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Abstract

Constraint propagation is one of the techniques central to the suc-
cessof constraint programming. To reduce search, fast algorithms asso-
ciated with each constraint prune the domains of variables. With global
(or non-binary) constraints, the cost of such propagation may be much
greater than the quadratic cost for binary constraints. We therefore study
the computational complexity of reasoning with global constraints. We
�rst characterise a number of important questions related to constraint
propagation. We show that such questions are intractable in general, and
identify dependenciesbetween the tractabilit y and intractabilit y of the
di�eren t questions. We then demonstrate how the tools of computational
complexity can be used in the design and analysis of speci�c global con-
straints. In particular, we illustrate how computational complexity can
be used to determine when a lesser level of local consistency should be
enforced, when constraints can be safely generalized, when decomposing
constraints will reduce the amount of pruning, and when combining con-
straints is tractable.

1 In tro duction

Constraint programming is a very successfultechnology for solving many kinds
of combinatorial problemsarising in industrial applications, such as scheduling,
resourceallocation, vehicle routing, and product con�guration [38]. One of its
key features is constraint propagation where values in the domains of variables
are removed which will lead to a constraint violation. Constraint propagation
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can prune large parts of the search space,and is vital for solving combinatorially
challenging problems. The notion of local consistencyprovides a formal way to
characterise the amount of work done by constraint propagation. The most
common level of local consistency, called generalisedarc consistency (GAC),
speci�es that all values inconsistent with a constraint are pruned.

Constraint propagation on binary (or bounded arit y) constraints is polyno-
mial. However, constraint toolkits support an increasing number of global (or
non-binary) constraints sincesuch constraints are central to the successof con-
straint programming. See,for example, [28, 29, 8, 31, 5, 18]. Global constraints
specify patterns that occur in many problems, and use constraint propagation
algorithms that exploit their precise semantics. They permit users to model
problems compactly and solvers to prune the search spacee�ectiv ely. They
often allow e�cien t propagation. For instance, we often have sets of variables
which must take di�eren t values(e.g. activities in a scheduling problem requir-
ing the same resourcemust all be assigneddi�eren t times). Most constraint
solvers therefore provide a global 'AllDifferent ' constraint which is propa-
gated e�cien tly and e�ectiv ely [22, 28]. In many problems, the arit y of such
global constraints can grow with the problem size. For example, in the Golomb
ruler problem (prob006 in CSPLib), the size of the AllDifferent constraint
grows quadratically with the number of ticks on the ruler. Similarly, in the bal-
ancedincomplete block design(prob028 in CSPLib), the sizeof the intersection
constraint betweenrows grows linearly with the number of blocks. Such global
constraints may thereforeexhibit complexities far beyond the quadratic cost for
propagating binary constraints.

What then are the limits of reasoningwith global constraints? In this pa-
per, we show how the basic tools of computational complexity can be used to
uncover many of the basic limits. We characterisethe di�eren t reasoningtasks
related to constraint propagation. For example, \is this value consistent with
this constraint?" or \do there exist values consistent with this constraint?".
We identify dependenciesbetween the tractabilit y and intractabilit y of these
di�eren t questions. We show that all of them are intractable in general. We
therefore needto focus on speci�c constraints like the AllDifferent constraint
which are tractable. We then show how thesesametools of computational com-
plexity can be used to analysespeci�c global constraints proposedin the past
like the number of values constraint [25], as well as to help design new global
constraints.

Computational complexity provides a methodology to decidewhen a lesser
level of propagation should be enforcedor when decomposing a constraint hin-
ders propagation. It also tells us whether a new global constraint designedas
a combination of elementary constraints or as a generalisation of an existing
tractable constraint will itself be tractable.

The rest of the paper is organisedas follows. Section 2 presents the techni-
cal background necessaryto read the subsequent sections. Section 3 contains a
theoretical study of generalisedarc consistency, the central notion of local con-
sistency used when speaking of constraint propagation. In Section 4, we show
how the tools of computational complexity canbe usedto analysedi�eren t types
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of global constraints. An extension to meta-constraints (constraints that must
be satis�ed a given number of times) is presented in Section 5. Finally Section
6 discussesrelated work and Section 7 concludesthe paper.

2 Theoretical Background

A constraint satisfaction problem (CSP) consists of a set of variables, each
with a �nite domain of values, and a set of constraints that specify allowed
combinations of values for subsetsof variables. We will denote variables with
upper caseletters and valueswith lower case.We will assumethat the domain of
a variable is given extensionally, but that a constraint C is given intensionally
by a function of the form f C : D (X 1) � : : : � D (X n ) 7! f tr ue; f alseg where
D(X i ) are the domains of the variables in the scope var(C) = (X 1; : : : ; X n ) of
the constraint C. We say that D is a domain on var(C). We cannot permit an
arbitrary sort of function. For example, suppose f C (3; 1; 5; 2; 3; 1; : : :) returns
tr ue i� the 1in3-3SA T problem, x3_x1_x5; x2_x3_x1; : : : is satis�able. Testing
if an assignment satis�es this non-binary constraint is then NP-complete, and
�nding a satisfying assignment is PSPACE-complete. As a secondexample,
supposedomains are integersof size m and f C (X 1; X 2; X 3; : : :) is the function
that halts i� X 1 + X 2 � m + X 3 � m2 + : : : is the G•odel number of a halting
Turing machine. Even testing if an assignment satis�es such a constraint is
undecidable. We therefore insist that f C is computable in polynomial time.

Constraint toolkits usually contain a library of prede�ned constraint types
with a particular semantics that can be applied to setsof variableswith varying
arities and domains. A constraint is only an instance of a constraint type on
given variables and domains. For instance, AllDifferent is a constraint type.
AllDifferent (X 1; ::; X 3) with D(X 1) = D(X 2) = f 1; 2g; D(X 3) = f 1; 2; 3g is
an instanceof constraint of the typeAllDifferent . When there is no ambiguit y,
we will usethe terms 'constraint' or 'constraint type' indi�eren tly .

A solution to a CSP is an assignment of values to the variables satisfying
the constraints. To �nd such solutions, we often use tree search algorithms
that construct partial assignments and enforcea local consistencyto prune the
search space. Enforcing a local consistency is traditionally called constraint
propagation. One of the most commonly used local consistenciesis generalised
arc consistency. A constraint C is generalised arc consistent (GAC) i�, when
a variable in the scope of C is assignedany value in its domain, there exists
an assignment to the other variables in C such that C is satis�ed [24]. This
satisfying assignment is called support for the value. On binary constraints
(those involving just two variables), generalisedarc consistency is called arc
consistency(AC).

