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Abstract— The emerging high-speed broadband packet-
switched networks are expected to simultaneously support a va-
riety of services with different Quality-of-Service (QoS) require-
ments over the same physical infrastructure. Fair packet schedul-
ing algorithms used in switches and routers play a critical role in
providing these QoS guarantees. Deficit Round Robin (DRR), a
popular fair scheduling discipline, is very efficient with an O(1)
dequeuing complexity. Using the concept ofLatency-Rate(LR)
servers introduced by Stiliadis and Varma, we obtain an up-
per bound on the latency of DRR and prove that our bound is
tight. Our upper bound is lower than the previously known up-
per bound. This illustrates that the DRR scheduler has better
performance characteristics than previously believed, especially
for real-time applications where the latency plays a role in the
size of the playback buffer required.

I. I NTRODUCTION

A number of new applications such as video-on-demand
and distance learning rely on traffic scheduling algorithms in
the switches and routers to guarantee performance bounds and
meet the Quality-of-Service (QoS) requirements. Given mul-
tiple packets awaiting transmission through an output link,
the function of the scheduler is to determine the exact se-
quence in which these packets will be transmitted. Schedul-
ing algorithms can be broadly classified into two categories –
sorted-priority schedulers and frame-based schedulers. Sorted-
priority schedulers such as Weighted Fair Queueing (WFQ)
[1], Self-Clocked Fair Queueing (SCFQ) [2], Start-time Fair
Queueing (SFQ) [3] and Worst-case Fair Weighted Fair Queue-
ing (WF2Q) [4] maintain a global variable known as the virtual
time or the system potential function. This variable is used
to compute the priority of each packet which is known as the
timestamp. While they achieve good fairness and low laten-
cies, they are not very efficient due to the complexity involved
in computing the virtual time and the complexity of maintain-
ing a sorted list of packets based on their timestamps. On the
other hand, in frame-based schedulers such as Deficit Round
Robin (DRR) [5] and Elastic Round Robin (ERR) [6], the
scheduler simply visits all non-empty queues in a round-robin
order. The service received by a flow in a round robin service
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opportunity is proportional to its fair share of the bandwidth.
These schedulers do not have to maintain a global virtual time
function and also do not have to perform sorting among the
packets. The round robin service order of the frame-based
schedulers reduces their per-packet work complexity toO(1)
with respect to the number of flows, rendering them attractive
for implementation in routers and switches.

In recent work by Stiliadis and Varma [7,8], the authors de-
fine a general class of schedulers, calledLatency-Rate(LR)
servers. The authors also develop and define a notion of latency
and determine an upper bound on the latency for a number of
schedulers that belong to the class ofLR servers. This notion
of latency is based on the length of time it takes a new flow to
begin receiving service at its guaranteed rate and therefore, is
directly relevant to the size of the playback buffers required in
real-time streaming applications.

DRR is one of the most popular frame-based fair schedul-
ing disciplines that is now employed in a number of real en-
vironments involving fair scheduling, including Cisco routers
and Microsoft’s Windows NT. It is shown in [8] that the DRR
scheduler belongs to the class ofLR servers. Stiliadis and
Varma report an upper bound on the latency of DRR [7], and
its derivation is detailed in [8]. In this paper, we obtain a lower
value of the upper bound on the latency of DRR and thus show
that the scheduler has better performance characteristics than
previously believed. We also show that our upper bound on the
DRR latency is tight.

The rest of this paper is organized as follows. In Section 2,
we briefly introduce the DRR scheduling discipline. In Sec-
tion 3, we present our analysis of the latency bound of DRR.
Section 4 presents a detailed comparison between our latency
bound and the previously known bound derived in [8]. Finally,
Section 5 concludes the paper.

II. D EFICIT ROUND ROBIN

In this section, we present a brief overview of the DRR
scheduler, a detailed description of which can be found in [5].

