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Abstract

In (EHW04b),theauthorsintroducedto constraintpro-
grammingthenotionof (a; b)-supersolutions.They are
solutionsin which, if a small numberof variableslose
their values,we areguaranteedto beableto repairthe
solutionwith only a few changes.This conceptis use-
ful for schedulingin dynamicand uncertainenviron-
mentswhen the robustnessof the scheduleis a valu-
ableproperty. Weintroduceanew algorithmfor �nding
supersolutionsthat improves upon the methodintro-
ducedin (EHW04a)in several dimensions.This algo-
rithm ismorespaceef�cient asit only requirestodouble
thesizeof theoriginal constraintsatisfactionproblem.
Thenew algorithmalsopermitsusto useany constraint
toolkit to solve themasterproblemaswell asthe sub-
problemsgeneratedduringsearch.We alsotake advan-
tageof multi-directionality and of inferencebasedon
theneighborhoodnotionto make thesearchfor a solu-
tion faster. Moreover, this algorithmallows theuserto
easilyspecifyextraconstraintson therepairs.

Intr oduction
In (EHW04b),theauthorsintroducedto constraintprogram-
ming the notion of (a; b)-supersolutions. Supersolutions
area generalizationof bothfault tolerantsolutions(WB98)
andsupermodels(MGR98). Thesearesolutionssuchthat
a small (bounded)perturbationon the input will have pro-
portionally small repercussionson the outcome. For in-
stancewhen solving a schedulingproblem,we may want
that, in the event of a machinebreaking,or of a taskexe-
cutinglongerthanexpected,therestof thescheduleshould
changeaslittle aspossibleif at all. As a concreteexample,
considerthefollowing job-shopschedulingproblem,where
we needto schedulefour jobs consistingof four activities,
eachrequiringa differentmachine.Theusageof a machine
is exclusive,andthesequenceof a job is to berespected.

Job 1:

Job 2:

Job 3:

Job 4:

Thesecond�gure showsanoptimalsolution.
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Job 1:

Job 2:

Job 3:

Job 4:

One may argue that this solution is not robust. Indeed
activities are tightly groupedanda “break” on a machine,
andthesubsequentdelay, may trigger further delaysin the
schedule.Ontheotherhandthenext �gure showsasolution
where,for a smallmakespanincrease,a largeproportionof
activitiescanbedelayedof two unitsof time,withoutaffect-
ing at all therestof theschedule.

Job 1:

Job 2:

Job 3:

Job 4:

Suchsolutionsarethusstablein thesensethatwhenin-
validated,a closealternative solutioncanbeapplied.How-
ever, thereareanumberof otherwaysto capturerobustness.
for instancein (HF93), theapproachto robustnessis prob-
abilistic and a robust solution is simply one that is likely
to remainvalid after a contingentchange.The problemof
schedulingunderuncertaintyhasbeenwidely studiedin the
past(See(AD01) and(NPO04)for instance).We wish to
investigatehow supersolutionscompareto thesespecial-
izedmethods.For instance,if we considertheslack-based
framework (AD01), the intuitive ideais thata local pertur-
bationwill be “absorbed”if enoughslackis available,end
thereforesolutionsinvolving slackarepreferred.Now, one
canthink of a scenariowherethebestreactionto a delayor
a breakwould not be to delaythecorresponding(plus per-
hapsfew other)activity, but to postponeit andadvancethe
startingtimeof anotheractivity instead.Thissituationis not
capturedby slackbasedmethod.Although,it is importantto
noticethatif thelatterapproachaimsat minimizing theim-
pactof a delayon themakespan,it is only a secondarycon-
sequencefor supersolutions. Indeed,the main concernis
to limit thenumberof activities to reschedule.Therefore,a
directcomparisonis dif�cult. Theconceptof �exiblesched-
ule is morecloselyrelatedto our view of robustnessasthis
methodpromotesstabilityagainstlocalizedperturbations.

On the otherhand,supersolutionshave a priori several
drawbackscomparedto suchspecializedapproaches.

Firstly, �nding supersolutionsis a dif�cult problemand
asa result the methodsproposedso far areoften restricted
to toy problemslike the oneusedin thepreviousexample.



Algorithmswith betterperformancehavebeenproposedfor
very restrictedclassesof supersolution.However, if we do
not restrictourselvesto theseclasses,solvinga problemof
reasonablesize is often out of reachwith the currentap-
proaches.

