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Abstract

We propose a simple order-theoretic generalization, possibly non monotone, of set-
theoretic inductive definitions. This generalization covers inductive, co-inductive
and bi-inductive definitions and is preserved by abstraction. This allows structural
operational semantics to describe simultaneously the finite/terminating and infi-
nite/diverging behaviors of programs. This is illustrated on grammars and the
structural bifinitary small/big-step trace/relational/operational semantics of the
call-by-value A-calculus (for which co-induction is shown to be inadequate).
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1 Introduction

The connection between the use of fixpoints in denotational semantics [24]
and the use of rule-based inductive definitions in aziomatic semantics [15] and
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structural operational semantics (SOS) [28,30,29] can be made by a general-
ization of inductive definitions [2] to include co-inductive definitions [11]. Tt is
then possible to generalize natural semantics describing finite input/output
behaviors [17] so as to also include infinite behaviors [10]. This is necessary
since the definition of the infinite behaviors cannot be derived from the finite
big-step SOS behaviors.

1.1 Motivating example

Let us consider for example the choice operator E; | B3 where the evaluation
of expression F; either terminates (returning the value a, written E; = a)
or does not terminate (written £y = 1). Similarly for expression Fs, either
FEy = b or F, = L. For the semantics of the choice operator, we have three
possible results {r | E1 | Fs = r} C {a,b, L}, depending upon its operational
semantics. Several alternatives are considered below.

o Nondeterministic: an internal choice is made E;
initially to evaluate E; or to evaluate FE; Ei| Ey u |
b | {a,b} | {L,b}
Es
L {e, L} | {1}
e Parallel: evaluate F; and FE, concurently, FE

with an unspecified scheduling, and return Ey | By
the first available result a or b;
b | {a,b} | {0}

Es
L Aa} | {L}
e Fager: evaluate E) (or respectively Es) first Ey
and then FEj (resp. ) and return either re-  E, | B, . 1
sult a or b;
b | {a,b} | {1}
Ey
L ALy | L
o Mized left-to-right: evaluate F, first and ei- Ey

ther return its result a or evaluate E, and Ey | By
return its results b;
b | {a,b} | {1}

1 {a, L} | {L}




o Mized right-to-left: evaluate Fs first and ei- Ey
ther return its result b or evaluate F; and FEy | By u 1

return its results a;
b | {a,b} | {L,b}

L {

Observe that all evaluations have exactly the same convergence big-step seman-
tics. However, they differ on their divergence behaviors. It follows, for example,
that an implementation of the natural semantics [17] will have its diverging
behaviors undefined by the formal semantics hence determined by the behavior
of the implementation. This is the case with left-to-right evaluation Prolog
implementation [3,13], but the problem is general and concerns the class of
all implementations that conform to the semantics, regardless of how they
were produced. So the natural big-step convergence semantics is an abstract
semantics of programs which is not an exact match for its concrete operational
semantics. This shows the need to extend big-step/natural semantics to cope
with infinite behaviors.

Es

1.2 Summary

The paper develops and illustrates the use of “bi-inductive” definitions in
operational semantics.

Bi-inductive definitions enable both finitary and infinitary behaviors to be
described simultaneously [10,11].

Section 2 describes the general methodology. Hilbert proof systems [2] are
extended by replacing the powerset (p(U), C) of the universe U by a complete
partial order (D, C). The method for defining a map from a well-founded
set to complete partial orders combines well-founded recursion and structural
inductive definitions described by using different, but equivalent, forms: fixpoint
definition, equational definition, constraint-based (inequational) definition, and
rule-based definition.

Section 3 recalls a few elements of abstract interpretation, including soundness
and completeness.

Section 4 is a simple illustration of this approach to give a trace semantics to
transition systems [6].

The semantics of context-free grammars in Sect. 5 combines the classical
definitions of the finite and infinite languages generated by a grammar, which
can be recovered by simple abstractions.



Section 6 is an application to the call-by-value A-calculus. We introduce an orig-
inal big-step trace semantics that gives operational meaning to both convergent
and divergent behaviors of programs. The compositional structural definition
mixes induction for finite behaviors and co-induction for infinite behaviors
while avoiding duplication of rules between the two cases. This big-step trace
semantics excludes erroneous behaviors that go wrong. The other semantics
are then systematically derived by abstraction.

The big-step trace semantics is first abstracted to a relational semantics and
then to the standard big-step or natural semantics. These abstractions are
sound and complete in that the big-step trace and relational semantics describe
the same converging or diverging behaviors while the big-step trace and natural
semantics describe the same finite behaviors. The big-step trace semantics is
then abstracted into a small-step semantics, by collecting transitions along
traces. This abstraction is sound but incomplete in that the traces generated
by the small-step semantics describes convergent, divergent, but also erroneous
behaviors of programs. This shows that trace-based operational semantics can
be much more informative that small-step operational semantics.

2 Structural order-theoretic inductive definitions

We introduce different forms of structural order-theoretic inductive definitions
and prove their equivalence.

2.1 Dcpos and complete lattices

Let (S, C) be a poset [12]. A chain in the poset (S, C) is a subset of S such
that any two elements in the chain are comparable by C. A directed complete
partial order (dcpo) is a poset such that any chain has a least upper bound (lub
denoted L!). For the empty chain the lub is the infimum L of S. A complete
lattice is a poset such that any subset has a lub. If I is a set and (S, C) is a
poset (resp. dcpo, complete lattice) then the pointwise extension (I — S, C)
with f C g2 Vi€ I: f(i) C g(i) is a poset (resp. dcpo, complete lattice) and
similarly for the pointwise extension (I’ — (I — S), C) of (I — S, C).

2.2 Syntaz

Structural inductive definitions are by induction on the syntactic structure of
the program. We understand a language L as a set of non-empty “syntactic com-
ponents” (including programs). For example, the A-calculus has Ay« Az« a,



Y

Yy, Az *a, v and a among its “syntactic components”. A component is “atomic’
or else has finitely many “strict subcomponents” such as y, Az« a, x and a for
Ay Az« a. For simplicity, these subcomponents are assumed to be distinct
two-by-two (for example thanks to unique labels). The corresponding cover
relation is £ — ¢’ on L meaning that £ is a “strict immediate syntactic sub-
component” of ¢'. For example, y —< Ay Azsaand Axsa —<Ay+* Ax+a
while x —< Az+a and a —< Ax+a but a < Ay+ Az +a. As a shorthand
reminiscent of the grammatical notation, we write Ay« Axca=y, Az -a
and Az« a::=u=z, a where the “strict immediate syntactic subcomponents” are
given in left-to-right order (in fact any total order would do).

More generally, to completely abstract away from syntax, we let (L, <) be a
partially ordered set where < is well-founded and < is the corresponding strict
relation. We write — for the corresponding cover relation that is z —< y if
and only if z < y and Az : x < z < y. The cover relation — should have finite
left images V0 € L : |[{¢' e L | ¢/ —< (}| € N'. We let [[,_, ¢ be the tuple
of elements covered by ¢ and given in some total order [Ty__,¢' = 1,...,4,
so that {¢1,...,0,} = {¢ € L | ¢ — ¢} and write £ ::= {4, ..., L, for brevity
with n = 0 for atoms (such that V&' e L: ¢/ &< ().

2.8 Semantic domains

For each “component” ¢ € L, we consider a semantic domain (Dy, CT,, L,, L)
which is assumed to be a dcpo.

2.4  Variables

For each “component” ¢ € L, we consider variables Xy, Yy, ... ranging over
the semantic domain D,. We drop the subscript ¢ when the corresponding
semantic domain is clear from the context (e.g. the semantic domain is the
same for all “components” i.e. ¥/ € L : Dy = D).

2.5 Transformers

For each “component” ¢ € L, we let A, be indexed sequences (totally ordered
sets). For example if the semantics of the “component” ¢ is defined by a sequence
of rules labeled (Ry), ..., (R,) in that order, then we can define A, = Ry, ...,

1 |S| is the cardinality of set S and N is the set of natural numbers.



R,. We write [[;ca, #; when considering the sequence (z;, i € Ay) € Ay — §
of elements of a set S as a vector of [[;ca, S.

For each element i € A of the sequence, we consider transformers F} € D, X
Dy, ...XDy, — Dy where £::={; ... {,. When n = 0, we have F} € D; — D,.

The transformers are said to be T,-monotone in their first parameter (C,-
monotone for brevity), whenever Vi € Ay, L :i=1,...,0,, X,Y € Dy, X; €
Doy s Xn €Dy, X T Y = F}(X, Xy,...,X,) G FIY, X1, ..., X,).

2.6 Join

For each “component” ¢ € L, the join Y, € (A; — D,;) — D, is used to gather

alternatives in formal definitions. For brevity, we write Y,( [ X;) = Ye X,

/L'GA[ ’ieAg
leaving implicit the fact that the X; should be considered in the total order
given by the sequence A,.

Most often, the order of presentation of these alternatives in the formal defini-
tion is not significant. In this case, A, is just a set and the join may often be
defined in term of a binary join Y, € (D; x Dy) — Dy, which is assumed to

be associative and commutative, as Y,( [[ X;) £ YK X;. The binary join may
ISAY) €A,
be different from the least upper bound (lub) L, of the semantic domain D,.

The join operator is said to be componentwise C,-monotone whenever (V(X;

PEN) VY i€ A):(Vie A X Ys) = Y,(IT X) S Y, (IT ¥2).
1E€EA 1EA
This is the case when the binary join is C,-monotone, '

2.7 Fizpoint definitions

A fizpoint definition has the form

Ve L:S] =1p * F[/]
where Fl & XX Y, FiX, IT Sqlem

Y, =L



and 1fp- is the partially defined C-least fixpoint operator on a poset (P, C)?
To emphasize structural composition when ¢ ::= /¢y, ..., ¢,, we write

VOEL:Slu=10,... 0] =1 XX Y, Fi(X,S[0], ..., S[ta]) -

€Ay
Hypothesis 1 It is assumed that the least fizpoint ifp Frll] does exist. 4

Hyp. 1 holds in the event of monotony.
Lemma 2 If XX « F)(X, [[ S¢[¢']) is monotone for all i € Ay and Y, is
iy,

monotone then VI € L : S¢[l] is well defined.