Consider an output link of transmission rater, access to
which is controlled by the DRR scheduler. Letn be the to-
tal number of flows and letρi be the reserved rate for flowi.
Let ρmin be the lowest of these reserved rates. Note that since



all the flows share the same output link, a necessary constraint
is that the sum of the reserved rates be no more than the trans-
mission rate of the output link. In order that each flow receives
service proportional to its guaranteed service rate, the DRR
scheduler assigns a weight to each flow. The weight assigned
to flow i, wi is given by,

wi =
ρi

ρmin
(1)

Note that∀i ∈ n, wi ≥ 1.

A flow is said to beactive during a certain time interval,
if it always has packets awaiting service during this interval.
The DRR scheduler maintains a linked list of the active flows,
called theActiveList. At the start of an active period of a flow,
the flow is added to the tail of theActiveList. A roundis defined
as one round robin iteration during which the DRR scheduler
serves all the flows that are present in theActiveListat the out-
set of the round. Each active flow is assigned aquantumby the
DRR scheduler. The quantum allocated to a flow is defined as
the service that the flow should receive during each round robin
service opportunity. LetQi represent the quantum assigned to
flow i and letQmin be the quantum assigned to the flow with
the lowest reserved rate. The quantum assigned to flowi, Qi

is given bywiQmin. Thus, the quanta assigned to the flows
are in proportion of their reserved rates. In order that the work
complexity of the DRR scheduler is O(1), it is necessary that
Qmin should be greater than or equal to the size of the largest
packet that may potentially arrive during the execution of the
scheduler. Note that during some service opportunity, a flow
may not be able to transmit a packet because doing so would
cause the flow to exceed its allocated quantum. The sched-
uler maintains a per-flow state, thedeficit count, which records
the difference between the amount of data actually sent thus
far, and the amount that should have been sent. This deficit
is added to the value of the quantum in the next round as the
amount of data the scheduler should try to schedule in the next
round. Thus, a flow that received very little service in a certain
round is given an opportunity to receive more service in the
next round.

A frame is defined as the sum of the quanta allocated to all
the active flows in a DRR round. LetF denote the size in bits
of a DRR frame. The upper bound of the latency of DRR is
derived in [8] as(3F − 2φi)/r, wherer represents the trans-
mission rate of the output link. In the following section, we
prove a tighter bound on the latency. Our bound is tighter due
to the use of a tighter upper bound on the deficit count of a
flow and also due to the fact that we make a distinction be-
tween the size of the largest packet that may potentially arrive
at a scheduler and the size of the largest packet that actually
arrives during an execution of the scheduler.

III. L ATENCY BOUND OF DRR

In deriving an upper bound on the latency of DRR, we bor-
row the technique used in [8] based on the concept ofLR-
servers first proposed in [7]. In the following, we provide some
definitions and review some others that will be useful in defin-
ing the latency of guaranteed rate schedulers and our analysis
of the latency bound.

Definition 1: DefineW as the sum of the weights of all ac-
tive flows that are being served by the DRR scheduler.

Definition 2: Define m as the size in bits of the largest
packet that is actually served during the execution of a schedul-
ing algorithm. DefineM as the size in bits of the largest packet
that may potentially arrive during the execution of a scheduling
algorithm. Note that,M ≥ m.

Definition 3: An active period of a flow is defined as the
maximal interval of time during which it has at least one packet
awaiting service or in service.

Definition 4: A busyperiod of a flow is defined as the max-
imal time interval during which the flow is active if it served
exactly at its reserved rate.

The active period is different from the busy period of a flow,
in the sense that it reflects the actual behavior of the sched-
uler since the instantaneous service offered to the flow varies
according to the number of active flows. LetSenti(t1, t2) rep-
resent the amount of service received by flowi during the time
interval (t1, t2). Let the time instantαi be the start of a busy
period for flow i. Let t > αi be such that flowi is contin-
uously busy during the time interval(αi, t). DefineSi(αi, t)
as the number of bits belonging to packets in flowi that arrive
after timeαi and are scheduled during the time interval(αi, t).
Note that during this time interval, the scheduler may still be
serving packets that arrived during a previous busy period, and
henceSi(αi, t) is not necessarily the same asSenti(αi, t).
The reader is referred to [7, 8] for a detailed treatment of the
differences between an active period and a busy period.