Anotherdif�culty is that, beinga generalframework, it
is not alwaysimmediatelyapplicableto a speci�c problem.
In (EHW04a)we showed how supersolutionshave to be
adaptedto copewith speci�csof job shopschedulingprob-
lemsin particular. For instance,if variablesareactivitiesand
valuesaretimepoints,thenwecannotscheduleto anearlier
time point asa responseto a break. Moreover, moving the
sameactivity to thenext consecutive time point maynot be
a valid alternative.

In this paperwe introducea new algorithmthatcanhelp
to addresstheabove drawbacks.Thecentralfeatureof the
new algorithm is that it is closerto a “regular” solver, we
solveboththeoriginalproblemaswell assub-problemsgen-
eratedduring searchusing any standardconstraintsolver.
Therefore,methodsthathave beenprovento beeffective in
a particulararea(like shaving (CP94),specializedvariable
orderings(SF96)or specializedconstraintpropagators)can
be usedboth for the main problemand the sub-problems.
Wealsoproposeamoreeffcientandmoreeffectivealgorithm
thanwhathasbeenproposedin (EHW04a).Thenew algo-
rithm is moreef�cient asweavoid solvingall sub-problems
and it is more effectiveby using the information gathered
when solving thesesub-problemsto get more pruning on
future variables. Moreover, this architecturealso helpsto
adaptthe criteria of robustnessto the problem. Indeed,to
modela particularrequirementwe canjust addit asa con-
straintto thesub-problems.

Formal background and notations
A constraintsatisfactionproblem(CSP)P consistsof a set
of variablesX , a setof domainsD suchthat D(X i ) is the
�nite setof valuesthatcanbetakenby thevariableX i , and
a setof constraintsC that specifyallowed combinationsof
valuesfor subsetsof variables.We useuppercasefor vari-
ables(X i ) andlower casefor values(v). A full or partial
instantiationS = fhX 1 : v1 i ; : : : hX n : vn ig is a setof as-
signmentshX i : vj i suchthatvj 2 X i . We will useS[i ] to
denotethevalueassignedto X i in S. A (partial)solutionis
aninstantiationsatisfyingtheconstraints.Givenaconstraint
CV on a setof variablesV , a supportfor X i = vj on C is
a partial solutioninvolving the variablesin V andcontain-
ing X i = vj . A variableX i is generalizedarc consistent
(GAC) on C iff every valuein D(X i ) hassupporton C. A
constraintC is GAC iff eachconstrainedvariableis GAC on
C, anda problemis GAC iff all constraintsin C areGAC.
Given a CSPP anda subsetA = f X i 1 ; : : : X i k g of X , a
solutionS of the restrictionof P to A (denotedPjA ) is a
partialsolutiononA suchthatif werestrictD(X i ) to f S[i ]g
for i 2 [i 1::i k ], thenP canbe madeGAC without domain
wipe-out.

We introducesomenotationsusedlater in thepaper. the
function H (S;R) is de�ned to be the Hammingdistance
betweentwo solutionsR and S, i.e., the numberof vari-
ablesassignedto differentvaluesin S andR. We alsode-

�ne HA (S;R) to betheHammingdistancerestrictedto the
variablesin A.

HA (S;R) =
X

X i 2 A

(S[i ] 6= R[i ])

An a-break on a (partial) solution S is a combinationof
a variablesamongthe variablesin S. A b-repair of S
is a (partial) solution R such that H A (S;R) = jAj and
H (S;R) � (a + b). In other words, R is an alternative
solutionfor S suchthat if the assignmentsof the variables
in A areforbidden,theremaining“perturbation”is restricted
to bvariables.

De�nition 1 A solutionS is an (a; b)-supersolutioniff for
every a0 � a, and for every a0-break of S, there exists a
b-repairof S.

The basicalgorithm
We�rst describeaverysimpleandbasicversionof thealgo-
rithm without any unnecessaryfeatures.Thenwe progres-
sively introducemodi�cations to make the algorithmmore
ef�cient andmoreeffective.

