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Abstract. Experts at modelling constraint satisfaction problems care-
fully choosemodel transformations to reducegreatly the amount of e�ort
that is required to solve a problem by systematic search. It is a consid-
erable challenge to automate such transformations. A problem may be
viewed and transformed at various levels of abstraction. It is often easier
to transform an abstract speci�cation rather than a concrete model. We
illustrate this point by means of the SONET problem, a realistic com-
binatorial optimisation problem, which is transformed and subsequently
re�ned into a number of constraint models.

1 In tro duction

Constraint satisfaction is a successfultechnology for tackling a wide variety of
search problemsincluding resourceallocation, transportation and scheduling. To
use constraint technology to solve a problem, the solutions to a problem must
�rst be characterised,or modelled, by a set of constraints that they must satisfy.
Constructing an e�ectiv e model of a constraint satisfaction problem (CSP) is,
however, a challenging task asnew userstypically lack specialisedexpertise. One
di�cult y is in identifying transformations, which are sometimescomplex, that
can dramatically reduce the e�ort neededto solve the problem by systematic
search (see,for example, [24]). Such transformations include adding constraints
that are implied by other constraints in the problem, adding constraints that
eliminate symmetrical solutions to the problem, removing redundant constraints
(where redundant constraints are thosewhich result in no extra pruning, but just
add overhead) and replacing constraints with their logical equivalents. Unfortu-
nately, outsidea highly-focuseddomain likeplanning (see,for example,[8]), there
has beenlittle research on how to perform such transformations automatically.

This paper presents our vision of how such transformations can be performed
and is part of our ongoing work towards formalising and automating the mod-
elling process.In particular, we present our vision of transformation through
a casestudy of transforming the Simpli�ed SONET problem. We present the
transformations in a somewhat systematic way; in our previous work system-
atic manual modelling has proved to be an important �rst step towards the
automation of modelling.
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Let usoutline our vision of transformation. A fundamental observation is that
sometransformations operate on a particular model of a problem whereasothers
are model independent. We refer to thesetwo kinds of transformations as model
transformations and problemtransformations. Though a problem transformation
could also be performed on a particular model, the advantage of transforming
the problem is that the bene�ts provided by the problem transformation will be
inherited by all models.

To formalise problem transformations, problems themselves must be pre-
sented in a formal language.Such a languagemust allow problems to be speci-
�ed at a level of abstraction above that at which modelling decisionsare made.
For the Simpli�ed SONET example studied in this paper, we use a language
that is like an ordinary constraint languageexcept that in addition to the usual
atomic variables (variables whose domains comprise atomic elements) and set
variables, it allows relation variables (variables whosedomains comprise �nite
relations). The idea of developing constraint languagesthat support non-atomic
variables is gaining momentum. Set variable have beenaround for several years
and are incorporated into constraint toolkits such as ILOG Solver and Eclipse.
ESRA [11] supports relation variables and F supports function variables [16].
Essence [13] takes this this approach to its ultimate conclusion, supporting a
wide-variety of variable types|suc h as sets,multisets, relations, functions, par-
titions and tuples|as well asarbitrarily-nested variable types,such asset of sets
and set of set of tuples. Frisch et al. [13] proposeEssence as an appropriate
languagefor expressingabstract problem speci�cations.

After presenting the abstract problem speci�cation of the Simpli�ed SONET
problem, our casestudy proceedsby transforming it by adding implied and other
constraints. Then, from this augmented speci�cation, we generatemodels of the
kind that are supported by existing constraint toolkits such as ILOG Solver
and Eclipse. We call these concrete models and call the processof generating
them re�nement. We reserve the term transformation to refer to operations that
changea model or speci�cation but, unlike re�nement, do not alter the level of
abstraction. Sincetransformations can and should take placeat various levelsof
abstraction, a study of transformation inevitably involvesre�nement.

Re�ning the Simpli�ed SONET speci�cation involves replacing a relation
variable|whic h is not supported by existing toolkits|with a structured collec-
tion of atomic variables and set variables. We present three generalmethods for
modelling a relation variable and then usethesethree methods to systematically
generate�v e concretemodels. If the target languageinto which we are re�ning
doesnot support set variables,thesecould be re�ned into atomic variables;doing
so is not addressedin this paper.