Definition 5: DefineT as the set of all time instants at which
the scheduler ends serving one flow and begins serving another.
The set of all time instants at which a scheduler begins serving
flow i is defined asTi. Note that the setT is the union ofTi

for all active flowsi.
Definition 6: The latency of a flow is defined as the mini-

mum non-negative constantΘi that satisfies the following for
all possible busy periods of the flow,

Si(αi, t) ≥ max{0, ρi(t− αi −Θi)} (2)

As defined in [7], a scheduler which satisfies Equation (2)
for some non-negative constant value ofΘi is said to belong to
the class ofLatency Rate(LR) servers. The above definition
captures the fact that the latency of a guaranteed-rate scheduler
should not merely be the time it takes for the first packet of a
flow to get scheduled, but should be a measure of the cumula-
tive time that a flow has to wait until it begins receiving service
at its guaranteed rate.



Note that even though the definition of the latency is based
on flow busy periods, in practice it is easier to analyze schedul-
ing algorithms based on the active period of a flow. Letτi be
an instant of time when flowi becomes active. Lett > τi

be some time instant such that the flow is continuously active
during the time interval(τi, t). Let Θ′i be the smallest non-
negative constant such that the following equation is satisfied
for all t,

Senti(τi, t) ≥ max{0, ρi(t− τi −Θ′i)} (3)

Even though(τi, t) may not be a continuously busy period for
flow i, it is proved in [7] that the latency, as defined by (2),
is bounded byΘ′i. This allows one to determine the latency
bound of a scheduler by considering only those periods during
which a flow is continuously active.

Theorem 1:The DRR scheduler belongs to the class ofLR
servers, with an upper bound on the latency,Θi for flow i,
given by:

Θi ≤ 1
r

(
(W − wi)Qmin + (m− 1)

(
W

wi
+ n− 2

))
(4)

wheren is the total number of active flows andr is the trans-
mission rate of the output link.

Proof: Since the latency of anLR server can be estimated
based on its behavior in the flow active period, we will prove
the theorem by showing that,

Θ′i ≤
1
r

(
(W − wi)Qmin + (m− 1)

(
W

wi
+ n− 2

))

Let flow i become active at time instantτi. In deriving an
upper bound on the latency of DRR we consider a time interval
(τi, t) during which flowi is continuously active. Then, we
obtain the lower bound on the total service received by flowi
during this time interval. Lastly, we express the lower bound
in the form of Equation (3) to derive the latency bound.

In [9], in the context of deriving the latency bound of Elas-
tic Round Robin [6], it is proved that if the upper bound of
latency is met exactly during the active period(τi, t), then the
following two conditions are satisfied:

1) τi ∈ T and
2) t ∈ Ti

It can be easily verified that these conditions are applicable in
the analysis of the latency bound of all round robin schedulers
including DRR. Letτk

i be the time instant marking the start of
thek-th service opportunity of flowi. Note thatτk

i belongs to
the setTi. From the above, to determine a tight upper bound on
the latency of the DRR scheduler we need to only consider time
intervals(τi, τ

k
i ) for all k. Fig. 1 illustrates the time interval

under consideration for a givenk. Note that the time instant
τi may or may not coincide with the end of a round and the
start of the subsequent round. Letk0 be the round which is in

progress at time instantτi or which ends exactly at time instant
τi. Let the time instantth mark the end of round(k0 + h− 1)
and the start of the subsequent round.

