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1. Finite-State Automata Recap
2. Bichi's Theorem

3. MSO to automaton: non-elementary blow up

FINITE-STATE AUTOMATON

A =(Q%0qy,F,8)

Q finite set of states

z input alphabet

qoeQ  initial state

FCQ set of final states

3:Q x> P(Q) transition function

Example A=({a.a} {a} a, {a} 8) with 3(a,a) = {a}

a 5(q',a) = {a}
>@r——e
g a q

Extend § to QxZ* 3(a,aw) = 8(5(a, a), w)
8(q.wa) = 8(3(a,w), a)

Language accepted by A L(A)={ wez* | 8(q,w)NF=0}

A is deterministic, if 13(qg,a)] <1 forall ge Q and acX.

Basic Constructions
A=(Q20,F38)
- Deterministic Automaton (subset/powerset construction)

Det(A) = (P(Q), %, {0p}. {SEP(Q) | SNF#0},5')
for Se P(Q) and acX: 3(S,a)={ d(p,a) | peS}

- Complement Automaton accepts Z* - L(A)
Given deterministic A, simply exchange final w non-final states!

- Intersection Automaton (product construction)
accepts L(A) N L(B)

AB = (QxP, S, (dy Po) FxG,d)
d({a.p).a) = {{a.p") | aed(q.a), pev(p.a) }

- Minimal deterministic Automaton
(remove uselss states & merge equivalent states)

1. Buchi's Theorem
MSO definable string languages = Regular languages
(1) Automaton to Logic
For every finite-state automaton A there (effectively) exists an
MSO sentence y(A) such that L(y(A)) = L(A).
(2) Logic to Automaton

For every MSO sentence ¢ there (effectively) exists a
finite-state automaton A(¢) such that L(A(¢)) = L(¢).

Automaton to Logic

Idea use a set variable X, for every state ¢ of the automaton A.
X, contains positions of input string, for which A is in state q

first(x) = —(3 x) edge(x,y)
last(x) = —(3y) edge(x,y)

Given a deterministic automaton A = (Q, X, q0,F, 3)

V(A) = (3 Xg)ge
[ (VDVae gi€ Xo) total run

A1) (Ve opeq (1€ X, ATE X)) partition
AV DrSt() > Vigonges( 18D-a0) A i€ X)) first step
A (Y)Y ))( edge(i)) 2 Vi agqes (1€ XA lab-al) A j€ X,)) transition

A (Yi)(last(i) > Ve e (i€ X)) final state
1




(3 Xge o
[ (7 D)(Vae o i€ Xp)

A7 1)~ Vpge gpra (1€ X, AIE X))
A DITSt) > Vg ages( 180-a0) A i€ X))
A YDV ) edgeij) D Vipages (i€ XA lab-ag) A je X,))

AV )(1astli) > Voer (i€ X)) ]

(3 Xgge o
[ (7 )Vgeq i€ Xg)

A (Y1) = Vp e opeq (1€ X, AE X))
A (VD)(first(i) = Vgoages (1ab-a() A€ X))
A (Vi)Y j)( edge(ij) 2 Vi agqes (i€ XA lab-ag) A je X))

AV i)(1ast(i) > Voo (i€ X)) ]

@XENVi) (ieX VieY)
AW ~(IEXAIEY)
A (7 i) first(i) > ( lab-ai) A i€ Y)
A (i) edge(ij) > ((ieX A lab-a() A jeY) V (€Y A lab-a(j) A jeX) )
A (7 i) last(i) > ieX)

(B Xdge o

[ (V) (Vaeo i€ Xg)
A1) (Vo ge gpeg (€ X ATE X))

A (Y i)(irst(i) > Vgoa.qes ( 12b-a0) A i€ X))

A (V)Y ) edge(if) > Vi ages (1€ X A lab-a() A je X))

A (Y i)(last(i)) > Vpe (i€ X)) ]

y(A) = @X)EY[(Vi)(ieXvieY)
AV -(ieXAieY)
A (Vi)( first(i) > (lab-a(i) Aie Y)
A (Vi) edge(ij) > ((ieX A lab-a(j) AjeY) V (i€Y A lab-a(j) A jeX) )
A (Y i)( last(i) = ieX)

a
>@r——e p=q—=>p—=>q—p
P a q a a a a

Y X Y X
@EX)E (Vi) (ieX vieY)
AV -(ieXAieY)
A (Vi)( first(i) > (lab-a(i) Aie Y)
A (Vi) edge(ij) > ((ieX A lab-a(j) AjeY) V (i€Y A lab-a(j) A jeX) )
A (Y i)( last(i) = ieX)

Of course, we can simplify y(A).