Since this paper makessigni�can t use of computational complexity theory,
we very brie
y recall the basic tools for showing intractabilit y. P is the class
of decision problems that can be solved by a deterministic Turing machine in
polynomial time, and NP is the classof decision problems that can be solved
by a non-deterministic Turing machine in polynomial time. As in [19], a trans-
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formation from a decisionproblem Q1 2 NP to a decisionproblem Q2 2 NP is
a function ' that polynomially rewrites any input x of Q1 into an input ' (x)
of Q2 such that Q2(' (x)) answers \y es" if and only if Q1(x) answers \y es". If
Q1 is NP-complete, this transformation into Q2 permits us to deducethat Q2

is also NP-complete. A reduction from a problem Q1 to a problem Q2 (not
necessarilydecision problems) is a program that solvesQ1 in polynomial time
under the condition that the program can call an oracle that solvesQ2 at most
a constant number of times. If Q1 is NP-complete, this reduction to Q2 permits
to deducethat Q2 is NP-hard. Any NP-complete problem is thus NP-hard. By
transitivit y of the reductions, if Q1 is an NP-hard problem, its reduction to Q2

permits us to deducethat Q2 is NP-hard. We will useintr actability asa general
term to denoteany NP-hard problem, i.e., thosewhich cannot be solved in poly-
nomial time unlessP=NP . In the following, we assumeP6= NP. A problem in
coNP is simply a problem in NP with the answers \y es" and \no" reversed. For
instance, 3Sat , the problem of deciding if a set of ternary clausesis satis�able,
is in NP. Hence,un3Sat , the problem of deciding if a set of ternary clausesis
unsatis�able, is in coNP. The D P complexity classcontains problemswhich are
the conjunction of a problem in NP and onein coNP [26]. A problem Q is in D P

if there exist a NP problem Q1 and a coNP one Q2 such that Q answers \y es"
i� Q1 and Q2 answer \y es". If Q1 is NP-complete and Q2 is coNP-complete,
then Q is D P -complete. The classD P is also known as the secondlevel of the
Booleanhierarchy, BH2. A typical exampleof a D P -completedecisionproblem
is the Exa ct Tra veling Salesperson Pr oblem where we ask if k is the
length of the shortest tour.

3 Complexit y of Generalised Arc Consistency

There are di�eren t questionsthat may arise when we considerenforcing gener-
alisedarc consistency. We can ask whether a value belongsto a consistent tuple
or whether a constraint is generalisedarc consistent. Someof the questionsare
more of an academicnature while others are at the heart of propagation algo-
rithms. In this section, we formally characterise�v e questionsrelated to GAC.
We study the complexity of GAC reasoningon global constraints by showing
intractabilit y of two of these�v e questions. Finally, we show somedependencies
betweenthe intractabilit y of the questions,from which we concludethat all �v e
questionsare intractable in general.

3.1 Questions related to GA C

We characterise �v e di�eren t questions related to reasoningabout generalized
arc consistency. Thesequestionscan be adapted to any other local consistency
as long as it rules out valuesin domains (e.g., bounds consistency, singleton arc
consistency, etc.) and not non-unary tuples of values (e.g., path consistency,
relational-k-consistency, etc.)

In the following, Pr oblem (C) represents the classof questions de�ned by
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Pr oblem on constraints of the type C. Pr oblem (C) will be written Pr oblem
when it is not confusing or when there is no restriction to a particular type of
constraints. Note also that we usethe notation Pr oblem [data] to refer to the
instance of Pr oblem (C) with the input 'data'.

The �rst question we consider is at the core of all generic arc consistency
algorithms. This is the question which is generally asked for all values one by
one.

GA CSuppor t (C)
Instance. A constraint C of type C, a domain D on var(C), and a
value v for variable X in var(C)
Question. Doesvalue v for X have a support on C in D?

The secondquestion has both practical and theoretical importance. If en-
forcing GAC on a particular global constraint is very expensive, wemay �rst test
whether it is necessaryor not to launch the propagation algorithm (i.e., whether
the constraint is already GAC). On a more academiclevel, this question is also
commonly asked to comparedi�eren t levels of local consistency.

IsItGA C(C)
Instance. A constraint C of type C, a domain D on var(C)
Question. Does GA CSuppor t [C; D ; X ; v] answer \y es" for each
variable X 2 var(C) and each value v 2 D(X )?

The third question can be used to decide if we do not need to backtrack
at a given node in the search tree. Note that D 0 � D stands for: 8X i 2
var(C); D 0(X i ) � D (X i ).

NoGA CWipeOut (C)
Instance. A constraint C of type C, a domain D on var(C)
Question. Is there any non empty D 0 � D on which IsItGA C[C; D 0]
answers \y es"?

An algorithm like GAC-Schema [8] removesvalues from the initial domain
of variables till we have the (unique) maximal generalisedarc consistent subdo-
main. That is, the subdomain that is GAC and any larger subdomain is not
GAC. The following question characterisesthis \maximalit y" problem:

maxGA C(C)
Instance. A constraint C of type C, a domain D 0 on var(C), and
a subdomain D � D0

Question. Is it the casethat IsItGA C[C; D ] answers \y es" and
there does not exist any domain D 0, D � D 0 � D0, on which
IsItGA C[C; D 0] answers \y es"?

We �nally consider the problem of returning the domain that a GAC algo-
rithm computes. This is not a decisionproblem as it computessomethingother
than \y es" or \no".
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GA CDomain (C)
Instance. A constraint C of type C, a domain D 0 on var(C)
Output. The domain D such that maxGA C[C; D 0; D ] answers
\y es"

The next subsectionshows the intractabilit y of two of the above questions.

3.2 In tractabilit y of GA C reasoning

We consider two representativ e decision problems at the heart of reasoning
with global constraints. We will show later that their intractabilit y implies
intractabilit y of the three others. The �rst is GA CSuppor t , the problem of
deciding if a value for a variable has support on a constraint. In general, this is
NP-complete to decide.

Observ ation 1 GA CSuppor t is NP-complete.

Proof. Clearly it is in NP as a support is a polynomial witness which can be
checked (by our de�nition of constraint) in polynomial time. To show complete-
ness,we transform the satis�abilit y of the Boolean formula ' into the problem
of determining if a particular value hassupport. We simply construct the global
constraint C involving the variablesof ' plus an additional new variable X , and
de�ned by f C = (X ! ' ). If X = tr ue has support then ' is satis�able. 2

The seconddecision problem we consider is IsItGA C. Given a constraint
and domains for its variables, this is the problem of deciding if these domains
are GAC. This is again a NP-complete problem.

Observ ation 2 IsItGA C is NP-complete.

