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Abstract

We consider soft constraint problems where some of the rnedées may be
unspeci ed. This models, for example, settings where agang distributed and
have privacy issues, or where there is an ongoing prefereliitation process.
In this context, we study how to nd an optimal solution wititchaving to wait
for all the preferences. In particular, we de ne algorithrtisat interleave search
and preference elicitation, to nd a solution which is nesgdy optimal, that is,
optimal no matter what the missing data will be, with the ainagk the user to re-
veal as few preferences as possible. We de ne a combinethgaiwnd preference
elicitation scheme with a large number of different insiatitins, each correspond-
ing to a concrete algorithm, which we compare experimentsle compute both
the number of elicited preferences and the user effort, vhiay be larger, as it
contains all the preference values the user has to complte &ble to respond
to the elicitation requests. While the number of elicitedfprences is important
when the concern is to communicate as little information@ssible, the user ef-
fort measures also the hidden work the user has to do to ba@btammunicate
the elicited preferences. Our experimental results orsidak fuzzy, weighted
and temporal incomplete CSPs show that some of our algasitimnvery good at
nding a necessarily optimal solution while asking the ugaronly a very small
fraction of the missing preferences. The user effort is atgy small for the best
algorithms.
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1 Introduction

Traditionally, tasks such as scheduling, planning, andue® allocation have been
tackled using several techniques, among which constraastaning is one of the most
promising. The task is represented by a set of variableg, dioenains, and a set of
constraints, and a solution of the problem is an assignnoeait the variables in their
domains such that all constraints are satis ed. Preferencebjective functions have
been used to extend this formalism and allow for the modgbiinconstraint optimiza-
tion, rather than satisfaction, problems. In all these aagpines, the data (variables, do-
mains, constraints) are completely known before the sglpirocess starts. However,
the increasing use of web services and in general of mudtiregpplications demands
for the formalization and handling of data that is only paltyiknown when the solving
process works, and that can be added later, for exampleigimgbn [23, 24]. In many
web applications, data may come from different sources;himay provide their piece
of information at different times. Also, in multi-agent 8eys, data provided by some
agents may be voluntarily hidden due to privacy reasonspahdreleased if needed
to nd a solution to the problem.

Here we consider these issues focusing on constraint ggatiion problems where
we look for an optimal solution. In particular, we considenlplems where constraints
are replaced by soft constraints, in which each assignmehetvariables of the con-
straint has an associated preference coming from a prefessat [1]. We assume that
variables, domains, and constraint topology are giveneab#ginning, while the pref-
erences are partially speci ed and are elicited during tileisg process.

There are several application domains where this might biLOne regards the
fact that quantitative preferences, needed in soft cansttanay be dif cult and te-
dious to provide for a user. Another one concerns multi-agettings, where agents
agree on the structures of the problem but they may provieie tineferences on dif-
ferent parts of the problem at different times. Finally, ggpneferences can be initially
hidden because of privacy reasons.

Formally, we take the soft constraint formalism and we allomsome preferences
to be left unspeci ed. In our setting, users may know all theferences but are willing
to reveal only some of them at the beginning. Although sontb@preferences can be
missing, it could still be feasible to nd an optimal solutiolf not, we ask the user to
provide some of the missing preferences and we start agaimtfre new problem. We
consider two notions of optimal solutiopossibly optimasolutions are assignments to
all the variables that are optimal &t least one wayn which the currently unspeci ed
preferences can be revealed, whitcessarily optimadolutions are assignments to all
the variables that are optimal &ll waysin which the currently unspeci ed preferences
can be revealed. This notation comes from multi-agent peafee aggregation [17, 20,
21], where, in the context of voting theory, some prefersrare missing but still one
would like to declare a winner.

Given an incomplete soft constraint problem (ISCSP), itso$gossibly optimal
solutions is never empty, while the set of necessarily ogitisnlutions can be empty.
Of course what we would like to nd is a necessarily optimalusion, to be on the
safe side: such solutions are optimal regardless of how tissimy preferences are
speci ed. Unfortunately, such a set may be empty. In thigdasre are two choices:



either we may be satis ed with a possibly optimal solutionwe can elicit some of the
missing preferences from the user and see if the new ISCS®& hasessarily optimal
solution.

In this paper we follow this second approach and we repegpitheess until the
current ISCSP has at least one necessarily optimal solutioiorder to do that, we
exploit a modi ed version of the classical branch and boucliesne and we consider
different elicitation strategies. In particular, we de ag@eneral algorithm scheme that
is based on three parametemhento elicit, whatto elicit, andwhochooses the value to
be assigned to the next variable. For example, we may ordit alissing preferences
after running branch and bound to exhaustion, or at the erslexfy complete branch,
or even at every node in the search tree. Also, we may elicihizking preferences
related to the candidate solution, or we might just ask tiee s the worst preference
among some missing ones. Finally, when choosing the valagsign to a variable, we
might ask the user, who knows or can compute (all or some efinissing preferences,
for help.

We test all possible instances of the scheme, obtained bygts® different elicita-
tion strategies, on randomly generated soft constrairtlpros (fuzzy and weighted).
By varying the number of variables, the tightness and dgos$itonstraints as well as
the percentage of missing preferences, we produce a daend meaningful test
set. The experiments demonstrate that some of the algaritinenvery good at nding
necessarily optimal solutions without eliciting too mamgferences. We also test some
of the algorithms on problems with hard constraints and aaydemporal constraints.
Our experimental study on randomly generated problemsiteusto lter out algo-
rithms with a poor performance and, thus, to identify thdwse &re more promising for
future testing on real-life scenarios.

In our experiments, we compute the elicited preferencasjshthe missing values
that the user has to provide to the system because they arested by the algorithm.
Providing these values usually has a cost, either in tertfeeafomputational effort, or
in terms of a decrease in privacy, or in terms of the commuioicdandwidth. Whilst
knowinghow many preferences are elicitelimportant, we also compute a measure
of theuser's effort This may be much larger than the number of elicited prefaen
as it contains all the preference values the user may haverpute to be able to
respond to the elicitation requests. For example, suppesestwthe user for the worst
preference value amorigmissing ones. The user will communicate only one value,
but he may have to compute and considekalf them. Knowing the number of elicited
preferences is important when the concern is to communasatitle information as
possible. The user effort, on the other hand, measures ddeiwork the user has to
do to be able to communicate the elicited preferences. Taseffort is therefore
also an important measure.

As a motivating example, recommender systems give suggediased on partial
knowledge of the user's preferences. Our approach couldowepperformance by
identifying some key questions to ask before giving recomaéions. Privacy con-
cerns regarding the percentage of elicited preferencesatigated by eavesdropping.
User's effort is instead related to the burden on the usen r@sults show that the
choice of the preference elicitation strategy is cruciatfie performance of the solver.
While the best algorithms need to elicit as little as 10% efithissing preferences, the



worst ones need much more. The user's effort is also veryl $andhe best algorithms.

The performance of the best algorithms also shows that weredd to ask the user
for a very small amount of additional information to be albesblve problems with

missing data.

The paper is structured as follows. In Section 2 we de ne soffistraint problems,
known in literature, where all the preferences are giversdation 3 we introduce soft
constraint problems where some preferences are missengl8CSPs), we give new
notions of optimal solutions, i.e., the possibly and theessarily optimal solutions,
and we characterize them in Section 4. In Section 5 we presganeral algorithmic
scheme for ISCSPs with all its possible instances. In Seétiwe describe the problem
generator used in the experimental studies and we indidaa¢we measure in the ex-
periments. Next, in Section 7 we summarize and discuss qargrental comparison
of all the algorithms. Finally, in Section 8 we compare oupr@ach to other existing
approaches to deal with incompletely speci ed constrapttroization problems, and
in Section 9 we summarize the results contained in this paperwe give some hints
for future work.

Preliminary versions of parts of this paper have appearft?inl3].

2 Soft constraints

A soft constraint [1] is just a classical constraint [5] wheyach instantiation of its
variables has an associated value from a (totally or prtatiered) set. This set has
two operations, which makes it similar to a semiring, andhited a c-semiring. More
precisely, a c-semiring is a tuphd; +; ;0; 1i whereA is a set, called the carrier of
the c-semiring, an@;1 2 A; + is commutative, associative, idempotehis its unit
element, and is its absorbing element; is associative, commutative, distributes over
+, 1 is its unit element an@ is its absorbing element. Consider the relatiog over
Asuchthata s biff a+ b= h. Then: s is a partial order+ and are monotone
on s;0isits minimum andl its maximum;hA; si is a lattice and, for alh; b2 A,

a+ b= lub(a;b). Moreover, if isidempotent, thehA; si is a distributive lattice
and isits glb. Informally, the relation s gives us a way to compare (some of the)
tuples of values and constraints. In fact, when we haves b, we will say thatb is
better than aThus,0 is the worst value antl is the best one.

Givenac-semiring = bA; +; ;0;1i,a nite setD (the domain of the variables),
and an ordered set of variablés a constraint is a paldef; coni wherecon V is
the scope of the constraint adef : DI | A is the preference function of the
constraint. Therefore, a constraint speci es a set of e (the ones itwon), and
assigns to each tuple of values®fof these variables an element of the semiring set
A. A soft constraint satisfaction problem (SCSP) is just a$sbft constraints over a
set of variables.