Let Senti(s) represent the total data transmitted from flow
i in rounds of the DRR scheduler. Also, letDCi(s) represent
the deficit count of flowi following its service in rounds. It is
proved in [5] that for any flowi in any rounds,

0 ≤ DCi(s) ≤ m− 1 (5)

Senti(s) = wiQmin + DCi(s− 1)−DCi(s) (6)

Note that the upper bound ofDCi(s) is Qi, as used in [8] in
the derivation of the DRR latency, only ifQi = M = m.
In all other situations, the upper bound on the deficit count as
specified by Equation (5) is a tighter bound.

As illustrated in Fig. 1, assume that the time instant when
flow i becomes active coincides with the time instant when
some flowu is about to start its service opportunity during the
k0-th round. LetGa denote the set of flows which receive ser-
vice during the time interval(τi, t1), i.e.,after flow i becomes
active. Similarly, letGb denote the set of flows which are
served by the DRR scheduler during the time interval(t0, τi),
i.e., beforeflow i becomes active. Note that flowi is not in-
cluded in either of these two sets since flowi will receive its
first service opportunity only in the(k0 + 1)-th round. If the
time instantτi coincides with the time instantt1, which marks
the end of thek0-th round and the start of the(k0+1)-th round,
then the setGa will be empty and all then − 1 flows will be
included in the setGb. Note that in this case, flowi will be the
last to receive service in the(k0 + 1)-th round and all subse-
quent rounds during the time interval under consideration.

The first step towards analyzing the latency bound involves
obtaining an upper bound on the size of the time interval
(τi, τ

k
i ). This time interval can be split into the following three

sub-intervals:
1) (τi, t1): This sub-interval includes the part of thek0-th

round during which all the flows belonging to the setGa

will be served by the DRR scheduler. Summing Equa-
tion (6) over all these flows,

t1 − τi =
1
r

∑

j∈Ga

{wjQmin +

+ DCj(k0 − 1)−DCj(k0)} (7)

2) (t1, tk): This sub-interval includesk − 1 rounds of the
DRR scheduler starting at round(k0 + 1). Consider
the time interval (th, th+1) when round(k0 + h) is in
progress. Summing Equation (6) over alln flows and
sinceW is the sum of all the flow weights, we have,

th+1 − th =
W

r
(Qmin)

+
1
r

n∑

j=1

{DCj(k0 + h− 1)−DCj(k0 + h)}
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Fig. 1. An illustration of the time interval under consideration

Summing the above overk − 1 rounds beginning with
roundk0 + 1,

tk − t1 =
W

r
(k − 1)Qmin

+
1
r

n∑

j=1

{DCj(k0)−DCj(k0 + k − 1)}(8)

3) (tk, τk
i ): This sub-interval includes the part of the(k0 +

k)-th round during which all the flows belonging to the
setGb will be served by the DRR scheduler. Summing
(6) over all these flows,

τk
i − tk =

1
r

∑

j∈Gb

{wjQmin

+ DCj(k0 + k − 1)−DCj(k0 + k)}(9)

Combining Equations (7), (8) and (9) and sinceW is the sum
of the weights of all then flows, we have,

τk
i − τi =

W

r
(k − 1)Qmin +

(
W − wi

r

)
Qmin

+
1
r

∑

j∈Ga

(DCj(k0 − 1)−DCj(k0 + k − 1))

+
1
r

∑

j∈Gb

(DCj(k0)−DCj(k0 + k))

+
1
r
(DCi(k0)−DCi(k0 + k − 1)) (10)

Now since flowi becomes active during roundk0, its deficit
count at the end of thek0-th round,DCi(k0) is equal to zero.
Using this fact and the bounds on the deficit count from Equa-
tion (5) in Equation (10), we have,

τk
i − τi ≤ W

r
(k − 1)Qmin +

(
W − wi

r

)
Qmin

+
(n− 1)(m− 1)

r
− 1

r
DCi(k0 + k − 1)

Solving for(k − 1),

(k − 1) ≥ r

WQmin
(τk

i − τi)− W − wi

W

− 1
WQmin

(n− 1)(m− 1)

