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Abstract. We introduce a new global constraint which combines to-
gether the lexicographic ordering constraint with some sum constraints.
Lexicographic ordering constraints are frequently usedto break symme-
try, whilst sum constraints occur in many problems involving capacity
or partitioning. Our results show that this global constraint is useful
when there is a very large spaceto explore, such as when the problem
is unsatis able, or when the seard strategy is poor or con®icts with the
symmetry breaking constraints. By studying in detail when combining
lexicographical ordering with other constraints is useful, we propose a
new heuristic for deciding when to combine constraints together.

1 Intro duction

Global constraints specify patterns that reoccur in many problems. For example,
we often have row and column symmetry on a 2-d matrix of decisionvariables
and can post lexicographic ordering constraints on the rows and columns to
break much of this symmetry [5, 3]. There are, however, only a limited number of
common constraints like the lexicographic ordering constraint which repeatedly
occur in problems. New global constraints are therefore likely to be increasingly
more specialized. An alternativ e strategy for developing global constraints that
might be usefulin a wide range of problemsis to identify constraints that often
occur together, and develop excient constraint propagation algorithms for their
combination. In this paper, we explore this strategy.

We intro ducea new global constraint on 0/1 variablesthat combinestogether
the lexicographic ordering constraint with two sum constraints. Sum and lexi-
cographic ordering constraints frequertly occur together in problems involving
capacity or partitioning that are modelled with symmetric matrices of decision
variables. Examples are the ternary Steiner problem, the balanced incomplete
block design problem, the rack con guration problem, sccial golfers, etc. Our
results showv that this new constraint is most useful when there is a very large
spaceto explore, such aswhen the problem is unsatis able, or when the branch-
ing heuristics are poor or con®ict with the symmetry breaking constraints. The
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combined constraint gives additional pruning and this can, for example, help
compensatein part for the branching heuristic trying to push the seard in a
di®eren direction to the symmetry breaking constraints. Combining constraints
is a signi cant step towards tackling one of the most common criticisms of using
symmetry breaking constraints. By increasing the amournt of propagation, we
can, partly, tackle con’ict betweenthe branching heuristic and the symmetry
breaking constraints. Finally, by studying in detail when combining lexicograph-
ical ordering with other constraints is useful, we propose a new heuristic for
deciding when to combine heuristics together. The heuristic suggeststhat the
combination should be likely to prune a signi cant number of shared variables.

2 Preliminaries

A constraint satisfaction problem (CSP) is a set of variables, each with a nite
domain of values,and a set of constraints that specify allowed valuesfor subsets
of variables. A solution to a CSP is an assignmen of valuesto the variables
satisfying the constraints. To nd sud solutions, constraint solversoften explore
the spaceof partial assignmeits enforcinga local consistencylik e generalizedarc-
consistency(GAC). A constraint is GAC i®, when a variable in the constraint
is assignedany of its values, compatible values exist for all the other variables
in the constraint. For totally ordered domains, like integers, another level of
consistert is bounds-consistency(BC). A constraint is bounds consistert (BC)
i®, when a variable in the constraint is assignedits maximum or minimum value,
there exist compatible valuesfor all the other variables in the constraint. If a
constraint ¢ is BC or GAC then we write BC(c) or GAC(c) respectively.

In this paper, we are interested in lexicographic ordering of vectors of vari-
ablesin the presenceof sum constraints on the vectors. We denote a vector x

a and last index b inclusive is denoted by x, . The domain of a nite integer
variable V is denoted by D(V), and the minimum and the maximum elemens
in this domain by min (D(V)) and max(D(V)).

Giventwo vectors, X and Y of variables, we write a lexicographical ordering
constraint asX - ex Y andastrict lexicographic ordering constraint asX < e
Y. X - ex Y ensuresthat: Xg - Yo; X1 - Yy when Xg = Yp; X2 - Y, when
Xo = Yo and X1 =Yg ... Xni 1 Yni 1 WhenXO = Yo, X1= Yy, ..., and
Xni2= Yn; 2. X <jex Y ensuresthat: X - gx Y;and X,; 1 < Yn; 1 WwhenXg =
Yo, X1 = Y1, ..., and Xp; 2 = Yn; 2. We write LexLqunlgSu(n( ;Y ; Sx; Sy) for
gme constraint which ensurethat X - ex Y, and that ; X; = Sx and that
pi Y = Sy. Simi,}arly, we write LexLessAndSuiX ;Y ;Sx; Sy) for X < Y,

i Xi = Sx,and ;Y; = Sy. Wedenotethe dual casesasLexGegAndSuix ;Y ;
Sx; Sy) and asLexGreaterAndSum(X ;Y ; Sx; Sy). We assumethat the variables
being ordered are disjoint and not repeated. We also assumethat Sx and Sy are
ground and discussthe casewhen they are bounded variablesin Section5.



