogy with Bayesian Updating which pre-
dates (and has significant connection with) belief revision.

According to the Bayesian view, an agent’s belief state is represented as a Probability
function, P. Accordingto the view we are espousing, it is represented by the unary revision
operation x. In both the frameworks, the (full) beliefs of the agent can be obtained from the
respective belief states: it isthe set of sentencesthat have probability 1 (full probability)®in
the former, and x(T) in the latter. Both the frameworks also alow for iterated belief-state
change. Thereis however adight twist.

The way iterated belief change is dealt with in the probabilistic framework can be
viewed in two different ways. One way of looking at it isthat the belief state is represented
as an absolute probability function, say initially Py. When apiece of evidencee; (fori > 0)
isreceived, the relevant belief state P;_1 gets updated to the new belief state P; asfollows:
P;(x) = Pi_1(x | ¢;). Thus the job of the probability function P is to determine what is
believed (to what extent), whereas a state-transition function | is used to modify the belief
state P. Thereis however another way of looking at it. The belief state is represented not
by an absolute measure, P(.), but by aconditional probability measure P(. | —), wherethe
second argument is any (possibly empty) sequence of evidential sentences. The rules of
probability calculus determine the probability due to any sentence, given any sequence
of evidence (with the standard proviso necessary to avoid division by 0). The initia
(absolute) probability measure Py would correspond, in this view, to the state P(. | 0)
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9 {x | P(x) =1} if absolute probability measure isbeing used, {x | P(x | £2) = 1} if aconditional probability
measure is being used.
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where 0 represents the empty sequence. The (absolute) probability measure P; inthisview
will correspond to the state P(. | {e1, ..., e;—1)). The interesting thing to observe hereis
the notational simplicity achieved, and the way it hides the dynamic nature of the belief
state under the veneer of the fixed (but parametrised) probability function. According to
one school of thought [22], it is the notion of conditional probability that is the primitive
notion of probability; the notion of absolute or unconditional probability isaderived notion
obtained from the conditional probability by conditionalising with respect to the whole
event-space. On the other hand, traditionally the notion of absolute probability, due to its
intuitive simplicity, is taken to be the primitive one, and that of the conditional probability
as a derived notion. Both ways of looking at probability are equivalent.

Anaogously, there are alternative ways of looking at the dynamic belief revision
operation *. The notation we have been using is suggestive of the former perspective:
the belief state is represented as a unary revision function, say initialy =g, that takes an
evidential sentence as its argument. When a piece of evidence ¢; (for i > 0) is received,
the then current belief state x;_1 gets updated to the new belief state ; as follows:
*; = x;_1|e;. A revision step is carried out in two sub-steps. Given current belief set
K;_1=%;_1(T) and evidencee;,
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The other perspective of belief revision has been advocated by Rott [24]. According to this
view, the analogue of the latter perspective on probabilistic representation of belief states, a
belief stateis represented by a unary revision operation * that takes a sequence of evidential
sentences asits argument. Theinitial belief set Kq in thisframework correspondsto the set
%(0), and the belief set K; correspondsto x({e1, ..., ¢;)). Again, here the notation hides
the fact that the revision operation undergoes change.

One might wonder if we cannot unofficially drop the | notation after officially
introducing it for the sake of readability? Surely, we can read off from the unofficial
expression (Kj)j that the second occurrence of * is a short-hand for x|x! It is easy to
notice that tempting though this proposal is, it is still worthwhile to stick to our official
notation. Imagine what would happen if we alowed the proposed unofficial notation in
the example we considered earlier at the end of Section 2.4, namely ((K})})¥,. This
expression becomes ((K;);)*, in the unofficial notation. Applying (8*new) followed by
(7*new) we get from this expression K, _, as desired. But on the other hand, if we apply
(7*new) first, we obtainfrom ((K);)* , theexpression (K7, ,)* . But now thereisnothing
to prevent us from applying (8*new) and obtain the incorrect result K*, —unless, at least,
we introduce extra rules to make such application of (8*new) illegal. Thus, although from
the original (unofficial) expression, ((K;);)*,, we can read off the intent behind different
occurrences of the operation *, book-keeping becomes difficult in the inferential process.
Accordingly we suggest that the official notation should be retained.

Let us now reconsider what we have done. We assumed a binary belief revision
operation from the start. We noticed that there are associated problems in dealing with
iterated belief change and argued for viewing this operation as a dynamic one, and argued
for a set of congtraints that this operation should satisfy. But later we noticed that this
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operation cannot be a binary operation after all, and decided to reinterpret it as a unary
operation. But if we started from a unary operation from the beginning, we probably
would not have faced any problem in the first place. So what good are the constraints
that we imposed on the dynamic revision operation? The fact is, if we interpreted « as
a unary operation right from the start, then the Classical AGM account does not tell us
anything at all about iterated belief change. Even AGM-It would not follow from the eight
AGM postulates. So we would need extra postulates to deal with iterated belief change.
The Darwiche—Pearle postulates are definitely good candidates to consider. Even if we
consider the revision operation % to be a unary operation, the D—P postulates remain over-
permissive, and need to be strengthened. The extra constraints we imposed do precisely
that.

The account we have provided, though principled, is not constructive in nature. The
value of the later approach by Darwiche and Pearl lies in that it attempts to provide a
construction for this dynamic revision operator. It however fails because it does not fully
specify how this new operator is to be constructed. In the next two sectionswe provide two
different ways of constructing the dynamic belief revision operator. In Section 3 we will
examine how the dynamic belief revision can be constructed viarevision of a belief state
represented as an entrenchment relation. In Section 4 we will analogously do the same
when abelief state is represented asatotal preorder over models of alanguage, albeitin an
indirect manner. For the sake of readability, although * isintended to be a unary operation,
we still use expressions such as K. In such expressions, K should be construed as the
belief set associated with *, namely, (T).
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3. Character of entrenchment kinematics
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In this section we provide a constructive account of dynamic belief change presented
in the last section via the account of entrenchment kinematics offered by Nayak et al.
[19]. In particular, we will look at how the account of dynamic belief revision offered
in the previous section can be characterised in terms of change in belief state, with the
assumption that a belief state is represented as an epistemic entrenchment relation. We
will aso see how the problematic Example 2 is dealt with in terms of changein epistemic
entrenchment.
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3.1. Entrenchment kinematics
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In [19] abelief state is represented as an epistemic entrenchment (EE) relation which
isdightly different from the standard epistemic entrenchment (SEE) relation introduced in
AGM [10]. An EE relation, <, is defined as any relation over the language £ that satisfies
the following four constraints:
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42 (EE1l) Ifx=<yandy=<zthenx <z (transitivity)
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(EE2) IfxFythenx=<y (dominance)
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45 (EE3) Foranyxandy,x <xAyory=<xAy (conunctiveness)
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1 (EE4) Giventhat 1L < zfor somez, 1
2 if y<xforaly, then - x (maximality). 2
4 The belief set accompanying the EE relation is the epistemic content of this relation, 4
5 defined asfollows: 5
6 6
" Definition 5 (Epistemic content). 7
8 8
9 {{x|J_<x} if Lisnot <-maximal, 9
EC(x) = .
10 K| otherwise. 10
11 11
12 We note that the epistemic content of an EE relation < isinconsistent, i.e.,, EC(x) =L, 1
13 whenfor every sentences x, y € £: x < y. We denotethis absurd EE relation by < . 13
14 Belief change in this framework is captured by providing an account of how the EE 14
15 relation < changesin light of new information. The revision of the EE relation < inlight 15
16 of evidence e is denoted by <©. Here we equivalently reformulate that definition of <€ 16
17 as. 17
18 18
19 Definition 6 (Entrenchment revision). x <@ y iff any of the following three conditionsis 19
20  satisfied: 20
21 21
2 (@) ek L 22
23 (b) ex, ey AND 23
24 24
25 either -y 25
2 or both b x and x < y 26
27 27
28 (C) e/xand (e — x) < (e—Yy). 28
29 29
30 The following consequences of this definition may be taken to provide the justification 3o
31 forit: 31
32 32

w
w
w
w

(1) If e L then x <9 y for every sentences x and y. This leads to an inconsistent
epistemic content, and hence accords well with the AGM account. In fact it follows
that <@ =< iffel- L.