Thebasicideais to ensurethatthecurrentpartialsolution
is alsoa partial supersolution. In orderto do so, asmany
sub-problemsaspossiblebreaksfor thispartialsolutionhave
to besolved.Thesolutionsto thesesub-problemsarepartial
repairsolutions.Wethereforework onacopy of theoriginal
problemthatwechangeandsolvefor eachtestof reparabil-
ity. Note that thesub-problemis mucheasierto solve than
themainproblem,for severalreasons.The�rst reasonis that
eachof thesub-problemsis polynomial. Indeed,sincea re-
pair solutionmusthave lessthana + b discrepancieswith
the main solution, the numberof possibilitiesis bounded
by na+ bda+ b. Typically, the costof solving onesuchsub-
problemwill befar below this boundsinceconstraintprop-
agationis used. Another reasonis that we can reusethe
variableorderingdynamicallycomputedwhilst solving the
mainproblem.Furthermore,we will demonstratelater that
not all breakshave to bechecked,andthatwe caninfer in-
consistentvaluesfrom the processof looking for a repair.
Pruningthemainproblemis critical, asit not only reduces
thesearchtree,but alsoreducesthenumberof sub-problems
to besolved.

Thealgorithmfor �nding supersolutionsis, in many re-
spects,comparableto aglobalconstraint.However, it is im-
portantto notice that we cannotde�ne a global constraint
ensuringthat the solution returnedis a supersolution as
thisconditiondependsonthevariablesdomains,whilst con-
straintsshouldonly dependon the valuesassignedto vari-
ablesandnottheirdomains.For example,considertwo vari-
ablesX 1; X 2 takingvaluesin f 1; 2; 3g suchthatX 1 < X 2.
The assignmenthX 1 = 1; X 2 = 3i is a (1; 0)-supersolu-
tion, however, if the original domainof X 1 is f 1; 3g, then
hX 1 = 1; X 2 = 3i , is not a (1; 0)-supersolution.Neverthe-
less,the algorithmwe introducecould be seenasa global
constraintimplementationasit is essentiallyanoracletight-
eningtheoriginalproblemIt is howeverimportantto ensure
thatthisoracleis not calledfor everychangein adomainas
it canbecostly.



Initialization: In Algorithm1,weproposeanpseudocode
for �nding supersolutions.Theinput is a CSP, i.e., a triplet
P = (X ; D; C) andtheoutputa (a; b)-supersolutionS. We
�rst createa copy P 0 of P, whereX 0

i 2 X 0 if f X i 2 X
andC0 2 C0 if f C 2 C. This copy will be usedto �nd b-
repairs.At any point in thealgorithm,D(X i ) (resp.D0(X 0

i ))
is thecurrentdomainof X i (resp.X 0

i ). ThesetPast � X
containsall variablesthatarealreadyboundto a valueand
we denotePast0 thesetcontainingthesamevariables,but
“primed”, Past0 = f X 0

i jX i 2 Pastg.

Algorithm 1: super-MAC (P; a; b)
Data : P; a; b
Result : S: an(a; b)-supersolution

S  ; ; P ast  ; ; P 0  P ;
if : backtrack (P; P 0; S; P ast; a; b) then

print “NO SUPER-SOLUTION”;

print “A SUPER-SOLUTIONFOUND:S”;

Main Backtracker Procedure(Algorithm 2) searchesand
backtrackson the main problemP. It is in very similar to
a classicalbacktracker that maintainGAC at eachnodeof
thesearchtree,exceptthatwe alsoadda call to theproce-
durereparability at eachnode. Note that any solver
or local/globalconsistency propertycanbe usedinsteadas
long astheprocedurereparability is called. A possi-
ble way of implementingreparability –in a standard
constrainttoolkit– canbe asa global constraintcontaining
internally theextra datastructureP 0 andanassociatedspe-
cialisedsolver. As suchglobal constraintcanbe costly, it
shouldnotbecalledmorethanoncepernode.

