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Equivalence Problems

• nondeterministic (one-way) finite state transducers undecidable
[Griffifths68]

( reduction from PCP, use complement and union)

• deterministic (one-way) finite state transducers decidable [Gurari82]
(

• deterministic top-down tree transducers decidable [Esik80]

• nonnested, seperated attributed/marco tree transducers decidable
[Courcelle/Franchi-Zannetacci82]

( seperated  =  can be evaluated in two phases, 
(1) only inherited, over Δinh
(2) synthsized, over Δsyn            )
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What about (det.) top-down tree-to-string transducers?
Even for linear transducers  OPEN!

q,g(x1,x2) a<q,x1><q,x2>
q,e a

Translates bin-tree with n nodes into  string  aaa… a

p,g(x1,x2) <p,x2>a<p,x1>
p,e a

EXAMPLE
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Equivalence Problems

What about (deterministic) macro tree transducers?
Even for linear in the parameters and in the input variables 

decidable!

What about (det.) top-down tree-to-string transducers?
Even for linear transducers  decidable!

DMTTlin   ⊆ DMTTRfc  =  DMSOTT ⊇ yDTfc    ⊇ yDTlin

MAIN THEOREM    
The Equivalence problem for DMSOTT is decidable.
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Context-free languages are Parikh

L1  =   { an bn |   n ≥ 1 } 

Par( L1 ) = { ( n, n )  |  n ≥ 1 }  =  Par( (ab)* )

L2  =  { w w   |   w ∈ { a, b }* }

Par( L2 ) = Par( (ab)* )

L3  =  { w ∈ { a, b }* |  #a( w ) = #b( w ) }

Is  L3  context-free??    SURE!        …even deterministic…

And, again,   Par( L3 )  =  Par( L2 )  =  Par( L1 )

Parikh’s Theorem
and Semilinear Sets
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are Parikh

Let  Σ = { σ1, …, σk }.
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Languages in MSOTT( REGT )      =    ATTsurR( REGT ) 
are Parikh

Let  Σ = { σ1, …, σk }.
For a discrete graph / string / tree  g  over Σ, define

Par( g ) = ( n1, …, nk ) ∈ Nk

such that  ni is the number of σi’s in g.

A set  P⊆ Nk is  semilinear if there exists 
a regular langage R such that  P = Par( R ).

A set S (of graphs/stings) is Parikh,  if Par(S) is semilinear.

PARIKH’s THEOREM    
Every context-free language is Parikh.

Put all output 
Symbols in the
Rules for a 
Production
Into a production
Of a new cf
Grammar.



Languages  L  in MSOTT( REGT )      =    ATTsurR( REGT ) 
are Parikh

Par( L ) is semilinear     (i.e.,  = Par( R ) for some reg.l.  R)

Lemma     It is decidable for a  semilinear set  S ⊆ N2,
whether there exists  n ∈ N such that  (n,n) ∈ S.

Proof.       Let   P  =  { (n,n)  |  n ∈ N }  =  Par( (ab)* )

Then  S ∩ P  is semilinear, and semilinear sets have
decidable emptiness.  [GinsburgSpanier64, hard!]

Alternative Proof??



Languages  L  in MSOTT( REGT )      =    ATTsurR( REGT ) 
are Parikh

Par( L ) is semilinear     (i.e.,  = Par( R ) for some reg.l.  R)

Lemma     It is decidable for a  semilinear set  S ⊆ N2,
whether there exists  n ∈ N such that  (n,n) ∈ S.

Alternative Proof
L3  =  { w ∈ { a, b }*  |  #a( w ) = #b( w ) }

Let R be reg. language s.t.  Par( S ) = R. 

Then  R ∩ L3 is context-free,  and
cf. languages have decidable emptiness.
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MAIN THEOREM    
The Equivalence problem for  DMSOTS is  decidable.

Let’s first do string output

M1, M2  deterministic MSO tree-to-string transducers

(1) Add an end marker $ (gives dmsots’s  N1/N2)

N1( s )   =   M1( s ) $
N2( s )   =   M2( s ) $

(2) M1  is equiv. to M2                (gives N12a,b(s) = { an bm |  N1(s) / n = a,
N2(s) / m = b})

iff ¬ ( ∃ a, b:  a ≠ b ∧ Par(Out( N12a,b )) ∩ { ( n, n )  |  n ≥ 1 }  ≠ ∅  )
∈ Δ ∪ { $ }

for finitely many  a,b             (B)   Construct ‘Parikh-l’ Ra,b  for Out(N12a,b)
(A)  construct  N12a,b   (C)   Check Intersection-Emtpiness w.  L3



MAIN THEOREM    
The Equivalence problem for  DMSOTS is  decidable.

Let’s first do string output

DMSOTT

Translate tree t over Δ into string pre(t)
of its node labels in pre-order.
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MAIN THEOREM    
The Equivalence problem for  DMSOTS is  decidable.

Let’s first do string output

DMSOTT

MΔ ∈ DMSOTS

Given  DMSOTTs  M1, M2, construct   N1 =  M1 ; MΔ and
N2 =  M2 ; MΔ

M1 equiv. to M2 iff  N1 equiv. to N2
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a     d              
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g     d    a    d    b    c    g    a

MΔ

DMSOTS  MΔ =  ( { 1, 2 }, true, {ψ1,#, ψ2,# }, { χc,c’,δ }c,c’∈ {1,2},δ∈Δ )

ψ1,#( x )   =    true
ψ2,#( x )   =    root(x)    =   ¬(∃y) ( edg1(y,x)  ∨ edg2(y,x) )

χ1,1,δ( x, y )   =   labδ(x)  ∧ π(x,y) 

χ1,2,δ( x, y )   =   labδ(x)  ∧ root(y)  ∧ ¬(∃z) π(x,z)

π(x,y)  =  “y is successor of x in pre-order”
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Det. MSO string-to-string transducers

Identity on strings over  Δ =   { a }
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EXAMPLE

Identity on strings over  Δ =   { a }

M1:   ψ#(x)    =   true                   M2:  ψ#(x)      =   true
χa(x,y)  =   edga(x,y)                   χa(x,y)   =    edga(y,x)

(1) Add end marker $     ( N1 / N2)

(2) For  x,y ∈ Δ ∪ { $ }  with x ≠ y:      

construct  N12a,$

construct  automaton A for Parikh-regl   Out(N12a,$)

check intersection emptiness with
G = { S SS | aSb | bSa | λ }



Equivalence of  LSI  Macro Tree Transducers



Future