(2) Giventhat < isabsurd,i.e.,, <==< ,andel/ L,

(@ If el x thenx <@ y foral y. Thisis so because e isthe only knowledge the agent
has so far. Accordingly, non-consequences of ¢ are unknown, hence minimally
entrenched.

(b) If e x, ¥ x and i/ y then x <9 y iff e - y. This condition essentially says that
non-trivial consequences of the evidence are now believed on an equal footing.
Thisisrational given that there was no knowledgein < .

43 (3) Giventhat < isnon-absurd, t/ e, b# x and I/ y,

44 (@ Iferxandelythenx <@ yiff x < y. That is, the relative entrenchment among

45 the consequences of the evidence e are not affected.
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(b) If et/ x and e t# y then x <@ y iff e > x < e — y. This condition says that the
entrenchment among the non-consequences x and y of the evidenceis determined
by the prior entrenchment of the relative informationin x and y with respect to the
evidencee.

(©) If et/ x and e -y then x <@ y. This condition tells us that the consequences of
the evidence have higher priority than its non-consequences.

3.2. Example 2 revisited

© 0O N o g b~ W N P
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[
o

10 As a litmus test, let us apply this account of entrenchment revision to Example 2.
11 Towards this end we present two definitions which are based on analogous definitions in
12 the AGM literature. These definitions provide recipes for constructing an entrenchment
13 relation from a given revision operation and, conversely, for constructing a revision
14 operation from a given entrenchment relation.

15

16 Definition 7 (EE to x). Let < bean EE relation and K = EC(=x). Definex< as. y € Ki®
17 iffeither (x > —=y) < (x = y)orx Fy.

18

19 Definition 8 (x to EE). Let % be a belief revision operation satisfying the eight AGM

P e O i =
© ® N o o b~ W N P

20 postulates where K = «(T). Define <, asi x <, y iff either x ¢ KX | orxAyor 20
21 K=Kj. 21
22 22
23 =<, is demonstrably an EE relation with epistemic content K. On the other hand, the 23
24 operation x< iS also demonstrably a revision operation satisfying the AGM postulates 24
s 1*-8*. 25

26

27 Entrenchment Kinematics and Example 2. We assume a language generated by two
28 atomsbird and sing. Our initial belief state K is Cn({bird, sing}). We assume that the EE
29 relation associated with K is <. Our goal isto show that if < isfirst revised by —bird and
30 then by —sing, the sentence —bird will still be accepted in the resultant belief state, i.e.,
s —bird will beamember of the belief set associated with the EE relation (<% 9gng BY
32 Definition 7, and thefact that <©, , isaconnected relation, it will be sufficient to show that
38 (—sing — —bird) ﬁ?bird (—sing — ——bird). Since —bird t# L, =bird - (=sing — —bird)
34 and —bird I (—=sing — bird), the desired result follows from Definition 6.

35

36 Thus we notice that the entrenchment revision mechanism advocated here has the
37 desirable feature we need. We will now state some formal results to the effect that this
38 revision mechanism has the appropriate formal properties.

39

40 3.3. Dynamic belief revision and entrenchment kinematics

41

42 Itisshownin [19] that if the epistemic contentsof < and <© are, respectively, identified
43 with K and K, then the revision operation * so defined setisfies the AGM postul ates
44 of belief revison. We show below that the postulates 0*—8*(new) actually describe the
45 account of iterated belief revision provided in [19].
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Theorem 9. Let e be any arbitrary sentence. Let x and itsrevision x|e by e betwo revision
operations such that the postul ates 0*—8*(new) are satisfied. Then (<)9 = <ye.

This result shows that given two revision operations x and x|e satisfying 0*—8*(new),
Definition 8 generates from them two entrenchment relations, the latter of which is the
revision of the former by the evidence e in accordance with Definition 6.

Theorem 10. Let < be an EE relation and <¢ the result of revising it by a sentence e.
Then therevision operations + = x< and *|e = x_o satisfy the postulates 0*—8*(new) with
respect tothe belief set K = (T) =EC(x).

© 0O N o g b~ W N P
© 0O N o g b~ W N P
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Thistheoremtells usthat given two entrenchment relations < and </, thelatter being the
revision of the former by evidence e in accordance with Definition 6, we can generatefrom
them revision operations * and *|e with the help of Definition 7 which satisfy postulates
0*-8*(new).

Two Theorems 9 and 10, together, provide what may be seen as a representation result
connecting the account we offer in this paper and the account of entrenchment kinematics
offered in [19]. Our next two theorems examine what happens when we reconstruct a pair
of revision operations (entrenchment relations) from another pair by completing the circle
(using both Definitions 7 and 8 consecutively).
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Theorem 11. Let * and x|e be two revision operations satisfying the postulates 0*—
8*(new). Let K = %(T) and K’ = K. Then the revision operations <, and %<, are
belief revision operations that satisfy 0*—8*(new).
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As expected, when we reconstruct a pair of revision operations from another via
an entrenchment relation, the appropriate relation between the recongtituted revision
operations hold.
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Theorem 12. Let < be an EE relation, and <& the result of revising < by a sentence e.
Then <, = <and <, , ==<¢.
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This result is not surprising, since it easily follows from results in the AGM
literature [10], but we list it here only for the sake of completeness in exposition. On the
basis of these results, we conclude that the postulates 0*—8*(new) characterise the account
of entrenchment kinematics discussed in [19].
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4. A semantic characterisation
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In the last section we examined how the account of iterated belief revision we offer
can be characterised in terms of change in epistemic entrenchment. In the literature [5,7],
belief revision is often aso given a semantic characterisation in terms of a plausibility
ordering over the interpretations generated by the background language. Accordingly, our
approach can also be semantically captured by an account of how the plausibility ordering
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over the interpretationsis modified in light of new evidence. We will borrow the semantic
framework adopted by Darwiche and Pearl for ease of comparison. In the process we
will explain what it is that prevents Darwiche and Pearl offering the intuitive solution to
Example 2, but allows us to do exactly that.

4.1. Semantics of belief change

Definition 13. Let £2 be the set of possible worlds (interpretations) of the background
language £ and C atotal preorder (a connected, transitive and reflexive relation) over £2.
For any set X C §2 and world w wewill say w isaZ-minima member of X if and only if
bothwe ¥ andw C o’ foral o’ € X.
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By w1 C w2 we will understand that w is not more plausible than w;. The expression
w1 = w2 Will be used as a shorthand for (w1 E w2 and w2 C w1). The symbol C will
denote the strict part of C. For any set S C £ we will denoteby [S]theset {w e 2 |w =
s for every s € S}. For readability, we will abbreviate [{s}] by [s].

Intuitively, the preorder C will be the semantic analogue of an EE relation. They both
represent the belief states of an agent. Just as EC(<), the epistemic content of <, captures
the belief set associated with <, similarly we will say that K¢ is the belief set associated
with the preorder C. It is defined as the set of sentences satisfied by the C-minimal worlds,
i.e,
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Ke={xel]|wExforal C-minima w € 2}.
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A specia case has to be made to represent the belief state of an agent who has courted
inconsistency. From this agent’s point of view, effectively there are no “most plausible”
scenarios—the set of most plausible worlds is the null set. We will represent the belief
state of this agent not by atotal preorder C but by the empty relation C | : for every pair
w, 0 € 2,0 Z] . Since C; does not have any minimal element, it is clear that the
belief set associated with it is K , as we would expect. As far as we are concerned, once
the agent has reached the state T , she has lost al information, and needs to start her
epistemic life from scratch.