3 A worked example

We considerthe special (but neverthelessuseful) caseof vectorsof 0/1 variables.
Generalizing the algorithm to non Boolean variables remains a signi cant chal-
lenge as it will involve solving subset sum problems. Fortunately, many of the
applications of our algorithm merely require 0/1 variables. To maintain GAC on
LexLegAndSunX ;Y ; Sx; Sy), we minimize X lexicographically with respect to
the sum and identify which positionsin Y support 0 or 1. We then maximize Y
lexicographically with respect to the sum and identify which positionsin X sup-
port 0 or 1. Sincethere are two valuesand two vectorsto consider,the algorithm
has 4 steps.

In ead step, we maintain a pair of lexicographically minimal and maximal

wherefor all i < ®wehavesx; = sy; and sxe 6 Syg. That is, ®is the most signif-
icant index wheresx and sy di®er. Additionally , we may needto know whether
SXe+11! n; 1 and SYe+11 n; 1 are lexicographically ordered. Therefore, we intro-
ducea boolean®ag ° whosevalueis tr ue i® SX@+11 nj 1 * lex SY®+1! nj 1-
Consider the vectors

X = hf0;1g; f0;1g; fOg; fOg; f0;1g; f0;1g; fOg; fOgi
Y = hf0;1g; f0;1g; f0; 1g; f1g; f0; 1g; f0; 1g; f Og; f 0; 1gi

. P
and the constraints X - ex Y, ;X; = 3,and ;Y; = 2. Each of these con-
straints are GAC and thus no pruning is possible.Our algorithm that maintains
GAC on LexLeqAndSufX ;Y ;3; 2) starts with step 1 in which we have
S ho; 0; 0; 0;
s hi; 0; 0; 1;
" ®

1; 1; 0; Oi
0; 0; O; Oi

X
Yy

wheresx = minfxj P i Xp=2" x2Xg andsy = maxfYj P yYi=220y?2
Y g. We ched where we can place one more 1 in sx to make the sum 3 as
required without disturbing sx - |ex Sy. We have ® = 0 and ° = true. We can
safely place 1 to the right of ® as this does not a®ectsx - |ex SYy. Since® is
tr ue, placing 1 at ® also doesnot a®ectthe order of the vectors. Therefore, all
the 1sin X have support.

In step 2 we have
SX
sy

hi; 1; 0; 0; 1; 1; 0; Oi
hi; 0; 0; 1; 0; 0; O; Oi
" ®

wheresx = minfxj P i Xi = 4" x 2 Xg,andsy is asbefore. We chek where
we can placeone more 0 in sx to make the sum 3 asrequired to obtain sx - |ex
sy. We have ® = 1 and ° = true. Placing O to the left of ® makessx smaller
than sy. Since® istr ue, placing 0 at ® alsomakessx smallerthan sy. Howewer,
placing O to the right of ® orders the vectors lexicographically the wrong way
around. Hence,we remove 0 from the domains of the variablesof X on the right
hand side of ®. The vector X is now hf0; 1g; f 0; 1g; f Og; f Og; f 1g; f 1g; f Og; f Ogi.

In step 3 we have
SX
sy

ho;
hi;
" ®

1; 0; O; Oi
1; 0; 1; Oi

1; 1; 0O;
0; 0; 0;



wheresx = minfxj P i Xi=3" x2Xg andsy = maxfYj P Yi=32y2
Y g. We chedk where we can place one more 0 in sy to make the sum 2 as
required without disturbing sx - |ex Sy. We have ® = 0 and ° = true. We can
safely place 0 to the right of ® as this does not a®ectsx - |ex Sy. Since® is
tr ue, placing 0 at ® also doesnot a®ectthe order of the vectors. Therefore, all
the Osin Y have support.

Finally, in step 4 we have

sX
sy

where sx is as before, and sy = maxfY j P iYi =17 y2Yg Wechek
where we can place one more 1 in sy to make the sum 2 as required to obtain
SX -+ 1ex SY. We have ® = 1 and ° = true. Placing 1 to the left of ® makes
SX - 1ex SY and sois safe. Since ° is true, we can also safely place 1 at ®.
However, placing 1 to the right of ® makessx > sy. Hence,we remove 1 from
the domains of the variables of Y on the right hand side of ® The algorithm
now terminates with:

X
Y

hf0; 1g; f0; 1g; fO0g; f Og; f 1g; f 1g; f Og; f Ogi
hf0; 1g; f0; 1g; f0g; f 1g; f 0g; f Og; f Og; f Ogi

4  Algorithm

The algorithm “rst establishesBC on the sum constraints via the call BG which
is basedon proposition 1 in [10]. Note that for 0/1 variables, BC is equivalernt to
GAC. If nofailure is encourtered we cortinue with 4 pruning steps.In step 1, we
are conclgrnedwith support for 1sin X . We rst construcsx as the minimum
X with ~ ; X; = Sxj 1, and sy asthe maximum Y with = ,Y; = Sy. We then
determine where we can place one more 1 on sx and have sx - |ex SY.