PROOF Assume, by induction on <, that S;[¢'] is well-defined for all ¢ — €
AX-. Yé F/(X, I S8¢[¢7) is monotone since A X « F}(X, [ S¢[¢]) is mono-

ieA -y, -y,

tone for all 7+ € A, and Y, is monotone by hypothesis. It follows that the least

L
fixpoint 1fp * F;[€] does exist in the depo (Dy, C,) as shown by [7]? (or [27]
without the axiom of choice, see [18,21] for historical perspectives), proving
that S¢[¢] is well-defined. n

Definitions without fixpoint or join can nevertheless be encompassed as fixpoints
suchas Y, FH(Ss[A], ... Selba]) =1 " AX + Y, FiS([A], ... Splta]) or

€Ay €Ay
without join F{(S¢[1], ..., Spllu]) =100~ XX+ Y, F/(Ss[t1], .- .. Sslta])-
iefi}

2.8 FEquational definitions

An equational definition has the form:

(S[4], ¢ € L) is the componentwise C,-least (X, £ € L) satisfying the system
of equations

Xe=Y, FX. [I Xo), telL.

ien, y,

2 We write lfpf f for the C-least fixpoint of f € P — P which is C-greater than
or equal to a € P if any. If P has an infimum 1 € P then lfp; f= lfpf f- The dual
partially defined greatest fixpoint operator is gfpE

3 The complete lattice hypothesis is not used in [7] to prove the existence of the
least fixpoint of monotone partial functions on a poset. It follows from the well-
definedness of transfinite iterates from pre-fixpoints, in particular for limit ordinals.
This hypothesis, which is weaker than dcpos, would also be sufficient in this paper
when assuming monotony.



Lemma 3 If Hyp. 1 holds then ¥l € L : S.[¢(] = S¢[/]. 0
Proor We prove, by induction on <, that the componentwise C,-least such
(X, ¢ € L) satisfies V0 € L : S[f] = S¢[¢]. For the base case Al —
0, S.[] is the C,least X, such that X, = Yz Fi(X,) that is S;[(] =
1€EA,
ifp A X - Ye F}(X) by definition and existence of the C,-least fixpoint.
1EA
Otherwise Xy = S [¢'] = S¢[¢'] for all ¢/ — ¢ by induction hypothesis and
so S [f] is the C,-least X, such that X, = Ye F/(Xe, T] S¢1¢7), that is
€A, o—<e
Ifp F:[€] = S¢[¢] by definition and existence of the C,-least fixpoint. n

2.9 Constraint-based definitions

A constraint-based definition has the form:

(Sc[€], ¢ € L) is the componentwise Cy-least (X, € € L) satisfying the system
of constraints (inequations)

YEFZ(XZ’ H Xg/) cC, X¢, tel.

€A, ey,
Lemma 4 IfVl e L, F[{] is CT,-monotone then V0 € L : S [0 = S¢[f]. g
PROOF We prove, by induction on <, that S.[¢] = S¢[¢]. Assume this is true
for all ¢/ — £. So S.[f] is the C,-least X, such that Yz Fj(Xe, T] S:1¢7)

i€A, -y,
C, X. Then the fixpoint property S¢[{] = \Ye F}(S¢[40, T] S¢1¢1) implies
€A, ey,

Ye F}(Se[e0, T S:1¢1) Se S¢l] since T, is reflexive, proving that at least
i Y,
oenAe[ such X, does exist. By transfinite induction, all transfinite iterates for
F:[€] from L, (which do exist in a dcpo [7]) are C,-less than or equal to any
such X,. Because S[[{] = 1fp * F;[(] is one of these iterates we conclude that
S.[¢] does exist and, by antisymmetry, is Sy[]. n

In absence of monotony, as shown on the oppo-
site example, the least fixpoint definition and the
constraint-based definition may not coincide, since
0=F(o)CooC T=1fp F




2.10 Rule-based definitions
A rule-based definition is a sequence of rules of the form

Xy
F(Xe, [T s1¢D)

v—=t

e lel, iely

where the premise and conclusion are elements of the (Dy, ;) cpo. When
understanding the rule in logical form (where the premise is a statement that is
assumed to be true and from which a conclusion can be drawn), the following
form might be preferred.

Xf EE S’r [[é]]

- C, tel, X,eD, i€l
FZ(X& H Sr[w]]) EZ Sr[[g]]

v —=<t

If F} does not depend upon the premise Xy, it is an axiom. In such presentations,
the join Y, of the alternatives is left implicit *. To make it explicit, we rewrite
such definitions in the form

X Ey S 1]
: C le [L, X, €D, . (1)
Yé FEZ(X& H ST[M]]) Eo Sr[[g]]
ieA, Y,

The formal definition of the join makes explicit whether the order of presentation
of the rules does matter, or not. When it doesn’t, the join can be defined using
a binary associative and commutative join. This binary join can even be left
implicit and, by associativity and commutativity, the rules can be given in any
order. This will be the case for the examples provided in Sect. 5 and Sect. 6.

The meaning of a rule-based definition (1) is
S 2 up AX Y, FiX, T Selel) -
ien, o=t

where, by Hyp. 1, the fixpoint of the consequence operator is assumed to
exist.

4 This is the case in Hilbert’s formal systems, see Sect. 2.12.



A D € D, is provable if and only if it has a proof that is a transfinite sequence ®

Dy, ..., D, of elements of D, such that Dy = 1,, Dy = D and for all 0 < § < A,

Ds T, Y, Fi(l, Ds. II S:01¢D).

€A, B<é o—=e

The proof-theoretic meaning of a rule-based definition (1) is

S0 £ ||, {D € Dy | D is provable} .

Lemma 5 IfVl € L, F[{] is C,-monotone then V0 € L : S,[¢] = S¢[4]. g
PROOF The proof is by induction on <, so assume V¢ — ¢ : S,[0'] =
S¢[¢']. The limit Sf[¢] of the ultimately stationary transfinite iterates for
AX - YK FUX, Ty Spll]) = Ff] from L, (which does exist in a depo
ISHAY)
[7]) belongs to {D € Dy | D is provable} since C, is reflexive. Any other proof
is upper-bounded by these iterates and so if D is provable then D T, S;[/]
proving that the least upper bound (lub) | | ,{D € D, | D is provable} does
exist and is precisely S¢[/]. n

2.11 Fquivalence of the order-theoretic inductive definitions

Theorem 6  Hyp. 1 implies that V¢ € L : S[{] £ S;[¢] = S.[¢] = S.[/].
IfVl e L, F[{] is To-monotone then S[¢] = S.[¢] = S,[¢]. 0
This generalization of [2] could also include a game-theoretic version (the game

semantics [1] being of quite different nature). The closure-condition version [2]
is also easy to adapt.

2.12  Example: inductive definitions

The classical inductive definition [2] of a subset S of a universe U by rules
{& XCS

;€ lor

z'e[}WhereR-QUandciGU,z'elcanbewritten c
{ci| bCX}CS

P,CX, XCS P, CS

c,i € [ thatis c,i € I for short. So (L, <) = ({a},

c; € S c; € S
=) where = stands for the void syntactic component, (D,, C., La, Lk) = (p(U), C,
g,U), Au 2 I, foragiveni € I, F} € p(U) — o(U)is F{(X) 2 {¢; | P, C X}
and Y. £ U thus defining S =1fp~ AX +{¢; |i € AP, C X}.

® In the classical case [2], the fixpoint operator is continuous hence proofs are finite.

10



2.18  Reduction of order-theoretic inductive definitions

An element z of a poset (D, C) is (complete) join irreducible if and only if
for all X C D such that = || X we necessarily have x € X. Observe that if
(D, C) has an infimum L then L is not join irreducible since L = [ |@& but
1 ¢ @. We let J(D) be the set of join irreducibles of D. If € D, we define

J(x)={ye J(D)|yEa}.

A poset (D, C) satisfies the descending chain condition (DCC) if and only if
every denumerable descending chain xqg J x; J ... in D is finite that is x;, =
ZTgy1 = ... for some k € N.

If (D, C) is a poset satisfying (DCC) then for all Vo € D : x = || J(x). The
proof is an easy generalization of [12, Prop. 2.45].

In case (D;, C,) satisfies (DCC), we let {F}7 (P, Iy S;[0]) | 7 € AL}
£ J(F} (P, Ty~ Se[€])) for all i € Ay and define the reduced inductive
definition as

Vel ST =1 AX- Y, L, F/(x, T Sle) -

ien, jEA] =t

and similarly for the equivalent forms.

Lemma 7 If (Dy, &), { € L satisfies (DCC) then SY [(] = S;[/]. 0
PROOF By join irreducibility F}(X, [Ty, S¢[€']) = ||, T(FH(X, Ip— S¢[0]))
=1, FJ (P, Iy Ss[€']) by definition. n
JEA]
XCé¢ neé

c.

c can be simplified into o e ¢,
{nln+2eX}C¢ n+2e€éf

For example o€ ¢,

2.14 Bi-semantic domains

To account for terminating/finite and diverging/infinite program behaviors,
we consider bi-semantic domains [10] consisting, for each ¢ € L, of a finitary
semantic domain (of finite program behaviors) (D, T, L/, [ |}) and a
infinitary semantic codomain (of infinite program behaviors) (D, , C,, 1,
|_|;> which are assumed to be dcpos (respectively complete lattices). They are
combined into a bi-semantic domain (of bifinite program behaviors) D, thanks
to a projection 7, € D, — D/, a coprojection 7, € D, — D, , and a
constructor m, € D x D, — Dy satisfying Vo € D),y € D, : 7} (m(,y)) =
x and 7, (m¢(z,y)) = y while VX € D : m(n) (X), 7, (X)) = X. Examples are

11



the cartesian product, disjoint union or union of disjoint sets. The bi-semantic
domain (Dy, C,, Ly, U is then a depo (respectively a complete lattice) by
defining X+ £ m/(X), X~ 2 7,(X), X 5,V = (XT T/ YA (X 7 V),
and | |, X; £ m(| |7 X7 X7).

i€l el i€l

2.15 Bi-semantic fixpoints

Lemma 8 Let Lt and L~ be a partition of the set L. For all XY C L, define
XTEXNLT, X" 2XNL ,and (XCY)2 (Xt CYN)A(X DY), Let
F € (L) — p(L) be C-monotone® such that VX C L: (F(X))" = F(X™).
Define F*(X) 2 (F(Xt)*, St =1fp FT, F-(X) 2 (F(StUX))", 5 =
afp" F~. Then S2£ ST US™ =1ifp F. a

PROOF (p(L), C) is a complete lattice and F' is C-monotone when so are F'*
and F'~ proving that lfpg F* and gfpg F~ exist by Tarski’s fixpoint theorem
[33]. We first prove that S is a fixpoint of F.

S
= 5TuUS”
= FF(SHUF(5)
{by fixpoint definitions St £ 1fp~ F* and S~ £ gfp~ F~§

= (F(S"))"TU(F(STuUsS))” (def. F* and F~§
= (F(S)YU(F(9))~ (since (F(ST))" = (F(9))" and S=STUS™ §
= F(95) (sinceVX CL: X=XTUX§

To prove that S is the C-least fixpoint of F', let T" be another fixpoint of F' that
is T'= F(T). It follows that 7T UT~ = (F(T))* U (F(T))” so TT = (F(T))*
and T~ = (F(T))” since LT N L~ = &. Therefore TT = (F(T))* = (F(T*))*
— FH(T") hence St C T since St £ 1fp~ F+. Moreover T~ = (F(T))™ =
(F(TTUT™))” 2 (F(STUT))” = F(T7) by C-monotony of F. It follows
that 7— C S~ by Tarski’s fixpoint theorem [33] for gfp- F'~ . We conclude that
S C T by def. of C. -

The lemma can be easily generalized to any bi-semantic domain as defined in
the previous Sect. 2.14.