Algorithm 2: backtrack (P; P 0; S;Past; a; b) : Bool
if P ast = X then returnTrue;
chooseX i 2 X n P ast ;
P ast  P ast [ f X i g;
foreachv 2 D (X i ) do

saveD ;
D (X i )  f vg;
S  S [ fh X i : v ig ;
if AC-propagate (P ) & reparability (P; P 0; S; P ast; a; b)
then

if backtrack (P; S; P ast; a; b) then returnTrue;

restoreD ;
S  S � fh X i : v ig ;

P ast = P ast � f X i g;
returnFalse;

Enforcing reparability: Procedure reparability
(Algorithm 3) makessurethateacha-breakof thesolution
S hasa b-repair. If jSj = k thenwe checkall combinations
of less than a variables in S, that is

P
j � a (k

j ) breaks.
This number has no closed form, though it is bounded
above by ka . For eacha-break, we model the problem
of the existenceof a b-repair using P 0. Given the main
solutionS anda breakA, we needto �nd a b-repair, that

is, a solution R of P 0jP ast 0 such that HA (S;R) = jAj
and H (S;R) � jAj + b. The domainsof all variables
are set to their original state. Then for any X 0

i 2 A, we
remove the value S[i ] from D0(X 0

i ), thus making sure
that HA (S;R) = jAj. We also add an ATMOSTkDIFF
constraintthat ensuresH (S;R) � k, wherek = jAj + b.
Finally, we solve P 0jP ast 0, it is easyto seethatany solution
is ab-repair.

Algorithm 3: repairability (P; S;Past; a; b):Bool
foreachA � P ast 0 such that jA j � a do

foreachX i 2 A do
D 0(X 0

i )  D (X i ) � f S[i ]g;

k  ( jA j + b) ;
S0  solve (P 0j P ast 0+ ATMOSTkDIFF(X 0 ; S)) ;
if S0 = nil then returnFalse;

returnTrue;

Propagating the ATMOSTkDIFF constraint: The
ATMOSTkDIFF constraintis de�ned asfollows:

De�nition 2 ATMOSTkDIFF(X 0
1; : : : X 0

n ; S) holds iff k �P
i 2 [1::n ](X

0
i 6= S[i ])

Thisconstraintensuresthatthesolutionwe �nd is avalid
partialb-repairby constrainingthenumberof discrepancies
to themainsolutionto belowerthana+ b. To enforceGAC
onsucha constraint,we �rst computethesmallestexpected
numberof discrepanciesto S. SinceS is a partial solution
we considerthepossibleextensionsof S. Therefore,when
appliedto theauxiliaryCSPP 0 this numberis simply

d = jf i jD 0(X 0
i ) \ D(X i ) = ;gj

We havethreecases:

1. If d < k thentheconstraintis GAC aseveryvariablecan
be assignedany valueproviding that all other variables
X 0

i take avalueincludedin D(X i ), andwewill still have
d � k.

2. If d > k thentheconstraintcannotbesatis�ed.

3. If d = k thenwe cansetthedomainof any variableX 0
i

suchthatD(X 0
i ) \ D(X i ) 6= ; to S[i ].

Comparison with previous algorithm This new algo-
rithm is simplerthantheonegivenin (EHW04a)asnoextra
datastructureis requiredfor keepingthecurrentstateof are-
pair. Moreover, thespacerequiredis atmosttwicethespace
requiredfor solving the original problem,whilst the previ-
ousalgorithmstoredthestateof eachsearchfor a b-repair.
We want to avoid suchdatastructuresasthey areexponen-
tial in a. Even thougha is typically a small constant,this
canbeprohibitive.Anotheradvantagein doingsois thatthe
searchfor a repaircaneasilybe done,whereasin the pre-
viousalgorithm,doingsowouldhavebeendif�cult without
keepingasmany solverstatesasbreaks,sincethesearchwas
startingfrom thepoint it endedin thepreviouscall.

The searchtree explored by this algorithm is strictly
smallerthanthat exploredby the previous algorithm. The



methods are very comparableas they both solve sub-
problemsto �nd a b-repairfor eachbreak. However, since
thesub-problemssolvedby thispreviousalgorithmwereim-
plementedas a simple backtrackprocedure(without con-
straintpropagation),it wasnotpossibleto checkif ab-repair
wouldinduceanarcinconsistency in anunassignedvariable.

Impr ovements
Now we exploreseveralwaysof improving thebasicalgo-
rithm.

Repair multi-dir ectionality

The multi-directionality is a concept used for instance
for implementinggeneralpurposealgorithmsfor enforcing
GAC. Theideais thata tuple is a supportfor every valueit
involves. Thesamemetaphorapplieswhenseekingrepairs
insteadof supports.In our case,supposethatwe look for a
(2; 2)-supersolutionandsupposethatR is a repairsolution
for a breakon the variablesf X ; Yg that requirereassign-
ing thevariablesf V; W g. This constitutesalsoa repairfor
f X ; Vg; f X ; W g; f Y; Vg; f Y; W g andf V; W g. We there-
foreneednot to look for repairfor thesebreaks.