Now that we know how to extract the belief set associated with abelief state C, we might
want to know how belief revision itself can be captured in this semantic framework. It is
well known that an AGM-rational belief revision operation = based on atotal preorder C
can be constructed asfollows [12]
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(Grove) x € K, iff w = x for every world  that is = -minimal in [e].
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Note that this definition does not take care of the situation where the belief state is the
absurd one C | . To deal with this scenario, we modify Grove as follows:
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Definition 14 (C to ).
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[e] € [x] ifcC=0Cc,,
o = x forevery w C -minimal in [e] otherwise.
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4.2. lterated belief change: two received accounts

The reason the AGM account of belief revision does not cope well with iterated belief
changeisthat in general the resultant belief set K, = isnot appropriately associated with the
origina preorder C. In particular, since [K.5] isnot the set of C-minimal elementsin 2,
amore appropriate belief state must be constructed to be associated with K, =. Different
accounts of iterated belief change are effectively accounts of generating a new preorder
C based on the original preorder E and evidence e that can be appropriately associated
with the new belief set K=, i.e., [K, ] isexactly the Co-minimal elementsof £2. In other
words, all these approaches attempt to supplement the following condition on the preorder
revision operation o:
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Faith. If w1 is E-minimal in [e], then w1 is &;-minimal in £2
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with further constraints so that atotal preorder = isfully specified. It is easily noticed that
the condition Faith is mandated by Definition 14 presented earlier together with the view
that the belief set K- associated with any preorder E isthe set of sentences satisfied by the
C-minimal worlds. Hence Faith is indeed required by the classical AGM account of belief
change. Darwiche and Pear| [6] impose the following additional constraintson o:
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DPSL. IfwiEeandwy =ethenwi Cf ws iff w1 & w).
DPS2. If w1 = —e and w2 = —e then w1 E w2 iff w1 & wo.

N
[
N
[

N
N
N
N

N
w
nN
w

DPS3. If w1 e andwy = —ethen wy C) ws if w1 C wp.
DPS4.  If wy =e and wp = —e then wy E7 ws if w1 E wp.
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It is easily noticed that these four constraints together with Faith are not sufficient to
uniquely determinethe revised preorder C¢. In fact Darwiche and Pearl point outin[7] that
Boutilier's account of Natural Revision [4] can be obtained by adding further constraints
(andfaultit asbeing abit of an overkill). However, the reason Darwiche and Pearl’ s account
fails to satisfactorily deal with Example 2 is precisely the under-specification of the new
preorder. Torevisit Example 2, let usassumethat thelanguage £ isgenerated by two atoms,
bird and sing, and accordingly supportsfour interpretations (worlds). L et these four worlds
be w1 — w4 asfollows:
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w1 EbirdAsing, w2 —-birdAsing, w3kE=birdA-—-sing and
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w4 = —bird A —sing
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s0 that [bird] = {w1, w3} and [sing] = {w1, w2}. According to Example 2, then, K =
Cn({bird, sing}), Ky 4 = Cn({—bird, sing}) and K*,,, = Cn({bird, —~sing}). It is easily

w
@
w
@

—sin
verified that the following are the only three preordersthat are consistent with this example,
given Faith:
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Preorderl. w1 C wo C w3 C wa.
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Preorder2. w1 C w3 C w2 C wa.
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Preorder3. w1 C w2 = w3 C wa.
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Since Darwiche and Pearl’s account is built on top of Faith, the above inference is in
accordance with their account as well. Now we are in a position to examine Example 2
from the perspective of the D—P account.

Example 2 and the D—P Account. Example 2 and the D—P Account In order to get the
desired result that (KX q)%gng = Cn({—bird, —sing}) we need wy to be the only C2; 4-
minimal world in [—sing], that is we require that w4 C° ;4 w3. We further note that no
matter which of the three preorders, Preorder1—Preorder3, is the correct one, w3 C w4. SO
while we have w3 T wa, we need waq C2 ;4 w3 for the exampleto go through. A brief look
at the four constraintsimposed by Darwiche and Pearl shows that such reversal of ordering
among worlds is not guaranteed (although permitted). In thus not tightly specifying =2,

Darwiche and Pearl’s account suffers from the burden of over-permissiveness.
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That Darwiche and Pearl’s account is over-permissive is evidenced by the fact that
it is consistent with Boutilier's Natural Revision which has undesirable consequences.
Boutilier's Natural Revision is obtained by supplementing Faith and (DPS1-DP4) with
the following two additional constraints:
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NR1. Giventhat w1, w3 =e and wr = —e, if w3 C w1 and wo C w1 then
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w?2 Eg w1.

NR2. Giventhat w1, w3 =e and wr = —e, if w3 C w1 and wr C w1 then
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w?2 ES w1.

It is easily verified that together with Faith and (DPS1-DP$4), these two additional
constraints fully specify the new preorder C2. However, as it turns out, Natural Revision
does not give the right answer to Example 2 either!
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Example2 and Natural Revision. We notethat wz, w4 = —bird and w3 = bird. Moreover,
in each of the three preorders (Preorder1—Preorder3), both w2 C w4 and w3 C wg. Itisnow
easily verified that if we apply Natural Revision to Example 2, no matter which of the
three preordersis the prior, by NR2, after revision by —bird we get w3 C° ;4 wa. Thisis
exactly the opposite of what we need, namely, wq C2 ;4 @3. Hence Natural Revision fails
to provide the appropriate solution to Example 2.

In fact, irrespective of which preorder (among Preorder1—Preorder3) is the prior, by
Faithwe get wp C2 ;4 @1, by DP1we get wp C2 4 w4, and by DP2 we get wy C2 ;4 ws.
Thus we get wp C° ;g @1 T2 piq @3- From NR2 we get w3z C° ;4 w4. Thus, altogether,
we get wp T2 g @1 T2 pirg @3 T2 piq @a. By Faith, then, w3 is T2 -minimal in —sing.

Accordingly, we get the undesirable result that (K jbird)’i‘;r?gd = Cn({bird, —sing}).
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4.3. Another proposal: simple lexicography
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We have noticed that the primary problem with the Darwiche Pearl account isthat it, by
under-specifying the revised preorder C¢, makesroom for undesirable accountsof preorder
evolution such as Natural Revision. Our goa is to strengthen the D—P account so as to get
amore appropriate account of preorder revision.
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Let usfirst set up the machinery to deal with the special cases.

SimpSpeciall. I [e] = @ then, and only then, Co=C ;.
SimpSpecial2.  Else, if E=C |, then w1 =, wy iff éither w1 = e or wy = —e.

It is clear from SimpSpeciall that the revised relation C; is the empty relation C |
if and only if e = L. This is vindicated given that in the AGM account, an agent
courts inconsistency exactly if the accepted information itself is inconsistent. The second
condition, SimpSpecial 2, saysthat if the agent isin the absurd state = | , and receives some
informativeevidence e, then the only structurethat its belief state would haveisthat worlds
satisfying e are positively preferred to the worlds failing to satisfy e. The agent would be
indifferent among worlds in [e] (respectively [—e]) so that the new state becomes a total
preorder.

For the general case, when the prior preorder is nonempty (C # C | ) and the evidence
is satisfiable ([e] # ), we propose the following constraints:
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SimpLexl. If w1 =eandwy =ethenws T wy iff w1 E w).
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SimpLex2. If w1 = —e and wy = —e then w1 E7 wy iff w1 E wp.
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SimpLex3. If w1 l=e and wy = —e thenwi T wp.
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The SimpLex conditions are specialisations of the lexicographic ordering proposed in
[18].19 It is easily noticed that conditions SimpLex (1-3) completely specify the preorder
2. Note that SimpLex1 and SimpLex2 are smply DPS1 and DPS2, and DPS3 and DP$4
are immediate consequences of SimpLex3. Finally, SimpL ex guarantees Faith. Hence, itis
a strengthening of the D—P account.

Let us now have another look at Example 2, keeping our preferred account of preorder
change:
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Example 2 and SimpLex. We note that [bird] = {w1, w3} and [—bird] = {w2, ws}. It
immediately follows from SimpLex3 that w4 C° ;4 @3 NO matter which of the preorders
Preorderl to Preorder3 is the prior preorder. As we noted earlier, that guarantees that

—bird € (K* ;)" g0 . s desired.
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4.4. SmpLex and entrenchment kinematics
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The SimpLex approach solves the problem raised by Example 2. However we have yet
to formally show that thisactually capturesthe semantics of the dynamic revision operation
presented in Section 2. We could proceed in one of two ways for demonstrating this. We
can show that, in a manner analogous to what we did in Section 3, the SimpL ex method
semantically characterises the dynamic belief revision operation discussed in Section 2.
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10 The revision method proposed in [18], dubbed lexicographic revision by many researchers now (see, for
instance, [3]), assumed that the evidence itself is a preorder as well. If a piece of “naked evidence’, such as a
sentence e, is represented as: w C o' iff either o ¢ [e] or o’ € [e], then the lexicographic revision conditions
reduce to SimpLex.
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Otherwise, we can exploit the known semantics of epistemic entrenchment. We will adopt
the latter strategy.