6 but not necessarily C-monotone.

12



2.16  Sequences

Given a set S (for example, a set of states in Sect. 4, a finite terminal alphabet
in Sect. 5 or a set of terms in Sect. 6), we let S* be the set of finite sequences
over the set S including the empty sequence e, ST £ S*\ {¢}, S* be the set of
infinite sequences over S, S* £ S*USY be the set of finite or infinite sequences
over 87, and S® £ ST USY be the set of nonempty finite or infinite sequences
over S. We let |o| € NU {w} be the length of ¢ € §%, in particular || = 0
and 8" £ {0 € 8* | |o| = n}. We let « be the concatenation of traces so that
ceocd=0ec=cand 0. =0 when 0 € S*. If 0 € §T then |o| > 0 and
O =00e010...00-1. f 0 €S¥ then o] =wand 0 = 0ge01¢...00,....
For sentences over an alphabet in Sect. 5, we denote concatenation « by
juxtaposition so 0 = 040y ...0),-1 € S* and 0 = 00y ...0, ... € S¥.

Given X,Y € p(8%), we define X* £ X NS*, Xt £ X NSt X £ X NS
and X CY 2 X* C Y*A XY DY¥, so that (p(S¥), C, S¥, S*, U, M) is
an example of bi-semantic domain as defined in Sect. 2.14. It is a complete
lattice with lub X UY & (X*UY™))U(X“NY*). Similarly, for the bi-semantic
domain (p(S8*), C, S¥, §*, U, N).

3 Abstraction

We consider a simple form of abstraction based on a continuous abstraction
function « [9], which includes the particular case of a Galois connection [§]
(denoted (P, <) % (@, C), or (P, X) <_%_» (@, C) when « is onto, where

(P, %) and (@), C) are posets, and Vo € P:Vy € Q : a(z) C y <=z <X v(y)).

For all £ € L, we let (Dy, T, Ly, L) be dcpos, FZ € DyxDy, ...xDy, — Dy,
1 € Ay be monotone in their first parameter, and define the abstract semantics
S/[4] in one of the equivalent forms of Th. 6.

If ap € Dy — Dy, we say that the abstract semantics (S[/], ¢ € L) is sound
with respect to the concrete semantics (S[¢], ¢ € L) if and only if V/ € L :
ae(S[4]) €, S[f]. Tt is complete whenever V¢ € L : S[{] E; ap(S[{]). The
following theorem provides a sufficient soundness and completeness condition.
Theorem 9 If the F} and F, are monotone in their first parameter, the join

operators Y£ and Yé are componentwise monotone, the ay € Dy — Dy, £ € L

. . , , Y s o=\ s ,
are strict and continuous (in particular (Dy, Cy) <a_—i> (Dy, Ty is a Galois

7 The “proportional to” symbol o is used as a pictogram similar to “infinity” oo
but with the possibility of emptiness.

13



connection) and the F} commute with the FZ up to o t.e. V0 € L : VX,
S[[f]] VXy € Dp, U < L:

Y, Fuloe(Xo). IT aw(Xe)) = ae Y, Fi(Xe, [T Xe)

Y o<e i€A, o=<e

then S[{] = a,(S[]).
PROOF By induction on < using the fixpoint definition of S[¢] and S[/], and
8, 7.1.0.4-(3)]. -

4 Order-theoretic inductive definitions of the trace semantics of
transition systems

We let X be a set of states and 7 C X x X be a transition relation on X.
We consider the bi-semantic domain (p(X>°), C, X« X+ U M) defined in
Sect. 2.16 and the trace semantics

S = U{UQE”WE 0,n — 1[: {0y, 0441) ETAVs E X (0p_1, S) &€ T}

n>0
U{oceX¥|Vie N:(o;, 0i41) ET} .

Since the semantics is not defined by structural induction, we define L = {a}
where = is a void syntactic component and < 2 @&. We let

F2{oceXt||o|=1AVs€EX: {0y, s) €7} blocking state traces
ToX 2 {0ge01.6€X®| (00, 01) ETA0Lec € X} transition prefix

F(X)&£7UToX trace transformer.

The trace transformer F' is C-monotone, indeed upper-continuous. The i-th
iterate £ of F' from X¢ is

i—1
= J{oeX"|Vie[0,n—1]: (0;, 011) ETAVSEX: (001, ) €T}

n=0
U{ope...00;...06€X”|Vk€[0,i—1[: (o), Okt1) € T}

so that S= | | F' = Ifp- F [6]. In rule-based form, we have
i€N

14



c€eS
7€8 _cC.
Too€S

The trace transformer I’ is C-monotone for transition systems and for grammars
considered in next Sect. 5 but no longer for the big-step trace semantics of the
call-by-value \-calculus considered in Sect. 6.3.

5 Structural order-theoretic inductive definitions of the semantics
of context-free grammars

The Ginsburg-Rice/Chomsky-Schiitzenberger theorem [4,14,31] shows that the
terminal language generated by a context-free grammar can be expressed in
C-least fixpoint form. This was extended to the infinite language generated by
a context-free grammar by Nivat [26] using C-greatest fixpoints. To illustrate
bi-inductive structural definition on a simple example, we define the bifinite
semantics of grammars mixing the least fixpoint for finite sentences and the
greatest fixpoint for infinite sentences.

5.1 Metasyntax of grammars

The (meta-)language L = {e} UTUNURUPUSUG is defined by the following
(meta-)grammar (T NN = @)

e ¢ TUN empty sentence P eP productions

T e T terminals P:=N — R

N € N nonterminals S e S sets of productions

R eR righthand sides S:=P|PS

R:=TR|NR|e¢ G e G grammars
G:=S

As usual N ::= « | 3 is a shorthand for the two grammar rules N ::= « and

N ::= (. To avoid confusion, the left-hand side N of a grammar rule is separated

from the right-hand side a by ::= in the meta-grammar (N ::= «) and by

8 N is the set of nonterminals while IN is the set of natural numbers.
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— in the grammar (N — «). The “strict immediate subcomponent” relation
—< on the meta-language L is defined as T —< TR, R —< TR, N —< N R,
R—NR, e <R (when Ri:z=¢), R <N — R, P —<S (when S ::=P),
P—<PS,S—PS,and S — G (when G::=S). Hence — is well-founded
since sentences in the meta-language (that is grammars) are assumed to be
finite? .

5.2 Fixzpoint structural bifinite semantics of grammars

The bifinite semantics S[G]] € N — o(T>) of grammars G is defined in fixpoint
form by structural induction (on <). Recall from Sect. 2.16 that (N — o(T*),
C, ANT% AN-T* U, M) is a complete lattice for the pointwise ordering
C.

Sl e {e¢} S[T]eT  S[NJeN
Sle] £ ¢ S[TI2T  SINJ&N

S[R] € (N — p(T%)) — o(T)
S[R:=TR] = Xp-{S[T]}) :S[R]
S[R==NRT = (Ap-p(S[N])): S[R]

S[R::=¢] & Xp- {S[]}

S[P] € (N — o(T*)) — (N — o(T™))
S[P:=N — R} £ Xp- )\N,'([N/:N ?S[[R]]pg-u—w])

S[S] € (N — p(T)) — (N — o(T™))
S[S ::= P] 2 S[P]
S[S =P S 2 S[P] ) S[S]

S[G] € N — o(T>)
S[G =:=S] 2 1tp" S[S]

where . is sentence concatenation « extended elementwise and pointwise; U is the

pointwise extension of U, itself the pointwise extension of U; and ([tt ?as b]) =a,
ff 2as b]) = b is the conditional.

9 Observe that for a meta-grammar rule A ::= By ...B,, where the nonterminals By,

..., B, respectively derive into the terminal sentences 31, ..., 8, so that A derives

intoa=0@1...0,, we have f1 —< «, ..., and (6, —< « and we write, as defined in

Sect. 2.2, a::= [y ... [0y. In the metagrammar, we use the same symbols for A, By

...,Bpand o, (1 ..., B!
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Theorem 10 VG € G : S[G] is well-defined. 0
Proor If L, Ly, Ly C T and Ly T Ly then L7 C Ly and LY O L% so Ly« L =

TeLULY C Ly LULY = LyeLsince Ly« L C Ly« L and LY O L§. Moreover
Lely=L.LiULY =L.LjULLYUL* C Lo L5ULLYULY = LeLyULY
=LeLysince Lo Ly C LoLsand Lo LY ULY D LaL5ULY. Therefore o is
C-monotone hence so is « pointwise. It follows, by induction on the “strict
immediate subcomponent” relation —, that VS € S : S[S] is E-monotone so

Ifp~ S [S] exists and VG € G : S[G] is well-defined. n

Example 11 For the grammar G defined by the rules X — aX, X — b,
we have the following metasyntax tree whose nodes are decorated with their
semantics

G 1~ Ape AN« [N =X 2 ({a}«p(X)) U {b} 8T%)
\
S: Ap+ AN« [N'=X 2 ({a}«p(X))U{b} sT¥)

P: Ap+ AN« (N =X 7 {a}.p(X) 3T¢) S: Ap+ AN« [N'=X 2 {b} 3T¢)

\
/R P: Ap+ AN« (N'=X 7 {b} sT¥)
N: X R Ap-{a}epX) ﬂ\

- R A ) N: X — R: Ap-{b}
o a : pep /\
PN T: b R Ap-{e}
N: X R: Ap-{e} |
\ € €

€ €

The semantics of the grammar G is therefore

S[G] 2 1tp~ Ap+ AN« (N =X 2 ({a}« p(X)) U {b} £ T)
= AN - (N =X7%{a*}u{a"b|n>0}:T)

which is the C-least solution of the more traditional system of equations
[4,14,26,31] (where X = p(X) and N = p(N))

X = ({a}« X) U {b}
N =1 when N # X .
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The C-least solution for the X component is computed iteratively as

X0 — v

X' = ({a} . X% U {b}
({a} . T*) U{b}

X? = ({a} . X") U {b}
({a}« (({a} . T*) U{b})) U{b}
({aa} « T¥) U {ab, b}

X" = ({a"}.T¥)U U {a'b} induction hypothesis
X = ({a} . X") U {b}
= ({a}- (({a"}. T)U U {a'b})) U {b}