Weusedasimplealgorithmfrom Knuth(Knu) to generate
all � a-breaks.This algorithmgeneratesthecombinations
in a deterministicmanner, and thereforeconstitutesan or-
deringon thesecombinations.Moreover, this orderinghas
the nice propertythat given onecombinationin input, one
cancomputetherankof this combinationin theorderingin
lineartimeonthesizeof thetuple.Thesizeof thetupleis in
our casea small constant,we thushave anef�cient way of
knowing if the breakthat we currentlyconsideris covered
by anearlierrepair. Eachtime a new repairis computed,all
breaksit coversareaddedto a set,thenwhenwe generatea
combination,wesimplycheckthatits index is not in thisset
otherwisewedonotneedto �nd a repairfor it.

Neighborhood-basedinference:

The secondobservation that we make to improve the ef�-
ciency is lessobviousbut hasbroaderconsequences.First,
let usintroducesomenecessarynotation:

A path linking two variablesX andY is a sequenceof
constraintsCV1 ; : : : CVk suchthati = j + 1 ) Vi \ Vj 6=
; and X 2 V1 and Y 2 Vk , k is the length of the path.
The distancebetweentwo variables� (X ; Y ) is the length
of theshortestpathbetweenthesevariables(� (X ; X ) = 0).
� d(X ) denotestheneighborhoodat a distanceexactly d of
X , i.e., � d(X ) = f Y j � (X ; Y ) = dg. � d(X ) denotes
the neighborhoodup to a distanced of X i.e., � d(X ) =
f Y j � (X ; Y ) � dg. Similarly, we de�ne theneighborhood
� d(A) (resp. � d(A)) of a subsetof variableA assimplyS

X 2 A � d(X ) (resp.� d(A)).
Now wecanstatethefollowing lemmawhichwill becen-

tral to all the subsequentsimprovements. It shows that if
thereexists a b-repair for a particulara-breakA, then all
reassignmentsarewithin theneighborhoodof A up to adis-
tanceb.

Lemma 1 Givena solutionS and a setA of a variables,
thefollowingequivalenceholds:

9R s.t. (H (SjA ; RjA ) = a andH (S;R) < d)
,

9R0 s.t. (H (SjA ; R0jA ) = a and
H (Sj � d � a (A ) ; R0j � d � a (A ) ) = H (S;R0) < d)

Proof: We prove this lemmaconstructively. We startfrom
two solutionsS andR that satisfy the premiseof this im-
plication andconstructR0 suchthat S;R0 satisfy the con-
clusion. We have H (S;R) = k1 < k, thereforeexactly
k1 variablesareassigneddifferentlybetweenS andR. We
also know that H (SjA ; RjA ) = jAj = a thereforeonly
b = k1 � a are assigneddifferently outsideA. Now we
changeR into R0 in thefollowing way. Let d bethesmall-
estintegersuchthat8X i 2 � d(A); R[i ] = S[i ]. It is easy
to seethat d � b as � d1 (A) and � d2 (A) are disjoint if f
d1 6= d2. We let all variablesin � d(A) unchanged,andfor
all othervariableswe setR0[i ] to S[i ]. Now we show that
R0 satis�esall constraints.Without lossof generality, con-
siderany constraintCV on a setof variablesV . By de�ni-
tion, thevariablesin V belongsto at mosttwo sets� d1 (A)
and� d2 (A) suchthatd1 andd2 areconsecutive(or possibly
d1 = d2). We have3 cases:

1. d1 � d andd2 � d: all variablesin V areassignedasin
R, thereforeCV is satis�ed.

2. d1 > d andd2 > d: all variablesin V areassignedasin
S, thereforeCV is satis�ed.

3. d1 = d and d2 = d + 1: the variablesin � d2 (A) are
assignedasin S, andby de�nition of R0, thevariablesin
� d1 = d(A) areassignedasin S, thereforeCV is satis�ed.