Many classes of satisfaction or optimization problem cardéa@ed in this for-
malism. A classical CSP is just an SCSP where the chosen icisgnis: Scsp =
hffalse; true g; _;”; false;true i. On the other hand, fuzzy CSPs [22, 11] can be
modelled in the SCSP framework by choosing the c-semiri8gesp = HO; 1];
max; min; 0; li. For weighted CSPs, the semiring Ssycsp = h<'; min; +;



+1 ;0i. Here preferences are interpreted as costs footm + 1 , which are com-
bined with the sum and compared within. Thus the optimization criterion is to
minimize the sum of costs. For probabilistic CSPs [10], temising isSpcsp =
HO; 1]; max; ;0;1i. Here preferences are interpreted as probabilities rgrfgim O
to 1, which are combined using the product and compared useeg Thus the aim is
to maximize the joint probability.

Given an assignmeistto all the variables of an SCSP, i.e., a solution oP, we
can compute its preference valpef (P; s) by combining the preferences associated
by each constraint to the sub-tuples of the assignmentsirgje¢o the variables of the
constraint. More preciselypref (P;S) =  pgef.con i2 cdef (S#con), Where  refers to
the operation of the semiring arsl.on is the projection of tupls on the variables
in con. For example, in fuzzy CSPs, the preference of a completgramsnt is the
minimum preference given by the constraints. In weightetstaints, it is instead the
sum of the costs given by the constraints.

De nition 1 (optimal solution) An optimal solution of an SCSP is a complete as-
signments such that there is no other complete assignne@nwith pref (P;s) <s
pref (P; s9. The set of optimal solutions of an SCBRwill be written asOpt(P).

Notice that Opt(P) is always well-de ned, since the domaiis hite, so there can
only be nitely many preference values for an SCSP.

3 Incomplete Soft Constraint Problems (ISCSPs)

Informally, an incomplete SCSP, written ISCSP, is an SCSRrevtthe preferences
of some tuples in the constraints, and/or of some of the gdluéhe domains, are not
speci ed. In detail, given a set of variablgswith nite domainD, and c-semiring =
hA; +; ;0;1i, we extend the SCSP framework to incompleteness by thewfwlip
de nitions.

De nition 2 (incomplete soft constraint) Given a set of variable¥ with nite do-
mainD, and a c-semirindpA; +; ;0; 1i, an incomplete soft constraint is a pidef;
coni wherecon V is the scope of the constraint afdef : DIl I A[f 2gis
the preference function of the constraint. All tuples mapio¢o ? by idef are called
incomplete tuples.

In an incomplete soft constraint, the preference functian either specify the
preference value of a tuple by assigning a speci ¢ elememmnfthe carrier of the
c-semiring, or leave such preference unspeci ed. Formadlthe latter case the asso-
ciated value is?. A soft constraint is a special case of an incomplete sofstamt
where all the tuples have a speci ed preference.

De nition 3 (incomplete soft constraint problem (ISCSP)) An incomplete soft con-
straint problem is a paihC; V; Di whereC is a set of incomplete soft constraints over
the variables inv with domainD . Given an ISCSP, we will denote with T (P) the
set of all incomplete tuples iA.



De nition 4 (completion) Given an ISCSFP, a completion oP is an SCSHP° ob-
tained fromP by associating to each incomplete tuple in every consti@inélement
of the carrier of the c-semiring. A completion is partial dree preference remains
unspeci ed. We will denote witle(P) the set of all possible completions Bfand
with P C(P) the set of all its partial completions.

Example 1 A travel agency is planning Alice and Bob's honeymoon. Thelickate
destinations are the Maldive islands and the Caribbean, ueg can decide to go by
ship or by plane. To go to Maldives, they have a high prefexé¢ago by plane and a
low preference to go by ship. For the Caribbean, they havega preference to go by
ship, and they don't give any preference on going there bpgla

Assume we use the fuzzy c-semitif@ 1]; max; min; 0;1i. We can model this
problem by using two variable$ (standing forT ransport) and D (standing for
Destination ) with domainsD (T) = fp;shg (p stands forplane and sh for ship)
andD (D) = fm;cg (m stands forMaldives, c for Caribbean), and an incomplete
soft constraintidef; coni with con = fT;Dg and preference function as shown in
Figure 1. The only incomplete tuple in this soft constrasfd; ¢).

Also, assume that for the considered season the Maldivesligtgly preferable
to the Caribbean. Moreover, Alice and Bob have a high prefegefor plane as a
means of transport, while they don't give any preferencehip.sMoreover, as far as
accommodations, which can be in a standard room, a suite, louregalow, assume
that a suite in the Maldives is too expensive while a standaotn in the Caribbean
is not special enough for a honeymoon. To model this newrrdtion we use a vari-
able A (standing forAccommodation) with domainD (A) = fr; su; bg (r stands for
room, su for suite andbfor bungalow), and three constraints: two unary incomplete
soft constraintshidef 1;f T gi, hidef 2; f Dgi and a binary incomplete soft constraint
hidef 3;f A; D gi. The de nition of such constraints is shown in Figure 1. Taedf in-
complete tuples of the entire problem & (P) = f(sh); (p;0; (su;c); (b; 9, (r;m),

(su; m)g. 2
idef(p, c) =?
idef1(p)=0.8 idef(sh.c) = idef2(c) = 0.7
idef1(sh) = ? fde (shc) =08 idef2(m) = 0.¢
idef(p,m) = 0.7

idef(sh,m) = 0.1
T

idef3(r,c) = 0.3
idef3(su, c) =7
idef3(b, c) = ?
idef3(r, m) =7
idef3(su, m) = ?
idef3(b, m) = 0.2

Figure 1: An ISCSP.

De nition 5 (preference of an assignment, incomplete tupls) Givenan ISCSIP =
hC; V; Di and an assignmerstto all its variables, we denote witbref (P; s) the pref-



erence of in P and with DEF(P,s) the set of soft constraints with no s-edamiss-
ing preferences, that iHEF (P;s) = <idef;con > 2 Cjidef (Sscon) 67. In detail,
pref (P;s) =  <def.con> 2DEF (P:s)idef (Sucon): Moreover, we denote biy(s) the
set of all the projections of over constraints oP which have an unspeci ed prefer-
ence.

The preference of an assignmenin an incomplete problem is thus obtained by
combining the known preferences associated with the piiojex of the assignment,
that is, of the appropriated sub-tuples in the constraifte projections which have
unspeci ed preferences, that is, thosatifs), are simply ignored.

Example 2 Consider the two assignmergs = ( p; m; b) ands; = ( p; m; su) for the
problem in Figure 1. We have thatef (P;s;) = min (0:8;0:7;0:9;0:2) = 0:2, while
pref (P;sz) = min (0:8;0:7;0:9) = 0:7. However, while the preference sfis xed,
since none of its projections is incomplete, the prefererisg may become lower than
0:7 depending on the preference of the incomplete t(glem). 2

As shown by the example, the presence of incompletenesisigpastthe set of
assignments into two sets: those which have a certain grefemwhich is independent
of how incompleteness is resolved, and those whose prefeigonly an upper bound,
in the sense that it can be lowered in some completions. GindiSCSPP, we will
denote the rst set of assignmentskixed (P) and the second witbinfixed (P). In
Example 2Fixed(P) = fs;g, while all other assignments belongimfixed (P).

In SCSPs, an assignment is an optimal solution if its globaflgrence is undom-
inated. This notion can be generalized to the incompletegetin particular, when
some preferences are unknown, we will speak of necessaidlyassibly optimal so-
lutions, that is, assignments which are undominated irrediy., some) completions.

De nition 6 (necessarily and possibly optimal solution) Givenan ISCSP = IC; V;
Di, an assignmens 2 DIV is a necessarily (resp, possibly) optimal solution iff
8Q 2 C(P) (resp.,9Q 2 C(P)) 8s°2 DIVi, pref (Q;sY & pref (Q;s).

Given an ISCSHP, we will denote withNOS(P) (resp.,P OS(P)) the set of nec-
essarily (resp., possibly) optimal solutionskf Notice that, whileP OS(P) is never
empty, in generaNOS(P) may be empty. In particulaN OS(P) is empty when-
ever the available preferences are not suf cient to esthlilie relationship between an
assignment and all others.

Example 3 In the ISCSHP of Figure 1, we can easily see thdtOS(P) = ; since,
given any assignment, it is possible to construct a congaietfP in which it is not an
optimal solution. On the other hanB,0S(P) contains all assignments not including
tuple(sh; m). 2

4 Characterizing POS(P) and NOS(P)

In this section we characterize the set of necessarily asdilply optimal solutions
of an ISCSP given the preferences of the optimal solutiortevofof the completions



of P. All the results are given for ISCSPs de ned on totally oettc-semirings. In
particular, given an ISCSP de ned on the c-semiringA; +; ;0; 1i, we consider:

the SCSHPy 2 C(P), called theD-completion ofP, obtained fronP by asso-
ciating preferenc® to each tuple of T (P).

the SCSHP; 2 C(P), called thel-completion ofP, obtained fronP by asso-
ciating preferencé to each tuple of T (P).

Let us indicate respectively withrefy and pref; the preference of an optimal
solution of Py andP;. Due to the monotonicity of , and sincdd 1, we have that
prefo pref;.