Before turning to the casestudy, we examine, and learn from, a previous
constraint-transformation system.
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2 Wh y Transform A bstr act Speci�cations?

In addition to the reasonsdiscussedin the previous section, our architecture
for transformation and re�nement has been motivated by experiencewith the
CGrass (Constraint GenerationAnd Symmetry-breaking [14]) system.CGrass
transforms constraint models of problem instances in order to make them easier
to solve. This section describes CGrass and then explains why, on its own, it
is insu�cien t to perform all desiredtransformations. It is thesede�ciencies that
motivate the approach to transformation advocated by this paper.

The input to CGrass is a problem instanceexpressedin a languagethat does
not allow schematicconstraints. To seewhat this meansconsiderthe straightfor-
ward model of the Golomb Ruler problem wherethe the goal is to �nd valuesfor
n integer variables, x1; : : : ; xn , so that the \distance" betweenany two distinct
pairs of them is distinct. We can specify this by a constraint schema as

8i; j; k; l 2 f 1; :::; ng
(i 6= j ) ^ (k 6= l) ^ (i 6= k _ j 6= l) ! jx i � x j j 6= jxk � x l j

(1)

For a problem instance, n would be replacedby a constant speci�ed by the in-
stancedata. A schemais a linguistic shorthand for generatinga setof constraints.
For the instance where n is 3, this schema generates3 constraints:

jx1 � x2 j 6= jx1 � x3 j
jx1 � x2 j 6= jx2 � x3 j
jx1 � x3 j 6= jx2 � x3 j:

CGrass works in a forward-chaining manner, selectively applying the heuris-
tically most-promising rule at each iteration to improve a model gradually. A
history mechanism prevents cycles of transformations. After each transforma-
tion the model is put into a normal form basedon that used by the HartMath
(www.hartmath.org ) computer algebrasystem;this makesit easierto test which
transformations can be applied next. Cgrass can perform a range of transfor-
mations, including adding implied constraints, intro ducing auxiliary variables
and intro ducing symmetry-breaking constraints. The last of these is performed
by testing whether the model is unchanged when two candidate expressions
are exchangedthroughout and normalisation is performed. This is an expensive
method of symmetry detection, and therefore in
uenced our decisionto focuson
re�nement-based modelling, where much symmetry can be detected easily as it
is intro duced. Nonetheless,when applied to a naive formulation of the Golomb
ruler problem, Cgrass is able to producea far more e�cien t model that is close
to that produced by human experts.

Though CGrass has successfullytransformed someproblem instancesinto
much more e�cien t ones,it has somedrawbacks. Sinceit transforms individual
problem instances,much e�ort is repeatedas each instance of a problem classis
transformed. Therefore, it is desirable to perform transformations on problems,
where possible,rather than instances.

Though the job that CGrass performs is simpli�ed becauseit doesnot have
to reasonwith quanti�ers, sometransformations are di�cult to perform because
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they involve recognising a pattern within the non-schematic speci�cation. For
example,oneuseful transformation is to replacea clique of not-equalsconstraints
with an all-di�eren t constraint.

Furthermore, instance speci�cations that do not use schemascan grow ex-
tremely large. For example,in the Golomb Ruler Problem the number of inequal-
ities generatedby schema(1) is 
 (n4). Thus sometypesof transformations will
need to be performed 
 (n4) times. The performance improvement realised by
the transformed instance speci�cation can be greatly diminished by the time it
takesto perform all the transformations.

Our conclusion from the CGrass work is that, where possible, it is better
to transform schematic speci�cations than non-schematic speci�cations, and,
where possible, it is better to transform problem speci�cations than instance
speci�cations. There may be caseswhereit is necessaryto transform instances|
schematic or non-schematic|suc h as when a transformation is only sanctioned
by the particular instance data. We therefore do not seethe problem transfor-
mations advocated by this paper as fully replacing the needor desirability of all
CGrass -style transformations.