0<i<n
= {a""}.TvU U {a"tb} U {b}
0i<n

= {&""}.Tvu |J {a’b} where j =i+ 1

0<j<n+1

X = N} U U U (b))

n=0 n=0 0<i<n
= {a*}u U{a"b}
n>=0
Xw+1 - Xw . m]

5.8 Rule-based structural bifinite semantics of grammars

An equivalent definition of the bifinite semantics S[G] € N — p(T>) of
grammars G can be given in rule-based form by structural induction (on —)
as follows (p € N — p(T%))

€ € S[[E]] Te SHT]]
N € S[N] (Ap-{SIT]H :SIRTC
S[R=:=TR]
(Ap+p(SIN])) : S[R] E S[R::=NR] Ap+ {S[]} C S[R := ]
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Ap+ AN+ (N =N 7 S[R](p) s T¥) C
S[P:=N — R]

S[PJES[S::=P 9] S[STC S[S::=P 5]
p C S[G::=9] _
SISIp) £ SI6#=S5]

S[P] C S[S::=P]

Example 12 The bi-inductive definition of the semantics S[G] of the grammar
G defined by the rules X — aX, X — b is

p C S[G] ,

AN+ [N = X Z ({a} + p(X)) U {b} £ T) = S[G]

which, letting X £ p(X), simplifies into

X C S[G]X
T“C S[GIN, N#X =

({a}. X)U {b} C S[G]X

The proof that the finite word a”b is generated by G is (each theorem is followed
by a proof argument given between curly brackets {...5)

T {basis §

{b}  ({b} E ({a}. T*) U {b}§

{ab}  {{ab} C ({a} . {b}) U{b} E ({a} . (T~ LI {b})) U {b}§

{a°b} ({a’b} C ({a} . {ab}) U {b} C ({a}« (T U {b} U {ab})) U {b}

{a"b} {{a"b} C ({a} . {a""'b}) U {b}§ .

The transfinite proof that the infinite word a* is generated by G is

T {basis §
{a}.T7v  {{a}.T°C ({a} . T*) U{b}S
{a’t. 70 {a’}.T*C ({a}« {a} . T*) U {b}]

{a" 1. T (linduction hypothesis, n > 0, a = €§
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"7 {a"t. T C ({af . {a" ). T) U {b}§

{a*} Ha*} E ((fah - T ) u{bh) U ({2}« T*) U {b}) .. (({a""'} . T9)
u{bphu...§ o

5.4 Abstraction into the finite language generated by a context-free grammar

The abstraction is a € p(T*) — (T*), a(X) = X N T* extended pointwise
tod e (N — o(T%) — (N — o(T*)) as 4(p) £ AN-a(p(N)). We
have (p(T%), C) e—%; (p(T*), C) (where 1 is the injection of ©(T*) into
©(T*)) hence (N — p(T>), C) “—_1—» {(p(N — T*), C) pointwise. We

get Ginsburg-Rice/ Chomsky—Schﬁtzen%erger’s fixpoint characterization of the
finite language generated by a context-free grammar [4,14,31] by abstracting

S[G::=S] 2 1fp- S[S] into S*[G ::=S] £ a(ip- S[S]) = 1fp_ S[S].

5.5 Abstraction into the infinite language generated by a context-free grammar

The abstraction & € (N — p(T*)) — (N — p(T¢)), é(p) £ AN« p(N)NT*,
such that (N — o(T>), C) #» {(p(N — T%), D), leads to Nivat’s fixpoint
characterization of the finite language generated by a context-free grammar [26]
that is S[G ::=S] £ 1fp" S[S] abstracted into S*[G ::= S| = o'z(lfpg S[S]) =
gfpg 8[[5]]

6 Structural order-theoretic inductive definitions of the semantics
of the call-by-value \-calculus

The next example of structural order-theoretic inductive definition is inspired
by [29,22]. We introduce a maximal trace semantics describing terminating
and diverging computations. The trace semantics is then abstracted into a
sound and complete relational semantics. In turn this relational semantics is
abstracted into a sound reduction semantics which is incomplete since the
future of computations is unpredictable. Each semantics can be defined using
small steps or big steps of computation. Each semantics can be defined in
fixpoint or rule-based form.
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Semantics Fixpoint definition Rule-based definition

big-step small-step big-step  small-step
Trace S| ip- F 1~ f = =
Relational S lfpE F lfpE f = =
Reduction S lfpg f= gfpg f — .

These semantics including the maximal trace semantics S of Sect. 6.5.1 and
the bifinitary relational semantics S of Sect. 6.4 specify the correct finite
computations which end with a value and the infinite computations but do
not describe the erroneous computations so the semantics of a term that “goes
wrong” is empty. Describing these erroneous computations would present no
difficulty but is often irrelevant. For example in typing it must be proved that
well-typed programs cannot “go wrong” (which requires to describe erroneous
computations) or equivalently that well-typed programs “go well” that is have
correct finite computations or diverge (in which case the semantics is simpler
since erroneous computations need not to be described). The practice is also
quite common in natural languages for which no one cares about the syntax
and semantics of incorrect or meaningless sentences.

6.1 Syntax

The syntax of the A-calculus with constants is

X, ¥,Z,... € X variables
ceC constants (XN C = @)
cux=0|1]...
v €V values
vi=c| Ax-a
e € E errors
ex=calea
a,a’,ai,...,b,,... € T terms
ax=x|v]aa

We write a[x « b] for the capture-avoiding substitution of b for all free
occurences of x within a. We let FV(a) be the free variables of a. We define
the call-by-value semantics of closed terms (without free variables) T £ {a €
T|FV(a) =g}.
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The application (Ax+a) v of a function Ax «a to a value v is evaluated by
substitution a[x « v| of the actual parameter v for the formal parameter x in
the function body a. This cannot be understood as induction on the program
syntax since a[x «— v] is not in general a strict syntactic subcomponent of

(Axea)v.

Hence the various semantics in this Sect. 6 cannot be defined by structural
induction on the syntax of A-expressions as was the case in the previous Sect. 5.
So the framework of Sect. 2 is instantiated with L = {s} and < is defined to be
false on L which prevents the use of structural induction on program syntax.
For brevity we omit the void syntactic component = writing e.g. F' for F'[a], D

for D., A for A, etc.

6.2 Trace domain

Recursion will be handled using fixpoints in the trace domain (D., C,) £

(p(T°), C), which is the complete lattice (p(T>), C, T« T+, U, M) defined
in Sect. 2.16.

We define the application aQo of a term a € T to a trace o € T* to be ¢’ € T
such that |0'| = |o| and Vi < |o| : 0} = a o;. Similarly the application o Qa of a
trace 0 € T to a term a € T is ¢’ such that |0’| = |o| and Vi < |o]| : 0} = 0; a.

6.3 Big-step maximal trace semantics of the call-by-value \-calculus

6.3.1 Fixpoint big-step maximal trace semantics

The bifinitary trace semantics S € o(T™) of the closed call-by-value A-calculus

—

T can be specified in fixpoint form S = 1fp- F where the set of traces trans-
former F € p(T™) — o(T"") describes big steps of computation

F(S)2{veT |veV} (a)
U{(Ax+a)vealx<—v]eo|veEVAax«—v|.oeS} (b)
U{c@Qb|oe S¥} (c)
U{(c@b)e(vb)ed' |oc#eANTevESTAVEVA(VD)eo' €S} (d)
U{a@Qo|aeVAoesS (e)
U{(a@o).(av)ed' |a,veEVAT£eAoeve ST A(av)eo’ €S} (f)
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The definition of F has (a) for termination, (b) for call-by-value S-reduction, (c)
and (d) for left reduction under applications and (e) and (f) for right reduction
under applications, corresponding to left-to-right evaluation. (b), (d) and (f)
cope both with terminating and diverging traces. In the framework of Sect. 2,
we have A. £ {a,b,c,d, e, f} where ﬁf(S), i € Aa is defined by equation (1),
(i) = (a), (b), ..., (f). The join operator is chosen in binary form as Y, £ U.

Lemma 13 F is C-monotone but not C-monotone. 0
PROOF C-monotony holds for (a) and U and can be proved for all cases (b)—(f)
of the form F(S) = {f(a,a',....,0,0") | p(a,a’,...) A g(o) € ST Ah(c') € S} so
that S C 5" implies F/(S) C F(5).

For a counter-example to C-monotony, define X* £ X NT+ X¥ £ X 0T
and consider # 2 Ax+x x, X = {(0 6)*} (where a¥ 2 asa.a...) and Y =
{(Ax+x0).0, (00)°}. We have X C Y since Xt =0 C {(Ax+x0).0} =YY"
and X* = {(0 6)“} D {(6 )} = Y*. However F'(X) Z F(Y). Indeed by (d),
we have (Ax+x 60) 0)+ (0 0)+(00)* = (Ax+x0) 0).(06)* € F(Y) while

—

(Axe+x0)0).(00)° ¢ F(X) by examining all cases (a)—(f). n
So we must prove lfp; F to exist. However, because F is not C-monotone,
Ifp- F' cannot be constructed by iteration of F from T* since infinite traces

starting with a finite prefix which is not yet constructed at some iterate would
definitely be eliminated in the next iterate.

Recall that St £ SN TH, S« £ SNTY so St NSY =@ and define

S+ 296" F+ where FT(S) 2 (F(ST)*t.

By Lem. 13, F* € p(T+) — p(T) is C-monotone so Ifp- F'+ does exist on
the complete lattice (p(TT), C, &, T, U, N).

Define

S¥ £ ofp” F¥ where F¥(S) £ (F(STUS¥))~ .

By Lem. 13, F* € p(T¥) — o(T¥) is C-monotone so gfp~ F* does exist on
the complete lattice (p(T¥), C, @, T, U, N).

Theorem 14
SACSHUSY =ifp F .

Proor By Lem. 13 and 8. =
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The trace semantics can also be defined coinductively (as is the case for
transition systems [6, Th. 13]):

Theorem 15

c

S=gfp F.

PrRooOF By Lem. 13, F is C-monotone so gfp~ F exists by Tarski’s fixpoint
theorem [33].

(lpr ﬁ)+ - (gfp F)+ and (lpr ﬁ) C (gfpC ﬁ) Moreover ﬁ(gfpg ﬁ) =
gfp- F so lfp FC gfp F by def. Ifp, proving that (lfp F)¥ D (gfpg F)«
hence (ifp- F)“ = (gfp~ F')* by antisymmetry.