3
Computingthis neighborhoodis not time expensive,asit

canbedoneasa preprocessingstep.A simplebreadth�rst
searchon theconstraintgraph,i.e., thegraphwereany two
variablesareconnectediff they areconstrainedby thesame
constraint.Theneighborhood� d(A) of abreakA is recom-
putedeachtime,however it just requiresa simpleunionop-
erationover theneighborhoodof theelementsin A.

Updatesof the auxiliary CSP: The�rst useof Lemma1
is straightforward.We know that,for a givenbreakA, there
exists a b-repaironly if thereexists one that shareaall as-
signmentsoutside� b(A). Therefore,we canmakeP 0 equal
to the currentstateof P apartfrom � b(A). This doesnot
make the algorithm stronger. However, we can then post
anATMOSTkDIFF constraintonly on � b(A) insteadof X 0,
sincewehaveall thepruningonX 0n � b(A) for “free”.

Avoiding useless repair checks: Now suppose that
� b+1 (A) � Past0. Thenwe know that this breakhasal-
readybeencheckedat theprevious level in thesearchtree,
and the repair that we found hasthe propertythat assign-
mentson � b+1 (A) arethesameasin thecurrentsolution.
Thus any extensionof the currentpartial solution, is also
a valid extensionof this repair. Thereforewe know that



this repairwill hold in any subtree,hencewe do not need
to checkit unlessbacktrackingbeyondthis point.

Tightening the ATMOSTkDIFF constraint: Considering
thepropertyof Lemma1,wecantightentheATMOSTkDIFF
constraintby forbiddingsomeextra tuples. Doing this, we
get a tighter pruning when doing arc consistency, while
keepingat leastonesolution, if suchsolution exists. The
�rst tighteningis thatall differencesoutside� b(A) arefor-
bidden. But, we can do even more inference. For in-
stance,supposethat for that we look for a 3-repair for the
break f X 0

1g and that � 1(X 0
1) = f X 0

2; X 0
3g; � 2(X 0

1) =
f X 0

4g; � 3(X 0
1) = f X 0

5; g, andthedomainsareasfollows:

X 0
1 = f 1; 2g; X 0

2; X 0
3 = f 3; 4g; X 0

4; X 0
5 = f 1; 2; 3; 4g

Moreover, supposethat for the main backtracker, the do-
mainsareasfollows:

X 1 = 3; X 2; X 3; X 4; X 5 = f 1; 2g

We can observe that already2 reassignmentsare madeat
distance1 from X 1. As a consequence,if X 0

5 was to be
assigneddifferentlyto X 5, thenX 4 would have to beequal
to X 4, andthereforethereis nodiscrepancy onany variable
from � 2(X 0

1), hencetheremust be a repair suchthat any
variableoutside� 2(X 1) is assignedasin themainsolution.
We canthusprunethevalues3 and4 from D(X 0

5) (to make
it equalto X 5).

Infer encefr om repair-seekingto the main CSP: Wecan
infer thatsomevaluesof themainCSPwill neverparticipate
in a supersolutionwhile seekingfor repairs.This allowsus
to prunethefuturevariables,whichcangreatlyspeedupthe
searchprocess,especiallywhencombinedwith GAC prop-
agationon “regular” constraints.For instanceconsidercon-
straintproblemP, composedof thedomainvariables:

X 1 = f 1; 2; 4g; X 2 = f 1; 2g; X 3 = f 1; 2g; X 4 = f 1; 2g

subjectto thefollowing constraintnetwork:

X 1 X 2

sumis even 6=

X 4

X 3

=

sum� 3

WehaveP 0 = P, andit is easyto seethatP is arcconsis-
tent. Now supposethatwe look for a (1; 1)-supersolution,
andour �rst decisionis to assignthe value1 to X 1. The
domainsarereducedsothatP remainsarcconsistent:

X 1 = f 1g; X 2 = f 1g; X 3 = f 1; 2g; X 4 = f 1; 2g

Then we want to make surethat thereexist a 1-repair for
the breakf X 1g. We thenconsiderP 0 whereD(X 0

1) is set
to D(X 0

1) n f 1g. Moreover theconstraintATMOST2DIFF is
postedon � 1(f X 1g) = (X 1; X 2):