Example 4 Consider the problem shown in Figure 1. We have titafy = 0:2 and
pref; =0:7. 2

We will now give some lemmas that will be useful to show thédwing theorems.

Lemma 1 Given an ISCSFP and the completiof®; 2 C(P) as de ned above, we
have thatpref (P;s) = pref (Py;s).

Proof: Follows immediately from the de nition ofref (P;s) and from the fact that
in a c-semirindl is the unit element. 2

Lemma 2 Given an ISCSP and the completioRP; 2 C(P) as de ned above, there
always exists an assignmessuch thafpref (P; s) = pref;.

Proof: Follows from Lemma 1 and choosing asy. Opt(P1). 2

Lemma 3 Given an ISCSIP, the completion®y; P; 2 C(P) as de ned above, and
another completio®®®2 C(P), then,8s 2 Opt(PY), prefo pref (P%s) pref;.

Proof: Due to monotonicity, for any solutionwe have thapref (P%s)  pref (Py;

s) prefy, sincepref; is the optimal preference ¢f;. Assume there is a solution
s 2 Opt(P9 such thapref (P%s) < pref o. Then, for any solutiosy 2 Opt(Py), we
have, by monotonicitypref (P%s) < pref o = pref (Po;so)  pref (P%sg). Thus,
we have a contradiction, sinsds an optimal solution oP°. 2

Lemma 4 Given an ISCSHP and the completiof?; 2 C(P) as de ned above, if
prefq > pref o, thenOpt(P;) Unfixed (P).

Proof: Assume there is a xed solutios such thats 2 Opt(P1). Then we would
have thapref (Pg; s) = Pref (P1; s) = pref; and thusgpref (Pg;s) > pref ¢ which
is a contradiction, sincpref o is the optimal preference iRy. 2

Lemma5 Given an ISCSIP, we have thaNOS(P) = \ pozc(p)opt(Po).



Proof: Any solutions 2 \ pozc(p)Opt(PO) satis es the de nition of necessarily opti-
mal. Consider nove 2 NOS(P) and a completio® °of P. Then, by De nition 6,s
cannot be dominated by another solutgSnand thuss 2 Opt(P9). 2

In the following theorem we will show that, grefo > 0, there is a necessarily
optimal solution ofP iff prefy = prefi, and in this cas&l OS(P) coincides with the
set of optimal solutions d®,.

Theorem 1 Given an ISCSHP and the two completionBy; P; 2 C(P) as de ned
above, ifprefg > 0 we have thaNOS(P) 6 ; iff pref; = prefy. Moreover, if
NOS(P) 6 ;,thenNOS(P) = Opt(Po).

Proof: Since we know thapref, prefy, if prefo 6 pref; thenpref; > pref .
We prove that, iforef 1 > pref o, thenNOS(P) = ;. Let us consider any assignment
s of P. Due to the monotonicity of , for all P® 2 C(P), we havepref (P%s)

pref (P1;s) prefs.

If pref (P1;s) < pref 1, thensis notinNOS(P) sinceP; is a completion oP
wheres is not optimal.

If insteadpref (P1;s) = prefi, then,s 2 Opt(P;) and, by Lemma 4 we have
thats 2 Unfixed (P). Thus we can consider completi®{ obtained fromP;
by associating preferen@eto the incomplete tuples f In P the preference of
sis 0 and the preference of an optimal solutiorRffis, due to the monotonicity
of , at least that of an optimal solution &, that isprefo > 0 Thuss 62
NOS(P).

Next we consider whepref = pref;. ¢ From Lemma 5 follows thit OS(P)
Opt(Pp). We will show thatNOS(P) 6 ; by showing that any 2 Opt(Py) is
in NOS(P). Let us assume, on the contrary, that therg i2 Opt(Py) such that
s 62NOS(P). Thus there is a completioR® of P with an assignmens® with
pref (P%sY > pref (P%s). By construction oPg, any assignmerst2 Opt(Pp) must
be inFixed(P). In fact, if it had some incomplete tuple, its preferenc&inwould
be 0, since0 is the absorbing element of. Sinces 2 Fixed(P), pref (P%s) =
pref (Po; s) = prefo. By construction oP; and monotonicity of , we havepref (P;
s9  pref (P%sY. Thus the contradictiopref; pref (P1;s9) pref (P%sY >
pref (P%s) = prefq. This allows us to conclude that2 NOS(P) = Opt(Pg). 2

In the theorem above we have assumedphat, > 0. The case in whicpref, =
0 needs to be treated separately. We consider it in the fallgWieorem.

Theorem 2 Given ISCSHP = hC;V;Di and the two completionBy; P1 2 C(P)

as de ned above, assunpgefo, = 0. Then, ifpref; = 0, NOS(P) = DIVi, If

pref; > 0, NOS(P) = fs 2 Opt(P1)j8s® 2 DiVi with pref (P1;s% > 0 we have
it(s) it(s9a.

Proof: We prove the two items separately.



If prefo = pref; = 0, then, from Lemma 3 follows that the preference level
of the optimal solution of SCSP?is 0. Thus all assignments have always the
same preference equal@ Thus they are all necessarily optimal solutions.

Let us now assume th@t= prefy < pref ;. From Lemma 5, only assignments
in Opt(P1) can be iNNOS(P) since all other assignments are not optimal in
P1. Let us now consides 2 Opt(P1). By Lemma 4 we have thdt(s) 6 ;.

If there existss® 2 DIVI, with pref (P1;s% > 0, such thatit(s) 6 it(s9
then we can construct a completion Bf sayP® wheres is not optimal. It
is suf cient to set the preference of the tuplesiiigs® to 1 and the tuples in
it (s)nit (s9 to 0. We have thapref (P s) = 0, since0 is the absorbing element
of , andpref (P%s% = pref (P1;s%. Thus, inP°we havepref (P%s% =
pref (P1;s%) > pref (P%s)= 0.

We will now show that, if givers 2 Opt(P;) there is nos® 2 DIVi with
pref (P1;s% > 0 such thait (s) 6 it (sY), thens 2 NOS(P).

First notice that, sincé is the unit element of , 8P°2 C(P) pref (P%s) =
pref (Py;s) it-pref (P%s) andpref (P%s% = pref (Py;s% it-pref (P%s9
whereit -pref (P%s) (resp. it -pref (P%s9) is the combination of the prefer-
ences associated M°to the incomplete tuples i (s) (resp.it (s9).

Since for eveng® 2 DIVi with pref (P1;s% > 0 we are assuming thitt(s)

it (s9, then8P? 2 C(P), it-pref (P%s) it-pref (P%sY, due to the inten-
sive property of . Moreover, sinces 2 Opt(P), pref (P1;s) = pref; >
pref (P1;s9. Thus, for everyP®2 C(P), 8s° 2 DIVi (trivially for those with
pref (P1;s% = 0) we have thapref (P%s) pref (P%s%. This allows us to
conclude thas 2 NOS(P). 2

Intuitively, if the tuples ofs are not a subset of the incomplete tuples of some
assignmens®, then we can make® dominates in a completion by setting all the
incomplete tuples of’ to 1 and all the remaining incomplete tuplessofo 0. In such
a completiors is not optimal. Thus is not a necessarily optimal solution. However, if
the tuples of are a subset of the incomplete tuples of all other assigrsnten it is
not possible to lowes without lowering all other tuples even further. This medmett
s is a necessarily optimal solution.

We now turn our attention to possible optimal solutions.eBia c-semiringA; + ;

; 0; 1i, it has been shown in [2] that idempotency and strict morottynof the
operator are incompatible, that is, at most one of these twpgsties can hold. In
the following two theorems we show that the presence of orieeoother of such two
properties plays a key role in the characterizatioR &fS(P) whereP is an ISCSP. In
particular, if is idempotent, then the possibly optimal solutions are gsgaments
with preference irP betweenprefo, andpref . If, instead, is strictly monotonic,
then the possibly optimal solutions have preferende retweerpref o andpref; and
dominate all the assignments which have as set of incompiptes a subset of their
incomplete tuples.

Theorem 3 Given an ISCSIP de ned on a c-semiring with idempotentand the two
completiong®; P, 2 C(P) as de ned above, iprefo > 0 we have thatP OS(P) =
fs2 DVijprefq pref (P;s) prefig.
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Proof:  First we show that ang such thatprefg pref (P;s) prefy is in
POS(P). Let us consider the completion 8f, P obtained by associating prefer-
encepref (P; s) to all the incomplete tuples &f andO to all other incomplete tuples
of P.. For any other assignmestwe can show that it never dominates

s°2 Fixed(P) and thugpref (P%s% = pref (Py;s) prefo pref (P;s);
s®2 Unfixed (P) and

—it(sY 6 it(s), thenpref (P%s% = 0 since inP°the incomplete tuples in
it (s9 which are not irit (s) have been associated with preferefice

—it(sY it(s). By construction oP°and since is idempotent and asso-
ciative we have thaipref (P%s) = ( pref (P;s) ( jit (s); Pref (P; 9))) =
pref (P;s) andpref (P%s%) = (pref (P;s)  ( ji(soyjpref (P;s))) =
pref (P;s%) pref (P;s). Since is intensivepref (P%s% = ( pref (P;
s pref (P;s)) pref (P;s)= pref (P%s).

Thus inP%no assignment dominatesThis means that 2 POS(P).