By Th. 14, ﬁ(lpr ﬁ) —1p - F solfp- F C gfp” F by def. gfp, proving

It remains to prove (Ifp- F)* D (gfp- F)T. Given a trace ¢ € (gfp” F)T =
(F(gfp~ F'))", we prove that ¢ € (F(ifp- F))t = (ifp- F)*. The case (a) i

trivial, the cases (c) and (e) are impossible since ¢ is finite and cases (b), (d

and (f) follow by induction on the length [¢| of <. In all these case, we hav
¢ = f(o,0") € (F(gfp~ F))* with |o| < || and |0'] < |¢| so 0,0" € (fp- F)T
by induction hypothesis proving that ¢ = f(0,0’) € (F(ifp- F))* = (ifp- F)*
by respective def. (b), (d), and (f) of F. n

6.3.2 Properties of the mazimal trace semantics

Lemma 16 The bifinitary trace semantics S is suffix-closed in that

Vo €T®:ae0€8 — 0 €5 .

PROOF We proceed by structural induction on the closed term a. Assume
a.0 €5 =F(5). The case a. o = v is impossible since Vo € T® : 0 # e.

Ifaeo = (Ax+a') vead[x < v]so’ then 0 = a'[x — v].0’ € S by def. of F.

Ifa.o =0 @b where o/ € 5% C S thena= (a’ b) and o/ = a’. 0" € S so

¢’ € 5 C S by induction hypothesis proving that o = ¢” @b € F(S) =

(ﬁl [@p]]

Ifa.o = (c'@b).(v b).a where ¢’ v € St and (v b) o’
where a = (a’ b) soa’«0” eve St CS proving [AVS
hypothesis and so o = ( "@b).(vb)eo” € F(S)=5.

S then ¢/ = a’ 0"

S
S+ C S by induction

Ifa.o = a @o' where o/ € 5 C S then a = (2’ b) and o’

=b.o" so
¢’ € 8% C S by induction hypothesis proving that 0 = a’ @¢” € F(5) =5

b
5) =&,
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Finally, if aeo = (a’@0”")«(a" v)e0” wherea veV oweST and (a v)eo” € S
then a= (' b) and ¢’ =b.0” sob.o” v e St proving that 0" ov e St by
induction hypothesis hence o = (2’ @¢™) . (a’ v) . 0" € F(S) = S. n
Lemma 17 The bifinitary trace semantics S s total in that it excludes inter-
mediate or result errors

VaceT:Ao, 0 €T ,ecE:aec.e.0' €5 .

PROOF Assume, by reductio ad absurdum, that a.c.e.o’ € S then e.o’ € S
since S is suffix-closed. By structural _induction on e, if e = e; a then, by
definition of S = F(S), 30" : ey« 0” S S, which is impossible by induction, or
e=caand then 30" : c.0” € S = F(S) so 0" = ¢, which excludes all cases
(c)—(f), the only possible ones for e. n
Lemma 18 The finite mazimal traces are blocking in that the result of a finite
computation is always a final value

Vo eT®U{e}:0.beSt = beV.

—

PROOF By induction on the length of o and definition of S+ = F(S)NT+.m

6.3.3 Rule-based big-step maximal trace semantics

The maximal trace semantics S can also be defined as follows

. ax —v].o€S
veS, veV —c, veV
(Ax*a)vealx —v]eoc €S
oes¥ ceveST (vb).o' €S
7_»2 o E, vevVv
c@beS (c@b)e(vb)eo' €5
oeS¥ geveSt (av).o' €S
— ¢, agyV —=cC, v,aeV.
a@QoeS (a@o)e(av)eo' €S
(o) €S, (o) esS
PrROOF The set of rules — c, ¢ € A is a shorthand
ci(o},...,0) €S
SCS
for —cand Y, is U in this
Yofci(ol, . of) | pi(a}) €S, .pi(o}) € STES
ieA
example. -
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Deﬁmng Sla] & {aco|a.oc S}, St[a] £ {aso | a.0 € 5T}, and

S“[a] £ {a.0 |a.0 € S¥}, we can also write for brevity

o € Salx «— V]|

veS[v], vevV - c, veV
(Ax+a)veo € S[(Ax+a) V]

o € 5¥[a] o.veSta], o € S[vb]

- c = ., vev
o@b e S[ab] (c@b).o’ € S[ab]
o € 5°[b] oeveSHb], o' €Sav]

= ., aeV = ., aveVv.
a@o e Sfab] (a@o).0’ € S[ab]

PROOF Y, is U and S = | J S[a].

acT

Observe that the inductive definition of §[[a]] should neither be understood
as a structural induction [28] on a (since a[x < v] £ (Ax+a) v) nor as action
induction [23] (because of infinite traces). The definition could be split in
inductive rules for termination and co-inductive rules for divergence, as shown
in Th. 14, but the above bi-inductive definition avoids the duplication of
common rules. Defining a = o £ ¢ € S[a], we can also write

ax — V] =0

v v, vevy ., vev
(Ax*a) vE= (Axea) veo
a0 ak>o0.v, vbE= o
c, oc€Tv c, veV,oeT"
abe=oc@b ab= (c@b).o’
b= o b o.v, aviEe o
c, aeV,oeT® c,aveV,oeTt .
ab=aQo abe=(aQo)eo

6.4 Abstraction of the big-step trace semantics into the big-step relational
semantics of the call-by-value \-calculus

6.4.1 Relational abstraction of traces

The relational abstraction of sets of traces is
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a € p(T%) — (T x (TU{L})) (2)
a(S) £ {09, on1) | € SA o] =nY U {00, L) |0 € SA 0| =w}
7€ p(Tx (TU{L})) — p(T%)
YT) E {oc €T | (lo] =nA {0, 0n1) €ET)V (Jo| =w A {0y, L) €T)}
so that
(p(T%), ) == (p(T x (TU{L})), C) . (3)
ProoFr
a(S)CT
<~ {{0g, on_1) | o€ SA|o|=n}U{{og, L) |c€SA|o|=w}CT
{def. af

<~ VoeSt: (o, Olo|-1) € TY AVo € S : {0g, L) €T”
{def. C, ST 2 S5NT*, and S¥ £ SN TS
<~ St C{o|lol=nA{00,0n 1) ETI}NSY C{o||o] =wA (oo, L) €T}
{def. C, T*2TN(TxT),and T £ T N (T x {L})§
= S CH() (S=5TUSYand def. v(T)§ m

6.4.2 Bifinitary relational semantics

The bifinitary relational semantics S £ «(S) € (T x (TU{L})) is the relational
abstraction of the trace semantics mapping an expression to its final value or
L in case of divergence.

6.4.3 Fixpoint big-step bifinitary relational semantics

The bifinitary relational semantics S £ a(S) = a(lfp- F') can be defined in

fixpoint form as 1fp- F' where the big-step transformer F € (T x(TU{L})) —
o(Tx (TU{L}))is

F(1) & {(v, v) [veV} (4)
U{{((Axea)v, r)|veVA(alx —v], r)eT}
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), L) | (a, L) eT}

), )| (@, v) eTT AveVA{(vb), r) e T}
), Ly |[aeVA(b, L)eT}

), ryla,veEVA(b,v)eTTA{(av), r)eT}.

Lemma 19 F is C-monotone but not C-monotone. 0
PrROOF C-monotony holds for the first constant case and U and can be proved
for all other cases of the form F(S) = {f(a,d',...,0,0") | p(a,a’,...) Ag(o) €
ST A h(c") € S} so that S C 5" implies F(S) C F(5").

The counter-example of Lem. 13, X = {((# 6), L)} and ¥ = {(Ax+x 6,
0),(0 6, L)} with X CY but F(X) Z F(Y) shows the absence of monotony.m

Lemma 20 «(F(S)) = F(a(S)) O

PROOF « is a complete U-morphism, so we calculate a(F (S)) by cases.

— «

{veT”|veV))
{(

v, v) |vevV} (def. o and |v| = 1§

(Axea)vealx —vVv]eo|vEVAax—vV].o€ S5}

S
a{(Ax+a)vealx < v].o|veEVAax«—v].oceST}HU
a{(Ax+a)veax < v]eo |vEVAax —v].o€ S}

(S =STUSYand « preserves lubs§

= {((Ax+a)v,r)|veVA(ax V], r)ealS)T}u
{{(Axea)v, Ly|veVA(ax —v], L)€ a(S)*} {def. af

= {{((Ax<a)v, r)|[veVA(ax—v], r) € a(9)}
{def. T* TN (TxT)and T* =T N (T x {L})§

— a({c@b| o e S¥})

= {{(oob), L) | o€ S¥} {def. o and @§

= {{(og b), L) | (00, L) € a(S)} {def. af

= {{(ab), L)|{a, L)€ a(S)} (S CT*®soogeT§

— a{(c@b)e(vb)ecd' |cevESTAVEVA(VD).0' €S}

= a{(c@b)e(vb)eo |oceve STAVEVA (VD)o € STHU
a{(c@b)e(vb)eo'|ceve STAVEVA(vD).o' € S¥})

(S = ST USYand « preserves lubs§
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= {{(ogb), 7)|ceveESTAVEVA((vb), 7)€ a(S)"} U
{{icb), L) |oceve STAVvEVA((vb), L)€ a(S)¥}) (def. a and @

= {{(og b), ) | {00, V) € a(S)T AveVA{(vb), r) € al(9)}
ldef. T*2TN(TxT),T*2TN(Tx {L}), and af
= {{@b), r) [ (a, v) €a(S)" AveVA((vb), 7)€ alS)}
(S CT*®soogeT§

— a{a@o|aeVAo eSS}
a

(
= {{(aog), L)|aeVAceS¥} {def. o and @§
= {{(aop), L) |a€ VAo, L)€a(S)} {def.aand T* =T N (TU{L})S
= {((ab), L)|aeVA(b, L)ea(S)} (SCT>®soo0geT§
— a{(@@o)e(av)eo’ |a,veEVAT.vE ST A(av).0' € 5})
= a{(@@o).(av)eo’ |a,veVAT.veE ST A(aVv).d’ € ST}HU
a{(a@a)e(av)eo’'|a,vEVATvE ST A(aV).o € 5})

(S =S5TUS¥ and a preserves lubs§
= {{(@aog), ry|a,veVAr, v)ealS)TA{(av), r) € alS)T}U
{{(a 0p), L) |a,vE VAo, v) €a(S)T A{(av), L) € a(S)*} (def. of
= {{(ab), ) |a,veVA(b, v)ea(S)A{(av), r) € a(S)}
(T* =TN(TU{L})and S C T® so oy € T§

Hence, we have the commutation property o(F(S)) = F(«(S)) when defining
F by (4). n

Lemma 21 S* 2 o(S") = 1fp° F'* where F*(S) £ F(S+). .
PrOOF To prove that oz(S+) — a(ifp- F*) is equal to Ifp- F™ = S, we
observe that o preserves U and o F'* = F'+ o o by Lem. 20 so a(lfp- F'*)
—1fp- F* by [6, Th. 3]. .