+
1

WQmin
DCi(k0 + k − 1) (11)

Note that during the time interval under consideration,(τi, τ
k
i ),

flow i receives service in(k−1) rounds starting at round(k0+
1). Hence, using Equation (6) over these(k − 1) rounds of
service for flowi, and since the deficit count of a newly active
flow is 0, we get,

Senti(τi, τ
k
i ) = wi(k − 1)Qmin −DCi(k0 + k − 1) (12)

Using (11) to substitute for (k − 1) in (12), we get,

Senti(τi, τ
k
i ) ≥ wir

W
(τk

i − τi)− wi

W
(W − wi)Qmin

−wi

W
(n− 1)(m− 1) +

wi

W
DCi(k0 + k − 1)

− DCi(k0 + k − 1) (13)

Now, since the reserved rates are proportional to the weights
assigned to the flows as given by (1), and since the sum of the
reserved rates is no more than the link rater, we have,

ρi ≤ wi

W
r (14)

Using Equation (14) in Equation (13), we have,

Senti(τi, τ
k
i ) ≥ ρi(τk

i − τi)− ρi

r
(W − wi)(Qmin)

− ρi

r
(n− 1)(m− 1)

− ρi

r

(
W − wi

wi

)
DCi(k0 + k − 1) (15)

Simplifying further and noting that the latency bound reaches
the upper bound whenDCi(k0 + k − 1) equals(m − 1) we



get,

Senti(τi, τ
k
i ) ≥ max

{
0, ρi

(
τk
i − τi − 1

r

(
(W − wi)Qmin

+ (m− 1)

(
W

wi
+ n− 2

)))}
(16)

As discussed earlier, flowi will experience its worst latency
during an interval(τi, τ

k
i ) for somek. Therefore, from Equa-

tion (16), the statement of the theorem is proved. 2

We now proceed to show that the latency bound given by
Theorem 1 is tight by illustrating a case when the bound is ac-
tually achieved. Assume that flowi becomes busy at a certain
time instantτi, which also coincides with the start of a certain
round (k0 + 1). Since the other flows in theActiveListwill
be served first, flowi becomes backlogged instantly andτi is
also the start of its active period. Assume that for any time in-
stantt, t ≥ τi, a total ofn flows, including flowi, are active.
Let F represent the set of alln flows. Also, assume that the
summation of the reserved rates of all then flows equals the
output link transmission rate,r. Henceρi = wi

W r. Since flow
i became active at timeτi, its deficit count at the start of round
(k0 + 1) is 0. Let the deficit count of all the other flows at the
start of round(k0+1) be equal to(m−1). From Equations (5)
and (6), a flowj can transmit a maximum ofwjQmin+(m−1)
bits during a round robin service opportunity. In the worst case,
before flowi is served by the DRR scheduler, each of the other
(n − 1) flows will receive this maximum service. Hence, the
cumulative delay until flowi receives service,X, is given by,

X =
(
∑

j∈F
j 6=i

wj)(Qmin) + (n− 1)(m− 1)

r

=
(W − wi)(Qmin) + (n− 1)(m− 1)

r
(17)

Even though X represents the time for which flowi has to wait
until its first packet is scheduled, Equation (2) does not hold
true whenX is substituted asΘi. This is because in the time
interval(τi, τi +X) flow i has not yet started receiving service
at its guaranteed rate. We assume that the latency,Θi is given
by,

Θi = X + Y (18)

A plot of the service received by flowi against time is illus-
trated in Fig. 2. Assume that the total service received by flow
i during its first service opportunity iswiQmin−(m−1). Note
that from (5) and (6), this equals the minimum service that flow
i can receive during any service opportunity. At the end of the
(k0+1)-th round, the deficit count for flowi is (m−1) whereas
the deficit count for all the other flows is zero. In the worst
case, during the(k0 + 2)-th round, each flowj from amongst
the other(n − 1) flows will transmit a maximum ofwjQmin

bits before flowi receives its second service opportunity. Dur-
ing this service opportunity, flowi will be able to transmit at
least a minimum ofwiQmin bits, and will thus start receiving
service at its guaranteed rate. Referring to Fig. 2, we have,

Y +
wiQmin

ρi
− m− 1

ρi
=

WQmin

r
− m− 1

r

Now, sinceρi = wi

W r, simplifying further, we have,

Y =
(m− 1)

r

(
W − wi

wi

)
(19)

Substituting forX and Y from Equations (17) and (19) in
Equation (18), it can be easily verified that the latency bound
is exactly met.