Definition 15. The trivial EE relation < and the empty relation C, are each other’s
counterpart, and are counterparts of no other relations.

When the EE relation < £ < and C isatotal preorder over £2, we will say that < and
C are each other’s counterpart just in case the following condition holds:

for every sentences x and y, x < y iff either [y] = 2211 or there exists world w1 which
isC-minimal in [—x] and w1 T wy for every world wy that is =-minimal in [—y].12
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Notethat since C istotal, if two distinct worlds w and o’ are C-minimal in some subset
S C 2, then w = '. Hence, given < and its counterpart =, from x < y and any worlds w1
and wy that are respectively C-minimal in [—x] and [—y], it followsthat w1 C wp.

It is well known that given an EE relation < and its counterpart preorder C, the
revision operations < and xc generated from them respectively using Definition 7 and
Definition 14 are identical [21].12 In this context, the following result is interesting:
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Theorem 16. Let < be an EE relation and C either an empty relation °,; or a total
preorder over 2. For every sentencee, therevised EE relation <& and the revised preorder
C¢ are each other’s counterpart, given that < and C are each other’s counter part.
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In Section 3 we have shown that entrenchment kinematics provides the recipe for
modifying an EE relation in a way that captures the dynamic belief revision operation we
want. Now we have shown that entrenchment kinematics (as captured by ®) and preorder
revision as represented by o take two counterpart relations (< and C, respectively) to
relations that are counterparts of each other. Hence, we get the semantic anal ogues of the
resultsin Section 3 for free. In other words, semantic anal ogues of Theorems 3—7 hold.
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5. Discussion and conclusion
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In this paper we have argued that a reasoned account of iterated belief change,
should supplement the AGM account of belief revison. We have shown that an
extension of a dight variation of the Darwiche—Pearl framework, based on a dynamic
belief revision operation, is a suitable candidate for this task. Finally we provided two
constructive accounts of dynamic belief revision via entrenchment kinematics and Simple
Lexicography.

w
IS
w
B

w W W W W
© 0 N o O
W W W W W
© o N o O

IS
o
IN
o

11 \We need this condition to deal with special situations involving empty sets of worlds.

12 Normally the second disjunct of this definition is put as: “there exists world wq € [—x] such that w1 C wp
for every world wo € [—y]”. We make the definition slightly complicated (but equivalent) in order to simplify
some of the proofs.

13 That is not entirely true, since we have adapted < and C to deal with inconsistent evidence L. But that
should not create any problem here.
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5.1. Comparison with natural revision

Questions till linger asto how good the proposal we advocateis. We present below two
examples that Darwiche and Pearl [7] use to illustrate that Boutilier's account of Natural
Revision is too stringent. It turns out that our account of dynamic belief revision blocks
both counterexampl es.

Example 17 (Darwiche and Pearl, 1997). We encounter a strange new animal and it
appears to be a bird, so we believe the animal is a bird. As it comes closer to our hiding
place, we see clearly that the animal is red, so we believe that it is ared bird. To remove
further doubt about the animal’s birdness, we call abird expert who takesit for examination
and concludes that it is not a bird but some sort of mammal. The question now is whether
we should still believe that the animal is red. (Intuitively we should, according to Natural
Revision we should not.)
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Assuming atoms bird and red, and the initial belief set K = Cn({bird}) this example

asks whether or not red € (K;“ed)i'gff’d. It immediately follows from (7*new) that

ed ed . ,
(K el = Kx, .y whereby red e (K%,) .. This example can be easily examined

via entrenchment kinematics or SimpL ex, leading to the same result.

[
3
[uy
~

N e
S © ®
N e
S © ™

N
[
N
[

Example 18 (Darwiche and Pearl, 1997). We face a murder trial with two main suspects,
John and Mary. Initially it appears that the murder was committed by one person, so our
initial belief set is K = Cn({john <> —mary}). As the trial unfolds, however, we receive
a very reliable testimony incriminating John, followed by another reliable testimony
incriminating Mary. At this point, it is only reasonable to believe that both suspects took
part in the murder, thus dismissing the one-person theory altogether ... (Natural Revision
will dismiss the testimony against John, no matter how compelling.)
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From the point of view of dynamic revision, thisexampleis very similar to Example 17.
We are trying to compute (K. jT)hn %{0?," Since john A mary t/ L, by asimple application of

*[john

(7*new) again we get that (Kj’ghn)rmry = Kj*;)hmmry whereby both John and Mary are
believed to have participated in the murder. Again, this example can be examined via
entrenchment kinematics and SimpLex, confirming the same result.

Thuswe notice that our account provesto be quite robust against clear counterexamples.
In contrast, although Darwiche and Pearl’s account does not give the wrong result in these

examples, it does not block these counterexamples either.
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5.2. Revising inconsistent belief sets
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Of the postulates introduced here, one of the more contentious is the postulate of
Absurdity that deals with revision of the inconsistent belief set K, . This postulate can be
criticised as being too severe. In particular, it can be argued that adoption of this postulate
goes against the Principle of Informational Economy advocated by the AGM and other
approaches to belief revision. That is, “retain as much as possible of our old beliefs’ [8,
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p. 49]. However, under our approach both beliefs and the structure of C are lost once
revisionresultsin the absurd belief set K | . The basisfor our approachisacloser adherence
to the standard AGM constructions.

If we would like to retain some of the structural information, a modification to our
approachisto introducean additional element w besidesthe set of possibleworlds 2. The
preorder C isnow defined over 2 U{w, }. Theworld w, can beviewed asan “impossible”
world and has the following properties:

© 0O N o g b~ W N P
© 0O N o a b~ W N P

(1) w1 ¢ [x] whenever x I/ L; and,
(2) [x]={w.} Whenever - —x.
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In other words, the impossible world w, is“consistent” only with logical falsehoods (and
isthe only world so consistent). Moreover, in our semantic construction C we ensure that
w, isconfined to its own rank and is the only element at thisrank. That is,
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Either w, Cw o wCw; fordlwes.
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If this condition is satisfied by an ordering C over 2 U {w, }, then it is easy to show that it
is also satisfied by arevised preorder C¢ (satisfying SimpLex1-SimpL ex3).

In this scheme it is no longer required to represent the empty relation C ;. The absurd
belief set K, is associated with any relation = in which w, is the (only) =-minimal
element. Moreover Definition 14 is now simplified. With the understanding that w, = L,
the latter part of the conditionis all that is required.

A further requirement that one might consider isthat v be either the (sole) C-minimal
elementwhen K = K| or bethe (sole) C-maximal element otherwise. Thislatter condition
makes some intuitive sense as one can argue that w; should not be considered more
plausible than any other possible world when K is consistent. However, in doing so
one would pay the price by needing to complicate the conditions SimpL ex1-SimpL ex3
to dtipulate the special handling of w;. Without this further requirement conditions
SimpLex1-SimpL ex3 can be used as they stand.

Along analogous lines, an epistemic entrenchment relation can be also modified so that
we can provide a more sophisticated account of escaping from inconsistency.

While going to these lengths would alow us to retain the structure inherent in C, it
does so at the expense of introducing the rather arbitrary construct w; . In this paper we
have chosen to remain faithful to the traditional AGM constructs and forsake such artificia
considerations. In summary, each of these proposals has its strengths and weaknesses. We
have chosen what we consider to be a reasonable compromise to deal with this boundary
case.
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5.3. Conclusion
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In this paper we have argued for the need to enhance the traditional account of AGM
belief revision with an account of dynamic belief change. While we are by no means the
first to decry this deficiency in the AGM account, there are several novel aspects to our
approach. Of the existing approachesto this problem, we have argued that the Darwiche—
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Pearl account is too permissive. On the other hand, the approach offered by Boutilier does
not deal well with some important cases.