Proof. Clearly it is again in NP as a support for each value is a polynomial
witness which can be checked in polynomial time since there are nd values
involved wheren is the number of variablesand d the sizeof the largest domain.
To show completeness,we transform 3Col , the problem of deciding whether a
graph is 3-colorableinto the problem of deciding if a particular domain is GAC
for a given constraint. We intro duce a variable for each vertex with domain
f r; g; bg. We then de�ne a global constraint as follows. For each pair (x i ; x j )
of vertices with an edgebetween in the graph, we permit pairs of values that
are di�eren t (i.e., the set f (r; g); (r; b); (g; r ); (g; b); (b;r ); (b;g)g). For each
pair (x i ; x j ) of vertices with no edge between in the graph, we permit any
pair of values (i.e., the set f r; g; bg � f r; g; bg). Since values are completely
interchangeable,r , g and b are GAC for a variable i� the graph is 3-colorable.
Hence, f r; g; bg is a GAC domain for each variable i� the graph is 3-colorable.
2

We have proven that two of the questions related to generalisedarc con-
sistency are intractable in general. In the following, we seethat there are de-
pendenciesbetween the intractabilit y of the �v e questions. This permits us to
deducethat all �v e questionsare in fact intractable in general.
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3.3 In tractabilit y relationships

The �v e problemsde�ned in Section3.1 are not independent. Knowledgeabout
intractabilit y of oneof them can give information on intractabilit y of others. We
identify here the dependenciesbetweenintractabilit y of the di�eren t questions.

Lemma 1 GA CSuppor t (C) is NP-hard i� NoGA CWipeOut (C) is NP-hard.

Proof. () ) GA CSuppor t (C) can be transformed in NoGA CWipeOut (C):
Given C 2 C, GA CSuppor t [C; D ; X ; v] is solved by calling NoGA CWipe-
Out [C; D jD (X )= f vg].

(( ) NoGA CWipeOut [C; D ] can be reduced to GA CSuppor t by calling
GA CSuppor t [C; D ; X ; v] for each value v in D(X ) for oneof the X in var(C).
GAC leadsto a wipe out i� none of thesevalueshas a support. 2

Lemma 2 GA CSuppor t (C) is NP-hard i� GA CDomain (C) is NP-hard.

Proof. () ) GA CSuppor t (C) can be reducedto GA CDomain (C) sinceGA C-
Suppor t [C; D ; X ; v] answers\y es" i� GA CDomain [C; D jD (X )= f vg] doesn't re-
turn an empty domain.

(( ) GA CDomain [C; D ] can be reduced to GA CSuppor t by performing
a polynomial number of calls to GA CSuppor t [C; D ; X ; v], one for each v 2
D(X ), X 2 var(C). When the answer is \no" the value v is removed from
D(X ), otherwise it is kept. The domain obtained at the end of this process
represents the output of GA CDomain . 2

Corollary 1 NoGA CWipeOut (C) is NP-hard i� GA CDomain (C) is NP-
hard.

Lemma 3 If maxGA C(C) is NP-hard then GA CSuppor t (C) is NP-hard.

Proof. maxGA C[C; D0; D ] can be reduced to GA CSuppor t . We perform
a polynomial number of calls to GA CSuppor t [C; D 0; X ; v], one for each v 2
D0(X ), X 2 var(C). When the answer is \y es" the value v is added to a
(initially empty) set D 0(X ). maxGA C answers \y es" if and only if the domain
D 0 obtained at the end of the processis equal to D . 2

Lemma 4 If IsItGA C(C) is NP-hard then maxGA C(C) is NP-hard.

Proof. IsItGA C[C; D ] can easily be transformed into maxGA C[C; D ; D ]. 2

Corollary 2 If IsItGA C(C) is NP-hard then GA CSuppor t (C) is NP-hard.

It is worth noting that whilst intractabilit y of IsItGA C implies that of
maxGA C, this last question may be outside NP. In fact, maxGA C is D P -
complete.
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GACSupport NoGACWipeOut

GACDomain

maxGAC

IsItGAC

Q1 Q2: if Q1 is NP-hard then Q2 is NP-hard

Figure 1: Summary of dependenciesbetweenintractable problems

Theorem 1 MaxGA C is D P -complete.

Proof. A problem Q is D P -complete if there exist Q1 and Q2 such that Q1 is
NP-complete, Q2 is coNP-complete,and Q answers \y es" i� Q1 and Q2 answer
\y es". We use 3Col and Un3Col as Q1 and Q2. We supposewithout lossof
generality that Q1 and Q2 both involve the sameset X of vertices. E i is the
set of edgesin Qi .

We intro duce a variable for each vertex with domain f r 1; g1; b1; r2; g2; b2g.
We then de�ne a global constraint as follows. For each pair (x i ; x j ) of vertices
with an edgebetween in both Q1 and Q2, we permit pairs of values that are
di�eren t but have the same subscript (i.e., the set f (r 1; g1); (r1; b1); (g1; r1);
(g1; b1); (b1; r1); (b1; g1); (r2; g2); (r2; b2); (g2; r2); (g2; b2); (b2; r2); (b2; g2)g).
For each pair (x i ; x j ) of vertices with an edgebetweenin Q1 and not in Q2, we
permit pairs of valuesthat are di�eren t for the subscript 1, and any combination
for subscript 2 (i.e., the set f (r 1; g1); (r1; b1); (g1; r1); (g1; b1); (b1; r1); (b1; g1)g [
f r2; g2; b2g� f r2; g2; b2g). Similarly, for each pair (x i ; x j ) of verticeswith an edge
betweenin Q2 and not in Q1, we permit pairs of valuesthat are di�eren t for the
subscript 2, and any combination for subscript 1. Finally, for each pair (x i ; x j )
of vertices with no edgebetweenin Q1 or in Q2, we permit any pairs of values
with the same subscript (i.e., the set f r 1; g1; b1g � f r1; g1; b1g [ f r2; g2; b2g �
f r2; g2; b2g). By construction, r i , gi and bi are GAC i� (X ; E i ) is 3-colorable.
Hence,f r1; g1; b1g is the maximal GAC subdomain for each variable i� (X ; E1)
is 3-colorable,and (X ; E2) is not 3-colorable. 2

A summary of the dependenciesproved in Lemmas 1{4 and Corollary 1 is
given in Fig. 1. Note that since each arrow from question A to question B in
Fig. 1 meansthat A can be rewritten as a polynomial number of calls to B , we
immediately have that tractabilit y of B implies tractabilit y of A. (SeeFig. 2
for tractabilit y dependenciesof the �v e questions.)