3 Specifying the SONET Problem

To illustrate our approach, we considerthe SONET �bre-optic communications
problem [21].

In a communications network, there are client nodes and known levels
of demand between pairs of nodes. However, tra�c can only be routed
betweenpairs of distinct nodesif they are installed on the sameSONET
ring. A node is installed on a SONET ring via a dedicated add-drop
multiplexer (ADM). Each node may be installed on multiple rings and
demand between a pair of nodes may be split over several rings. The
maximum number of rings available is known. Each ring has a capacity
in terms of the volume of tra�c and the number of nodes that can be
installed on it. The objective is to minimise the number of ADMs used.

Consideran instanceof the SONET problem with 5 nodesand 3 rings, where
each ring is able to accommodate 4 nodes and 6 units of tra�c. The demands
betweennodesarepresented in Figure 1. An optimal solution usingonly 6 ADMs
(in this solution only two of the three rings are used) is presented in Figure 2.
This instance will be usedto illustrate the transformed models throughout.

For clarit y, this paper focuseson a simpli�ed versionof the SONET problem,
ignoring actual demand levels, following [22]. The full problem is handled simi-
larly, but all major points are covered by transforming the simpli�ed problem.

3.1 SA : An Abstract Problem Speci�cation

An instance of the SONET problem is identi�ed by four parameters: nnodes,
the number of nodes;nr ings, the number of rings; c, the uniform node capacity
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Fig. 1. Demand pairs in an example instance of the SONET problem
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Fig. 2. An optimal solution to the example instance of the SONET problem

per ring; and D, the demand. In particular, D is a set of unordered node pairs,
f n; n0g wheren and n0 arenodesthat must that must communicate. The decision
variable must represent an assignment of nodes to rings; since a node can be
assigningto multiple rings, we treat this asa relation, which we call rings-nodes,
betweenrings and nodes.

Figure 3 givesSA , an Essence speci�cation of the simpli�ed SONET prob-
lem. Here the nodes and rings are represented by ranges of natural numbers.
The objective is to minimise the number of ADMs, which is the number of node
attachments and is represented by the cardinalit y of the rings-nodes relation.
The capacity constraint is imposedby (3) and the communication constraint is
imposedby (4). Note that rings-nodes( ; n) is the projection of the rings-nodes
relation onto n 2 N , that is f r jrings-nodes(r; n)g.

given nrings: nat , nnodes: nat , capacity: nat
letting N be 1..nnodes, R be 1..nrings
given D : set of set (size 2) of N
find rings-nodes: R � N
minimising jrings-nodesj (2)

such that 8 r 2 R jrings-nodes(r ; )gj � c (3)

8f n; n0g2 D rings-nodes( ; n) \ rings-nodes( ; n0) 6= ; (4)

Fig. 3. Speci�cation of the simpl�ed SONET problem.
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4 Transforming the Abstract Problem Speci�cation

This sectionpresents transformations on the abstract speci�cation of the SONET
problem, SA . First, three implied constraints are derived and addedto the spec-
i�cation. Then a fourth constraint, which is not implied, is added.

The �rst implied constraint imposesa lower bound on the number of ADMs
required for each node.

i) From (4), the (separate) projection of rings-nodesonto certain pairs of ele-
ments, n; n0 2 N , must result in subsetsof R with a non-empty intersection.
That is, rings-nodesrelates f n; n0g 2 D to at least one common ring.

ii) The number of occurrencesof n in a pair f n; n0g 2 D, jf n0jf n; n0g 2 Dgj, is
the cardinalit y of the partner set of n, each element of which must be related
to at least one common ring with n by rings-nodes.

iii) (3) is a capacity constraint. It speci�es that the maximum number of nodes
that can be related with a given ring, r , by rings-nodesis at most c.

iv) Since n must be related to at least one common ring with each element of
its partner set, this reducesthe e�ectiv e capacity of each ring to c � 1.

v) Simple division now provides a lower bound on the number of ADMs per
node n, equivalently the number of rings on which n is installed:

8n 2 N :
�

jf n0jf n; n0g 2 Dgj
c � 1

�
� jrings-nodes( ; n)j (5)

Henceforth, we refer to
l

jf n 0jf n;n 0g2 D gj
c� 1

m
as ADMMin c(n). Observe that all

the terms contained in ADMMin c(n) are parameters; hence, for any given
problem instance, this is a constant.