Lemma 22 §w L a(gw) = gfpg ﬁw where ﬁw<3) £ (ﬁ(§+ U Sw))w. 0
PrROOF We must prove that a(@w) = (Jz(gfpg ﬁ“) is equal to gfp" Fv =8,

— To prove that Oz(gfpg ]3“’) C gfp- ﬁ“’, we let X%, 6 € O and Ya, S
O be the respective transfinite iterates of F* and F* from X° = T% and
X' =Tx {L} so that a(X?) C X" hence X0 C 7(70) by (3) in Sect. 6.4.1.
Assume, by induction hypothesis, that V3 < § : X# C 7(7 ). We have
VB <8 (Nyes XP) C 'y(yﬁ) hence (Nps X?) C (Npes 7(X )) by definition
of the greatest lower bound (glb) N and therefore (N5 Xﬁ) C v(Np<s Yﬁ)
by (3) in Sect. 6.4.1 so X0 = F*(Ng5 X%) C F*(y (ﬂﬁ<5X )) by monotony.
It follows that X° C y(ﬁ“(ﬂkayﬁ)) = v(ya) since @ o ¥ = F“ o o by
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Lem. 20 implies o o F* o v = F“ o 0 o  hence a o F¥ o 4y C F* by (3) in
Sect. 6.4.1 and monotony that is F* oy C v o F* by (3) in Sect. 6.4.1. Hence
N € O:ghp” F¥ = X C (X)) = v(gfp" F) and we conclude by (3) in
Sect. 6.4.1.

— To prove that gfp~ F* C a(gfp” F*), we show that V(a, L) € gfp~ F* :
do € gfpg F¥ : 0y = a. To do so for any (a, 1) € gfpg F¥ we prove by
transfinite induction on ¢ that

Voe O>0:VYa, J_>ngpgﬁw:EIUETT“’:00:a/\a€ N Xx°.
5<6

For 6 =1, Ns; X’ =X"=T“andacT.

Assume by induction hypothesis, that 30 € TY : 09 =aAVn e O: 0 < n <
0:0 € Npey XP. We have 0 € N, o5Npey X =Ny X7 et we must show that

JoeT?:0p=alNoce X’ = ﬁw(ﬂ5<5 X7?). Because the iterates X° 6 € O
are decreasing, this implies do € T* : 0p =a A0 € N5 X5,

It remains to show, by structural case analysis on a, that if 0 € S : 0y = a,
then 30’ € F(S) : 0 = a where S = N5 X°.

— IfaeVthen (a, L) &gfp FY.

— Ifa=(Ax-a')v,veVthen (a, L) €gfp- F¥ = F“(gfp" F) so by (4),
(@'[x —v], L) € gfp~ F*. By induction on 8, we have 30’ € T¢ : 0, = a/[x «—
VJA0" € Nges X7 so that, by (b), (Ax ') ved[x < v]eo’ € F(Nges XP) = X°.

— If a = (a’ b) then there are four subcases.

— If(a, L) egfp- F¥ C Np<s X” then, by induction hypothesis on 4, we have
Jo’ € T : 0y = a’ Ao’ € N X s0 that, by (c), o’ @b € ﬁ(ﬂﬁ<5Xﬁ) = X0
is such that of, = (a’ b) = a by definition of Q.

— If(a,v) eSSt = a(§+), v eV, and (( b), L) € gfpg F*“ then, by induction
hypothesis on §, we have 3o’ € T¥ : g, = (v b) /\ o' € Ns<s X”. By definition
(2) of v in Sect. 6.4.1, there exists ¢ € TT* ceS A 5| = nA (s, sn-1) = (3, V)
proving by definition (d) of F that 30" = (g@b)ga’ € F‘(ﬂg«; XP) = X9 where,
by definition, sscgces’ £ cocec’. We have ol = (¢@b)y = (¢, @b) = (a’@b) =

— Ifa’€Vand (b, L) € gfp- F* then by induction hypothesis on §, 3o’ €
T : 09 =b Ao’ € Nges X” proving by definition (e) of ﬁ that c =a’' Qo' €
F(Npes XP) = X with oy = (' @0’)y = (3’ o) = (a' b) =
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— Ifa,veVv (bv) € St = a(§+), and ((a’ v), 1) € gfp- F'“ then, by
induction hypothesis on §, we have 3o’ € T : 0, = (a’ v) Ao’ € N5 X”. By
definition (2) in Sect. 6.4.1 of «, there exists ¢ € TT : ¢ € S A Is| = n A (<,
Sno1) = (b, v> proving by definition (f) Ofﬁ that (a'@Qg)s0’ € ﬁ(ﬂﬁ<5 XP) = X9
with op = (3’ @¢)g = (a' ¢) = (a' b) =

—~

Theorem 23 S 2 «(S) = a(ifp F) = lpr F.
PROOF By Th. 14 and Lem. 20, we have S = F(S) 505 2 a(S) =a(F(5)) =
F(a(S)) = F(S) proving that S is a fixpoint of F'. By Lem. 21, 22, and 8, we
have § = lfp F. n

O

Contrary to the case of the trace semantics Th. 15, the relational semantics
cannot be defined coinductively which would validate incorrect evaluations of
the form a = v where a actually diverges [22]. This phenomenon was already
observed for transition systems [6, Sect. 5].

Theorem 24 (ifp- F)* C (gfp” F)t and (ifp- F)* = (gfp" F)* so

Sgp F.

Proor By Lem. 19, F is C-monotone so gfp” F exists by Tarski’s fixpoint
theorem [33].

By Th. 23, ﬁ(lfpE ﬁ) = lfpcﬁ so lfpp- F C gfp- F by def. gfp, proving
(1pr F)t ¢ (gfp Fyt and (1fp- F)* C (gfp- F)“. Moreover Iﬁ(gfpg F) =
gfp- F so lfp FcC gfp F by def. Ifp, proving that (lfp F) D (gfpg ﬁ)‘“

hence (fp- F)* = (gfp- F')* by antisymmetry.

Let # 2 Ax+x x and 0 £ Af+ Ax+x. (f 6, 0) belongs to T . If (0 0, 0) =
(x x[x < 6], 0) belongs to an iterate of F' then, by def. (4) of F', ((Ax*x x) 0,
0) = (0 0, 0) belongs to the next iterate, hence, by transfinite induction on the

iterates, to gfpg F. However, there is no finite trace in gstarting yith term
0 0 and ending with term 0 so, by Th. 23, (6 0, 0) &€ «(5) = Ifp- F, proving
(ifp~ F)* +£ (gfp" F)T. .

6.4.4 Rule-based big-step bifinitary relational semantics

The big-step bifinitary relational semantics = is defined as a = r = (a,
ry € a(S[a]) where a € T and r € TU{L}. Tt is
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ax —v|=r
v=v, VveVY ., veV, reVu{l}
(Axea)v=-r

a= 1 a=v, vb=r

—c c, veV, reVu{l}

ab= L ab=r

b= 1 b=v, av=r

— ¢, acV c, aeV,veV reVu{l}.
ab= 1 ab=r

Again this should neither be understood as a structural induction (since
a[x < v] £ (Ax+a) v) nor as action induction (because of infinite behaviors)
nor as co-induction by Th. 24. The abstraction a(T) = T N (T x T) yields
(a variant of) the classical natural semantics [17] (where all rules with L
are eliminated and C becomes C in the remaining ones). The abstraction
a(T) 2 TN (T x {L}) yields the divergence semantics (keeping only the rules
with 1, Cis D, and a = L is written a = in [22]).

The above big-step bifinitary relational semantics =- is equivalent but not

identical to the standard big-step semantics whose bifinitary generalization
would be

a=Ax+c, b=V, cx—V]=r

v=v, veV c, v,Wev,
ab=r revVu{l}

a= 1 a=v, b= 1

e c, veV

ab= 1L ab= L

We have chosen to break evaluations of applications in smaller chunks instead
so as to enforce evaluation of the function before that of the arguments and to
make explicit the reduction step in the trace semantics.

6.5 Abstraction of the big-step trace semantics into the small-step reduction
semantics of the call-by-value \-calculus

The small-step reduction semantics abstracts the trace semantics by collecting
all transitions along any trace.
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6.5.1 Small-step abstraction of traces

The abstraction is

p(T%) — p(T x T)
{{oi, 0i31) | € SANOLiNI+1<|o|}.

)
w
> m

as(9)

Since the bifinitary trace semantics is suffix-closed, we can also use

a € p(T®) — (T xT)
a(S) = {{og, 01) |0 € SAo| > 1}

so that we have a,(S) = a(S) whenever S is suffix-closed. By defining H(T>)
to be the set of suffix-closed and blocking subsets of T> and ~(7) to be the set
of maximal traces generated by the transition relation 7 € p(T x T) that is

vH(7) £ {oceTt |Vi<l|o|:{(0o;, 0i11) ETAVa€eET: (O<io|-1, @) €T}
(1) £ {oc €T |Vie N: (04, 0;41) €T}

JAN

) =TT UA()

we have
(B(T™), ©) —= (p((T\V) x T), C) . (5)

PROOF Assume that S € p(T>), 7 C (T \V) x T, and «(S) C 7 so that
the first transition along a trace o € S is also a transition in 7 hence any
transition along a trace o € S is also a transition in 7 since S is suffix-closed.
If o is infinite, it is a trace generated by 7 hence o € (7). If o € S is finite,
then o,-1 € V since S is blocking so o|,/—1 has no possible successor by
7 C (T\V) x T proving again that o € y(7) that is S C (7).

Reciprocally, if S C (1) and o € S, then by definition of ~, all transitions in o
are also transitions of 7 proving that a({c}) C 7 hence a(S) = a(U,ecs{c}) C

T. ]

Observe that this Galois connection is relative to (p(T°°), C) and is not valid
for (p(T>°), C). Besides absence of monotony, this is another reason why
the abstraction theorem Th. 9 is not applicable for C. Indeed the small-step
reduction semantics is essentially incomplete in that it cannot anticipate that
a computation will go wrong as was the case for the trace semantics and its
relational abstraction.
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6.5.2 Small-step reduction semantics

The small-step reduction semantics or transition semantics S is defined as

S
f(7)

itp” f (6)
{{(Ax=a) v, alx —v])} U{(ag b, a; b) | (ap, a1) € T} U
{(V bo, Vb1> |V€V/\<b0, b1> ET} .

>

(p((T\ V) x T), C) is a complete lattice and f is C-monotone so lfp"~ f does
exist by Tarski’s fixpoint theorem [33]. The rule-based presentation of (6) has
a call-by-value fg-reduction axiom plus two context rules for reducing under

applications, corresponding to left-to-right evaluation [29]. a — b stands for
(a, b) e Sand v e V.

dg —> 4 b0—>b1
((Ax+a) v) — a[x « V| c c .
aob—>a1b Vb0—>Vb1

Lemma25aoﬁov§f O

PROOF a is a complete U-morphism so we calculate a(F (S)) by cases.