If sx , |ex Sy then placing another 1 on any location of sx makes|§x > lex
sy. Sincethe constraint is not disertailed, we already have minfxj ,x; =
SX N X 2 X g - ex SY Which implies that sx <,ex Sy. Now, placing 1 on
sx to the left of ® makes sx > e Sy. This is true also for ® provided that
the subvectors after ® are not lexicographically ordered. Anywhere after ® has
support sincesx <|ex Sy remains valid. We therefore prune all 1§,in X to the
left of ® and at ® if SX@+11 nj 1 >lex SY®+11 n; 1, Maintain BC( ; X; = Sx)
(via the call BQ, and cortinue with step 2.

In step 2, we are concqfnedwith support for Osin X . We rst construct sx
gsthe minimum X with i Xj = Sx+ 1, and sy asthe maximum Y with

. Yi = Sy. We then determine where we can place one more 0 on sx and
have sx - |ex SY. If sx - |ex Sy then placing another O on any location of sx
makes sx < sy, sowe do no pruning. If howewver sx > Sy, placing 0 on sx
to the right of ® doesnot changethat sx > sy. This is true alsofor ® provided
that the subvectors after ® are not lexicographically ordered. Anywhere before
® has support as in this casewe have sx <|ex Sy. We therefore prune all 0Os



Algorithm  1: LexLegAndSum
Data X o; X ;i Xy 11 with D(X;) p f0;1g, Integer Sx,

Result :GAC(X -1ex Y~  Xi=Sx" .Yi=Sy)
BC(X ;Sx);

BC(Y ; Sy); P

sX = min fxj Pixi=Sx N x2Xag;

sy = minfyj Vi=Syry2vyg

if sx >ex sy then fail;

sX := min fxj (X =Sxj 1M x2Xg;
PruneLeft( sx;sy;X);
BCX ;Sx);
if 9i2f0;:::;nj pg:jD(Xi)j> 1then
sX = minfxj (Xi=Sx+ 1" x2Xg;
PruneRight( sx;sy;X);
BC(X ;Sx);
end
end
if 9i2f0;:::;nj gg:jD(Yi)j> 1then

sx = minfxj p;x =Sx * x2Xug,
sy = maxfyj ,yi=Sy+1" y2Ygq,
PruneLeft( sx;sy;Y);

BC(Y ; SY);

sy .= maxfyj .yi=Syj 1" y2Ygq,
PruneRight( sx;sy;Y);
BC(Y ;Sy);

end

end

in XPto the right of ® and at ® if SX@+11 nj 1 >1ex SY®+11 n; 1, @nd maintain
BC( ;xi = Sx) (via the call BQ.

Step 3 is very similar to step 1, except we iderlq_‘;ify support for the Osin Y.
We rst construct ;sx as the minimum X with i Xi = Sx, and sy as the
maximum Y with  ;Y; = Sy + 1. We then determine where we can place one
more 0 on sy and have sx - ¢ Sy . Instead of pruning 1s,we now prune from Y
those Os which lack support. Due to this similarity, we can perform the rst and
the third stepsof the algorithm with the sameprocedure,PrunelLeft . The input
to the procedureis the vectors sx and sy and either of X and Y . PrunelLeft
pruneseither 1sfrom X (via the call setMax) or Osfrom Y (via the call setMin)
betweenthe beginning of the vector and index ®.

Step 4 is very similar to step 2, except we ide@'gify support for the 1sin Y.
We rst constructﬁx as the minimum X with i Xi = Sx, and sy as the
maximum Y with . Y; = Sy 1. We then determine where we can place one

I
more 1 on sy and have sx - e SYy. Instead of pruning 0s, we now prune from Y



Pro cedurg BC(X ; Sx)

min = pizlon) min (D(X1));

max = ;0 max (D (Xi));

setMin (Sx; min );

setMax(Sx; max);

foreach i 2 [O;n) do
setMin (Xi; min (D(Sx)) i max + max(D(X)));
setMax(Xi;max(D(Sx)) i min + min (D(X;)));

end

Pro cedure PrunelLeft( sx;sy;V)

®:= 0;

while sxe = Sy, do ®:= ®+ 1,

° = f alse

if SX@ ni1-lex SYe n; 1 then ° := true;
i:=0;

while i < ®do
if jD(Vi)j> 1then
if V = X then setMax(V;;0);
else if V =Y then setMin( Vi;1);
end
i=i+1;
nd
:° N jD(Ve)j > 1then
if V = X then setMax(Ve;0);
else if V = Y then setMin( Ve;1);

= 0

end

those 1s which lack support. Due to this similarity, we can perform the second
and the fourth steps of the algorithm with the same procedure, PruneRight .
The input to the procedureis the vectors sx and sy and either of X and Y .
PruneRight prunes either Os from X (via the call setMin) or 1sfrom Y (via
the call setMax) betweenthe end of the vector and index ®.