Reasoningwith global constraints is thus not tractable in general. Global
constraints which are usedin practice are therefore usually part of that special
subset for which constraint propagation is polynomial. For example, GAC on
an n-ary AllDifferent constraint can be enforcedin O(n

3
2 d) time [28]. In the

rest of this paper, we show how we can further use the tools of computational
complexity in the designand analysis of speci�c global constraints.
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GACSupport NoGACWipeOut

GACDomain

maxGAC

IsItGAC

if tail in P then head in P

Figure 2: Summary of the dependenciesbetweentractable problems

4 Using In tractabilit y Results

The tools of computational complexity can also be used to analyse existing
global constraints for which no polynomial algorithm is known, or can help
us in designing new global constraints for speci�c purposes. To prove that a
constraint type Cis intractable, wegenerally transform/reduce someknown NP-
complete/NP-hard problem to the existenceof a satisfying assignment for C, i.e.,
the NoGA CWipeOut (C) problem. Thanks to the dependency results shown
above, we can then deduceintractabilit y of GA CSuppor t and GA CDomain .
For the more academic questions, IsItGA C and maxGA C, the complexity
cannot be deduced from our dependenciessince they are 'exact' problems (a
\no" answer brings little information). Finally, we sometimesdo not need the
full expressivepower of a constraint typeto proveits intractabilit y. For example,
we may useonly a �xed value for oneof the variables involved in the constraint.
In this case,the constraint is also intractable if we useits full expressive power.

We can derive several kinds of information about global constraints by using
computational complexity results. For example, on existing global constraints
for which no polynomial algorithm is known for a given level of local consistency,
proving intractabilit y tells us that no such algorithm exists, and that we should
look to enforcea lesserlevel of consistency. On constraints that decomposeinto
simpler constraints which have polynomial propagation algorithms, intractabil-
it y results not only tell us that this decomposition hinders propagation, but that
there cannot exist any decomposition on which we achieve GAC in polynomial
time. We also sometimeswant to usean already existing global constraint in a
form more general than its original de�nition. A proof of intractabilit y tells us
that generalisationmakesthe constraint impossibleto propagate in polynomial
time.

The remainder of this section gives examples of existing and new global
constraints that we analysewith thesetools of computational complexity.

4.1 Lo cal consistency

Computational complexity results can indicate what level of local consistency
to enforceon a constraint. If achieving a given local consistencyon a constraint
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is NP-hard, then enforcing a lower level of consistencymay be advisable. For
example,the number of valuesconstraint, NValue(X 1; : : : ; X n ; N ) [25, 3] ensures
that N distinct valuesare usedby the n �nite domain variables X i . Note that
N can itself be an integer variable. The AllDifferent constraint is a special
caseof the NValue constraint in which N = n. The NValue constraint is useful
for reasoningabout resources.For example,if the valuesare workersassignedto
a particular shift, we may have a NValue constraint on the number of workers
that a set of shifts can involve. Whilst there exists an O(n2:5) algorithm for
enforcing GAC on the AllDifferent constraint [28], enforcing GAC on the
NValue constraint is intractable in general.

Theorem 2 Enforcing GAC on a NValue(X 1; : : : ; X n ; N ) constraint is NP-
hard, and remains so even if N is ground and di�er ent to n.

Proof. We use a transformation from 3Sat to NoGA CWipeOut (NValue).
Given a 3Sat problem in n variables (labelled from 1 to n) and m clauses,we
construct the constraint NValue([X 1; : : : ; X n + m ]; N ) in which D(X i ) = f i; � i g
for all i 2 [1; n], and each X i for i > n represents one of the m clauses. If the
j th clauseis x _ : y _ z then D(X n + j ) = f x; � y; zg. The constructed constraint
whereD(N ) = f ng hasa solution i� the original 3Sat problem has a satisfying
assignment. Hence deciding if enforcing GAC on NValue does not lead to a
domain wipe out is NP-complete, and enforcing GAC is itself NP-hard. 2

If we want to maintain a reasonablecost for propagation, we therefore prob-
ably have to enforce a lower level of consistency. For instance, there exists a
polynomial algorithm for enforcing bound consistencyon the NValue constraint
[7].

As a second example, let us take the Commonconstraint, Common(N ; M ;
[X 1; : : : ; X n ]; [Y1; : : : ; Ym ]) intro ducedin [1], that ensuresthat N = jf i j 9j; X i =
Yj gj and M = jf j j 9i; X i = Yj gj. That is, N is the number of variables in
the X i that take values in the Yj , and M is the number of variables in the Yj

that take valuesin the X i . The AllDifferent constraint is again a special case
of the Commonconstraint in which the Yj enumerate all the values j in the X i ,
Yj = f j g and M = n.

Theorem 3 Enforcing GAC on Common(N ; M ; [X 1; : : : ; X n ]; [Y1; : : : ; Ym ]) is NP-
hard.

Proof. In Theorem8, it is shown that enforcingGAC on Among(N ; [X 1; : : : ; X n ];
[D1; : : : ; Dm ]) is NP-hard, wherethe constraint holds i� N = jf i j 9j; X i = D j gj.
Deciding if enforcing GAC on such an Amongconstraint does not lead to a
domain wipe out is equivalent to deciding if enforcing GAC on Common(N ; M ;
[X 1; : : : ; X n ]; [D1; : : : ; Dm ]) with D(M ) = f 0; : : : ; ng doesnot lead to a domain
wipe out. As a result, enforcing GAC on Commonis itself NP-hard. 2
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4.2 Decomp osing constrain ts

Computational complexity results can tell us more than just what level of local
consistencyto enforce. It can also indicate properties that any possibledecom-
position of a constraint must possess.We say that a decomposition of a global
constraint is GAC-poly-time if we can enforce GAC on the decomposition in
time polynomial in the sizeof the original constraint and domains. The follow-
ing lemma tells us when such decomposition hinders constraint propagation.

Lemma 5 If enforcing GAC on a constraint C is NP-hard, then there doesnot
exist any GAC-poly-time decomposition of C that achievesGAC on C.

Proof. By de�nition, enforcing GAC on a GAC-poly-time decomposition is
polynomial. Hence, if GAC on the decomposition was equivalent to GAC on
the original constraint, then P would equal NP. 2

Considera constraint that ensurestwo sequencesof variablesaredisjoint (i.e.
haveno value in common). For example,two sequencesof taskssharing the same
resourcemight be required to be disjoint in time. The Disjoint ([X 1; : : : ; X n ];
[Y1; : : : ; Ym ]) constraint intro duced in [1] ensuresX i 6= Yj for any i and j .
This constraint has a very simple and natural decomposition into the set of
all binary constraints X i 6= Yj ; i 2 [1; n]; j 2 [1::m]. Unfortunately , enforcing
AC on this decomposition into binary constraints doesnot achieve GAC on the
corresponding Disjoint constraint. Consider X 1; Y1 2 f 1; 2g, X 2; Y2 2 f 1; 3g,
and Y3 2 f 2; 3g. The decomposition into binary constraints is already AC.
However, enforcing GAC on Disjoint ([X 1; X 2]; [Y1; Y2; Y3]) prunes 3 from X 2

and 1 from both Y1 and Y2.
Moreover, weproveherethat wecannot expect any decomposition to achieve

GAC on such a constraint.