We will now show that ifs 2 POS(P), prefg pref (P;s) pref,. If
s 2 POS(P), thens 2 Opt(Q) form someQ 2 C(P). Thus we can conclude
by Lemma 3. 2

Informally, given a solutiors such thapref, pref (P;s) prefy, it can be shown
that it is an optimal solution of the completion®fobtained by associating preference
pref (P;s) to all the incomplete tuples & andO to all other incomplete tuples &f.

On the other hand, by construction®yf and due to the monotonicity of, any assign-
ment which is not optimal ifPy cannot be optimal in any other completion. Also, by
construction oP1, there is no assignmesatwith pref (P;s) > pref ;.

Theorem 4 Given an ISCSHP de ned on a c-semiring with a strictly monotonic
and the two completiorBy; P; 2 C(P) as de ned above, iprefo > 0 we have that:
s2 POS(P) iff prefy pref (P;s) pref; andpref (P;s) = maxf pref (P;s?)j

it(s) it(s)g.

Proof: Letus rstshow thatif assignmesstis such thaprefo pref (P;s) pref;
andpref (P;s) = maxf pref (P;sQjit(s% it(s)gitisin POS(P). We must show
there is a completion d® wheres is undominated. Let us consider completiBf
obtained by associating preferenteo all the tuples init (s) andO to all the tuples
in 1T (P) nit(s). First we notice thapref (P%s) = pref (P;s), sincel is the unit
element of . Let us consider any other assignmsfit Then we have one of the
following:

it (s9 = ;, which means that® 2 Fixed(P) and thugref (P%s% = pref (Po;
s) prefq pref (P;s) = pref (P%s);

it (s9 6 it(s), which means that there is at least one incomplete tupie(sf
which is associated with. Since0 is the absorbing element of, pref (P% s =
0 and thuspref (P%s% < pref o  pref (P%s);
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it(s) it(s), in this casepref (P%s% = pref (P;s? since all tuples init (s9
are associated within P% However sinceref (P;s) = maxf pref (P; s9jit (s9
it(s)g, pref (P%s) pref (P%s).

We can thus conclude thatis not dominated by any assignmentRf. Hences 2
POS(P).

Let us now prove the other direction by contradictionpiéf (P; s) < pref o then
we can conclude by Lemma 2. We must prove thaaréf,  pref (P;s)  pref;
andpref (P;s) < max fpref (P;s9jit(s% it(s)g thens is not inPOS(P). In
any completionP® of P we have thapref (P%s) = pref (P;s) it-pref (P%s)
andpref (P%s9) = pref (P;s%) it-pref (P%s9 whereit-pref (P%s) (resp. it-
pref (P%sY) is the combination of the preferences associated to thamiptete tu-
ples init(s) (resp. it(sY). Sinceit(s®) it(s), for any completionP® we have
thatit -pref (P%s) it-pref (P%s%. Moreover, lets®be such thapref (P;s% =
maxf pref (P; s9jit (s% it (s)g. Thenwe have that for any completiBd, pref (P% s% >
pref (P%s) sincepref (P;s% > pref (P;s) andit-pref (P%s%  it-pref (P%s)
and is strictly monotonic. Thus, iprefg  pref (P;s) pref; andpref (P;s) <
maxf pref (P;s9j it(s®) it(s)g, thensis notinP OS(P). 2

The intuition behind the statement of this theorem is tHatssignmens is such that
prefo  pref (P;s) pref, andpref (P;s) = maxfpref (P;s9jit(s®) it(s)g,
then it is optimal in the completion obtained associatingfgnencel to all the tuples
in it (s) andO to all the tuples inT (P) nit(s). On the contrary, iforef (P;s) <
maxf pref (P; s9)jit (s%) it (s)g, there must be another assignmefftsuch that
pref (P; s% = maxf pref (P;s?)jit(s% it(s)g. It can then be shown that, in all
completions oP, s is dominated by

In constrast toNOS(P), whenpref, = 0 we can immediately conclude that
POS(P) = DIV, independently of the nature of, since all assignments are optimal
in Po.

Corollary 4.1 Given anISCSIP = hC;V;Di, if prefo = 0, thenPOS(P) = DIVI,
For ease of clarity, the results shown in this section carubengarized as follows:
whenprefq = pref; = 0

— NOS(P) = DiVi (by Theorem 2);
— POS(P) = DIVi (by Corollary 4.1) ;

whenQ = prefg < pref 1

— NOS(P) = fs 2 Opt(P1)j8s® 2 DIVi with pref (P1;s% > 0 we have
it(s) it(s®)g(by Theorem 2);

— POS(P) = DIVI (by Corollary 4.1);
whenO < pref o = prefy

— NOS(P) = Opt(Pg) (by Theorem 1);
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—if isidempotentP OS(P) = fs2 DiVijprefq pref (P;s) prefig
(by Theorem 3);

— if s strictly monotonicP OS(P) = fs 2 DiVijprefq  pref (P;s)
pref,; pref (P;s) = maxf pref (P;s?jit(s% it(s)gg(by Theorem 4);

whenO0 < pref ¢ < pref 1

— NOS(P) = ; (by Theorem 1);
— POS(P) as for the case wheh< pref o = pref;.

5 Solving ISCSPs

In this section we rst describe a general schema for soN8@SPs based on interleav-
ing a branch and bound search with elicitation. Such a géeeh@ma is instantiated
to different elicitation strategies generating severalarete algorithms. A computa-
tional analysis of the algorithms is provided both in termishe number of elicited
preferences and of the user effort for revealing some of tissing preferences.

5.1 The solver schema and its instances

The solving strategy which we propose for ISCSPs is baseti@itea of combining
a branch and bound search (B&B) with elicitation steps inclitthe user is asked to
provide some type of missing information. In general, B&Bgeeds by considering
the variables in some order, by choosing a value for eaclabfariin the order, and
by computing, using some heuristics, an upper bound on thtgagpreference of any
completion of the current partial assignment. B&B alsoesahe highest preference
(assuming the goal is to maximize) of a complete assignnmmd so far. If at any
step the upper bound is lower than the preference of thertibyest solution, the search
backtracks.

When some of the preferences are missing, as in ISCSPs, ¢in¢ gy be asked
for some preferences or other information regarding théepeaces in order to know
the true preference of a partial or complete assignment order to choose the next
value for some variable. Preferences can be elicited adier run of B&B (as in [12])
or during a B&B run while preserving the correctness of therapch. For example, we
can elicit preferences at the end of every complete brahalig, regarding preferences
of every complete assignment considered in the branch anddbalgorithm), or at
every node in the search tree (thus considering every pagsgnment). Moreover,
when choosing the value for the next variable to be assigmedan ask the user (who
knows the missing preferences) for help. Finally, rathanthliciting all the missing
preferences in the possibly optimal solution, or the comepte partial assignment
under consideration, we can elicit just some of the missiefgpences.

For example, with incomplete fuzzy constraint problemsC@Ps), eliciting just
the worst preference among the missing ones is suf cientesonly the worst value is
important to the computation of the overall preference @alnstead, with incomplete
weighted constraint problems (IWCSPs), we need to elicihasy preference values

13



as needed to decide whether the current assignment is thetitethe best one found so

far.
More precisely, the algorithm schema we propose is baseaediolowing param-

eters:

1. WHO chooses the value of a variable:

(a) the algorithm, using one of the following heuristics:

i. values are picked in decreasing order w.r.t. their pexfee values in
the 1-completion. The order is maintained dynamically. We denot
this heuristic withdp;

ii. values are picked in decreasing order w.r.t. the prefees in thed-
completion of the initial ISCSP. The order is thus static. émote
this heuristic withdpi.

(b) The user, revealing the value that he prefers accordingé of the follow-
ing criteria:

i. the value is the most preferred among those in the domaichwh
haven't been considered ydazy userlu for short);

ii. the value is the most preferred among those which haveren con-
sidered yet given the constraints involving the currenialde and the
past variables in the search ordem@rt usersu for short);

2. WHAT must be elicited:

(a) the preferences of all the incomplete tuples of the ctiraesignment (de-
noted withall);

(b) for IFCSPs, only the preference of the worst tuple of therent assign-
ment, if it is worse than the known ones (denoted withrsi);

(c) for IWCSPs:

the worst missing cost (that is, the highest) until eithetred costs are
elicited or the current global cost of the (possibly pajtadsignment
is higher than the optimum found so far. This strategy is tieshby

WW.

the best (i.e. the minimum) cost until either all the costs @icited

or the current global cost of the (possibly partial) assignhis higher
than t he optimum found so far. This strategy is denoted by BB.

the best and the worst cost in turn. This strategy is denotdziia
3. WHEN elicitation should take place:

(a) atthe end of the branch and bound searchr€atevel).

(b) during the search, when we have a complete assignmelhthe a&ariables
(i.e., when we have reached a leaf of the search tree, andvtierswe are
at the end of dranch. We will refer to such a heuristics, by saying “at
branchlevel”.
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(c) during search, whenever a new value is assigned to blarid/e will refer
to such a heuristics, by saying “at thedelevel”.

Summarizing, we have three features which we wéib, whatandwhen There
are four possible choices farho: dp, dpi, lu, andsu If we work with IFCSPs, there
are two possibilities fowhat: all andworst. Instead, with IWCSPs, there are four
options:all, WW, BB, and BW.