- if ais only label, remove lab-a's
-> Firsttwo lines imply  (ie X) < —(i€Y)

Hence, we can remove first two lines
a a a a

v = @X[ HoX XX
AV i)(first() > =(ieX)
A (Vi) edge(if) > ((€X A ~(eX)) V (-(ieX) AjeX))
A (7 i)( last(i) > i€X)

A = ({p.a} fa}, p. {p} { (P.2,0), (@.aP) })

Automaton to Logic

Idea use a set variable X, for every state ¢ of the automaton A.
X, contains positions of input string, for which A is in state ¢

WA) = (X )geq
[ (VD(Vgeq i€ Xy)

A1) (Ve gpra (1€ X A IE X))
A (Y D)FMSt) > Vgoages (lab-al) A i€ X))
A (Y )V ) edgei,i) > Vipages (i€ XA lab-at) A je X))

AV i)(last(i) > Ve g (i€ X,)

What is the size of y(A), interms of size of A?

Automaton to Logic

Idea use a set variable X, for every state ¢ of the automaton A.
X, contains positions of input string, for which A is in state q

YA = (X)eq
[ ()(Veeoi€ X)

A Y1)~ Ve gpr (1€ X A€ X))
AV FSt() > Vigoages (lab-al) A i€ X))
A (Y)Y ) edge(ii) > Vipages (i€ XA lab-aG) A j€ X))

A (v i)(last(i) > Voo (i€ X))

What is the size of y(A), interms of size of A?

size(y(A)) = O(size(A)) => grows only by a constant factor, i.e.,
Jc: size(y(A) < c-size(A)




Logic to Automaton

Idea: inductive definition, show it for subformulas
But, subformulas contain variables.
How can we determine

the truth value of, e.g., (Vi)(lab-a(i) > i€ X),
if we do not know the value of X?

For an arbitrary formula ¢, an element in the language L(¢) shall not only
describe a 2-string, but also a valuation 3 of the FREE variables in ¢.
Example ¢ = (Vi)(lab-a(i) 2> ieX)

L(¢) contains the string w= a b b a b

10110 «<— “amlinX?"

This word determines B,(X)={1,3,4} and [w]=abbab

Logic to Automaton
Example ¢ = ieX A ieY

L(¢) contains w=
«—— ‘amlthei?” ©
in X?
«~— inY?

aa
00
11
10
for which B,(i) = 3,

Pu(¥)={1,2,3,4}
Bu(Y) =1{1,3,4}

But NOT aabbb and aabbb
00110 00100
11110 11010
10110 10110
L((3i) ¢) contains aabbb
11110
0110

Logic to Automaton

Lemmal Let £ = {a, b}.
the languages L( lab-a(i) ), L( i€ X ), and L( edge(ij) )
Are accepted by the following automata

0 0

0 0

ps ps 0 0
*

0%; 1 g%o ‘ e é

1 1 1

Z-label irrelevant for the last two...

Logic to Automaton
Let V be a set of variables, and U C V

The homomorphism v, Z,* > ¥, deletes the {0,1}-components for V —U
Thus, vy((a,f)) =(a, f|,), wheref |, is the restriction of f to U.

Lemma2 Let ¢, ¢;, ¢, be MSO(Z) formulas and
V, V., V, the sets of variables that occur free in them.

M L(~9) =By - LO)
@ L(@ED6) = vy y(LE)
@) LIGEX)6) =y (L®)
(@) LA d) = W L)) N v, (L)

Logic to Automaton

Lemma2 Let ¢, ¢;, ¢, be MSO(Z) formulas and
V,V,,V, the sets of variables that occur free in them.
L) L(~¢) =By - L@)-

(@ L(EDd) = vw.py(L©®)

() L(EX)¢) =wy.pq(L[®)

(4) L0 A4 = v, (L(OD) N vy, (L(62))

=> Given automata A, A1, A2 for L(¢), L(¢,), L(¢,), we can construct

new automata for L(—¢) complement construction
L(31)¢)
L((3X) ¢) label change
L(¢; A ¢,)  product construction

Logic to Automaton

Theorem Let ¢ be an MSO(Z) formula. There effectively exists
a finite-state automaton A(¢) such that L(A(¢)) = L(¢).

Proof Induction on the structure of ¢.
Lemma 1 gives base case, and
Lemma 2 & automata constructions give inductive step.
Biichi, we are Finished. ©

=> Given automata A, A1, A2 for L(¢), L(¢,), L(d,), we can construct

new automata for L(—¢) complement construction
L(E0) )
L((3X)¢) label change
L(¢; A ¢,)  product construction




Logic to Automaton

Lemma2 Let ¢, ¢;, ¢, be MSO(Z) formulas and
V, V., V, the sets of variables that occur free in them.