Theorem 4 GAC on any GAC-poly-time decomposition of the Disjoint con-
straint is strictly weaker than GAC on the undecomposed constraint.

Proof. We show that enforcing GAC on a Disjoint constraint is NP-hard, and
then appeal to Lemma 5. We reduce 3Sat to NoGA CWipeOut (Disjoint ).
Consider a formula ' with n variables and m clauses.We let X i 2 f i; � i g and
Yj 2 f x; � y; zg wherethe j th clausein ' is x _ : y_ z. If ' hasa model then the
Disjoint constraint hasa satisfying assignment in which the X i take the literals
false in this model and the Yj take the literal satisfying the j th clause. Hence,
deciding if enforcing GAC doesnot lead to a domain wipe out on Disjoint is
NP-complete, and enforcing GAC is itself NP-hard. 2

As another example, Sadler and Gervet intro duce the AtMost1 constraint
[32]. This ensuresthat n set variablesof a �xed cardinalit y c intersect in at most
one value. To �t this within the theoretical framework presented in this paper,
we consider the characteristic function representation for each set variable (i.e.
a vector of 0/1 decisionvariables). Enforcing GAC on such a representation is
equivalent to enforcing bounds consistencyon the upper and lower bounds of

11



the set variables [39]. The AtMost1 constraint can be decomposedinto pairwise
intersection and cardinalit y constraints. That is, it can be decomposed into
jX i \ X j j � 1 for i < j and jX i j = c for all i . On the characteristic function
representation, this is

P
k X ik � X j k � 1 and

P
k X ik = c, which are both GAC-

poly-time. Such decomposition hinders constraint propagation.

Theorem 5 GAC on any GAC-poly-time decomposition of the AtMost1 con-
straint is strictly weaker than GAC on the undecomposed constraint.

Proof. We show that enforcing GAC on an AtMost1 constraint is NP-hard, and
appeal to Lemma 5. To show that enforcing GAC on the AtMost1 constraint
is NP-hard, we consider the casewhen the cardinalit y c = 2. For c > 2, we
can usea similar construction as in the c = 2 reduction but add c � 2 distinct
valuesto each set. The proof usesa reduction from 3Sat . For each clause� , we
intro ducea set variable, X � . Suppose� = x i _ : x j _ xk , then X � hasthe domain
f m� g � X � � f m� ; i � ; : j � ; k� g. If the intersection and cardinalit y constraint
is satis�ed, X � takesthe value f m � ; i � g, f m� ; : j � g, or f m� ; k� g. The �rst case
corresponds to x i being tr ue (which satis�es � ), the secondto : x j being tr ue,
and the third to xk being tr ue.

We use an additional (at most quadratically many) set variables to ensure
that contradictory assignments are not made to satisfy other clauses.Suppose
wesatisfy � by assigningx i to tr ue. That is, X � = f m� ; i � g. Considerany other
clause,� which contains : x i . Weconstruct two setvariables,Y� � i and Z � � i with
domains f m� g � Y� � i � f m� ; i � ; : i � g and f: i � g � Z � � i � f m� ; m� ; : i � g.
Since X � = f m� ; i � g, then Y� � i = f m� ; : i � g and Z � � i = f m� ; : i � g. Hence,
X � 6= f m� ; : i � g. That is, � cannot be satis�ed by : x i being assignedtr ue.
Someother literal in � has to satisfy the clause.

The constructed set variables thus have a solution which satis�es the inter-
section and cardinalit y constraints i� the original 3Sat problem is satis�able.
Hencedeciding if enforcing GAC on AtMost1 does not lead to a domain wipe
out is NP-complete, and enforcing GAC is itself NP-hard. 2

A similar result can be given for the Distinct constraint intro duced in [32].
This constraint ensuresthat n set variables of a �xed cardinalit y intersect in
at least one value. Again, a GAC-poly-time decomposition of such a constraint
hinders constraint propagation.

4.3 Com bining constrain ts

Global constraints specify patterns that reoccur in many problems. However,
there may only be a limited number of common constraints which repeatedly
occur in problems. One strategy for developing new global constraints is to
identify conjunctions of constraints that often occur together, and developing
constraint propagation algorithm for their combination. For example, [31] pro-
posea propagation algorithm for a constraint which combinestogether sum and
di�erence constraints. As a secondexample, [10] combine together a chain of
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lexicographic ordering constraints. As a third example, [21] combine together a
lexicographic ordering and two sum constraints.

We can use results from computational complexity to determine when we
should not combine together constraints. For example, scalar product con-
straints occur in many problems like the balanced incomplete block design,
template design and social golfers problems [40]. Often such problems have
scalar product constraints between all pairs of rows in a 2-dimensional array
of Boolean decision variables. We can enforce GAC on a scalar product con-
straint betweentwo rows in linear time. Should we considercombining together
all the row scalar product constraints into one large global constraint? Such a
ScalarProduct constraint would ensure that 8i < j

P
k X ik � X j k = p. The

following result shows that enforcing GAC on such a composition of constraints
is intractable.

Theorem 6 Enforcing GAC on a ScalarProduct constraint is NP-hard, even
when restricted to 0/1 variables.

Proof. We consider the casewhen the scalar product p = 1. For p > 1, we
use a reduction that adds p � 1 additional columns to the array, each column
containing variables that must take the value 1.

We reduce1in3-3SA T on positive formulae (which is NP-complete [19]) to
decidingif enforcingGAC doesnot leadto a domain wipeout on a ScalarProduct
constraint over 0/1 variables. Given a 1in3-3SA T problem in n variablesand m
clauses,we construct a ScalarProduct constraint with 4m + 1 rows and 3m + n
columns. The �rst row of the array, where all variables have 0/1 domain, rep-
resents the model which satis�es the 1in3-3SA T problem. There is a column
for each occurrenceof a literal in a clause. That is, the (3(j � 1) + k)th column
represents the kth literal in the j th clause. This is assigned1 in the �rst row
i� the corresponding literal is true. There is also a column for the negation of
each literal. That is, the (3m + i )th column represents the negation of the i th
literal. This is assigned1 in the �rst row i� the corresponding literal is false.