It should be noticed that while theorst option is meaningful only for the fuzzy c-
semiring. In fact, in the fuzzy semiring the preference obagibly partial assignment
corresponds to the worst one associated with one of its pldstu Finally, there are
three options fowhen: tree, branch, andnode. If when = tree, elicitation takes
place only when the search is completed. This means that §tiee $#arch can be
performed more than once. In contrastylien = branch orwhen = node, the B&B
search is performed only once and the elicitation is dorteeeiait every node of the
search tree or at every leaf.

By choosing a value for each of the three parameters abovednsstent way, we
obtain, for IFCSPs, a total of 16 different algorithms, asimarized in Figure 2.

tree

When

branch

node

Who

Figure 2: The algorithms for IFCSPs.

If instead we work with IWCSPs, we have a total of 32 algorishas can be seen
in Figure 3.

The pseudocode of our general solver, which we call ISCSHEME, is shown
in Algorithms 1 and 2. Every point in Figure 2 represents atantiation of ISCSP-
SCHEME to speci c values for parametesho, what andwhen.

ISCSP-SCHEME takes in input an ISC®Pand the values for the three param-
eters:who, what, andwhen. It returns an ISCSR), a complete assignmeatand
a preference. In Theorems 5 and 7 we will show th&t is a partial completion
of P ands is a necessarily optimal solution & with preference. As a rst step,
ISCSP-SCHEME computes tilecompletion ofP, calledPy, and nds one of its op-
timal solutions, saysmax , and its preference, sgyef max , by applying a standard
branch and bound procedure (denotecdB®&B). Next, procedur@&BE is called. If
BBE succeeds, it returns a partial completionRof one of its necessarily optimal
solutions, and its associated preference. Otherwisetutng a solution equal toil .
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tree
when

branch

Figure 3: The algorithms for IWCSPs.

Algorithm 1: ISCSP-SCHEME
Input: an ISCSHP, a parametewho indicating the method of values
instantiation, a parametamat indicating the elicitation policy, a parameter
when indicating the level at which the elicitation must be done
Output: an ISCSRQ, an assignment s, a preference p
computePy
Q Po
Smax » Pref max B&B(Po; )
Q%s;y,pref;  BBE (P;0; who; what; when; Smax ; pref max )
if s; & nil then

Smax Sl
L pref max pref
Q Q°

return Q, Smax , Pref max

In the rst case the output of ISCSP-SCHEME coincides withttbf BBE, otherwise
ISCSP-SCHEME returnBy and one of its optimal solutions with the corresponding
preference.

Procedure BBE takes as input the same values as ISCSP-SCldEd/ il addition,
a solutionsol and a preferenckd representing the current lower bound of the optimal
preference level. Solutisol®and preferencpref Care initialized to such values at the
beginning of BBE. ProcedumexV ariable applied to thel-completion of the ISCSP
in input (denoted by [?=1]) allows to assign t@urrentV ariable the next variable
to be assigned. The algorithm then assigns a value to thigblar If the Boolean
functionnextV alue returns true (if there is a value in the domain), we selectlaeva
for currentV ariable according to the value of parameteho.

The computation of the upper bound for the preference thrabeaobtained by any
completion of the current partial assignment is performegriocedurdJ pperBound.
In general, any kind of upper bound can be used. However, we ¢feosen to estimate
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Algorithm 2: BBE

Input: an ISCSHP, the number of currently instantiated variabtgéastV ar , a
parametewho indicating the method of values instantiation, a parametext
indicating the elicitation policy, a parametghen indicating the level at which
the elicitation must be done, a reference to a solutmnlb lower bound
Output: an ISCSHP, a solutionsol and its preferencpref
sol®  sol
pref® b
currentV ariable  nextV ariable (P[?=1])
while nextV alue(currentV ariable; who) do
if when = nodethen
| P;pref Elicit @N ode(what; P; currentV ariable;lb)

ub  UpperBound(P[?=1]; currentV ariable)
if ub >5 Ibthen
if ninstvar = number of variables in P then

if when = branch then

| P; pref Elicit @branch(what; P; Ib)
if pref > s Ibthen
sol  getSolution(P[?=1])
L Ib  pref (P[?=1]; sol)

else

| BBE (P;niInstVar +1;who;what; when;sol; Ib)

if when=tree and ninstV ar = 0 then
if sol = nil then

sol  sol°
pref  pref?
else

P; pref Elicit @ree(what; P; sol; Ib)

if pref > g pref °then

| BBE (P;0; who;what; when; sol; pref)
else

| BBE (P;0; who; what; when; sol% pref 9
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it by combining the preferences of the constraints invaivimly variables that have
already been instantiated. Formally,iéde the current partial assignment to variables
infvg; i wg V, and letc, = hdefj;conji be a constraint, such thabn

¥
Ub: def|(t #conl);
i=1

whereQ is the combination operator of the semiring.

We will now describe procedure BBE by considering the vagiealues for param-
eterwhen. This corresponds to consider the algorithms in Figuresi23adtivided into
the three horizontal planes obtained xing the value onwinen-axis.

If when = tree, elicitation is handled by proceduidicit @tree and takes place
only at the end of the search over theeompletion. The user is not involved in
the value assignment steps within the search and thus treeomly two possible
values for variablavho, i.e. dp anddpi. At the end of the search, if a solution
is found, the user may be asked to reveal all the prefererfdbg édncomplete
tuples in the solution (ifvhat = all). If we work with IFCSPs, we could also
ask for just the worst one among the missing preferencessfvitrst than the
known ones (ifwhat = worst). If instead we work with IWCSPs, preferences
can be asked in decreasivgat = BB), increasingyhat = WW), or alternating
order what = BW) until we have enough information. If the preferencelo$t
solution is better than the best found so far, BBE is calledirgvely with the
new best solution and preference, otherwise the recursiVéscdone with the
old solution and preference.

If when = branch, B&B is performed only once and not several times as in the
previous case. The user may be asked to choose the next waltresfcurrent
variable being instantiated. Preference elicitation,olfis handled by function
Elicit @branch, takes place during search, whenever all variables have bee
instantiated. As above, the user can be asked either tol ttecpreferences of

all or some of the incomplete tuples depending on the valuehat. In all cases

the information gathered is suf cient to compare the prefexe of the current
assignment against the current lower bound.

If when = node, preferences are elicited every time a new value is assigned
to a variable, and it is handled by procedikcit @nhode. The tuples to be
considered for elicitation are those involving the valuechkihas just been as-
signed and belonging to constraints between the currefdbtarand already
instantiated variables. The valuewhat determines whether one or all or some
preference values involving the new assignment are askdgktoser. With the
information given by the user, the preference of the curpamtial assignment

is updated in order to determine if the subtree rooted at tineent node can be
pruned.

18



5.2 Termination and correctness

We will now prove that algorithm ISCSP-SCHEME, when givenl&8ESP in input,
always terminates generating a completion of the ISCSP aedob its necessarily
optimal solution.

Theorem 5 Given an ISCSP andwhen = tree, if
what = all, or
what = worst andP is an IFCSP, or
(what = WW orwhat = BB or what = BW) andP is an IWCSP,

algorithmISCSP-SCHEMEalways terminates and returns an ISCQRBuch thatQ 2
P C(P), an assignmerg 2 NOS(Q), and its preference i®.

Proof: Clearly ISCSP-SCHEME terminates if and only if BBE termemt If we
consider the pseudo-code of procedure BBE shown in Algorith we see that if
when = tree, BBE terminates wherol = nil . This happens only when the search
fails to nd a solution of the current problem with a prefecenstrictly greater than
the current lower bound, i.e., when the conditimef > s Ib is never satis ed. Let
us denote withQ' andQ'*! respectively the ISCSPs given in input to théh and

(i + 1)-th recursive call of BBE. First we notice that only proceglilicit @ree
modi es the ISCSP in input by possibly adding new elicite@éferences. Moreover,
whatever the value of parametehat is, the returned ISCSP is either the same as
the one in input or it is a (possibly partial) completion oétbne in input. Thus we
haveQ'*' 2 PC(Q') andQ' 2 PC(P). Since the search is always performed
on thel-completion of the current ISCSP, we can conclude that feryegolution

s, pref (Q'*1;s) s pref (Q';s). Let us now denote witlb' andlb'*! the lower
bounds given in input respectively to th¢h and { + 1)-th recursive call of BBE. It is
easyto see théit'*! s Ib'. Thus, since at every iteration the preferences of solation
cannot increase and the bound cannot decrease, and sin@&a Mmite number of
solutions, we can conclude that BBE always terminates.

The reasoning that follows relies on the fact that vgluef returned by function
Elicit @ree is the nal preference after elicitation of assignmeot given in input.
This is true since eithewhat = all and thus all preferences have been elicited and
the overall preference @&l can be computed, or only thveorst preference has been
elicited but in a fuzzy context where the overall preferencmcide with the worst
one, or we are in a IWCSP and we have elicited enough prefesancdiscover that
the current solution is worst then the optimum found so faverhave elicited all its
costs.

If called withwhen = tree ISCSP-SCHEME exits when the last branch and bound
search has ended returnisgl = nil. In such a cassol andpref are updated to
contain the best solution and associated preference foufatsi.e. sol® andpref °.
Then, the algorithm returns the current ISCSP,@agndsol andpref . Following the
same reasoning as above done@r we can conclude th& 2 P C(P).