In PruneLeft and PruneRight, we consideronly the variables the domains
of which are not singleton. Also, we skip a step of the algorithm if the variables
of the corresponding vector have all singleton domains. The rg\sonis as follows.
At the beginning qf,the algorithm, we chedk whetherminfxj ;x; = Sx * x 2
Xg >|eX|5naxfyj Yi=Sy " y2Yaqlf ylgsthen we fail, otherwise we have
minfxj ;Xj=Sx"x2Xg-ex maxfyj ;yi=Sy”y2Yg. This means
that there is at leastonevalue in the domain of ead variable which is consisten.
The algorithm therefore seekssupport for a variable only if its domain is not a
singleton.

Note that the normal execution °ow of the algorithm is steps1 and 2, and
then steps 3 and 4. There are a number of reasonsfor this choice. First, in step
2, we can re-usethe vector sy constructed in step 1. Similarly, in step 4 we can



Pro cedure PruneRight( sx;sy;V)
while ®< n " Sxe = Syg do ®:= ®+ 1;
if ®=n _ sXe < Sye then return;

° = false
if SX@ ni1-lex SYe n; 1 then ° := true;
i=nj 1;

while i > ® do

if jD(Vi)j> 1then
if V = X then setMin( Vi;1);
else if V =Y then setMax(Vi;0);
end
i=1ij 1
end
if :° N jD(Ve)j > 1then
if V = X then setMin( Ve;1);
else if V =Y then setMax(Ve;O0);
end

work on sx constructed in step 3. Second,from step 1 to step 2, we increasethe
number of 1sin sx by two and do not changesy. Note that in step 1, all 1sin
X before X and may be 1 at X are pruned. In step 2, ® is either unchanged
(i,e.,, 1in Xg is pruned in step 1) or it movesonly to the right. Therefore, in
step 2 we can reusethe previous value of ® asthe lower bound while looking for
its new value. Similar argumert holds betweensteps3 and 4. As step 3 prunes
all Osbefore Yg, the newvalue of ® in step 4 is at leastits previous value. Third,

from step 2 to step 3, we decreasehe number of 1sin sx and increasein sy by
one. So® may move to the left and thus we must recompute ® in step 3. Note
that similar argumenrt holds from step 4 to step 1, therefore it doesnot matter
which of steps1-2 and steps 3-4 we perform “rst.

None of the pruniﬁgs require any recursive calls bad<Pto the algorithm. We
tighten only minfyj iYigm Sy "y 2 Y g and maxf xj i Xp= SXx " x2Xg
without touching maxfyj ;yi=Sy~y2Ygandminfxj ;x;=Sx" x2
X g which provide support for the valuesin the vysctors. The exception is when
a domairbwipe—out occurs. As we have minfxj i Xi = SXx M x2X0- e
maxfyj ,yi =Sy * y 2 Yg, min(D(X;)) and max(D(Y;)) forall 0- i<n
are consistert. This meansthat the prunings of the algorithm cannot causeany
domain wipe-out.

5 Theoretical Prop erties and Extensions

The algorithm LexLegAndSurruns in linear time in the length of the vectorsand
is correct.

Theorem 5.1. LexLegAndSumuns in time O(n).



Proof. BCruns in O(n) [10]. Each of PruneLeft and PruneRight runsin 0(n) as
in the worst the casethe whole vectors needto betraversedigheddng whether a
ctor is ground canbe donein constart time by comparing ; min (D(X;)) and
i max(D(X;)) that are recomputed at every call to BC Hencethe algorithm
runs in O(n). u

Theorem 5.2. LexLegAndSuraither establishedailure if LexLeqAndSu@X ;Y ;
Sx; Sy) is not satis able, or prunes all inconsistent valuesfrom X and Y to
ensure GAC (LexLegAndSu(X ;Y ;Sy;Sy)).

Proof. For reasonsof space,the proof is given in [6]. u

Strict Ordering The algorithm can easily be modi ed for the strict ordering
constraint LexLessAndSuniX ;Y ; Sx; Sy). To do so,we needto disallow equality
betweenthe vectors. This requiresjust two modi cations to the algorithm. First,
we changethe de nition of °. The ‘l’-_\ag °istruei®sxe+11 nj 1 <lex SYeup! nj1-
Second,we fail if wehaveminfxj ;x;i = Sx * x 2 X g, jex maxfyj ;yi =
Sy "y2Yaqg

Bounded Sums We canalsodeal with sumsthat are not ground but bounded.
Assumewe have Ix - Sx - ux and ly - Sy - uy. We now needto nd
support rst for the valuesin the domains of the vectors and secondfor the
valuesin the range of Ix::uis and ly::uy. In ﬁhe “rst part, we can run our algo-
rithm LexLegAndSumwith  ; X; = Ix and ,Y; = uy. In the secondpart, we
tighten tpe upper bound of Sx with respect 8 the upper bound of Sy so that
maxfxj ;xj=ux N x2Xg- e maxfyj ;yi=uy ~ y 2Yg. The sup-
port for the upper bound of Sx is alsothe support for all the other valuesin the
domain of Sx. Similarly, we tighterbthe lower bound of Sy with respegh to the
lower bound of Sx sothat minfxj ;x; =1I1x * X2 X g- jex Minfyj ,yi =
ly ~ y 2 Yg. The support for the lower bound of Sy is also the support for all
the other valuesin the domain of Sy. The valuesin the vectors are supported
by Ix and uy. The prunings of the secondpart tighten only ux and ly. Hence
the prunings performed in the secondpart do not require any calls bac to the
“rst part. It is easyto shaw that the modied algorithm is correct and runs in
linear time.