We have introduced an approach to iterated belief change based on dynamic belief
revision operators. Postulates for dynamic belief revision are motivated and supplied.
These give quite intuitive constraints on the dynamics of belief revision operations. We
have also supplied two constructive modellingsfor our account of dynamic belief revision.
Thefirst is based on the notion of epistemic entrenchment. The second is based on possible
worlds and Simple Lexicography.

The nature of commonsense reasoning is such that we can never establish beyond doubt
that our account will not fall prey to the next counterexample. However we can take
reasonable care to see whether it blocks the known, potential counterexamples. To that
extent, our proposal survives exceptionally well.

© 0O N o g b~ W N P
© 0O N o g b~ W N P

[
o
[
o

R
A w N R
N =
A W N R

[
o
[
(&2

Acknowledgements

=
(2]
[N
o

[
3
[uy
~

The authors would like to thank Norman Foo, Rex Kwok, Daniel Lehman, Hans Rott,
Abdul Sattar, Mary-Anne Williams, Wayne Wobcke and two anonymous referees for
Artificial Intelligence whose comments have greatly helped to improvethis paper. Thefirst
author would aso like to thank Fangzhen Lin for hosting him at the Hong Kong University
of Science and Technology during the period in which a substantial part of this paper was
written.

[
@
[y
©

NN
A W N B O ©
N NN NN
A W N B O ©

N
(&
N
(&

Appendix A. Proofs
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Notation. < (with possible decoration) is used as the strict part of the relation <. x =y
abbreviates (x < y) A (y < x).

In some of the proofs, we will abuse notation for the sake of readability. We will use
<9 to denote the strict part of <©. This should not be confused with the revision of < by
! Similarly, for instance, (<)@ isused to denote the strict part of the relation (<,)$.

Moreimportantly, x (£,)$ y will, for instance, abbreviate —(x (<,)9 y). The notation
x 29 y should be similarly interpreted.

This applies to semantic notation such as w [Z9 ' mutatis mutandis.

In the proofs of Theorem 9 and onwards, the revision operation = (with possible
decorations) is taken to be a unary operation. However for readability the traditional AGM
notation is maintained throughout. In an expression of theform K, the belief set X should
be interpreted as the contextually fixed belief set, namely +(T), and the set K should be
interpreted as x(x).
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Theorem 3. No belief revision operation * that satisfies the AGM postulates satisfies
#Recalcitrance.
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Observation 1. Let « be a fixed revision operation satisfying Boutilier constraints; let
x € K suchthat x - y. Then, =y € K*—x.

Proof. Assume that x € K and x - y; assume also that * is a fixed Boutilier revision
operation. Since x - y it follows that —x € Kiy whence, by Theorem 4, (K* )} = K{ =
K. Hence (K*))))%, = K* . On the other hand, denote by H the belief set KZ . Then
(KZ)DI, = (H})* .. Now, applying Theorem 4 on the RHS, we get (H})* = H* .
However, as noted earlier, already —x € ij = H whereby H* = H.Thus (ij)j)jx =
H= Kiy. Thusweget theidentity K* = ij. Obvioudly, —y € Kiy. Hence, —y € K* .
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Observation 2. In the presence of 1*—6*, Conjunction implies AGM-It, DP1, DP3 and
DP4, provided that the second occurrence of x in them are replaced by an occurrence
of x|x.
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Proof. For easy reference, we reproduce Conjunction, AGM-It, DP1, DP3 and DP4 (with
the required modification) below:
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AGM-It:  If =y ¢ K7, then (K})¥¥ = K7, .
DPL: If y - x then (K})5N = K.
DP3: If x € K} thenx € (K});™.
DP4: If —x ¢ K then —x ¢ (K53
AGM-It. Assume that —y ¢ K. By Closure, it followsthat K} is consistent, whereby,

*|x

from Success it follows that x A y I# L. It follows from Conjunction then that (K})," =
K%, asdesired.

DP1. Assume that y - x. In case - —y then the proof is trivial (due to Success).
Otherwise, given y - x, it follows that - (x A y) <> y. Hence, by Extensionality, K
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Ay =

K. Furthermore, by Conjunction, (K ;‘)ﬁ"‘ =K}, ,- Hence the desired result follows.

"DP3. Assume that x € K. 1If x and y are mutually inconsistent, it must be because
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F —y (use Consistency) whereby x € (K ;‘)’;'x (by Successand Closure). On the other hand,
assume that x and y are mutually consistent. Hence, by Conjunction K¢, = (K;“)}‘."‘.

Now, by Success and Closure x € K, wherefrom the desired resuilt follows.
DP4. Assume that —x ¢ K. Due to Success and Closure, surely then x and y are
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mutually consistent. Then by Conjunction, (K;:)’;'x = K¥, which, by Consistency, is
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consistent, and to which, by Success and Closure, x belongs. Hence —x ¢ (K})" .
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Theorem 9. Let e be any arbitrary sentence. Let x and itsrevision x|e by e betwo revision
operations such that the postul ates 0*—8*(new) are satisfied. Then (<.)9 = <y..
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Proof. Let K =*(T) asagreed, and K’ = x(e) = K.

(C) First we show that if x (<,)? y then x <4, y. Assumethat x (<, y. Then, by
Definition 6, either (&) e~ L or (b) e x, ey AND either -y or botht/ x and x <, y
or(Cefxande—>x <, e—>y.
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Case(a). et L.Hence K’ = K} = K . Then, trivially, x <, y by Definition 8.

Case (b). First consider the situation + y. Now, either - x or I/ x. If - x, then we get
Fx Ay, in which case, by Definition 8, we get x <. y. On the other hand, consider
# x. Note that since I y, it follows that —x v —y is logically equivaent to —ux.
Furthermore, since # x, surely —x b/ | whereby, K™ _ = K* 4 K| (Extensionality

—xV-y
and Consistency). Since, by Success —x € Kf)'f it follows that x ¢ fo‘e =K
Hence, by Definition 8 it follows that x < y.

Now consider the other relevant situation, i.e., both I/ x and x <, y. (Also note the
active assumptions that e - x, e - y.) By Definition 8 then, either (i) x ¢ Kﬁxvﬁ) or
(i) Fx A yor(iii) K=K, .Incase (ii), when - x A y, we get the desired result trivially
(using Definition 8 again). So we consider only cases (i) and (iii).

Note that since both x and y are consequences of ¢, both x and y arein K’. Now we
claimthat x ¢ K:k)'fvw whereby, from Definition 8 we get the desired result that x <. y.
The demonstration is simple. Note that since in (&) we considered the case e - L, we
can assume, without any loss of generality, that e t# L. Furthermore, since both ¢ - x and

ey, it follows that e A (—x v =y) = L. Hence, by (8*new, i.e., DP2) it follows that

Ix|e
—xV-oy©
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18 Kf)‘cev—-) = (K:)i‘)iv—-) = Kixv—-)' 18
19 In case (iii), K = K,. Then K’ = (K1)} = Cn({e}) (by Absurdity). Furthermore, *°
20 fo‘evﬁ} (K1)*, = (by Absurdity) Cn({—x v =y}). By assumption # x whereby 2(1)
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—x I/ x; therefore x ¢ Cn({—x Vv —y}) =
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23 In order to complete case (b), we now consider case (i) when x ¢ Kﬁxvﬁv Furthermore, 5
24 Kffx‘evﬁ = (K*)i';\h = K*,_, (using (8*new)). Hence x ¢ Kfiev_‘y from which, with 24
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the help of Definition 8 the desi red result follows.

Case (c). Assume that e b/ x and ¢ — x <, e — y. Now, since e I/ x it follows that
et/ x Ay.Hencee A (—x v —y) I~ L. Hence, by (7*new), we get K:k)'fvw (K} )i‘i\/—w
Kj/\(ﬁxvﬁy) Now, applying Definition 8 to the assumption that ¢ — x <, ¢ — y, we get,
either (e —> x ¢ Kﬁ(e_)x)vﬁ(e_))) or (i) - (e > x) A (e — y) or (iii) K = K, . Consider
case (i). Notethat —(e — x) vV —(e — y) islogicaly equivaentto e A (—x v —y) whereby
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Ix|e
o j(e_)x)vﬁ(e_)}) =K_ . —y . Furthermore, sincex e — x ande — x ¢ Kﬁ(e_w)vﬁ(e_)x) o
33 itfollowsthat x ¢ fo‘evﬁ , as desired. 33

Next consider case (||) This is an impossible case since, given e t/ x, it follows that
et/ x Ay contradicting the initial assumptionthat - (e — x) A (e — ).