— a{aeT”JaeV))

= O {def. af
— a{(Ax+a)veax—v]eo|veVAax«—v].oe S}

= {{((Axea)v, a[x —v])} {def. af
({c@b|o e S¥})

(o9 b, 01 b) | 0 € 5¥} {def. @ and @§
(ag b, a1 b) | (ao, a1) € a(S¥)} (def. @ and S¥ C T¥§

|
Q

{
{
— al{(c@b)e(vb)eo' |ceve STAVEVA(vD).o' €S})

= {{ab,vb)|a.ve STAVvEVA(vb).o € S}U
{{og b, 01 b) |ceveESTAlo|>1AVEVA(vD).o' €5}
{def. o and |o| > 0f

{{ab,vb)|asve ST}U{{(og b, o1 b) |oeveSTA|o] >1}

{ignoring that a or (v b) might “go wrong”§
= {{ogb, o1 b)|oc€STA|o| >1}
= {(ag b, a; b) | (ag, a1) € a(S™)} (def. « and ST C T*§

N
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— afa@o|aeVAoeS’})
{(aog,a01) |la€eVATES} {def. a and @§
{(v by, v by) |veVA/(by, b)) € a(S¥)} {def. a and S¥ C T¥§

— a{(@@o)e(av)eo’' |a,veEVAT.vEST A(av).0' €5})
C a{(@@o).(av)ec’ |a,veVAT.veE ST}

({ignoring that (a v) might “go wrong”§
= {{vbg, vby)|veVAbg, b)) ealS)} {def. « and ST C T+§

and so a(F(S)) C f(a(S)) by defining f as in (6), proving that cvo F oy C f
since f is C-monotone, « o v is reductive, and by pointwise definition of C.

— We have avo F o v & f since a single transition cannot anticipate whether
the future computation can “go wrong”. For example ((Ax+x 0) 0) — (0 0) €
fo f(@) while (Ax+x0)0) — (00) € o F oyoaoFE oy(d) since there
is no trace of the form o+ (Ax+x0) 0)+(00)e0’ in FoyoaoF oy(2). m

It follows that the small-step operational semantics or transition semantics S
is sound but incomplete in that the set v(S) of maximal traces generated by
the transition relation S includes the bifinitary trace semantics g plus spurious
traces for computations that can “go wrong” that is terminate with a runtime
error e € . Indeed, the transition semantics S is an a-overapproximation of
the bifinitary trace semantics S.

Theorem 26 S C ~(5) . 0
PROOF We prove S+ C 4(8) and 5% C 4(5) so § = ST US¥ C ~(5).

— aoFCfoa {by Lem. 25§
— a0 (F(X)"UF(X)*) C foa(X) { partitionning
— o F(X)" C foa(X) { v is monotone by (5) in Sect. 6.5.1§
— a0 FH(X) C foa(X) ldef. FH(X) = F(XT)*t = F(X)"§
— a(ifp” F) Clfp f U7, Th. 7.1.0.4.(2)]$
— St CH(5) {def. ST, S and (5) in Sect. 6.5.1.§
— aoFC foa {by Lem. 25§
— a0 (F(X)"UF(X)*) C foaX) { partitionning§
— a0 F(X)* C foa(X) { & is monotone by (5) in Sect. 6.5.1§
— a((F(S*USY)*) C foa(STUSY) Ufor X = (ST U S¥)§
— a0 F¥(S¥) C foa(S¥)
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{since F*(S) £ (F(STUS¥))“ and « is monotone by (5) in Sect. 6.5.1§
— a0 F¥oq?(X) C foaor’(X) C f(X)
{for S¥ = ~+¥(X) and f monotone§

— Yo CA¥o f (by (5) in Sect. 6.5.1restricted to infinite tracesS§
— gfp F¥ C4“(fp f) {dual of [7, Th. 7.1.0.4.(2)] and (5) in Sect. 6.5.1§
— §¥ C ~(S) {def. %, S and v~ C 7.§

The strict inclusion follows from spurious traces for computations that can “go
wrong”. n

The inductive definition of S can also be understood as co-inductive since
Theorem 27 lfpg f= gfpg f. O

PROOF The iterates F9,5 < w of lfp" [ are (we write a — b for the pair (a,

b))

— "=y
— F'=f(F") = {((Ax+a) v) — alx — v]}

— F'={v (Ax+a)v) b/ — via[x ] b |0 <i+j<n}

{ind. hyp., where v! ((Ax+a) v) b’ is assumed to be parenthesized so that
((Ax+a) v) is the leftmost reducible term§

— F = )

= {((Axra)v) —alx—=v[ju | | 4
{apb—>a;b|ag—a; € {V' (Axsa)v) bl —viax«—v|]b |0<

i+j<n}iu ' ‘ ‘ ‘
{vby —vb;|by—by € {v ((Ax+a)v)b — viax —v]b |0<
i+j<n}} B
(def. F'§
= {((Ax-a) V) —»a[x<—v]}u '
v ((Ax-a)v) b7+1'—>v" alx «v| bf+1|0<i+j<n}u
Vit (Axsa) v) b —Vvialx —v] b/ |0 <i+j <n}
(def. €§
= {V(Ax+a)v) b —>Vax—v] b |0<i+j<n+1}
_ Fw:UFn
nelN

= (v (Ax+a) V) b —vialx V] b |7 € N}

The iterates G%, 8 < w of efp- f are
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— '={y >z} (for any y,z € T§
— G'=f(G)={(Ax+a)v—alx—vVv]}JU{yb—>zblU{vy —> vz}

— @ ={V (Axra) ) bl —>vak v b [0<ifj <njU
{Vybl —>Vv'zb |i+j=n} (ind. hyp.§
— o= (@)

= {(Axeca)v—alx—v|}U
{agb—>a;b|ag—a; € {V (Ax+a)v) b — Vv ax < v] b |0 <
i+j<n}iuU
{vby —vb; | by —b; € {V' (Ax=a)Vv) b/ — via[x < v] b/ |0 <
i+j<n}iuU
{agb—>a;blag—>a, € {V'yb — Vv zbl |i+j=n}}U
{vby —vby|by—>b ec{Vyb —>Vvizbl|i+j=n}}
{def. f and G™§
= {V (Ax+a)v) b —>via[x—v] b [0<i+j<n+1}U
{Vybl —Vvizbl|i+j=n+1}
— G=NaG"
nelN

— {Vi ((Axoa) V) bj—>Vi a[x<—v] bj‘l,jEN}
proving that lfp~ f = F¥ = G¥ = gfp" f. u

6.6  Small-step maximal trace semantics of the call-by-value \-calculus

Coming back to the small-step maximal trace semantics =» of a transition
relation — considered in Sect. 4, let us define

D> 20T ||o]=n>0AVi:0<i<n—1:0; — 0441} partial traces

A . .

> ={oc€ o, €V} maximal execution traces of length n
A . . .

=2 maximal finite execution traces

n>0

> ={ocel¥|Vie N:o, — 0,41} infinite execution traces
A . . . . .

L N PN maximal finite and diverging execution traces.

6.6.1 Fixzpoint small-step maximal trace semantics

To express the small-step maximal trace semantics => in fixpoint form, let us
define the junction g of set of traces as
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SgTéSwU{Uoo...oO"o‘_goO’,’O’ES+/\O'|G‘_1:O'6/\O'/€T},

and the C-monotone small-step set of traces transformer f c p(T7) —
o0

o(T)

fM) 2 {veT" |veViu3ssT (7)

describing small steps of computation.
Lemma 28 We have

= lfpgfz gfpgf-

Proor By [6, Th. 13]. n
Theorem 29 The big-step and small-step trace semantics are the same

o %)
S=>

PrROOF — We first prove that f( )+ C S*. By definition (7) of f, 8+ =
F(S)* (8*) and definition of F by (a)—(f) in Sect. 6.3.1, we must prove
that > S* C St thatisa — op Ao € St = a.o € S*. By (6) in
Sect. 6.5.2, we proceed by structural induction on a.

— Ifa— 0g=(Ax+a')v— a[x < v] then a'[x — V] e0ye09.... € 5T
implics a0 = (Ax+a') vead/[x V] e0ye09.... € F(St) =S+ by (b).
— Ifa—>00:a0b—>a1bwherea0—>alsoaO§ZWanda€§+:ﬁ(@*).
By (a)—(f), there are 3 cases for a; beojeoge....
— Incase(b),a;b=(Ax- a) v. We have ag — a; and a; = Ax +aso, by (6)
in Sect. 6.5.2, a9 = (Ay+a’) v and a; = a'ly « v/ = Ax +a. Since Ax+a €V
Wehavea[y<—v] AX e aESby( )so (Ay+a’) Vv .aly — V] eS by (b),
that is agsa; € S. By (d), agea; € S areV,ando=a; begjeoy.... € g
imply that ae0 = agbea; beoieoge... € ﬁ(@*) — G+,
— Incase (d),c =a; becgieoge... = (0" Qb)) (V b)eo” where o’ # ¢,
a0, e0he... =0V €StV eV, and (V' b).o” € S*. By induction
hypothesis, ag — a; and aj+0}+0%e... € S imply that ageas e} «0hs... =
ag+ 0’ «V € S hence, by (d), a.0 = (ag b) « (¢’ @b)« (V' b) 0"
((ag+0’) @b) .« (V' b)eo” € S+,
— Incase (f), 0 = a; beojeoge... = ('Q0")e(a’ V')e0” wherea; =3’V €V,
o #£e 0V E S+, and (@ Vv).o" e S+. By (6) in Sect. 6.5.2, ag — a;
and a; € Vimply ag = (Ay+c) w and a; = c[y « w|. Hence, by (a) and
(b), ag« a1 € S+. Then, by (d), agea; # €, agsa; € S+, a; €V, and
0 =a; be0ieoy.... €S imply as0 = ag beo = ag bea; beojeog.... € S+,
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— Ifa— 0y =vby—vb; where v € Vand by — by then by € V so, by
(a)—(f), there are 3 cases for v by ey e09... ..
— If, by (b), vbieojeoge... = (Ax<d) Vead[x «— V]eoy.... then
by =V €Vso b1 € S+ hence bo —> by implies, by induction hypothesw
that by« b; € S. By byeb; € S, b, €V, and v bieoieoze... € S+, we
conclude, by (f), that aso =v bo.v by e0ie0ye... €8T
— The case where, by (d), vbieojeoge... = (0’ QDb")« (V' b')eo”, with
o' #e 0V eSS VeV, and (V' b).o” € S would have o) = v hence
Vedie...V € S+, which is impossible.
— If, by (f), vbieoieoge... = (' @Q0")e(a’ V/)e0” wherev =23,V € V, 0’ # €,
o' .V € ST, and (' V).o" € S+ then 0, = by so, by induction hypothesis,
biec)e...ev €St and by — by imply byebyec)e...ov €5 50,200 =
VbyeVbieojeoge... =vbye(ad’@o’)e(a V)eo"” =a bge(a’@Q0’)e(a" V)"
= (@ @(by.0’)).(a V)e0” €ST, by (f).
— To prove that f (§) D S« we must, by definition (7) of f, prove that
o€ G implies 0 € > 2 g§ that is 0g —> 01y and 01«09 .. .. € 8w,
But o € §¥ = 0y — oy is equivalent to Sw C v(—>) that is gfp- F C
v(gfp- f) which, by the dual of [6, Th. 1], follows from FonyCrofor
equivalently, « o Fo v C f.