The secondimplied constraint imposesa lower bound on the number of `open'
rings, i.e. those rings with at least one node installed.

i) From (5), it is simple to derive a minimum total number of ADMs.
ii) Each ADM is installed on a ring via rings-nodes.
iii) (3) givesthe capacity, c, of each ring.
iv) Simple division givesthe bound:

� P
n 2 N ADMMin c(n)

c

�
� jf r 2 Rjrings-nodes(r; ) 6= ;gj (6)

Henceforth, we refer to
� P

n 2 N
ADMMin c (n )

c

�
as RingMin c. Again, all the

terms in this expressionare parameters; hencefor any given problem instance,
this is a constant.

The third implied constraint imposesthe constraint that a node should be
installed on a ring only if it needsto communicate with one of the other nodes
on the ring.

i) To satisfy (4), the intersection of the projection of rings-nodesonto each of
a pair of nodes, f n; n0g 2 D, must be non-empty.
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ii) Consider a tuple, hr 2 R; n 2 N i , of rings-nodes. If rings-nodes does not
also relate somen0 2 N with r , where f n; n0g 2 D, then this tuple doesnot
satisfy any instance of (4).

iii) From (2) we are minimising the sizeof rings-nodes. Hence:

8n2N; r2R
rings-nodes(r; n)! jfn02Njf n; n0g2 D ^ rings-nodes(r; n0)gj > 0

(7)

We now consider another constraint, which is obtained by observing that if
a solution exists, then there is a solution in which for any two non-empty rings
the sum of the number of nodes installed on them exceedsc. This is the case
sinceif two non-empty rings contain no more than c nodesthen their nodescan
be mergedonto a single ring. Thus, as with symmetry-breaking constraints, we
can imposea constraint that restricts search to those solutions in which no two
rings can be merged.

8f r; r 0g � R : (rings-nodes(r; ) 6= ; ) ^ (rings-nodes(r 0; ) 6= ; ) !

jrings-nodes(r; )j + jrings-nodes(r 0; )j > c (8)

5 Re�ning the SONET Problem

Given abstract model SA , basedupon the rings-nodesrelation variable, a process
of re�nement is necessaryto generatemodels suitable for input to a constraint
toolkit. Hnich [16] shows how to re�ne speci�cations in an extended constraint
language(F ) supporting function variables, producing a set of alternativ e mod-
els. At present, there is no mechanism for choosing among the re�ned models,
however. Alternativ ely, ESRA [11] is an extended constraint languagesupport-
ing relation variables. Speci�cations in ESRA are re�ned to a single constraint
model. As noted in the intro duction, the Essence language[13] supports a num-
ber of abstract variable types. Unlike (F ) and ESRA, Essence supports arbi-
trary nesting of operators and types (e.g. sets of sets of partitions). Essence
speci�cations are re�ned by the Conjure system into a set of alternativ e con-
straint models.

We focus now on the re�nement of SA in particular. The decision variable
in SA is of type relation. There are three possibilities for re�ning an arbitrary
relation variable R : A � B :

i) A one-dimensionalmatrix of set variables, BtoA ms indexed by A. For each
a 2 A, BtoA ms [a] is f b 2 B jR(a; b)g.

ii) A two-dimensional 0/1 matrix, Rm , indexed by A � B , where Rm [a; b]=1
indicates R(a; b), when a 2 A; b 2 B .

iii) A one-dimensionalmatrix of set variables, AtoBms indexed by B . For each
b 2 B , AtoBms [b] is f a 2 AjR(a; b)g.