The remaining rows are divided into two types. First, there is a row for
each clause. In the (1 + j )th row, representing the j th clause, the columns
3(j � 1) + 1; 3(j � 1) + 2; 3(j � 1) + 3 corresponding to literals in the clausehave
value 1. The other columns have the value 0. The scalar product constraint
betweena row representing a clauseand the row representing the model ensures
that only one of the literals in the clause is true. Second,there are rows for
each occurrence of a positive literal to ensure that the row representing the
model doesnot assignboth a literal and its negation to true. That is, if the i th
variable of the formula appearsas the kth literal in the j th clause,then, in the
(1 + m + 3(j � 1) + k)th row, the columns 3(j � 1) + k and 3m + i have value
1. The other columns have the value 0.

The 1in3-3SA T problem has a model i� the constructed array has a solu-
tion. Hencedeciding if enforcing GAC doesnot lead to a domain wipe out on
ScalarProduct is NP-complete, and enforcing GAC is NP-hard. 2

Special casesof the ScalarProduct constraint are tractable. For instance, if
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the scalarproduct is zeroand variablesare 0/1 then the constraint is equivalent
to the pairwise Disjoint constraint on set variables, which is tractable [39].

4.4 Generalising constrain ts

Another way in which tools of computational complexity can help is when we
generaliseexisting global constraints. We might have a global constraint with a
polynomial propagation algorithm, but want to useit in a more generalmanner.
For example,we might want to replacea given constant parameter with a vari-
able or to repeat the samevariable several times in the scope of the constraint.

4.4.1 Constan t parameter becoming a variable

The global cardinalit y constraint, Gcc([X 1; : : : ; X n ]; [O1; : : : ; Om ]), ensuresthat
Oj = jf i j X i = j g for all j . That is, the value j occursOj times in the variables
X i . The special caseof this constraint whereOj are �xed intervalswaspresented
in [29] together with a polynomial propagation algorithm enforcing GAC on the
X i . The AllDifferent constraint is a special caseof the Gcc constraint in
which Oj = [0; 1]. However, to enforceGAC on the more general form of the
Gccconstraint where the Oj are integer variables is NP-hard.

Theorem 7 ([27 ]) Enforcing GAC on a Gcc([X 1; : : : ; X n ]; [O1; : : : ; Om ]) where
the Oj are integer variables is NP-hard.

A second example is the Amongconstraint. The Among(N ; [X 1; : : : ; X n ];
[d1; : : : ; dm ]) constraint, intro ducedin CHIP [5] ensuresthat N = jf i = 9j; X i =
dj gj. That is, N variablesin X i takevaluesin [d1; : : : ; dm ]. The Amongconstraint
is a generalisation of the AtMost and AtLeast constraints. Enforcing GAC is
polynomial on the Amongconstraint. A generalisationof this constraint is to let
the dj be integer variables D j instead of constants. In this case,enforcing GAC
becomesintractable.

Theorem 8 Enforcing GAC on Among(N ; [X 1; : : : ; X n ]; [D1; : : : ; Dm ]) is NP-
hard.

Proof. We again use a transformation from 3Sat . Given a 3Sat problem in
n variables (labelled from 1 to n) and m clauses,we construct the Amongcon-
straint, Among(N ; [X 1; : : : ; X m ]; [D1; : : : ; Dn ]) in which D(N ) = f mg, D(D i ) =
f i; � i g, and each X j represents oneof the m clauses.If the j th clauseis x_ : y_ z
then D(X j ) = f x; � y; zg. The constructed amongconstraint has a solution i�
the original 3Sat problem has a model. Hencedeciding if enforcing GAC does
not lead to a domain wipe out is NP-complete, and enforcing GAC is itself
NP-hard. 2
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4.4.2 Rep eating variables

In the constraint Gcc([X 1; : : : ; X n ]; [O1; : : : ; Om ]), the number of occurrencesOj

for a value j is a �xed interval [l j ::uj ]. In addition, we assumethat no variables
in the sequence[X 1; : : : ; X n ] are repeated. However, there are problems in
which we would like to have a gcc constraint with the samevariable occurring
several times in [X 1; : : : ; X n ], or equivalently , some variables that must take
the samevalue. For example, in shift rostering, we might have constraints on
the number of shifts worked by each individual, as well as the requirement that
the samepersonworks consecutive weekends. This can be modelled with a Gcc
with repeated variables. Unfortunately , achieving arc consistency (GAC) on
Gccwith repeated variables is intractable.

Theorem 9 Enforcing GAC on a Gcc([X 1; : : : ; X n ]; [O1; : : : ; Om ]) where vari-
ablesin [X 1; : : : ; X n ] can be repeated is NP-hard even if the Oj are �xed inter-
vals.

Proof. We transform 3Sat into NoGA CWipeOut (Gcc). Let ' = f c1; : : : ; cm g
be a 3CNF on the Booleanvariablesx1; : : : ; xn . We build the constraint Gcc(Y;
[O� n ; : : : ; O� 1; O1; : : : ; On ]) where:

1. Y = [Yc1 ; : : : ; Ycm ; Y (1)
l 1

; : : : ; Y (m )
l 1

; Y (1)
l 2

; : : : ; Y (m )
l n

)], where Y (1)
l i

; : : : ; Y (m )
l i

are m copiesof the samevariable Yl i with D(Yl i ) = f i; � i g and D(Ycj ) =
f j 1; � j 2; j 3g if cj = x j 1 _ : x j 2 _ x j 3 ,

2. Oi = [0; m]; 8i 2 [� n; � 1] [ [1; n],

Consider a model of ' . If x i k is one of the variables in clauseci that make
ci true in the model, assignYci with i k if x i k is true, and � i k otherwise. For
every i , assignYl i with i if x i is false and � i otherwise. This assignment is a
solution for Gcc.

Consider now a solution for Gcc. Then x i set to true i� Yl i = � i is a model
of ' . The m occurrencesof each Yl i and the capacities Oj in the Gcc ensure
that none of the Yck can take � i if Yl i = � i or i if Yl i = i .

The constructed Gccconstraint with repeatedvariableshasa solution i� the
original 3Sat problem has a model. Hencedeciding if enforcing GAC doesnot
lead to a domain wipe out is NP-complete, and enforcingGAC is itself NP-hard.
2

We see that computational complexity can tell us when we will need to
enforcea lesserlevel of consistencyon the generalisation of an existing global
constraint.

5 Meta-Constrain ts

Computational complexity can also be used to study \meta-constrain ts" that
combine together other constraints. Wewill show that evenwhenthe constraints
being combined are tractable to propagate, the meta-constraint itself might not
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be tractable to propagate. For example, the Card constraint [36] is provided
by many constraint toolkits. It ensuresthat N constraints from a given set are
satis�ed, where N is an integer decisionvariable. The most generalform of the
constraint is: Card(N ; [C1; : : : ; Cm ]) where Ci are themselves constraints (not
necessarilyall of the samearit y), and N = jf i j Ci is satis�edgj. The cardinalit y
constraint can be used to implement conjunction, (C1 ^ C2 is equivalent to
Card(2; [C1; C2])), disjunction, (C1 _ C2 is equivalent to Card(N ; [C1; C2]) where
N � 1), negation, (: C1 is equivalent to Card(0; [C1])). It has had numerous
applications in a wide range of domains including car-sequencing,disjunctive
scheduling, Hamiltonian path and digital signal processorscheduling [37].