IV. A D ISCUSSION OF THENEW LATENCY BOUND

In this section, we present a brief but detailed comparison
of the latency bound of DRR derived in Theorem 1 with the
latency bound derived in [8]. LetΘnew

i represent the latency
bound derived in Theorem 1. Hence,

Θnew
i =

(W − wi)Qmin

r
+

1
r
(m− 1)

(
W

wi
+ n− 2

)
(20)

Let Θold
i represent the latency bound of DRR as derived in

[8]. We have,

Θold
i =

3F − 2Qi

r
(21)

In the above equation,F denotes the size of a DRR frame
which is equal toWQmin, the summation of the quanta of
all the active flows. Substituting forF in Equation (21) and
simplifying we have,

Θold
i =

(W − wi)Qmin

r
+

(2W − wi)Qmin

r
(22)

Note that bothΘold
i andΘnew

i are represented as a summa-
tion of two terms of which the first term is identical. Recall
thatQmin ≥ M and thatM ≥ m. Therefore it can be easily
verified thatΘnew

i is less thanΘold
i , demonstrating that the la-

tency bound of DRR as proved in this paper is a tighter bound.
Also note that the expression forΘold

i does not distinguish be-
tweenm andM . In most networks including the Internet, the
vast majority of the packets in the traffic are of much smaller
size than the maximum possible size [10,11]. Therefore, since
m << M , we havem << Qmin. Thus, in situations with
small numbers of flows and wherem < M , Θnew

i can be much
lower thanΘold

i .
In order that the reader can fully appreciate the difference,

we provide a comparison of these two latency bounds of DRR
within the context of a practical example. Let us assume that
the DRR scheduler is controlling access to an output link with
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rate,r = 150 Mbps. Assume thatM , the size of the largest
packet that may potentially arrive during the execution of the
DRR algorithm is equal to 576 bytes. Also, letQmin be equal
to M . Let ρmin be equal to 0.1 Mbps and let the number of
flows, n be equal to 100. Also assume that the output link is
completely utilized, i.e.

∑n
i=1 ρi = r. Note that this implies

that the sum of all the weights is150/0.1 = 1500. We compare
the two latency bounds,Θold

i andΘnew
i for flow i as a function

of its reserved rate,ρi, for two values ofm: (a) m = M , (b)
m = M/2. Fig. 3 illustrates a plot of the latency bounds of
flow i for both values ofm. Note that expressions forΘnew

i

andΘold
i depend on the sum of the weights of all the flows but

not on the distribution of the weights among all the flows other
than weighti. Therefore, the weights of flows other than flow
i are not discussed in the context of this illustration. Fig. 3

reveals thatΘnew
i is a tighter bound.

V. CONCLUSION

In this paper, we have derived an upper bound on the la-
tency of Deficit Round Robin (DRR), a popular fair scheduling
discipline that has found use in a number of commercial prod-
ucts including Cisco routers and Microsoft’s Windows NT. Our
bound is lower than the previously believed upper bound. We
also show that our upper bound is a tight one. The latency
experienced by a flow captures the length of time it takes a
new flow to begin receiving service at the guaranteed rate,
and therefore, it is directly relevant to the size of playback
buffers needed for real-time applications. This paper shows
that the DRR scheduler has better performance characteristics,



and thus, is more suitable for both best-effort and guaranteed
services environments than previously believed.
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