In the following subsections,we usetheserules to re�ne SA to �v e di�eren t
CSP models.
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5.1 SB : A Matrix Mo del

The rings-nodesrelation canbere�ned into a two dimensionalmatrix of 0/1 vari-
ables, rings-nodesm , where rings-nodesm [r ; n] denotesthe element at the inter-
sectionof the r th column and nth row. To perform this re�nement, all references
to rings-nodes must be replaced with rings-nodesm . Node capacity constraints
are on the cardinalit y of subsetsof N and the objectiveminimisesthe cardinalit y
of rings-nodes. Each column r of rings-nodesm corresponds to the characteris-
tic function for the set of nodes installed on ring r (i.e. rings-nodes(r , )), and
similarly for each row n, so re�ning (2) and (3) is straightforward:

Minimise(
X

r 2 R

X

n 2 N

rings-nodesm [r ; n]) (9)

8r 2 R :
X

n 2 N

rings-nodesm [r ; n] � c (10)

The demand constraint requires the intersection of subsetsof N to be non-
empty. When using characteristic functions, (4) is easily represented via scalar
products, which are the cardinalit y of the intersection:

8f n; n0g 2 D : scalar-prod(rings-nodesm [ ; n]; rings-nodesm [ ; n0]) 6= 0 (11)

where rings-nodesm [ ; n] denotes the nth row of the rings-nodesm matrix. SB

is a basic version of that used in [21]. Indeed, matrix models in general are a
common pattern in constraint programming [9].

In our example instance, rings-nodesm is instantiated to a 3 � 5 matrix of
0/1 variables. The total number of `1' entries is minimised and the rows have a
maximum sum of 4 (node capacity). Scalar product constraints ensurethat all
node (row) pairs that must communicate have at least one `1' entry in common.

As noted above, each row (column) of rings-nodesm is equivalent to the char-
acteristic function for the projection of rings-nodes onto an element of N (R).
A bound on the cardinalit y of such a projection is easily enforcedusing a sum-
mation on a row or column. Hence(5) and (7) are re�ned to:

8n 2 N : ADMMin c(n) �
X

r 2 R

rings-nodesm [r ; n] (12)

8n 2 N; r 2 R : rings-nodesm [r ; n] = 1!
X

n 0jf n;n 0g2 D

rings-nodesm [r ; n0] > 0 (13)

Constraint (6) is on the cardinalit y of a subsetof R. For each r 2 R, member-
ship of this subsetis predicated on a non-empty projection of rings-nodesonto r .
This translates to a non-zerosum of a column of rings-nodesm . Hence,we must
constrain the number of columns of rings-nodesm that meet this criterion. One
way to specify (6) is then to intro duce a set variable, open-ringss , as follows:

8r 2 R :
X

n 2 N

rings-nodesm [r ; n] 6= 0 $ r 2 open-ringss (14)
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RingMin c � jopen-ringss j (15)

Alternativ ely, a one-dimensionalmatrix, open-ringsm (essentially the character-
istic function for the set variable) indexed by R, could be used:

8r 2 R :
X

n 2 N

rings-nodesm [r ; n] 6= 0 $ open-ringsm [r ] = 1 (16)

RingMin c �
X

r 2 R

open-ringsm [r ] (17)

Finally, (8) is re�ned into model SB straightforwardly, as follows:

8f r; r 0g � RP
n 2 N rings-nodesm [r ; n] > 0 ^

P
n 2 N rings-nodesm [r 0; n] > 0

!
P

n 2 N rings-nodesm [r ; n] + rings-nodesm [r 0; n] > c

(18)

Breaking Symmetry A potential pitfall of re�nement to a matrix model is
symmetry on the rows and/or columnsof the matrix. If the elements of R (or N )
are indistinguishable, the columns(rows) of any (non-)solution may be permuted
to generateanother (non-)solution. To determine whether elements of R and N
are indistinguishable, we examineSA prior to re�nement. The elements of R are
not distinguished by any of the constraints or relations. However, the elements
of N could be distinguished by D, which is instance-speci�c.