(1) L(=¢) =By - L)

(2 L(ENo) = v (L)

() L(EX)¢) = vy pg( L))

(@) LA d) = Vvl'l( L)) N sz'l( L(92))

= Given automata A, A1, A2 for L($), L(¢,), L(¢,), we can construct

Logic to Automaton

Lemma2 Let ¢, ¢, p, be MSO(Z) formulas and
V, V., V, the sets of variables that occur free in them.

1) L(~¢) =By - L)
() L(ED$) = vy.py(L@))
(B) L(EX)¢) =wy.po(L(®)
(4) L4 Ada) = vy, (L(OD)) N vy, (L)

new automata for L(—¢) complement construction
L(ED o) automaton
L((3X)¢) label change A must be

L(¢, A ¢,)  product construction

deterministic!

= Given automata A, A1, A2 for L(¢), L(¢,), L(¢,), we can construct

new automata for L(—¢) complement construction
L(ED) & automaton
L((3X)¢) label change A must be

L(¢; A¢,)  product construction deterministic!

- Where do we break determinism of automaton??

Logic to Automaton

Lemma2 Let ¢, ¢;, ¢, be MSO(Z) formulas and
V,V,,V, the sets of variables that occur free in them.
(1) L(~¢) =By - L)

(2 L(EDS) = v y(L©®)

() L(EX) 9) =y p(L(9))

4) LA o) = Vvlrl( L)) n szrl( L(9,))

= Given automata A, Al, A2 for L(¢), L(¢,), L($,), we can construct

new automata for L(—d) complement construction
L(@ED ) \ automaton
L((3X)¢) label change A must be

L(¢, A¢,) product construction deterministic!

- Where do we break determinism of automaton??

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=(31) (~(3y) edge(yx) A lab-a(i))

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=31 (-(3y) edge(y,x) A lab-a(i))

0 0
0 0
->
¢ 0 %1 é
1 0

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=@310) (-@y) edge(y.x) A lab-a(i))




Logic to Automaton

Example. ¢ = (3i)( first(i) A lab-a(i) )
=30 (~@y) edge(y.x) A lab-a(i))

0 0
—).‘%)07@ [ NONdeterministic

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=30 (=(3y) edge(y.x) A lab-a(i))

el

(1) Make deterministic & complete

0 0

0,1

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=310) (—(3y) edge(y,x) A lab-a(i))

0 0
>
5 1 é
(1) Make deterministic & complete (2) Complement
0 0

> 1

0

1
1
0,1

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=(31) (~3y) edge(yx) A lab-a(i))

a
Product o
Construction gives > @

a
1

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab-a(i) )
=31 (-(3y) edge(y,x) A lab-a(i))

ab a,b
“Product 0’0 ‘@
Construction” gives —>®- —>e

a
1

Automaton for L(¢)

Bichi’'s Theorem
MSO definable string languages = Regular languages
(1) Automaton to Logic

For every finite-state automaton A there (effectively) exists an
MSO sentence y(A) such that L(y(A)) = L(A).

Question  How large is y(A) at most wrt size of A?

(2) Logic to Automaton

For every MSO sentence ¢ there (effectively) exists a
finite-state automaton A(¢) such that L(A(¢)) = L(¢).

Question  How large is A(¢) at most wrt size of ¢?




Buchi’s Theorem
MSO definable string languages = Regular languages
(1) Automaton to Logic

For every finite-state automaton A there (effectively) exists an
MSO sentence y(A) such that L(y(A)) = L(A).

size(y(A)) = O(size(A)) (linearly related)

(2) Logic to Automaton

For every MSO sentence ¢ there (effectively) exists a
finite-state automaton A(¢) such that L(A(¢)) = L(¢).

3 ¢ such that
size( minimal A(¢) ) is NON-ELEMENTARY larger than ¢.

= “MSO is non-elementary more succinct than finite-state automata!”

Logic to Automaton

Example. ¢ = (3i)( first(i) A lab(a,i) )
=(31) (—(3y) edge(y,x) A lab(a,i))

0 0
- - existential quantifier
causes
_)ﬁ > é ) nondeterminism
0 1
-+ -

Logic to Automaton

Example. ¢ = (3 i)( first(i) A lab(a,i) )
=310) (=(3y) edge(y.x) A lab(a,i))

0 0 ; . .
existential quantifier

> g ) é ) causes
0 1 nondeterminism
Determinize can cause
EXPONENTIAL blow-up

0 0

... to do negation ...

Logic to Automaton

Thus, nested existential quantifiers, alternating with negation,
can cause iterated EXPONENTIAL blow-up of size of automaton!!

Logic to Automaton

Thus, nested existential quantifiers, alternating with negation,
can cause iterated EXPONENTIAL blow-up of size of automaton!!