Finally we consider case (iii). Since Kf)'fvw = K;"A(ﬁxvﬁ}) and K = K, it follows

from (0*) that K:“)'f\hy =Cn({e A (—x Vv —y)}. By (Deduction), it followsthat x isin this
setif andonly if e - (—x v —y) — x only if e - —x — x only if ¢ - x. But by assumption
e x whereby, x ¢ fo‘evﬁy, as desired.

(2) Now we show that if x <. y then x(<,)%y. Assume that x <. y. Then, by
Definition 8, either (1) -x Ay or (2) K' = K, or (3) x ¢ K5, .
Case 1. Sincetx A y it followstrivialy from part (b) of Definition 6 that x (<,)¢ y

Case 2. K} = K’ = K, . By (Consistency) it follows that e - L. So from part () of

Definition 6 it follows that x (z)9y
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Case3.x ¢ Kf)'fvﬁy. Now, either (i) e L or (ii) et/ Lande bt x A y or (iii) et/ L and
elFx Ny.

In case (i) we get the desired result trivialy (part (a) of Definition 6).

In case (ii) Since et/ L and e - x A y, it follows from (8*new) that Kf)‘fvw =

(K;“)i‘)‘jvw = Kixv—-y' Hence x ¢ Kixv—-y from which by Definition 8 it follows that
x <, y. However, sincee - x A y, the desired result easily follows from it with the help of
Definition 6(b).

In case (i) since e t/ x A y, we get by (7*new) that fo‘evﬁy = K} (cpvmy) SO
x ¢ KjA(ﬁxvﬁ ) Noting that e A (—x Vv —y) islogicaly equivalent to e A =(x A y), from
Definition 8 it then follows, among other things, that e A =(x Ay) > x <, e A=(Xx AY) —
—x. By substituting logical equivalentswe get (e —> x A y) V.x =4 (e > x A y) V —x.
Since the conjunction of (e — x A y) vV x and (e — x A y) Vv —x islogically equivalent to
e — x Ay, fromthe EE postulateswe get e — x A y =, (e = x A y) V x. However, since
(e > x Ay)Vvxislogicaly equivalentto e — x, wegete — x A y =, ¢ — x. Using the
EE postulates again (since e — x A y islogically equivalent (e — x) A (e — y)) we get
e—x Xye—>Yy.

To get the desired result with the help of Definition 6(c) al we need to do now is to
show that e b x. We do that below. Suppose to the contrary that e - x. Then e — x.
Furthermore, since e t/ x A y it follows that ¥ e — y. Now, e — x, being a tautology,
p =« e — x for al sentences p (by Dominance). Since e — x <, e — y, it follows by
Transitivity and (EE4) that if L <, z for some z, then - ¢ — y. But since (as we saw
above) I/ e — y, it follows that | £, z for every sentence z. Since <, is connected (as
follows from EE1-EE3), it follows that z <, L for al z. Thus L is <,-maximal. Hence,
by Definition 5, it followsthat K = K, . Hence, by Absurdity it followsthat K7, _ ) =
Cn({e A (—x Vv —y}). Since by assumption e F x, it follows that x € KjA(ﬁxvﬁy). But this

conflicts with the starting assumption that x ¢ K7, _ ... Contradiction!
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Theorem 10. Let < be an EE relation and <© the result of revising it by a sentence e.
Then therevision operations + = x< and *|e = x_o satisfy the postulates 0*—8*(new) with
respect to the belief set K = %(T) = EC(x).
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Proof. Let < be an EE relation with epistemic content EC(<) = K, and <© the result of
revising it by asentence e. Define the revision operations « = x< and x|e = *_o. We need
to show that + and *|e satisfy the postul ates 0*—8*(new). B

From Definition 7 we get thet (i) y € K} iff either x - -y <x — y or x -y, and
(ii) y € K} iff either x — =y <© x — y or x I y. From Theorem 1(a) of [19] we know
that <¢ is an EE relation. By slightly modifying the AGM proof to the same effect, we
learn that, since < and <9 are EE relations, the operations x and x|e satisfy 1*—6*. We
need to show only 0%, 7*(new) and 8*(new).

0*. First we show that * satisfies (0*). Assume that K = K, . From Definition 5 of
Epistemic Content, it followsthen that L is <-maximal. |.e., z < L for all z. On the other
hand, it followsfrom Dominancethat 1 < z for all z. From the propertiesof an EE relation,
it followsthen that a = b for all a and b. Hence, it follows from (i) that y € K} iff x - y.
l.e., K} =Cn(x). Thus, = satisfies (0%).
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Next we show that *|e satisfies (0*). Assume then that EC(<®) = K. By similar
argument as above, we then obtain that K¢ = Cn(x).

(7*new). Assumethat e A x b L. We need to show that (K5 = K7, ..
two cases. either K=K, or K #K .

Case 1. Assume that K = K . It follows from Definition 5 and EE1-EE4 that a < b
for all a and b. Hence, it follows from Definition 7 that RHS = Cn({e A x}). On the other
hand, from Definition 6 it follows that

Now there are
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© 0O N o g b~ W N P

o x <0 yiff either e L or et/ x or both e - x A y and either b x or k- y.
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It would be sufficient to show that y e (K:)i'e iff y € Cn(e A x). Note that from
Definition 7 it followsthat y € (K;")I‘e iff either x > =y <®x —> yorx - y.

(Only if) Assume that y € (K})i“. Hence, either x — =y <@ x — y or x - y.
Obvioudly, if x - y, then we get the desired result, that y € Cn(e A x) trivially. Hence
we need only consider the other case. Assume then that x — —y <@ x — y. It follows
then that x — y £% x — —y. From the Definition 6 (note the displayed item above), it
then follows, among other things, that e - x — y whereby y € Cn(e A x).

(If) Assume that y € Cn(e A x). Assume further that x t/ y. We need to show that
x — =y <@ x — y. By our initial assumption e A x I/ L, whereby e I# L. Since y €
Cn(eAx),itfollowsthate = x — y. Furthermore, sincee Ax I 1, weget e ¥ —x whereby,
et/ x — (y A —y). Hence, vacuoudly, we get that if bothe -x — y ande - x — —y, then
both - x — y and I/ x — —y. (As we noted above, x <9 y iff either e = L or e b/ x or
both ¢ - x A y and either i/ x or - y.) Hence it follows that x — y £9 x — —y whereby
we get the desired result that x — —y <9 x — y.

Case2. Assumethat K # K| . Notethat since K # K | , from Definition 5t followsthat
L isnot <-maximal. Then by EE4, every <-maximal sentenceisatheorem (T). Hence, in
this case, part (b) of Definition 6 can be equivalently replaced by:
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e ebx,eyandx <xy.
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(Only if) Assumethat y € (K*)3!. We need to show that y € K7, ..

By Definition 7, we get either x — —y <@ x — y or x - y. Thesecond caseistrivial; so
consider the principal casel x — —y <@ x — y. l.e, x - y 22 x — —y. It followsfrom
Definition 6 then (note the simplification to clause (b) mentioned above) that (i) e I L,
(i)IfeFx—>yandekx — -y, thenx - y £x — —y. (iii) If et/ x — y then
e—~>(x—>y)Ze— (x > ).

Now, either e - x — y or e ¥ x — y. Consider the first case. e - x — y. Then
the desired result, that y € K, ., follows trivially from Definition 8. Now consider the
second case, e ¥ x — y. By (iii) we get ¢ > (x > —y) < e — (x — y) whereby,
(e Ax) — =y < (e Ax) — y. Hence, by Definition 8, weget y € K*, ., asdesired.

enx?