If we can identify similar caseswhere the target objects of re�nements may
contain symmetry, we can build into the re�nement methods the meansto de-
tect and break the symmetry. This avoids the (potentially expensive) problem
of symmetry detection at a lower level following re�nement. Several alternativ e
symmetry breaking methods exist, providing further branching points in the
spaceof transformations. When symmetry depends on instance-speci�c infor-
mation, preconditions must be placed on the methods usedto break symmetry.
As a problem is instantiated into a CSP instance, the preconditions are tested
and symmetry is brokenamongthe objects that aresymmetrical in this instance.

For example, the symmetry among the rings can be eliminated using Sym-
metry Breaking During Search (SBDS) [15]. SBDS takesin a description of the
action of each symmetry on decisionsmade during search (i.e. to assignor not
to assigna value to a variable). Oncea decisionhas beenexplored, if the search
backtracks to explore its alternativ e, SBDS ensuresthat further decisionssym-
metric to those already explored will not be explored in future. In our example,
we must describe the e�ect on the assignment of a value to a variable of a trans-
position of a pair of rings. To automate this process,our re�nement methods
must generatethe descriptionsof each symmetry (e.g. interchangeablecolumns).

Alternativ ely, the model can be transformed by adding symmetry-breaking
constraints that prune some symmetrical assignments from the search space.
The symmetry created by interchangeablerows and or columns in a matrix can
be dealt with e�ectiv ely by imposing lexicographic ordering constraints [10].
To do this, we treat a whole row (column) as a binary number and constrain



10

interchangeablerows (columns) to be in lexicographicorder. With respect to our
example,sincethe rings are indistinguishable, we imposethe constraint that all
columns are lexicographically ordered as follows:

8r � r 0 2 R : rings-nodesm [r ; ] � lex rings-nodesm [r 0; ] (19)

whererings-nodesm [r ; ] is the r th column of rings-nodesm , r � r 0 denotesthat r
is lessthan and adjacent to r 0 in a �xed arbitrary total ordering of R, and � lex
denoteslexicographically greater than or equal to, enforceableby the algorithm
of [12]. The re�nement of (6) can now be simpli�ed. Given the decreasingorder
imposedin (19) and a lower bound of RingMin c, by the transitivit y of � lex it is
su�cien t to insist that the �rst � columns of rings-nodesm have non-zerosums.

When using lexicographicordering constraints it is important to choosevari-
able and value ordering heuristics which complement rather than compete with
the constraints. It is also important, when lexicographically ordering both rows
and columns of a matrix, to ensurethat the orderings do not con
ict [10].

Generally, disjoint subsetsof a set of objects may be symmetrical (partial
symmetry). If so, we create equivalenceclassesof indistinguishable objects and
break the symmetry among their elements. We might use SBDS, or order each
classarbitrarily and lexicographically order adjacent elements. In our example,
f n1; n2g is an equivalence class, since D does not distinguish the two nodes.
Hence,symmetry canbebrokenbetweenthe corresponding rowsof rings-nodesm .

5.2 SC : A Matrix and Set Variable (Rings) Mo del

We can also re�ne SA using set variables to represent the rings-nodes relation.
This useseither a one-dimensionalmatrix of set variables nodesOnRingms in-
dexed by R, or ringsWithNodems indexed by N . The matrix nodesOnRingms [r ]
contains the set of nodes installed on r and ringsWithNodems [n] contains the
set of rings on which n is installed. This section discussesthe model basedon
nodesOnRingms and the next discussesthe model basedon ringsWithNodems .

The objective and node capacity constraints on each ring are easily stated:

Minimise(
X

r 2 R

jnodesOnRingms [r ]j) (20)

8r 2 R : jnodesOnRingms [r ]j � c (21)

The demand constraints are more di�cult to specify, since each constrains the
set variable representing an unspeci�ed ring to contain a particular pair of nodes.
Therefore,we state the demandconstraints on rings-nodesm (Section5.1). Chan-
nelling constraints keepthe two representations consistent:

8r 2 R : n 2 nodesOnRingms [r ] $ rings-nodesm [r ; n] = 1 (22)

Implied constraints (5{7) are also most easily stated on rings-nodesm . Ring set
variables allow us to simplify the content merging constraint (8):

8f r; r 0g � R : jnodesOnRingms [r ]j > 0 ^ jnodesOnRingms [r 0]j > 0 !

jnodesOnRingms [r ]j + jnodesOnRingms [r 0]j > c (23)
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For our example, in addition to the 3� 5 matrix, three set variables (one per
ring) are created. Each has a maximum of c elements drawn from N .