Entailmen t A constraint is entailed when any assignmen of valuesto its vari-
ables satisfy the constraint. Detecting entailment does not change the worst-
casecomplexity but is very useful for avoiding unnecessarywork. For this pur-
pose,we can maintain a °ag entail ed, which is set to true whenewer the con-
straint LexLegAndSunis ertailed, and the algorithm directly returns on fu-
ture calls,if entail ed is setto True. The congfraint is ertailed when we have
maxfxj ;Xj=Sx * x2Xg- jex Mminfyj ,yi=Sy " y2Yg

6 Multiple Vectors

If we have multiple rows of a matrix that are lexicographically ordered and
are constrained by sum constraints, we can decomposethis into lexicographic



ordering with sum constraints on all pairs of rows, or (further still) onto order-
ing constraints just on neighbouring pairs of rows. Sudh decompositions hinder
constraint propagation. Howewer, we identify a special casewhich occurs in a
number of applications where it doesnot hinder propagation. This caseis when
the sumsare just 1, which occursin many assignmen problems. Nevertheless,it
is usually more cost e®ective to post just the O(n) ordering constraints between
neighbouring pairs rather than the O(n?) constraints betweenall pairs.

Theorem 6.3. GAC(LexLegAndSu(X i; X ;;S;;S;)) for all i < j is strictly
stronger than GAC (LexLegAndSu@X i; X i+1;Si; Si+1)) for all i.

Proof. Considerthe following 3 vectors:

X o= hf0;1g; flg; fO;1g; fO; 1gi
X 1= hf0;1g; f0;1g f0; 1g f0; 1gi
X o= hf0;1g; fOg fO0;1g fO; 1gi

with Sx, = Sx, = Sx, = 2. We have GAC (LexLegqAndSu@X i; X i+1;Si; Si+1))
for all i. The assignmer X .o = f1g forcesX o to be hl; 1; 0; 0i, which is not sup-
ported by X , whoselargest value is hi; 0; 1; 0i . Therefore, GAC (LexLegAndSum
(X 0; X 2;Sp; S2)) doesnot hold. ti

Theorem 6.4. GAC (LexLessAndSukX ;X ;;S;;S;)) for all i < j is strictly
stronger than GAC (LexLessAndSulX i; X j+1;Si; Si+1)) for all i.

Proof. Consider the following 3 vectors:

X o= hf0;1g; f0;1g; flg; f0;1g; fO; 1gi
X 1 = hf0;1g; f0; 1g; f0; 1g; f 0; 1g; f 0; 1g; i
X,= hflg; f0g; fOg; f0;1g; fO;lgi

with Sx, = Sx, = Sx, = 2. Wehave GAC (LexLessAndSuX i; X i+1;Si; Si+1))
for all i. The assignmen X .0 = f1g forcesX ¢ to be hi; 0; 1; 0; 0i, which is not
supported by X , whoselargestvalueis hi; 0; 0; 1; 0i . Therefore, GAC (LexLessAndSum
(X 0; X 2;Sp; S2)) doesnot hold. u

Theorem 6.5. GAC(8i < j :LexLegAndSu(X ;X ;;S;;S;)) is strictly stronger
than GAC (LexLegAndSu(X i; X ;S;;S;)) for all i < j.

Proof. Consider the following 3 vectors:

X o = hf0; 1g; f0; 1g; f 1g; f0; 1g; f 0; 1g; f O; 1gi
X 1 = hf0; 1g; f0; 1g; fOg; flg; fO;1g; fO; 1gi
X o = hf0;1g; f0;1g; fOg; fOg; fO;1g;fO0;1gi

with Sx, = 2,Sx, = 3,and Sx, = 3. Wehave GAC (LexLegAndSu(X i; X ;;S;; S;))
foralli < j.The assignmen X .0 = f1g forcesX g to be ht; 0; 1; 0; O; Oi, which is
supported by X ; only with the assignmen hl; 1; 0; 1; 0; Oi . The latter assignmet
is however not supported by X , whoselargestvalueis hl; 1; 0; 0; 1; Oi . Therefore,
GAC (8i < j :LexLegAndSu@X i; X j;S;i;S;j)) doesnot hold. ti



Theorem 6.6. GAC(8i < j :LexLessAndSuX i; X j;S;i;S;)) is strictly stronger
than GAC (LexLessAndSugX ;X ;S;;S;)) for all i < j.

Proof. Consider7 vectorsX o to X g with X ; = hf0; 1g;f0; 1g;f 0; 1g; f 0; 1gi and
Sx, = 2for alli 2 [0; 6]. Although GAC (LexLessAndSulX i; X j:; &i; S)) for all
. . . S . g% .

i < j there is no globally consistert solution as there are only 7 = 6 possible
distinct vectors. u

Theorem 6.7. GAC(8i < j :LexLessAndSufX i;X;;1;1)) is equivalent to
GAC (LexLessAndSuX i; X j;1;1)) for all i < j.