It is obvious that Card(N ; [C1; : : : ; Cm ]) is tractable if the constraints Ci

have bounded arit y and do not share any variable. However, only a limited
form of consistencyis enforcedon a Card constraint (see[23]), and it is easyto
show why this is necessaryin general.

Theorem 10 Enforcing GAC on the Card(N ; [C1; : : : ; Cm ]) constraint is NP-
hard, and remains so even if all the constraints Ci are identical and binary and
no variable is repeated more than three times.

Proof. We use a reduction from the special caseof 3SAT in which at most
three clausescontain a variable or its negation. (This is still NP-complete.)
Each Boolean variable x is represented by a CSP variable X with domain
f 0; 1g. Each clause� is represented by three CSP variables, U� , V� and W� ,
and �v e binary constraints posted on these variables. The domain of U� is a
strict subsetof f 8; : : : ; 15g, of V� is a strict subsetof f 16; : : : ; 23g and of W� is a
strict subsetof f 24; : : : ; 31g. The domain valuesserve two purposes.First, the
bottom three bits indicate the truth values taken by the variables that satisfy
the clause. We therefore have to deleteonevalue from each domain. This is the
assignment of truth valueswhich doesnot satisfy the clause. For example, if �
is x _ : y _ z then the only assignment to X , Y and Z , which does not satisfy
the clauseis 0, 1, 0. We therefore delete the value 26 from W� as 26mod 8 is 2
(or 010 in binary). Similarly, we delete the value 18 from V� as 18mod 8 is 2,
and 10 from U� . Second,the top two bits of the valuesof U� , V� and W� point
to one of the three positions in the clause. We add three binary constraints to
the cardinalit y constraint: C(U� ; X ), C(V� ; Y ) and C(W� ; Z ).

We also need to ensure that U� , V� and W� take consistent values. We
therefore add two binary constraints: C(U� ; V� ), and C(V� ; W� ). Finally, we
de�ne C(X ; Y ) as follows. If Y 2 f 0; 1g, there are three cases. If 8 � X � 15
then C is satis�ed i� (X mod 8) div 4 = Y (i.e., the third bit of X agreeswith
Y). If 16 � X � 23 then C is satis�ed i� (X mod 4) div 2 = Y (i.e., the second
bit of X agreeswith Y). If 24 � X � 31 then C is satis�ed i� X mod 2 = Y
(i.e., the �rst bit of X agreeswith Y ). Otherwise Y � 8 and C is satis�ed i�
X mod 8 = Y mod 8.

The constructed cardinalit y constraint has a solution i� there is an assign-
ment to the Boolean variables that satis�es all of the clauses.Henceenforcing
GAC is NP-hard. 2
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A more restricted, but neverthelessvery useful form of the cardinalit y con-
straint is the cardinalit y path constraint [4]. The most general form of the
constraint is: Cardpath(N ; [X 1; : : : ; X m ]; C) where C is a constraint of arit y k,
and N = jf i 2 1::m � k + 1 j C(X i ; : : : ; X i + k � 1) is satis�edgj. This \slides" a
constraint of �xed arit y down a sequenceof variables and ensuresthat it holds
N times, where N is itself an integer decisionvariable. This constraint can be
usedto implement the changeconstraint, (which counts the number of changes
of value in a sequence),smooth constraint (which limits the size of changesof
value along a sequence),number of rests constraint (which counts the num-
ber of two day or more rests in a sequence),and sliding sum constraints. In
[4], a greedyalgorithm is given for propagating the cardinalit y path constraint.
However, even for binary constraints, the algorithm fails to prune all possible
values. In [6], an algorithm is proposed that achieves GAC when no variable
is repeated in the sequence[X 1; : : : ; X m ] and C has arit y k. This takesa time
which is polynomial in m but exponential in k. If k is bounded (e.g. k = 2),
this is polynomial. The algorithm usesdynamic programming technique that
slides along the values of the variables the number of times C can be satis�ed
in a tuple involving the given value. After two passesof this sliding process,the
values from N that never appear in the counters can be pruned, as well as the
values that are not labelled by any value in the domain of N . As soon as we
allow repetitions of variables in the sequence,it is not hard to show that enforc-
ing GAC on Cardpath is intractable. As with Gcc, this is another example of
constraint that changesfrom polynomial to intractable when we allow repeated
variables.

Theorem 11 Enforcing GAC on Cardpath(N ; [X 1; : : : ; X m ]; C) where variables
in the sequence [X 1; : : : ; X m ] can be repeated is NP-hard even if C is binary.

Proof. We use a reduction from 3Col . We assumewithout loss of generality
that the graph is connected. Each node in the graph is represented by a CSP
variable. The domain of each variable is the set of three colours. We then
construct a sequenceof variablesX 1, . . . , X m such that if there is an edge(i; j )
in the graph then there is at least one position in the sequencewith X i next
to X j . To do this, we pick any node at which to start. We then pick any edge
in the graph not yet in the sequenceand �nd a path from our starting node
that passesthrough this edge. We add this path to our sequence.We repeat
until all edgesare in the sequence.Finally, we set N = m � 1 and C to be the
binary not-equalsconstraint. The constructed cardinalit y path constraint hasa
solution i� there is a proper colouring of the graph. Hencedeciding if enforcing
GAC doesnot lead to a domain wipe out is NP-complete, and enforcing GAC
is itself NP-hard. 2

It is lesseasy to seethat enforcing GAC on Cardpath(N ; [X 1; : : : ; X m ]; C)
is intractable when the sequenceof variables [X 1; : : : ; X m ] doesnot contain any
repetition and GAC can be enforcedon C in polynomial time.

Theorem 12 Enforcing GAC on Cardpath(N ; [X 1; : : : ; X m ]; C) is NP-hard even
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when enforcing GAC on C is polynomial and no variable is repeated in the se-
quence.