(If) Assume that y € K, .. We need to show that y € (K;")I‘e. It follows from

enx*
Definition 7 that y € (K;")I‘e if and only if either x -y or x » =y <@ x — y. So we
assume that x I y. It will be sufficient to show that x — y 2% x — —y. It follows from

Definition 6 that we need to demonstrate the following three claims:
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A)etF L,(B)lIfe—xthenx > yZ£x —>—-yand(C) Ifel/x - ythene — (x —
—y) <e — (x — y). Claims (A) and (B) follow from the assumption that e A x I/ 1. So
we need to demonstrate only thelast claim (C).

Now, since y € K, , it follows by Definition 7 that either e Ax -y ore Ax — =y <
e A x — y. Inthefirst case, the claim (C) follows trivialy, since, if e A x =y, then by
Deduction, e = x — y (which contradicts the antecedent of (C)). Similarly, in the second
case (C) follows trivially, since, e A x — =y <e A x — y islogicaly equivaent to the
consequent, e — (x — —y) <e — (x — y), of (C).

(8*new)

We need to show that if both I/ —e and e A x - L then (K*)i'e_K*

Assumethatt/ —meande A x+ L. Now, either K=K, or K #K .

Case 1. Assume that K = K| . Now, by Definition 7, y € LHSIiff either x — —y <@
x — y or x - y. On the other hand, y € RHSIff either x - =y <x — y or x - y. Now,
right to left is easy. Assume that y € RHS, i.e, either x - -y <x — y or x - y. Since
K = K, it follows from Definition 5 that a < b for al a, b whereby x — —y £ x — y.
Hence, x -y, whereby y € LHS. Hence consider the proof for left to right. Assume that
y € LHS Henceeither x - —y <@ x — y or x - y. The second caseistrivial. So consider
the principal case: x — =y < x — y. l.e, x — y 29 x — —y. Applying Definition 6
we get, among other things, that either et x — y or et/ x — —y or both - x — —y
and either =x — y or x — y £ x — —y. (Thisparticularly follows from Definition 6(b).)
Now, by assumptione Ax F L (i.e., e = —x) fromwhichit followsboth that e - x — y and
e = x — —y. Hence, both - x — —y and either = x — y or x - y £ x — —y. However,
since K = K| itfollowsthat x — y < x — —y. Henceboth x — —y and - x — y from
which it followsthat - —x. From thisit trivialy follows that y € RHS.

Case 2. Assumethat K # K . Again, y € LHSiff either x — =y <@ x — y or x - y.
From Definition 6, the connectedness of <, and the fact that K # K, it follows that
x—> -y <Px—yiff(@el/ L, (b)ife-—xthenx - -y <x —> yand(c)ifet/x >y
thene — (x - —y) <e — (x — y). Now, (a) is satisfied by assumption. Furthermore,
(c) is vacuoudly satisfied, since by assumption e - —x. Besides, the antecedent of (b) is
aso satisfied by assumption. Hence, x — =y <9 x — y iff x - =y < x — y. Thus,
y € LHSIiff either x — —y < x — y or x | y iff, by Definition 7, y € RHS.
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Theorem 11. Let % and *|e be two revision operations satisfying the postulates 0*—
8*(new). Let K = *(T) and K’ = K. Then the revision operations <, and x<,, are
belief revision operations that satisfy 0*—8*(new).
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Proof. Let « and *|e be two revision operations satisfying the postulates 0*—8* (new). Let
=x(T) and K’ = K}. It followsfrom Theorem 9 that <. = (<,)%. Henceit would be
suffl cient to show that the operations x<, and *(< )@ satisfy 0*—8*(new).

Itiseasily seen ([10]; note the extraclause K = K in Definition 7 to compensate for
the difference between SEE and EE relations) that <, is an EE relation. Furthermore, we
know from Theorem 1(a) of [19] that, since <, is an EE relation, the relation (<,)? is
also an EE relation. Hence, surely <, and * (<0)® satisfy the basic AGM revision postu-
lates 1*—6* (see [10]; note the extra clause x l— y, in Definition 7 to compensate for the
difference between SEE and EE relations). So we need only show that <, and *_ o
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satisfy 0%, 7*new and 8*new. 0*. (i) Suppose K = K. Then using Definitions 8 and 7
sequentially, and noting that x <, y for al x and y (by Definition 8), it is easily seen
that y € K;=* iff x - y. Hence, K;y=* = Cn(x). Thus, the operation =, satisfies 0*. (ii)
By similar argument as above, it iseasily seen that the operation « _ o satisfied 0%. 7*new.

*
Assumethat e A x b L. We need to show that y € (K;=*), = iff y e K5z

(Only if) Assume that y € (Kjﬁ*)i(j*’g. It follows from Definition 7 then that either
x = =y (<)@ x - y or x - y. The second case is easy: we know that *~, satisfies
1*—6*, in particular, Closure and Success; hence, surely y € K,<%. So, consider the
principal case. Assume that x — y (%) x — —y. Hence, by Definition 6, (a) e I# L,
B IfeFx—>yadekx - -y, thenx — y £, x — —y, and () If et/ x — y then
e —> (x > y) Z« e > (x — —y). Now, by Definition 7, we need to show that either
eAxtEyor(enx)— —y=<4(enx)—>y. Weassumee A x £ y. It will be sufficient
to show that (e A x) — y £y (e Ax) = —y.

Sincee A x I y, it followsthat e i/ x — y. Hence, the desired result follows from (c).

(If) Assume that y e K:Afj;. Hence, by Definition 7, either (i) e A x F y or (ii)

(e Ax) = =y <4 (e Ax) — y. We need to show that y € (K:j*)i(f*)‘?. In light of
Definition 7 we assumethat x / y. It will be sufficient to show that x — y ()9 x — —y.
By Definition 6, it follows then that it will be sufficient to show that (a) ¢ t/ L, (b) If
bothex - yandekx — —y, then x - y £, x —> —y, and () If et/ x — y then
e —> (x > y) £« e > (x —> —y). Note that e A x I# L by assumption. Hence e t/ L
whereby (a) is trivialy satisfied. Furthermore, it also follows from the same assumption
that not both e = x — y and e = x — —y, whereby (b) is vacuoudly satisfied. So we need
to show only (c).

Case (i) it follows by Deduction that e - x — y. Hence (c) istrivialy satisfied.

Case (ii). Trividly (c) is satisfied.

8*(new).

Assumethat b —e and - —(e A x). We need to show that y € (K:f*)i(f*)'-@ iff y e Ky=*.

(Only if) Assume that y (K%),“"¢ Hence, by Definition 7, either (i) x — —y
(<)@ x — y or (i) x - y. Cases (ii) is trivial; so we consider only the principal case (i).
So assume that x — —y (<49 x — . It follows from Definition (6, particularly 6(b))
then, among other things, that if e - —x (i.e., if bothe - x — y and e - x — —y), then
x — =y <4 x — y. It followsfrom Definition 7 then that y € K.

(If) Conversely, assume that y € K ~*. Hence, by Definition 7, either (i) x — —y <
x — y or (i) x - y. Case (ii) is trivial. So we consider only case (i). Assume then that
x — -y <, x — y. Hence, vacuously, we get that if bothex — yand e -x — —y
then x — y Z£, x — —y (use part (b) of Definition 6). Furthermore, by assumption,
/ —e. Besides, since by assumption ¢ - —x, we vacuously get that if e I x — y then
e—> (x > y) £« e —> (x > —y) (use part (c) of Definition 6). From Definition 6 we then
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get that x — —y (<)@ x — y. It followsfrom Definition 7 then that y € (K,
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Theorem 12. Let < be an EE relation, and <© the result of revising < by a sentence e.
Then <, = <and <, , = =%.
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Proof. (We omit the proof of thistheorem. The proof can be easily constructed by dightly
modifying the analogous proof in [10].)

Theorem 16. Let < be an EE relation and C either an empty relation C; or a total
preorder over 2. For every sentencee, therevised EE relation <& and the revised preorder
C¢ are each other’s counterpart, given that < and C are each other’s counter part.
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Proof. Assume that the EE relation < and the preorder C are each other’s counterparts,
and e is some arbitrary sentence. Let usfirst ook at the two special cases.