5.3 SD : A Matrix and Set Variable (No des) Mo del

The dual model to SC comprises a one-dimensional matrix of set variables,
ringsWithNodems , where ringsWithNodems [n] contains the set of rings to which
n is assigned.The demand constraints are easily stated:

8f n; n0g 2 D : jringsWithNodems [n] \ ringsWithNodems [n0]j � 1 (24)

However, the node capacity constraints and objective are di�cult to state. Once
again, it is easiestto use the rings-nodesm matrix and channel:

8n 2 N : r 2 ringsWithNodems [n] $ rings-nodesm [r ; n] = 1 (25)

Implied constraint (5) is easily stated on the node set variables:
X

n 2 N

ADMMin c(n) �
X

n 2 N

jringsWithNodems [n]j (26)

Implied constraints (6) and (7) and the content merging constraint (8) are easier
to state on rings-nodesm as per SB .

With respect to our example,in addition to the 3� 5 matrix, �v eset variables
(one per node) are created, each drawing its elements from R.

5.4 SE : A Dual Set Variable Mo del

SE comprisesa dual model containing both node and ring set variables. The
problem constraints combine SC (20 and 21) and SD (24). We must channel
betweenthe two matrices of set variables to maintain consistency:

8n 2 N; r 2 R : n 2 nodesOnRingms [r ] $ r 2 ringsWithNodems [n] (27)

Implied constraint (5) is stated as per SD (26). Implied constraint (6) can be
stated using either open-ringss (14) or open-ringsm (16) as follows:

8r 2 R : jnodesOnRingms [r ]j 6= 0 $ r 2 open-ringss (28)

8r 2 R : jnodesOnRingms [r ]j 6= 0 $ open-ringsm [r ] = 1 (29)

However, if we break symmetry betweenthe rings, it is su�cien t to specify that
the �rst RingMin c ring set variables are non-empty, as per section 5.1. The
content merging constraint (8) is stated as per SC (23).

Without rings-nodesm , it is more di�cult to re�ne implied constraint (7):

8n 2 N : n 2 nodesOnRingms [r ] !
9n0 : n0 2 nodesOnRingms [r ]^ f n; n0g2D

(30)
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5.5 SF : A Matrix and Dual Set Variable Mo del

Finally, SF comprisesa dual model containing rings-nodesm and both node and
ring set variables. We must channel to maintain consistency:

8n 2 N; r 2 R : rings-nodesm [r ; n] = 1 $ n 2 nodesOnRingms [r ] (31)

8n 2 N; r 2 R : n 2 nodesOnRingms [r ] $ r 2 ringsWithNodems [n] (32)

The problem constraints, implied constraints (5, 6) and the content merging
constraint (8) are stated as per SE . Implied constraint (7) is easierto state on
rings-nodesm , as per SB (13). This model is closeto that usedin [22].

5.6 Simpli�ed SONET: Summary of Transformation

Table 1 summarisesour models of the simpli�ed SONET problem. Encourag-
ingly, two models, SB and SF , closely resemble models created by experts in
Operations Research [21] and Constraint Programming [22].

Model Characteristics

SA Sets and Relations
SB Matrix
SC Matrix + Ring Set Variables
SD Matrix + Node Set Variables
SE Ring Set + Node Set Variables
SF Matrix + Ring Set Variables + Node Set Variables

Table 1. Transformed Simpli�ed SONET models.

6 Related Work in Mo delling and Transformation

In addition to the ESRA, F , and Essence languagesmentioned throughout,
there are several other methods to aid in constraint modelling. This section
brie
y surveys them.