Logic to Automaton

Thus, nested existential quantifiers, alternating with negation,
can cause iterated EXPONENTIAL blow-up of size of automaton!!

Concrete example:
F(1)=1
F(n+1) = F(n) 2FM

L,=0...0 10°11 0....0

Concrete example: F(2)=2t=2
F)=1 F(3)=2.22=8
F(n+1) = F(n) 2F0 F(4) = 8.28=2048

1,=0...0 10°11 0....0

0.0110..0
0..01010..0

0..0 100000001 0..0
0..0 1000...0001 0..0

2047




Logic to Automaton

Thus, nested existential quantifiers, alternating with negation,
can cause iterated EXPONENTIAL blow-up of size of automaton!!

Concrete example: F2)=2t=2
F(1)=1 F(3)=2.22=8
F(n+1) = F(n) 250 F(4)=8-2°=2048

L,=0...0 10F™11 0....0

Logic to Automaton

Thus, nested existential quantifiers, alternating with negation,
can cause iterated EXPONENTIAL blow-up of size of automaton!!

Concrete example: F=21=2
F@Q)=1 F3)=2.22=8
F(n+1) = F(n) 270 F(4)=8.25=2048

- F(n)-1 . i
L,=0...0 10°™11 0....0 > Find formula ¢,* that defines L,

L,= 0.0110.0
L,= 0.01010.0
L;= 0..0 100000001 0..0
L,= 0..01000...0001 0..0
2047 Clearly, automaton for L(n) needs > F(n) states!!
0 0
»Q»-.—). —).*)@
1 0 0 1
cannot count.. no repetition of states
L;= 0.0110.0 - Find formula ¢, that defines L,
L= 0.01010.0 but size( ¢,) only linear in n!!
L;= 0..0 100000001 0..0
L,=

£

0..0 1000...0001 0..0 (Ais a predicate that is true for
— a position x iff x is labeled 1)
2047
Inductive definition

O = IX(AX) AAXFL) A VY(y=xV y=x+1V SA(Y) )

“exactly two positions, x and x+1 are labeled 1"

L,= 0.0110..0 R . A . .
L,= 0.01010.0 But with size( ¢, ) only linear in n!!
L;= 0..0 100000001 0..0
L,= 0..01000...00010..0
2047 Clearly, automaton for L(n) needs > F(n) states!!
0 0
_).Q\_._,. —».4)@
1 0 0 1
cannot count.. no repetition of states
t;= 0.0110.0 > Find formula ¢, that defines L,,
L= 0.01010.0 but size( ¢,*) only linearin n!!
L;= 0..0 100000001 0..0
L,=

=

0..0 1000...0001 0..0 (Ais a predicate that is true for
— a position x iff x is labeled 1)
2047
Inductive definition

0 = IX(AK) AAXFL) A VY(y=x V y=x+1V -A(y)))

“exactly two positions, x and x+1 are labeled 1"

o™ 1 use A to determine if two positions have distance F(n)

Distance F(n) is now the length of a counter, that counts from

0.0 to 1..1

E.g. For L, we use counters of length F(3) = 8. 256 blocks

each 8 letters
=2048

01000000, 11000000, ...

A: 0..0 10000000 00000000 00000000 .. 00000000 00000000 10..
C: 00000000 10000000 01000000 .. 01111111 11111111 0O..
B: 10000000 10000000 10000000 10000000 10000000 10..

A: 0..0 10000000 10.
C: 00100111 00.
H 10101010 10..

Az 0..0 10000000 10.
H 00100111 00.
H 10101010 10..

A; 0..0 é%g Ot = IAY(AX) AAWY) AVZ 22XV 25y V -AZ) A
: 1110.. 3B 3C vz vb ( (3A (A A a<b<y A A(a) A Ab)) >
(InitC A StartINC A Carry A FinalC)) )
InitC = (a=x) 2 (B(a) A =C(a) A Vc(a<c<b > (=C(c)A =B(c)) )
StartiNC = (B(a) v B(b)) > (B(b) A —( C(a) « C(b)))
Carry = ((C(a) A =C(b)) +» (-C(a+1) +» C(b+1))) v B(a+l)
FinalC = (b=y) «+ (B(a) A Vc(a<c<b > C(c))

Recap
MSO = first-order logic (FO) + quantification over sets

FO theory of finite graphs: { ¢ € FO | gk ¢ for every finite graph g }
is undecidable.

MSO: If C contains infinitely many square grids,
then MSO theory of C is undecidable.

- Restrict class C, so that MSO theory becomes decidable!
(1) C=STRINGs

Theorem (Biichi)  Set of strings is MSO definable if and only if
itis accepted by a finite-state automaton.

Corollary  MSO theory of strings is decidable.