—

Moreover S hence S is suffix closed and therefore 01e09....€ 5%,

— We have f( S)* C S+ and f( )” OS¢ so f(S ) C S, proving, by Tarski’s
fixpoint theorem [33] for the C-monotone f on the complete lattice (p(T™),
C), that ifp- f C S hence => C S.

—  We now prove that F(£>) C > that is Vo € F(<>):0 € . If o] =1
then 0 = 0g € Vso 0 € - C F>. Otherwise || > 1 and we proceed by case
analysis on the syntax of oy.

— Ifo=(Ax+a)veax —v].0’ € F(3>),v eV then a[x «— v].o’ € +> by
(b) and (Ax+a) — a[x < v] by (6) in Sect. 6.5.2 s0 0 = (Ax*a) vea[x «
v]+ 0’ € > by definition of *>.

— Ifo=(0'@b).(vb).o” € F(5>), where by (d), 0’ # ¢, 0’ ev € >,
v eV, and (v b).o” € I then, by definition of *>, o) — 0} — ... —
Ol — vand (v b) — of — of — ... — of,,_,, and so by (6)
in Sect. 6.5.2, (o b) — (07 b) — ... — (0],_y b) — (v b) hence
o= (0gb)e(0] b)e...e(0,_1 b)e(vb)eageoie. ..ol 4 € > by definition

of >,

— Ifo=(@c).(av).0" € F(3>), where by (f), a,v € V, o # ¢
o'ev € 5 (av).0” € 5> then, by definition of >, o) — ... —>
Olpr-y —> Vv and (av) —og — ... — 0., _;, and so by ( ) in Sect. 6 5.2,
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(aoh) — ... — (a 0"0,|_1) —> (a v) proving, by definition of >, that

= (a 0_6)0.... (a Ufa/‘_l)o(a V).Jg.....a(g//l_l c i)

— Next, we prove that Yy C F(%). If 0 € %> then oy € V and 0y —
01...—> 0, —> .... By (6 ) Sect. 6.5.2, there are three cases.

— Ifog—> 01 =(Ax+a)v—ax < v|] then a[x < Vv]e...e0,.... € 2>

500 =(Ax+a)eax —V]e...e0ne... € F(“>) by (b).
— If 09 — 01 = ag b — a; b where ag — aj, then there are two cases.
— Either all 0;, i € N are of the form a; b in which case, by (6) in Sect. 6.5.2,
ag — a; —> ... — a, —> ... hence, by definition of <>, agsaje. . .edpe... €
“» proving, by (c), that ¢ = (ag b) « (a1 b) e ... (an b)w... € F(>).
— Oro=(agb)e...e(aj_1 b)eg;eci+1....and o; is not of the form
(a; b). (ap b) — ... — (a;_1 b) — o; implies ag — a; — ... — a;_1,
by (6) in Sect. 6.5.2. Since o; is not of the form (a; b), there are, according
to (6) in Sect. 6.5.2, only two possibe cases for (a;_1 b) — o;.
— Either (Ax+a) v) = (a;-1 b) — 0, = a[x «v]|, or
- (vb)=(aj_1 b) — 0, = (v by) where v € V and by — b;.
In both cases a; 1 € V, s0 a,_1 /> hence ageaje...ea; 1 € >, and
(31-_1 b)eoje0ii1e... € “>500 = (ag b)e(a; b)e...e(a;_1 b)e0je0i11e... €
F(=>) by (d).

— Otherwise 0y — 07 = v by — v b; where by — by and there are two
cases.
— Either Vi € N : 0, = (v b;) hence, by (6) in Sect. 6.5.2, by — b; —
.. — b, — ...s0bgebye...eb,.... € %> proving that o = (v bg) «
(Vby)e...e(Vby)e... € F(=>) by (e).
— Oro=(vbp)e...e(vb;_1)eo;e... where o; is not of the form (v b;).
By (6) in Sect. 6.5.2, (v b;_1) — 0; and o; is not of the form (v b;) imply
that (Axe<a’) V) = (v b;_1) — 0; = a'[x < V'] so b;_; =V’ € V. Therefore
VEV bye...eb; € 5> since b1 €V, and (v b 1)eo;e... € <> by
definition of <> imply that ¢ = (v bg)e...s (V bi1) e 0je... € F(“>) by

(f).

— We have F(+>) C 1> 50 FH(5>) 2 F((F)")t = F(5)* C (&)t
+> and F* is C-monotone on the complete lattice (p(T*), C) so S*

ifp- F+ = {X C T+ | FT(X)C X} C =+ by Tarski’s fixpoint theorem [33].

Moreover by C-monotony of F and F (<) 2 “» we have F¥(<>) = F“’(S) =
(F(5F U (5))) = (F(5F U =) 2 (F ()¢ 2 (£) = %> s0 S £
gfp [ = {X CT¥| X C F¥(X)} D > by Tarski’s fixpoint theorem [33
on the complete lattice (p(T¢), C).

—

In follows that § 2 S+ USY C *» U 2> = =25
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— In conclusion, we have § = 2> by antisymmetry. =

6.6.2 Rule-based small-step maximal trace semantics

The maximal trace semantics S = %> = 1fp~ f where [ is defined by (7) in
Sect. 6.6.1 can be defined inductively with small-steps as

. a— b, b.ocS
velS, vev c

a.b.a€§

that is, writing a = o for o € S and 0p=a

a—b, b0
vVErv, vevV c

A a.0

6.7 Small-step bifinitary relational semantics of the call-by-value \-calculus

The bifinitary relational semantics was defined as S £ a(S) (where « is the
relational abstraction of sets of traces (2) in Sect. 6.4.1) and given in big-step
form in Sect. 6.4. It can be given in small-step form by abstraction of the
small-step bifinitary maximal trace semantics of Sect. 6.6.1.

6.7.1 Fixpoint small-step bifinitary relational semantics

The bifinitary relational semantics S £ a(S) = a(ifp- f) can be defined in
fixpoint form as lfp- f where the small-step transformer f € o(T x (TU

{L}) — o(T x (TU{L}))is
v, v) |veVv} (8)
(Axea)v, r) |ve VA (ax « V], r) € R}

{(
U {{
U{(ag b, r) |ag — a1 A (a1 b, ) € R}
U {{(v by, r) | bg — by A (v by, r) € R} .

PROOF We have
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«

(f(1))
= afveT |veViu3;T) {def. (7) in Sect. 6.6.1 of f7§
(

= afveT"|veVHUa(3>3T) [« preserves U by (3) in Sect. 6.4.1§
= {{v,v)|veV}iUa(3;3T) (def. (2) of v in Sect. 6.4.1§
= {{v,v)|veV}lUu{a.beo|a—>bAb.oceT} {def. 3> and s
= {(v,v)|veV}uU{(a, L)|a—bAbeoceT*}U

{{a, r) |]a—>bAbec.reTt} (def. (2) of v in Sect. 6.4.1§
= {{v,v)|veViu{(a r)|la—DbA(b r)ecal)}

{(def. (2) of o in Sect. 6.4.1§
= fla(D)

by defining f(R) £ {(v, v) | v € W}U{(a ry|a— b/\(b r) € R} The
commutatlon property o o f = f o a implies that S £ a(S) = a(ifp" f) =
1fp- f. Using the fixpoint property (6) in Sect. 6.5.2 of 5, we get (8). =

6.7.2 Rule-based small-step bifinitary relational semantics
The bifinitary rule-base form is (a = b stands for (a, b) € S and r € VU{L})

a—b, b=>r
v=>v, vevV c

a=»r

7 Related work

Divergence/nonterminating behaviors are needed in static program analysis
[25] 19 or typing [5,22]. Such divergence information is part of the classical
order-theoretic fixpoint denotational semantics [24] but not explicit in small-
step/abstract-machine-based operational semantics [28,29,30] and absent of
big-step/natural operational semantics [17]. A standard approach is therefore to
generate an execution trace semantics from a (labelled) transition system /small-
step operational semantics, using either an order-theoretic [6] or metric [35]

10 For example, the authors of [32] claim that their “work is the first provably
correct strictness analysis and call-by-name to call-by-value transformation for an
untyped higher-order language” but since the considered big-step semantics does
not account for divergence, the considered analysis is not strictness but a weaker
needness analysis.
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fixpoint definition or else a categorical definition as a final coalgebra for a
behaviour functor (modeling the transition relation) up to a weak bisimulation
[16,34,20] or using an equational definition for recursion in an order-enriched
category [19]. However, the description of execution traces by small steps
may be impractical as compared to a compositional definition using big steps.
Moreover, execution traces are not always at an appropriate level of abstraction
and relational semantics often look more natural.

8 Conclusion

We have introduced bi-inductive definitions, an order-theoretic approach to
inductive definitions which allows the simultaneous definition of finite and
infinite behaviors in structural operational semantics — both big-step and
small-step styles. We have related various presentations of the bi-inductive
semantics, such as explicit fixpoint definitions and the familiar rule-based
definitions including in absence of monotony. Bi-induction simultaneously
define the finite behaviors by induction and the infinite behaviors by co-
induction. Using induction only would exclude infinite behaviors while using
co-induction only might introduce spurious finite behaviors (for example in
big-step relational semantics).

We have given two examples of using the approach: specifying the finite
and infinite semantics of context-free grammars and of the call-by-value A-
calculus, both in small/big-step style and at various levels of abstractions
for trace/relational /operational semantics. The lattice of abstractions of the
big-step bifinite trace semantics is the following

—

c — — c ~
Sw:gfpwa. ° S+:lfp7F+

relational
semantics

Sw = gfpg Fv

trace
semantics S= lfpg f= gfpg f

—

—

S = lpr ﬁ = gfpg F

infinite bifinite finite reduction

and the lattice of abstractions of the small-step bifinite trace semantics S =
1fp- f is isomorphic.
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Sound (and sometimes complete) abstractions are essential to establish this
hierarchy of semantics [6] and to prove that all the semantics are well-behaved
in the sense that they abstract the small-step trace semantics.

In conclusion bi-inductive definitions should satisfy the need for formal finite
and infinite semantics, at various levels of abstraction, and in different styles,
despite the possible absence of monotony.
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