As early as1976,Lauri �ere intro duceda modelling languagecalled ALICE to
formally state a problem [18]. The ALICE languageis characterisedby the use
of sets, set operators, Cartesian product of sets, vectors, matrices, graphs and
paths, constants, and functions. Constraints are stated on these mathematical
objects using the classical logical connectives (^ , _, ! , $ , and : ), the logic
quanti�ers (9 and 8), the set operators (2, \ , [ ), and the arithmetic operators
(+, � , � , =, =, � , < , and

P
).

Tsang et al. had two projects related to ours:

{ The adaptive constraint satisfaction project [1{3] aimed at systematically
mapping problems, in a dynamic manner, to algorithms and heuristics so
as to achieve an adaptive constraint satisfaction strategy, thus helping re-
searchers to bring e�ectiv e algorithms to applications.
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{ The computer-aided constraint programming [4,20] project aimed at build-
ing a systemthat encapsulatesthe entire processof applying CP technology
to problems. And by allowing non-expert users to declaratively state their
problems, the usersmay easily experiment with di�eren t problem formula-
tions. The system would then assist them to choosean existing solver, as
well as in understanding the underlying technology.

The language NP-SPEC is a logic-basedexecutable speci�cation language
[7,6], which allows the user to specify problems that belong to the NP com-
plexity class.In NP-SPEC, metapredicates,called tailoring predicates,are used
to restrict the extensionsof a given predicate. Thesemetapredicatesare subset,
partition , permutation, and intfunc , which can be usedto capture certain classes
of output. The subsetpredicate has as extensionsall subsetsof a given set, the
partition predicate has as extensionsall n subsetsof a given set such that these
subsetsform a partition, the permutation predicate has asextensionsall permu-
tations over a given set, and the intfunc predicate hasasextensionsall functions
from a given set into an integer interval.

In [23], a functional speci�cation languagecalled REFINE is usedto specify
global search problems for a program synthesizer. The REFINE languageaug-
ments a functional programming languagewith three type constructors, namely
set, sequence, and map, as well as their operations. The set type constructor
allows the declaration of variables of set type, the sequence type constructor al-
lows the declaration of variable of sequencetype, and the map type constructor
allows the declaration of variable of partial function type.

The ALICE, NP-SPEC, and REFINE languagesallow variablesof typesother
than integer and integer sets,which allows the statement of problemsat a di�er-
ent level of abstraction when comparedto current CP languagessuch asEclipse.

7 Conclusions and Future Work

We have consideredthe transformation of constraint satisfaction problems and
have seenthat transformations can and should be performed at various levels
of abstraction. We identi�ed re�nement as the processof progressively moving
to more concrete levels of abstraction and showed that mechanisms for dealing
with some common modelling problems, such as symmetry, can be embedded
into re�nement rules.

The Simpli�ed SONET problem [21] was used to illustrate how such a sys-
tem integrating transformation and re�nement could work. We started with an
abstract problem speci�cation in the Essence language and transformed the
speci�cation by adding implied and other constraints. Then we re�ned the re-
sulting speci�cation into �v e alternativ e models and showed how the re�nement
processcould break the symmetries that it intro ducesinto the model.

Our immediate goal is to formalise fully the transformations we use.Having
doneso, it will be possibleto producemany models of varying quality. The next
step is then to developheuristics to guide re�nement and transformation towards
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good models. To do this, we need to identify patterns in e�ectiv e models, and
in the processesthat generatethem.

Part of the pattern elicitation processis experimental, for instancecomparing
the performance of the models of the SONET problem developed here. This
comparison is, however, not straightforward. Usually, model utilit y can only be
judged accurately in the context of the intended solution procedure,such as the
variable/v alue heuristics employed. A thorough empirical comparison,therefore,
must consider solving each model in a variety of ways. We will perform such a
comparisonon alternativ e models of a number of problems from the literature,
including SONET.

In somecases,it is possibleto show that onemodel is stronger than another,
irrespective of certain aspects of the solution procedure.Recently , for example,
alternativ e models of permutation and injection problems have beenstudied in
the context of a range of constraint propagation algorithms [17]. Combining
empirical and theoretical analysiswill allow us to develop the meansto evaluate
models statically, and therefore be more selective about the models produced
during re�nement itself.
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