Proof. If m > n then no solution is allowed. If m - n then 1sin ead row are
only supported in a diagonal band of width nj m+ 1 that movesfrom top-right
to bottom-left. The decomposition is able to prune all other values. t

7 Exp erimen tal Results

We performed a wide range of experiments to test when this combination of
constraints is useful in practice. In the following tables, the results for "nding
the rst solution or that none exists are showvn, where \-* meansno result is
obtained in 1 hour (3600 secs)using ILOG Solver 5.3 on a 1GHz pertium |11
processorwith 256 Mb RAM under Windows XP.

Ternary Steiner Problem (tSp). tSp originates from the computation of hyper-
graphsin combinatorial mathematics. The tSp of order n isto 'nd n(nj 1)=6

have at most one element in common [8]. One way of modelling this problem is
to represert eat subsetusing its characteristic function. We thus have a 0/1
matrix of n columnsand n(nj 1)=6 rows, with constraints enforcing exactly 3
onesper row, and a scalar product of at most 1 between any pair of distinct
rows. Sincethe subsetsare indistinguishable, we can freely permute the subsets
to obtain symmetric partial assignmets. Moreover, permuting the elemeris of

of elements in common betweenany two subsets.Hence,the matrix hasrow and
column symmetry. Such row and column symmetries can e®ectiely be elimi-
nated by imposing lexicographic ordering constraints on rows and columns [4].
Since the rows are also constrained by sum constraints, instead of posing the
lexicographic ordering constraints betweenthe rows and the sum constraints on
the rows separately we canimposeour new global constraint betweenthe rows.

There are two ways to pose lexicographic ordering constraints on a matrix
with row and column symmetry: double-lex (- jex RC) where both the rows and
columns are orderedin increasingorder, or double-artilex (, jex RC) where both
the rows and columns are orderedin decreasingorder [4]. Our initial experimen-
tation with tSps using lexicographic ordering constraints for symmetry breaking
showved that the best way to solve the problem is to pose double-artilex con-
straints on the matrix. Also, due to the intersection constraint betweenany two



Problem [No symmetry breaking >1x R, lex C LexGreaterAndSumR | ex C
n Failures Time (sec.) |Failures Time (sec.) |Failures Time (sec.)
6 6,195 0.3 14 0 11 0
7 6 0 2 0 1 0
8 - > 1hr 741 0.1 390 0.1
9 4,521 0.4 336 0.1 250 0.1
10 - > 1hr 723,210 128.8 433,388 105.3
Table 1. Ternary Steiner problem: row-wise lab elling.
Problem [No symmetry breaking >ex R, lex C LexGreaterAndSumR | ex C
n Failures Time (sec.) | Failures Time (sec.)|Failures Time (sec.)
6 12,248 0.5 22 0 11 0
7 115 0.3 21 0 14 0
8 - > 1hr 1,259 0.2 410 0.1
9 4,289,520 697.6 2,106 0.4 619 0.2
10 - > 1hr 4,153,162 940.5 643,152 217.2
Table 2. Ternary Steiner problem: row-and-column-wise lab elling.
Problem [No symmetry breaking >ex R, lex C LexGreaterAndSUmR | ex C
n Failures Time (sec.) [Failures Time (sec.)| Failures Time (sec.)
6 26,352 1.2 47 0 27 0
7 585,469 40.4 146 0 52 0
8 - > 1hr 6,826 0.7 1,962 0.4
9 - > 1hr 89,760 14.1 8,971 2
10 - > 1hr - > 1hr 3,701,480 1323.7

Table 3. Ternary Steiner problem: column-wise lab elling.

subsets,no two rows can be equal. We can therefore strengthen the model by
using strict lexicographical ordering constraints.

We tried many di®erent seart strategies, and obtained the best results by
instantiating the matrix along its rows from top to bottom, and exploring the
domain of eadh variable in decreasing order (i.e. 1 rst and then 0). This seard
strategy together with the double-artilex constraints works very well for solving
tSps. Table 1 shaws the results on sometSp instances.Note that tSp has been
proven to have solutions i® n modulo 6 is equal to 1 or 3 [8]. Therefore, only
n = 7;9 have solutions in the table.

We obsenein Table 1 that the symmetry breaking double-artilex constraints
signi cantly reduce the size of the seard tree giving signi cantly shorter run-
times comparedto no symmetry breaking. The di®erencebetween the lexico-
graphic ordering constraints and lexicographic ordering with sum constraints
are not striking for the soluble instances(n = 7;9). The di®erencebecomesap-
parent with the unsatis able instanceswhen we have a larger seard spaceto
explore.