Special case 1. Assume that e - L, i.e., [e] = @. It follows from Definition 6 of
Entrenchment Revision that x <@ y for all x, y € £. Hence <? isthetrivial relation < .
On the other hand, since [e] = ¢, it follows from SimpSpeciall that Cp =C | . We know
from Definition 15 that these two resultant relations are counterparts of each other.

Special case 2. Assumethat et/ L but < =< . Accordingly, we take its counterpart to
beC .

Since et/ L we know that <€ and C¢ are not absurd. Hence, in order to show that <@
and C¢ are counterparts of each other, we need to show that x <9 y iff either [y] = §2 or
there exists w; that is E2-minimal in [—x] and for every wy that is C2-minimal in [—y],
w1 EJ wy.

(Left to Right) Assume that [y] # £2. From Definition 6 together with the assumption
that <==, weinfer that the three cases, (a) through (c) below, are jointly exhaustive. We
show for each case that either it leads to the desired conclusion, or isimpossible.

Case(a). et/ x. SO [e]N[—x] #@. Let w1 € [e] N [—x]. It follows from SimpSpecial 2
that w1 T} o for every world . Hence w1 is E5-minimal in [—x] and w1 E wo, for any
wp that is C2-minimal in [—y].

Case (b). e - x and F y. Impossible since by assumption [y] # 2.

Case (€). e x, ety and I/ x. Since I/ x it follows that [—x] # @. Since [y] # £2 it
follows that [—y] # @. So both [—x] and [—y] have E2-minimal elements. Pick two such
elements w; and w. Since e - x and e - y it follows that both w1, w2 € [—e]. It follows
from SimpSpecial 2 then that w1 =2 w».

(Right to Left) Assume that case (a) and (b) above are false. (Hence, e - x and t/ y.)
We need to show that case (c) aboveholds, i.e., e - x, ey and t/ x. We have to consider
two cases:

Case (1). [y] = £2. Impossible since we assumed that 1/ y.

Case (2). There exists w; that is E2-minimal in [—x] and if any wy is Eo-minimal
in [—y] then w1 C2 wy. Denote some minimal element of [—x] by w1 and let w2 be
E2-minimal in [—y]. By assumption e - x. Furthermore, since [—x] has a E2-minimal
element, clearly [—x] # ) whereby I/ x. So it will be sufficient to show that e - y. Suppose
to the contrary that e t/ y. Then [e] N [—y] # ¥ whereas [e] N [—x] = @. Clearly, then,
w1 € [e]. On the other hand, follows from SimpSpecial2 that w; € [e] whereby w1 22 wp
contradicting our origina hypothesis.

Principal case. Assume that e t# 1 and < # < . Accordingly we assume that [e] £ ¢
and C is atotal preorder over £2. Furthermore, since [e] # ¢ it follows that =2 is not the
empty relation C | . We need to show that <9 and C¢ are each other’s counterparts,
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(Left to Right) Assumethat x <9 y. Assumefurther that [y] # £2. We need to show that
thereexistswy that isC2-minimal in —x and if any wy iISC.-minimal in —y then wy Cf wp.
Since e t/ L and [y] # £2, according to Definition 6, effectively, either: e - x,e - y, i/ x
andx <y,or:el/x ande — x <e — y. Wewill consider these two cases separately.

(Case l) e x,et y, ¥ x and x < y. Since I/ x it follows that [—x] # @. Since
[v] # $2 itfollowsthat [—y] # . It followsthen that both [—x] and [—y] have =2 -minimal
elements. Let w and ' respectively be such minimal elements in [—x] and [—y]. Since
ek x and ety it followsthat [—x] C [—e] and [—y] C [—e]. It follows from SimpLex2
then that w isa=-minimal element of [—x] and ' isa=-minimal element of [—y]. Since
x <y, and < and C are counterparts, it followsthan that w £ «’, as desired.

(Cae 2) et/ x and e > x <e — y. Since e t/ x it follows that [e] N [—x] # @.
Clearly then both [—x] and [—y] are nonempty. Let w1 and w be, respectively, two C¢-
minimal members of [—x] and [—y]. It will be sufficient to show that w1 E2 wy. Since
e — x < e — y,itfollowsthat either: [e — y] = £2,i.e, [e]N [—y] =, or: there exists a
C-minimal member w of [e] N [—x] such that w C o’ for every C-minima member ' of
[e] N [—y]. We consider these cases separately.
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— (Case 2.1) Assume that [e — y] = £2, i.e, [e] N [—y] =@. Since [e] N [~x] £ @
it follows from SimpLex3 that w1 € [e¢]. On the other hand, since [e] N [—y] = @
it follows that wy € [—e]. From another application of SimpLex3 it follows that
w1 EZ w?.

(Case 2.2) assume that there exists a C-minimal member w of [e] N [—x] such that
w C o for every C-minimal member o’ of [e] N [—y]. Now, either wy € [—e] or
wy € [e]. If w2 € [—e] then by the same argument used in case 2.1, we get w1 Cf ws.
So without loss of generality assume that w» € [e]. Now, by assumption, wy is Cp-
minimal in [—x]. Since w1 € [e] it follows that w1 is E3-minimal in [e] N [—x]. By
SimpLex1, it follows that w1 is E-minimal in [e] N [—x]. By our assumption then,
w1 C o forany o' € [e]N [—y], including wy, as desired.
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(Right to Left) There are two cases to consider. Either: [y] = §2 or: there existsaworld
w1 that is ES-minimal in [—x] such that w1 EY w for any wp that is C2-minimal in [—y].
We need to show that from either of these assumptions, it followsthat x <% y.

(Case 1) Since [y] = £2, it follows that - y whereby ey and e — x <e — y. By
taking the digunctive cases: ¢ - x and e I/ x we get the disjunction of conditions (b) and
(c) in Definition 6.

(Case 2) Without loss of generality assume that [—y] # ¢ and wp is Eg-minimal in it.
Hence w; £ wp. Now we consider two sub-cases: e - x and e t x.
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— (Case 2.1) et x, i.e, [e] C [x]. Since w1 € [—x] it follows that w1 € [—e]. Since
w1 TS wo, it follows from SimpLex (particularly SimpLex2) that wz € [—e]. Since
wp CF w for any arbitrary member w € [—y], it followsfrom SimpLex again that every
member o € [—y] isin [—e]; thus, [—y] C [—e] whereby e - y. Since w; € [—x] of
course b x. So, by part (b) of Definition 6, it would be sufficient to show that x < y.
Assume, without loss of generality that w is E-minimal in [—x] and «’ is ©-minimal
in [—y]. It will be sufficient then to show that w C «’. Now, since w1 € [—x] and
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1 wy € [—y] it followsthat w E w1 and o’ E wy. On the other hand, since [e] € [x] and 1
2 [e] € [y], it follows that w, w’ € [—e]. Clearly, then, w1 Cf @ and w2 =2 o'. From 2
3 SimpLex2 it follows that w; E @ and wz C o’. Hence w = w1 C wp = o’ whereby 3
4 o C o asdesired. 4
5 — (Case 2.2) e I x; thus [e] N [—x] #£ ¥. By part (b) of Definition 6 it will be sufficient s
6 toshow that e — x < e — y. If e -y thenitistrivially shown; hence, without lossin 6
7 generdlity assumethat e t/ v, i.e., [e] N [—y] # @. Since [e] N [-x] # @, let w beal- 7
8 minimal element of [¢] N [—x]. Similarly, let " bea=-minimal element of [e]N[—y]. 8
9 So it will be sufficient to show that @ E «’. Now, we know that w1 is E2-minimal 9
10 in —x, wp is E5-minimal in —y, and w1 EY wz. Since [e] N [-x] and [e] N [—y] 10
1 are nonempty, it follows from SimpLex3 that w1 and wy are in [—e] as well. From 11
12 SimpLex1it then followsthat w1 isCT-minimal in [e] N [—x], and w2 iISCT-minimal in 12
13 [e] N [—y]. Hence, it follows that w = w1 and wp = '. Furthermore, since w1 £ wp, 13
14 it follows from SimpLex that w; = wy, whereby v C o', as desired. 14
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