At the end of a while loop execution of the rst call of BBE (thettom of the call
stack), assignmersiol either contains an optimal soluti@ol of the 1-completion of
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the current ISCSP ol = nil . sol = nil iff there is no assignment with preference
higher thanlb in the 1-completion of the current ISCSP. In this situatiao|® and
pref are an optimal solution and preference of theompletion of the current ISCSP.
However, since the preferencesufi®, pref %is xed and since, due to monotonicity, the
optimal preference value of tHecompletion is always better than or equal to that of
the 0-completion, we have thaiol® andpref ° are an optimal solution and preference
of theO-completion of the current ISCSP as well.

By Theorems 1 and 2, we can conclude tR&S(Q) is not empty. Ifpref = O,
thenNOS(Q) contains all the assignments and thus alslo The algorithm correctly
returns the same ISCSP given in input, assignnsehtand its preferenceref . If
instead0 < pref , again the algorithm is correct, since by Theorem 1 we knat th
NOS(Q) = Opt(Q[?=0]), and we have shown thabl 2 Opt(Q[?=0]). 2

Moreover, if parametevhen = tree, then no useless work is done to elicit prefer-
ences related to solutions which cannot be necessarilgnapfor any partial comple-
tion of the given problem.

Theorem 6 If ISCSP-SCHEMES given in inputwhen = tree, then only preferences
of tuples of solutions i OS(P) are elicited.

Proof: If when = tree then, during the execution of ISCSP-SCHEME, prefer-
ences are elicited only by proceduEéicit @tree. A call to such a procedure, such
asElicit @ree (what; P; sol; Ib), depending on the value of parametdrat, elicits

all or a subset of the preferences of the incomplete tuplessijnmensol, return-
ing the (eventually) new global preferencesufl, pref and the completion oP ob-
tained adding the new elicited preferences. During thewi@t of ISCSP-SCHEME,
Elicit @ree is called on the current partial completion of the ISCSP giveinput, P

and on an optimal solution of its-completionsol. By Theorems 3 and 4, any optimal
solution of thel-completion of the current partial completion®fis a possibly opti-
mal solution of such a partial completion. 2

We will now consider other values for parametdren.

Theorem 7 Given a fuzzy or weighted ISC$Pand when = branch or when =
node), AlgorithmISCSP-SCHEMElways terminates, and it returns an ISCQRuch
thatQ 2 PC(P), an assignmerd 2 NOS(Q), and its preference iQ.

Proof: In order to prove that the algorithm terminates, it is suéit to show that
BBE terminates. Since the domains are nite, the labelling plfa®duces a number
of nite choices at every level of the search tree. Moreosarce the number of vari-
ables is limited, then, we have also a nite number of levalthie tree. Hence8BE
considers at most all the possible assignments, that arétea number. At the end
of the execution of ISCSP-SCHEMBEoI, with preferenceref is one of the optimal
solutions of the currer®[?=1]. Thus, for every assignmest, pref (P[?=1];s%) s
pref (P[?=1];sol). Moreover, for every completio@® 2 C(P) and for every as-
signments?, pref (Q%s% s pref (P[?=1];s9. Hence, for every assignmesftand
for everyQ® 2 C(P), we have thapref (Q%s% s pref (P[?=1];sol). In order to
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prove thatsol 2 NOS(P), now it is suf cient to prove that for ever)® 2 C(P),
pref (P[?=1]; sol) = pref (Q%sol). This is true, sincesol 2 Fixed(P) both when
eliciting all the missing preferences, and when elicitimjyathe worst one for fuzzy
ISCSPs, and when eliciting via BB, BW, or WW in weighted ISGSk fact, in both
cases, the preference 8dl is the same in every completion. To show that the nal
problemQ returned by BBE is iP C(P), it is suf cient to note that only the proce-
duresElicit @nodeandElicit @branch modify the ISCSP in input by possibly adding
some missing preferences. Thus, the returned ISCSFREIP). 2

6 Problem generator and experimental design

To test the performance of these different algorithms, veated Fuzzy ISCSPs (also
denoted by IFCSPs) using a generator which is a simple extes the standard
random model for hard constraints to soft and incompletesitaimts. The generator
has the following parameters:

n: number of variables;
m: cardinality of the variable domains;

d: density, that is, the percentage of binary constraintsgarein the problem
w.r.t. the total number of possible binary constraints teat be de ned om
variables;

t: tightness, that is, the percentage of tuples with prefsg@in each constraint
and in each domain w.r.t. the total number of tuples for the constraints, since
we have only binary constraints, armdin the domains);

i: incompleteness, that is, the percentage of incompletesughat is, tuples
with preference) in each constraint and in each domain.

Given values for these parameters, we generate IFCSPd@gdolWe rst generata
variables and thed% of then(n  1)=2 possible constraints. Then, for every domain
and for every constraint, we generate a random prefererae ira(0; 1] for each of
the tuples (that arm for the domains, anth? for the constraints); we randomly 266
of these preferences @ and we randomly sé®6 of the preferences as incomplete.

For example, if the generator is given in inguts 10, m = 5,d = 50, t = 10,
andi = 30, it generates a binary IFCSP witl® variables, each witb elements in the
domain,22 constraints (that i80%of 45 = 10(10 1)=2), 2 tuples with preferenceé
(thatis,10%o0f 25 =5 5) and7 incomplete tuples (that i80%of 25 =5 5)in
each constraint, antl missing preference (that i80% of 5) in each domain. Notice
that we use a model B generator: density and tightness angieted as percentages,
and not as probabilities [14].

We also generate random IWSCSPs using the same parameiari=&SPs, with
costsin[0; 10][f +1g .

Our experiments measure thercentage of elicited preferencg@srer all the miss-
ing preferences) as the generation parameters vary. Simge of the algorithm in-
stances require the user to suggest the value for the neabiaror ask for the worst
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value among several, we also show treer's effortin the various solvers, formally
de ned as the percentage of missing preferences the usdbtamsider to give the
required help.

Besides the 16 instances of the scheme for IFCSPs desciiogd,ave also con-
sidered a "baseline” algorithm that elicits preferencesaafiomly chosen tuples every
time branch and bound ends. All algorithms are named by mefathe three param-
eters. For example, algorithm DPI.WORST.BRANCH has patarsevho = dpi,
what = worst, andwhen = branch. For the baseline algorithm, we use the name
DPI.RANDOM.TREE.

For every choice of parameter values, 100 problem instameegenerated. The
results shown are the average over the 100 instances. Alsn W is not speci ed
otherwise, we sat = 10 andm = 5. However, we have similar results for=5, 8,
11, 14,17, and 20. All our experiments have been performethodMD Athlon 64x2
2800+, with 1 Gb RAM, Linux operating system, and using JVId. 6.

7 Results

In this section we summarize and discuss our experimentapadson of the differ-

ent algorithms. We rst focus on Fuzzy ISCSPs. We then carsido special cases:
incomplete CSPs where all constraints are hard, and in@imfilzzy temporal prob-
lems. Finally, we consider incomplete weighted CSPs. Ithallexperimental results,
the association between an algorithm name and a line symbbwn in Figure 4.

DP.ALL.TREE -+ DPIL.LWORST.NODE --A-- SU.ALL.BRANCH —&—
DP.WORST.TREE --*--- DPLWORST.TREE ---&--- SU.ALL.NODE --e--
DPI.ALL.BRANCH —8— LU.ALL.BRANCH —v— SU.WORST.BRANCH —&—

DPILLALL.NODE --m-- LU.ALLNODE --v-  SU.WORST.NODE --&--

DPI.ALL.TREE --©-- LUWORST.BRANCH —&— DPI.RANDOM.TREE
DPI.WORST.BRANCH —@—  LU.WORST.NODE --¢-—

Figure 4: Algorithm names and corresponding line symbols.

7.1 Incomplete fuzzy CSPs

Figure 5 shows the percentage of elicited preferences wheewany the incomplete-
ness, the density, and the tightness, respectively. We shimthe results for speci ¢
values of the parameters. However, the trends observedhiodulen general. It is
easy to see that the best algorithms are those that eliditeabrianch level. In par-
ticular, algorithm SU.WORST.BRANCH elicits a very smallrpentage of missing
preferences (less than 5%), no matter the amount of incderges in the problem,
and also independently of the density and the tightnesss dlgorithm outperforms
all others, but relies on help from the user. The best algarihat does not need such
help is DPLWORST.BRANCH. This never elicits more than abb@fb of the miss-
ing preferences. Notice that the baseline algorithm is ydvwhae worst one, and needs
nearly all the missing preferences before it nds a necélgsgptimal solution. Notice
also that the algorithms witivhat = worst are almost always better than those with
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what = all, and thatwvhen = branch is almost always better thamhen = node or
when = tree.

Figure 6 (a) shows the user's effort as incompleteness siades could be pre-
dicted, the effort grows slightly with the incompletenesgdl, and it is equal to the
percentage of elicited preferences only whemat = all andwho = dp or dpi. For
example, wherwhat = worst, even ifwho = dp or dpi, the user has to consider
more preferences than those elicited, since to identifybest preference value the
user needs to check all of them (that is, those involved inréigbar complete as-
signment). DPI.LWORST.BRANCH requires the user to look a&o68f the missing
preferences at most, even when incompleteness is 100%.