If we changethe seart strategy slightly, the problem becomesmuch more
dizcult to solve. We then obsene a dramatic increasein the size of the seard
tree if symmetries are not eliminated. Tables2 and 3 show the seard tree and
the run-times obtained when labelling along the rows and columns, and along



the columns of the matrix, respectively. Reasoningwith lexicographic ordering
constraints in the presenceof sum constraints now becomesvery useful, and
the instancesare solved much more quickly than the lexicographic ordering con-
straints alone, with notable di®erencesn the size of the seart tree. Note for
instancethat n = 10in Table 3 could be proved to have no solution only with
our algorithm, given the time limit 1 hour.

Balanced Incomplete Block Designs (BIBD). BIBD generation is a standard
combinatorial problem from design theory with applications in cryptography
and experimental design.A BIBD isasetV of v, 2 elemens and a collection
of b > 0 subsetsof V, suct that eat subset consists of exactly k elemens
(v> k > 0), each elemen appearsin exactly r subsets(r > 0), and eact pair of
elemerts appear simultaneously in exactly , subsets(, > 0).

A BIBD canbespeci ed asa constraint program by a 0/1 matrix of bcolumns
and v rows, with constraints enforcing exactly r onesper row, k onesper column,
and a scalar product of ;| betweenany pair of distinct rows. Since the objects
and the subsetsare indistinguishable, given a partial assignmen of the matrix,
we can exchange any pair of rows, and any pair of columns to obtain another
symmetric partial assignmeh. This model is very similar to that of the tSp
exceptthat the columnsare now also constrained by sum constraints. Hence,we
canimposeour new global constraint on both the rows and on the columns.

Our initial experiments with solving BIBDs using lexicographic ordering con-
straints for breaking symmetry showvedthat the bestway to solve BIBDs is again
to post double-artilex constraints on the matrix 3. Also, due to the constraint
between every pair of elemens, no two rows can be equal. We therefore again
strengthen the model by enforcing strict lexicographical ordering constraints.

Instantiating the matrix alongits rows from top to bottom and exploring the
domain of ead variable in increasing order works extremely well with the double-
antilex constraints. All the instancesof [9] are solved within a few secondsBigger
instances such as hl5;21;7;5;2i and h22, 22, 7,7;2i are solved in lessthan a
minute. With this seard strategy, we obsene no di®erencebetweenthe inference
of our algorithm and its decomposition. Examples can be found in Table 4.

If there are no lexicographic ordering constraints postedon the matrix, which
row to instantiate next is irrelevant. The sameseard tree is generatedwhether
the rows are instantiated from top to bottom, or bottom to up, or in any order
of choice. However, if the matrix is constrained by the lexicographic ordering
constraints, then the order of the rows being instantiated a®ectsthe size of the
seard tree: many solutions are now considered as dead-endsas they do not
match the ordering imposedby the lexicographic ordering constraints. Instead
of exploring the rows from top to bottom, if we explorethem from bottom to top
then the problem becomesvery ditcult to solvein the presenceof double-artilex
constraints, i.e. even small instancesbecomehard to solve within an hour. We
can make the problem more ditcult to solve by choosing one row from the top

3 This was also pointed out by Jean-Fransois Puget at his CP'02 talk on symmetry
breaking.



Problem No symmetry breaking |>ex R , lex C|LexGreaterAndSumR
LexGegAndSur@

hv;b;r;k; i Failures Failures Failures

6,20,10,3,4 8,944 76 76

7,219,333 7,438 42 42

6,30,15,3,6 1,893,458 68 68

7,28,12,3,4 229,241 64 64

9,24,8,3,2 6,841 48 48

6,40,20,3,8 - 108 108

7,35,15,3,5 7,814,878 88 88

7,42,18,3,6 - 115 115

Table 4. BIBDs: row-wise labelling (1).
Problem No symmetry breaking >iex R, lex C LexGreaterAndSumR
LexGegAndSur@

# hv;b;r;k;, i| Failures Time (sec.) | Failures Time (sec.)| Failures Time (sec.)
1 6,20,10,3,4 8,944 0.7 916 0.2 327 0.1
2 721,933 7,438 0.7 20,182 5.3 5,289 2.1
3 6,30,15,3,6 |1,893,458 192.3 10,618 3.7 1,493 1
4 7,28,12,3,4 | 229,241 26.1 801,290 330.7 52,927 27
5 9,24,8,3,2 6,841 1.1 2,338,067 11159 617,707 524.3
6 6,40,20,3,8 - > 1hr 117,126 67.5 4,734 4.4
7 7,3515,35 [7,814,878 1444.4 - > 1hr 382,173 311.2
8 7,42,18,3,6 - > 1hr - > lhr 2,176,006  2,603.7

Table 5. BIBDs: row-wise labelling (2).

and then one row from the bottom, and so on. Comparing Table 4 and Table
5 shows how the seart tree is a®ectedwith double-artilex constraints, though
there is no di®erenceif there are no ordering constraints imposed.