Proof. We transform Max2sa t into NoGA CWipeOut (Cardpath). Max2-
sat is the problem of deciding whether there exists an assignment of n Boolean
variables violating at most k clausesin a 2sat formula with m clauses. The
idea is to build a sequenceof variables, alternating n Boolean variables with
two variables representing one of the binary clauses,and then again n Boolean
variables and so on until all clausesare represented. The sliding constraint C
guaranteesthat in each alternation, the assignment of the n Boolean variables
on the left of the two clause-variables is equal to the assignment on the right
(i.e. the same assignment is used down the sequence),and that the binary
clause sandwiched in the middle is satis�ed by this assignment. To prevent
violation of a clausebeing confusedwith a change in the assignment, we need
k + 1 dummy variables in each alternation. A change in the assignment then
violates k+ 1 times the constraint C. (k is the bound of the Max2sa t problem.)
So, the whole sequenceis composedof m alternations, each with k + 1 dummy
variablesplus n Booleanvariablesplus two clause-variables,plus someadditional
dummy variables at the very end of the sequenceto guarantee that the last
clause is checked. The domain of the dummy variables is f n + 1g, that of
Booleanvariables is f 0; 1g. If cj = x i 1 _ : x i 2 , the �rst clause-variable in the j th
alternation has domain f i 1g and the secondhas domain f� i 2g. The constraint
C, of arit y 2(k + 1) + 2n + 4 (two alternations), is built to be satis�ed in the
three following cases: if neither its �rst variable nor its (k + 1 + n + 2)th is a
dummy (k + 1 + n + 2 is the length of an alternation); if its �rst variable is a
dummy and the two assignments of n Boolean variables are the same; �nally
if the �rst variable is not a dummy, the (k + 1 + n + 2)th variable is, and the
clauserepresented by the two variables in positions n + 1 and n + 2 is satis�ed
by the assignment. Enforcing GAC on C is clearly polynomial.

There remains to set the domain of N to the interval from the total number
of occurrencesof C in the sequence(all C satis�ed) to this number lessk. This
ensuresthat C is violated at most k times. As a changein the assignment to the
Booleanvariablescostsat least k+ 1 violations, weare guaranteedthat the same
assignment 'slides down' the sequence.Thus Cardpath has a satisfying tuple if
and only if there exists an assignment of the Booleanvariablesof the Max2sa t
formula that violates at most k binary clauses.Therefore, deciding if enforcing
GAC doesnot lead to a domain wipe out is NP-complete, and enforcing GAC
is itself NP-hard. 2

We have seenthat Cardpath is tractable when C has a �xed arit y, and we
do not allow repetitions of variables in the sequence.However, as soon as we
relax either one of these restrictions, propagation becomesNP-hard. We may
therefore needto enforcea lesserlevel of local consistencysuch as in [4].
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6 Related Work

Analysis of tractabilit y and intractabilit y is not new in constraint programming.
Identifying properties under which a constraint satisfaction problem is tractable
has beenstudied for a long time. For example,Freuder [17], Dechter and Pearl
[13, 14] or Gottlob et al [20] gave increasingly general conditions on the struc-
ture of the underlying (hyper)graph to obtain a backtrack-free resolution of a
problem. van Beek and Dechter [35] and Deville et al [15] presented conditions
on the semantics of the individual constraints that make the problem tractable.
Finally, Cohenet al [12] showed that when the constraints composinga problem
are de�ned asdisjunctions of other constraints of speci�ed types,then the whole
problem is tractable. However, theselines of research are concernedwith a con-
straint satisfaction problem as a whole, and do not say much about individual
particular constraints.

For constraints of bounded arit y, asymptotic analysis has been extensively
used to study the complexity of constraint propagation both in general and
for constraints with a particular semantics. For example, the GAC-Schema
algorithm of [8] has an O(dn ) time complexity on constraints of arit y n and
domainsof sized, whilst the GAC algorithm of [28] for the n-ary AllDifferent
constraint has O(n

3
2 d) time complexity. Theseare upper bounds on the cost of

GAC in generalor on speci�c constraints. By comparison,wehavecharacterised
here conditions under which no polynomial algorithm for GAC can be designed
for a given constraint type.

For global constraints like the Cummulative and Cycle constraints, there are
very immediate reductions from the bin packing and Hamiltonian circuit which
demonstrate that reasoningwith these constraints is intractable in general. It
is therefore perhaps not surprising that there has been little comment in the
past about their intractabilit y. However, as we show here, there are many
other global constraints proposedin the past like NValue and AtMost1 where a
reduction is lessimmediate, but the constraint is intractable nevertheless.

In many constraint problems, the goal is not only to satisfy all the con-
straints, but also to minimise (or maximise) an objective function. Constraint
propagation can be enhancedin theseproblemsby cost-based�ltering wherewe
also remove valuesthat are proven sub-optimal. Optimisation constraints, that
combine a regular constraint of the problem with a constraint on the maximal
value the objective function can take have been advocated in [11]. GAC on
such a combined constraint will not only prune the valueshaving no support on
the regular constraint, but also the valuesthat do not extend to any satisfying
assignment of the constraint improving the given bound. However, as in the
caseof combining constraints (seeSection 4.3), such compositions have to be
handled with care. The optimisation version of a constraint for which enforcing
GAC is intractable obviously remains intractable (e.g., [33]). However, the op-
timisation version of a constraint for which GAC is polynomial either remains
tractable (e.g., [16, 30]) or may becomeintractable. An example of the latter
situation is the shortest path constraint, which is the optimisation version of
the path constraint [34].
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Beldiceanu has proposed a general framework for describing many global
constraints in terms of graph properties on structured networks of simple el-
ementary constraints [2]. It is an interesting open question if we can identify
properties or elementary constraints within this framework which guarantee
that a global constraint is computationally (in)tractable. Finally, computa-
tional complexity can help us classify the \globalit y" of constraints [9]. Indeed,
NP-hardnessof enforcing GAC is a su�cien t condition for a constraint to be
operationally GAC-global wrt GAC-poly-time decompositions.

7 Conclusions

We have studied the computational complexity of reasoning with global con-
straints. We have considereda number of important questionsrelated to con-
straint propagation. For example, \Do es this value have support?", or `Is this
problem generalisedarc-consistent?". We identi�ed dependenciesbetween the
tractabilit y and intractabilit y of thesequestionsfor �nite domain variables and
we have shown that these questions are intractable in general. We have then
demonstrated how the sametools of computational complexity can be used in
the designand analysisof speci�c global constraints. In particular, wehaveillus-
trated how computational complexity can be used to determine when a lesser
level of local consistency should be enforced, when decomposing constraints
will reducepropagation, when constraints can be combined tractably and when
generalisation leads to intractabilit y. We showed that a wide range of global
constraints, both existing and new, are intractable. In particular, the NValue
and AtMost1 constraints, the global cardinalit y constraint with repeated vari-
ables and the Commonconstraint, are proven here to be intractable. We have
also shown how the sametools can be used to study meta-constraints like the
Cardpath constraint. In the future, we plan an extensive study of the computa-
tional complexity of global constraints beyond �nite domain variables (e.g. on
set and multiset variables).
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