Figure 6 (b) shows the user's effort as density varies. Atdhiis case, as expected,
the effort grows slightly with the density level. In this eaBPI.WORST.BRANCH
requires the user to look at most 40% of the missing prefegreven when the density
is 80%.

All these algorithms have a useful anytime property, siheg tan be stopped even
before their end obtaining a possibly optimal solution vgiteference value higher than
the solutions considered up to that moment. Figure 7 showsfast the various al-
gorithms reach optimality. The axis represents the solution quality during execution,
normalized to allow for comparison among different prokdenThe algorithms that
perform best in terms of elicited preferences, such as DOR&T.BRANCH, are also
those that approach optimality fastest. We can therefopessich algorithms early and
still obtain a solution of good quality in all completions.

Figure 8 (a) shows the percentage of elicited preferencagdwart of the bar)
over all the preferences (white + grey part), as well as tle'sigffort (black part)
for DPI.LWORST.BRANCH. Even with high levels of incompletss, this algorithm
elicits only a very small fraction of the preferences, wiaitking the user to consider
at most half of the missing preferences. For example, withrimpleteness &0%, the
user effort is at less thaB0%and the elicited preferences are at less th@adb

Figure 8 (b) shows results for LU.WORST.BRANCH, where therus involved
in the choice of the value for the next variable. Comparedfd. WWORST.BRANCH,
this algorithm is better both in terms of elicited preferem@and user's effort (while
SU.WORST.BRANCH is better only for the elicited preferesicéNe conjecture that
the help the user gives in choosing the next value guidesehecls towards better
solutions, thus resulting in an overall decrease of the rerrabelicited preferences.

Although we are mainly interested in the amount of elicitatiwe also computed
the time to run the 16 algorithms. Ignoring the time takend the user for missing
preferences, the best algorithms need about 200 ms to ndélwessarily optimal
solution for problems with 10 variables and 5 elements indtbimains, no matter the
amount of incompleteness. Most of the algorithms need hess 500 ms.

7.2 Incomplete CSPs

We also tested these algorithms on incomplete hard CSPsidrtdse, preferences
are only 0 and 1, and necessarily optimal solutions are cet@lssignments which
are feasible in all completions. The problem generator &ptetl accordingly. The
parametewhat now has a speci ¢ meaningvhat = worst means asking if there is
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Figure 5: Percentage of eﬁcnedopreferences in incomiletey CSPs.
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Figure 6: Incomplete fuzzy CSPs: user's effort
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solution quality
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Figure 7: Incomplete fuzzy CSPs: solution quality.

a 0 among the considered missing preferences. If there iswe Gan infer that all the
considered missing preferences are 1s.

Figure 9 shows the percentage of elicited preferencesrtimstef amount of incom-
pleteness, density, and tightness. Notice that the scdleegraxis varies to include the
highest values. The best algorithms are those whiht = worst, where the inference
explained above about missing preferences can be perfoltis@dasy to see a phase
transition at tightness about 35% , which is when problenss fiilmm being solvable
to having no solutions. However, the percentage of eligitederences is below 20%
for all algorithms even at the peak.

Figure 10 shows the user's effort in terms of amount of inctatgmess and in
terms of density. Overall, the best algorithm is again DRIRET.BRANCH, whose
percentage of elicited preferences and users effort arershioFigure 11 in detail. In
this gure we also show the percentage of 1s that are infdoyetthe system (light grey
area). It is possible to note that also with the 100% of mgsgireferences the user's
effort is below 22%.

7.3 Incomplete temporal fuzzy CSPs

We also performed some experiments on fuzzy simple tempaoshlems [15]. In such
problems variables represent instantaneous events asttaiots model time intervals
for durations and distances of such events. Moreover, ii$siple to associate a fuzzy
preference to each possible duration or distance. Thuzzy temporal constraint on
variablesX andY has the formHa; b; f i where[a; ] is an interval such thea
Y X b andf is a preference function associating a preference in [@, Each
value in[a; b].

Fast consistency-based solvers have been developed factaltle sub-class of
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Figure 8: Incomplete fuzzy CSPs: best algorithms.
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Figure 9: Elicited preferences in incomplete CSPs.
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Figure 11: Incomplete CSPs: best algorithm.

such problems, where all the preference functions are semiex[15]. Such solvers
are however unable to deal with missing preferences siree ritake the problems
intractable in general. We have thus decided to experimenihis class of problems
our branch-and-bound-based techniques. In fact, in additi the value of testing on
problems with such a speci ¢ structure, the large amounnédrmation required by
the speci cation of such problems makes missing prefereneey likely to appear in
practice.

We have generated classes of such problems following th@apipin [15], adapted
to consider incompleteness. Figure 12 shows that evensrdthain it is possible to
nd a necessarily optimal solution by asking about 10% ofrthiesing preferences, for
example via algorithm DPI.WORST.BRANCH.

7.4 Incomplete weighted CSPs

We considered incompleteness also on weighted CSPs (WCB&JPs model opti-

mization problems where the goal is to minimize the totat {time, space, number of
resources, etc...) of the proposed solution. To handlethesblems, we instantiated
our general framework using thé; min; +;+1 ;0i c-semiring. In a similar way as
in IFCSPs, in Incomplete Weighted CSPs (IWCSPs) some aastsciated with each
tuple, are missing. In this case the multiplicative oper&mot idempotent (as in the
fuzzy setting) and thus, we have to know all the missing cast®ciated with a given
assignment to obtain its global cost.

To adapt our algorithms to deal with IWCSPs, it is necessadgvelop new elicita-
tion strategies optimized for this new environment. We darihree different ways to
ask the user for the missing costs. The resulting strateggesready de ned in Section
5, are identi ed with the following values for th&/hat parameter: WW, BB, and BW.
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Figure 12: Percentage of elicited preferences in incorafiletzy temporal CSPs.

DPI.ALL.BRANCH -+ DPI.BW.NODE -4 LU.WW.BRANCH —0&— SU.ALL.NODE --@& - DP.ALL.TREE --6--
DPLALL.NODE - DPI.BW.BRANCH —v— LU.WW.NODE --&-- SU.WW.BRANCH —6— DP.WW.TREE --@--
DPLALL.TREE DPI.BB.TREE --v--- LU.BW.BRANCH —©— SU.WW.NODE --@-- DP.BB.TREE --EI-
DPL.WW.TREE --B-- DPI.BB.NODE —¢o— LU.BW.NODE --&--- SU.BW.BRANCH —6— DP.BW.TREE --B&-
DPIL.WW.NODE ---©-- DPLBB.BRANCH --#--- LU.BB.BRANCH —©— SU.BW.NODE --@--

DPI.WW.BRANCH —@— LU.ALL.BRANCH —& LU.BB.NODE --@-- SU.BB.BRANCH —&—

DPIL.BW.TREE --4-- LU.ALL.NODE --# SU.ALL.BRANCH —© SU.BB.NODE --@--

Figure 13: Algorithms for IWCSPs.

Notice that, with WW, we elicit the worst missing cost (th&tthe highest) until either
all the costs are elicited or the current global cost of tlos§bly partial) assignment is
higher than the optimum found so far. By doing this, we knoilié global cost exceeds
the optimum as early as possible. With BB, we elicit the biest (he minimum) cost
until either all the costs are elicited or the current glodzadt of the (possibly partial)
assignment is higher than the optimum found so far. Knowirghtest cost of a given
assignment allows the system to infer that all the otheringssosts are at least as high
as the last one elicited. This inference allows us to updet&-tompletion during the
search by lowering the upper bound of the missing costs. ifnvilay, we overesti-
mate the real value of the unknown costs. Pgt the 1-completion updated with the
inferred costs. Given an assignmenpref(Py;s) s pref(Py ;s) s pref(P%s)
whereP%is P in which all the incomplete tuples sfare elicited. With BW, we elicit
in turn the best and the worst cost. In this case we want toeiegtirically if the
combination of the previous two strategies is better in ficac

In all the experimental results, the association betweealgorithm name and a
line symbol is shown in Figure 13.

We tested our algorithms on randomly generated IWCSPs, antsed th&V hat =
ALL method as a baseline because it is the most general ebaitstiiategy that can
be applied in every possible setting: Hard CSPs, Fuzzy ISC&P.

The randomly generated IWCSPs have the same default pamavagéies as in the
IFCSPs experiments, except for the tightness that has altdetdue of 25%. We
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choose this value because it is near the middle from 0 and #0f#re we will see a
phase transition in the percentage of elicited tuples (f€id4(c)). We recall that each
cost has a value if9; 10][f +1g .

Figure 14 shows the percentage of elicited preferences asmwalensity, incom-
pleteness and tightness. As expected, the number of dlizifdes increases with the
incompleteness of the problem (see Figure 14(a)). As we trayightness (Figure
14(c)), we can observe a phase transition at t=40%. At thiat pmost of the prob-
lems have an optimal solution with in nite cost, thus theaithms do not need more
information to nd that extreme solution.

When the density increases (Figure 14(b)), the percenthghcded costs tends
to decrease slightly. This may be surprising, since, irgingathe number of con-
straints, the number of incomplete tuples increases, teugdrcentage of elicited costs
should increase. However, the number of in nite costs iases together with the in-
completeness. In this particular case, using t=25% and%s30e number of in nite
cost values increases enough to make the problem easidwé gs it requires less
elicitation. We performed other experiments decreasiegiéfault tightness value to
t=10%. In this case the percentage of elicited values ise®alightly, because there
are not enough in nite costs to make the problem easier teesdDn the other hand,
the number of incomplete tuples increases with density,imgathe problem harder
to solve (thus requiring more elicitation). Summarizinggrieasing density, both in-
completeness and tightness increase. When t=25% thelmatidr of the tightness is
more important than incompleteness and the problems beeasier to solve. On the
contrary, when t=10%, the contribution of the incompletenis greater and thus the
problems becomes harder.