We make a number of obsenations about theseresult. First, imposingdouble-
antilex constraints signi cantly reducesthe size of the seard tree and time to
solve the problem comparedto no symmetry breaking. Moreover, the additional
inference performed by our algorithm gives much smaller seard trees in much
shorter run-times. Seeentries 1, 3, and 6. Second,lexicographic ordering con-
straints and the seard strategy clash, resulting in bigger seart trees. However,
the extra inferenceof our algorithm is able to compensatefor this. This suggests
that ewven if the ordering imposedby symmetry breaking constraints con‘icts
with the seard strategy, more inferenceincorporated into the symmetry break-
ing constraints can signi cantly reducethe sizeof the seard tree. Seeertries 2,
4,and 7. Third, increasedinferencescalesup better, and recovers from mistakes
much quicker. Seeentry 5. Finally, the problem can sometimesonly be solved,
when using a poor seart strategy, by imposing our new global constraint. See
enry 8.

8 Lexicographic Ordering with Other Constrain ts

We obtained similar results with other problems like rack con guration, steel
mill slab designand the social golfers problem. In eadh case,the combined con-



straint was only useful when the symmetry breaking con®icted with the branch-
ing heuristic, the branching heuristic was poor, or there was a very large searh
spaceto explore. Why is this so?

Katsirelos and Bacchus have proposeda simple heuristic for combining con-
straints together [7]. The heuristic suggestsgrouping constraints together if they
share many variables in common. This heuristic would suggestthat combining
lexicographical ordering and sum constraints would be very useful as they in-
tersect on many variables. However, this ignoreshow the constraints are propa-
gated. The lexicographical ordering constraint only prunes at one position, ®".
If the vectors are already ordered at this position then any future assignmers
are irrelevant. Of course,® can move to the right but on averageit movesonly
one position for ead assignmen. Hence, the lexicographic ordering constraint
interacts on averagewith one variable from ead of the sum constraints. Suc
interaction is of limited value becausehe constraints are already communicating
with ead other via the domain of that variable. This explains why combining
lexicographical ordering and sum constraints is only of value on problemswhere
there is a lot of seard and even a small amount of extra inference may save
exploring large failed subtrees.

A similar argumert will hold for combining lexicographicordering constraints
with other constraints. For example, Carlsson and Beldicearu have introduced
a new global constraint, called lex _chain, which combines together a chain of
lexicographic ordering constraints [2]. When we have a matrix say with row
symmetry, we can now post a single lexicographic ordering constraint on all
the m vectors corresponding to the rows as opposedto posting mj 1 of them.
In theory, such a constraint can give more propagation. However, our exper-
iments on BIBDs indicate no gain over posting lexicographic ordering con-
straints betweenthe adjacen vectors.In Table 6, we report the results of solving
BIBDs using SICStus Prolog 3.10.1. We either post lexicographic ordering or
anti-lexicographic ordering constraints on the rows and columns, and instanti-
ate the matrix from top to bottom exploring the domains in ascendingorder.
The lexicographic ordering constraints are posted using lex _chain of Carlsson
and Beldicearu, which is available in SICStus Prolog 3.10.1. This constraint
is either posted once for all the symmetric rows/columns, or between adjacert
rows/columns. In all the cases,we obsene no bene'ts in combining a chain
of lexicographic ordering constraints. The interaction betweenthe constraints is
again very restricted. Each of them is concernedonly with a pair of variablesand
it interacts with its neighbour either at this position or at a position above its ®
wherethe variable is already ground. This argumert suggestsa new heuristic for
combining constraints: the combination should be likely to prune a signi cant
number of sharedvariables.

9 Conclusion
We have introduced a new global constraint on 0/1 variables which combines a
lexicographical ordering constraint with sum constraints. Lexicographic ordering

4 ® points to the most signi cant index of X and Y where X; and Y; are not ground
and equal.



v;b;r;k;, |[No symmetry <ix R ex C >ex R, ex C
breaking lex _chain lex _chain
WX or i Xmy af WX Xiag [P o500 Xm o ad BX i X i

Backtrac ks Backtrac ks Backtrac ks Backtrac ks Bactrac ks
6,20,10,3,4 5,201 84 84 706 706
7,21,9,3,3 1,488 130 130 72 72
6,30,15,3,6 540,039 217 217 9216 9216
7,28,12,3,4 23,160 216 216 183 183
9,24,8,3,2 - 1,473 1,473 79 79
6,40,20,3,8 - 449 449 51,576 51,576
7,35,15,3,5 9,429,447 326 326 395 395
7,42,18,3,6 5,975,823 460 460 756 756

m j 1 with row-wise labelling.

constraints are frequertly usedto break symmetry, whilst sum constraints occur
in many problems involving capacity or partitioning. Our results shoved that
this global constraint is useful when there is a very large spaceto explore, such
as when the problem is unsatis able, or when the branching heuristic is poor
or con’icts with the symmetry breaking constraints. Howewver, our combined
constraint did not compensatein full for a poor branching heuristic. Overly, it
was better to usea good branching heuristic. Finally, by studying in detail when
combining lexicographical ordering with other constraints is useful, we proposed
a new heuristic for deciding when to conmbine constraints together.
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