It easy to see that the best algorithms are those witbn = branch andwho =
su. These algorithms ask for only around 30% of the costs netaledlve a totally
incomplete problem. The parameteho = su forces the user to select the value to
instantiate, which implies an additional effort by the uSéris behavior is depicted in
Figure 16(b) where the algorithm elicits a very small numifauples but the user has
to check almost all the incomplete tuples every time.

Among the algorithms where the user does not help the systéneivalue instan-
tiation, the algorithm that elicits less values is DPI.BWHE (see Figure 15(a)).

DPI.BW.TREE elicits less that half of the unknown costs 00%f incomplete-
ness, requiring the user to look at 70% of incomplete tupeanswer the system's
query. All our experiments shown that, iteratively askihg tiser for the best and the
worst preference of a given assignment is the best compeontien the value instan-
tiation is totally done by the system. On the other hand,ritde the user to consider
more than 70% of the incomplete tuples.

If we want to minimize the user effort, the best choice is theALL.BRANCH
algorithm (see Figure 15(b)). As shown in Figure 17(a), tberwoes less work with
LU.ALL.BRANCH than with the other algorithms when the incphateness is vary-
ing. We obtain the same result when the density or the tigistieevarying (see Fig-
ures 17(b), 17(c)). If we want a balance between the pergerdielicited costs and
the user effort, the best compromise is LU.BB.BRANCH. Fega6(a) shows that,
on IWCSPs with no initial costs, it elicits 40% of incomplétgples with a user ef-
fort of about 60%. Summarizing, SU.WW.BRANCH (Figure 1§(is)the algorithm
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Figure 15: Best algorithms for incomplete weighted CSPs.
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which elicits less tuples but, if we want the user to just agrstlue elicitation queries,
the best is DPI.BW.TREE. The algorithm that minimizes therusffort is instead
LU.ALL.BRANCH, whereas the best compromise between udertedind elicitation

is LU.BB.BRANCH.

8 Related work

Recently, some lines of work have addressed issues simitapose considered in this
paper by allowing for open settings in CSPs: both open CSP8][@nd interactive
CSPs [16] work with domains that can be partially speci el & dynamic CSPs [6]
variables, domains, and constraints may change over tirhaslbeen shown that these
approaches are closely related. In fact, interactive Ca8R%e seen as a special case
of both dynamic and open CSPs [18].

While the main goal of the work on interactive CSPs is to migarthe run time of
the solver, we emphasize the minimization of the number efigs to the user and/or
of the user effort. The work closest to ours is the one on opeRL An open CSP
is a possibly unbounded, partially ordered 8€SP(0); CSP(1);:::g of constraint
satisfaction problems, each of which contains at least amre mhomain values than its
predecessor. Thus, in [9] the approach is to solve largedanger problems until a
solution is found, while minimizing the number of variablalwes asked to the user.
To compare it to our setting, we assume all the variable wahre known from the
beginning, while some of the preferences may be missingpandlgorithms work on
different completions of the given problem. Also, open C8Rgloit aMonotonicity
Assumptiorthat each agent provides variable values in strictly nocrabesing order of
preference. Even when there are no preferences, each agenbgly variable values
that are feasible. Working under this assumption meansthigaagent that provides
new values/costs for a variable must know the bounds on thairgéng possible costs,
since they are provided best value rst. If the bound comfpoiteis expensive or time
consuming, then this is not desirable. This is not needediirsetting, where single
preferences are elicited.

¢ From the algorithmic point of view, in [7, 9, 8] the authoevelop speci ¢ al-
gorithms for open CSPs, and then generalize it to fuzzy andhted open CSPs.
Our approach instead went from the general to the speci ellewe de ned a gen-
eral framework for incomplete soft constraint problems] Hren we instantiated it to
speci ¢ classes, such as classical CSPs, fuzzy CSPs, amhtediCSPs. Thus, the
general framework is maintained in all these classes, acahitboe augmented by the
de nition of speci c optimized elicitation strategies, wdh may exploit the properties
of the c-semiring used.

Besides the theoretical differences between our approadghte one in [9], we
also made an experimental comparison on the same classesbtéips considered in
[9]. We randomly generated coloring problems with 5-14 ablés and 3-11 values
per variable, and inequality constraints between randaimbsen variable pairs so that
the constraint graph is at least connected and at most ctenplée used algorithm
LU.WORST.BRANCH on a test set generated in the following waye randomly
generated 1000 coloring problems each with 5-14 variablds il values per vari-
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Figure 18: Average number of values used in incomplete oaquroblems with 11
values per variable.

able. Then we set the cost of 0 to 8 values per variabteXo (in order to have 3-11
feasible values). We also ensured that the constraint gvaplat least connected and at
most complete. To simulate the totally unknown domains Jraf3he beginning of the
search process, we generated variables with no known d¢éstgly, we grouped these
problems in classes with the same average number of value®p®in. In [9] the au-
thors measure the average number of queries per variabmpare their algorithm
with LU.WORST.BRANCH, we measured the average number dédiht values per
variable our algorithm needs to solve the problem (countireyery time a value is
instantiated for the rst time). In Figure 18 we can see thatagorithm needs about
2 values per variable to solve problems with 4 to 9 values perain. This is the same
result as the best algorithm in [9], which is pleasing as tgorithm is general purpose
and not speci cally designed for this purpose.

An example of another approach to explicit elicitation isamplete CSPs is the
one presented in [4], where the user provides a classicalab8R partially unknown
utility function over its solutions. The system then penfigrelicitation queries to se-
lect a speci c utility function by a regret-based technigubere the elicitation is used
to ease the computation of the minimax regret function. Irtigaar, the elicitation
concerns bounds on the parameters of the utility functiorarédver, quasi-optimal
decisions may be obtained, since often they require mushdffsrt than nding op-
timal ones. This approach is very interesting but ratheffriamn ours. In particular,
our approach does not work with bounds, since we ask for spgaference values.
Moreover, our preference functions are based on the prefesan the constraints, and
not on the variable values. Also, we want to obtain an optise#ution, although we
experimentally analyzed all our algorithms to see whethgwad solution is obtained
early (see Figure 7).
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9 Conclusion and future work

We have considered incomplete soft constraint problemgevbeme preferences are
missing. We have de ned a formalism, that extends the safstraint one, to model
such an incompleteness. Two new notions of optimal solatimve been considered:
the possibly optimal solutions, that are optimal in at least way of revealing miss-
ing preferences, and the necessarily optimal solutiorsg,ate optimal in all ways of
revealing missing preferences, and we have given chaizatiens of these two sets
of optimal solutions. To nd necessarily optimal solutioofsthese problems, we have
de ned a general solver schema, that interleaves branclhamad (B&B) search with
elicitation steps. This solver schema can be instantiatekbiways, that depend on
when to elicit (at the end of the B&B search, at a branch, or abde of a B&B
search), what to elicit (all the missing preferences or dmworst one), and who elic-
its (the algorithm or the user). We have tested and compae=#t16 instances of the
general solver on randomly generated Fuzzy ISCSPs, by miegshe percentage of
the elicited preferences and the user's effort, that isntimaber of missing preferences
that the user has to consider in order to give his elicitatinswers. Experimental re-
sults have shown that the best algorithms are those thtatlithe branch level and,
among those, the ones that perform better are those thiabelig the worst preference
if it is necessary. Such algorithms are also very helpfuteithey reach optimality
very quickly. This fact allows one to stop elicitation amy&, being sure to have a
possibly optimal solution with a higher level of preferentée percentage of elicited
preferences for these best algorithms is bel®# and the user's effort does not ex-
ceed30% In addition, we have considered incomplete CSPs wherentheanstraints
have been replaced by hard constraints. Experimentatsdste shown a trend which
is similar to the one registered for Fuzzy ISCSPs. We haweassidered problems
with a precise structure. These are, the fuzzy simple teatpooblems where the con-
straints allow constraints time intervals for durationd distances of events, and fuzzy
preferences associated with each element of an intervad iAlthis context, to nd a
necessarily optimal solution with the best algorithm, #latits at the branch level only
the worst preference if it is necessary, it is suf cient t& adout 10% of the missing
preferences.

In the problems considered in this paper, we have no infaomatbout the missing
preferences. We are currently considering settings in lweach missing preference is
associated with a range of possible values, that may be anthdin the whole range
of preference values. For such problems, we intend to deaveral notions of opti-
mality, among which necessarily and possibly optimal sohg are just two examples,
and to develop speci c elicitation strategies for each efith We are also studying soft
constraint problems where no preference is missing, buegmeferences are unstable,
and are associated with a perturbation range of possitdmalive values. Moreover,
we will consider other approaches to preference elicitatiod measures of the in-
formation elicited from the user, such as those in [3, 4, M% also intend to build
solvers based on local search or variable elimination nasthBinally, we want to add
elicitation costs and to use them also to guide the searcigrasin [25] for hard CSPs.
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