X 0
1 = f 2; 4g; X 0

2 = f 1; 2g; X 0
3 = f 1; 2g; X 0

4 = f 1; 2g

SinceP 0jf X 0
1 g is satis�able, (for instance,fhX 0

1 : 2ig is a
partialsolutionthatdoesnot producea domainwipe out in

any variableof P 0) we continuesearching.However, if be-
fore solving P 0 in order to �nd a repairwe �rst propagate
arcconsistency, thenweobtainthefollowing domains:

X 0
1 = f 2; 4g; X 0

2 = f 2g; X 0
3 = f 1g; X 0

4 = f 2g

Observethat2 2 D(X 3) whilst 2 62D(X 0
3), thismeansthat

no repair for X 1 canassignthe value2 to X 3. However,
Lemma1 works in bothdirection,sinceX 0

3 62� 1(X 0
1), we

canconcludethatX 0
3 andX 3 shouldbeequal,andtherefore

we canprunethevalue2 directly from X 3. In this toy ex-
ample,this removal will makeP arcinconsistent,andthere-
fore we canconcludewithout searchingthat X 1 cannotbe
assignedto 1.

Noticethat this extra pruningcomesat no extra cost,the
only condition that we imposeis to make P 0 arc consis-
tent before searchingon it. After this arc consistentpre-
processingfor abreakA, any valueprunedfrom thedomain
of a variableX 0

i 2 X 0 n � b(A), canbe prunedfrom X i as
well.

The main drawback of this methodis that as soon as
the probleminvolvesa global constraint(for instance“all
the variablesmust be different”), then typically we have
� 1(X i ) = X for any X i 2 X . Thereforeall previous im-
provementsbasedon neighborhoodareuseless.However,
onecanmake suchinference,but usinga differentreason-
ing, evenin thepresenceof largearity constraints.Theidea
is the following: Supposethat after enforcingGAC on P 0,
the leastnumberof discrepanciesis exactly a + b, that is,
D if f = f i jD (X i ) 6= D0(X 0

i )g & jD if f j = a + b. We
candeducethatany variableX 0

j suchthat j 62D if f must
be equalto X j , for any b-repair. Indeed,it appliesto any
repair, sinceonly pre-processingand no searchwas used.
Therefore,we canprunedomainsin both P andP 0 asfol-
lows:

8i 62D if f D(X i )  D(X i ) \ D(X 0
i ) & D(X 0

i )  D(X i )

Wecanthereforemodify reparability by takinginto
accountthepreviousobservations(Algorithm 4).

Extensions
In (EHW04a),the authorsproposeto extendor restrictsu-
persolutionsin severaldirectionsto makethemmoreuseful
practically. In schedulingproblems,we may have restric-
tions on how the machinesare likely to break,or how we
mayrepairthem. Furthermore,we have animplicit tempo-
ral constraintthat forbid somereassignments.For instance,
whena variablebreaks,thereare often restrictionson the
alternativevaluethat it cantake. Whenthevaluesrepresent
time, thenanalternative valuemight have to be larger than
thebrokenvalue.Alternatively, or in addition,wemaywant
the repair to be chosenamonglarger values,for someor-
dering. It mayalsobe thecasethat certainvaluesmay not
bebrittle andsocannotbreak. Or that if certainvaluesare
chosen,they cannotbe changed.This algorithmallows to
expresstheserestrictions(and many more) very easily, as
they canbemodelledasextraconstraintsonP 0.

For instanceto modelthefactthatanalternativevaluehas
to be larger than the broken value,onecanpost the unary



Algorithm 4: repairability (P; S;Past; a; b):Bool
cover ed  ; ;
foreachA � P ast 0 such that jA j = a andA 62cover ed and � b+1 6�
P ast 0 do

foreachX i 2 A do
D 0(X 0

i )  D 0(X 0
i ) � f S[i ]g;

foreachX i 2 (X n � b (A )) do
D 0(X 0

i )  D (X i ) ;

if : AC-propagate (P 0) then returnFalse;
D if f  f i jD (X i ) 6= D 0(X 0

i )g;
if D if f = a + b then

foreachX i 2 (X n D if f ) do
D (X i )  D 0(X 0

i )  (D 0(X 0
i ) \ D (X i )) ;

foreachX i 2 (X n � b (A )) do
D (X i )  D 0(X 0

i ) ;

S0  solve (P 0j P ast 0+ ATMOST( jA j + b)DIFF(P ast 0; S)) ;
if S0 = nil then returnFalse;
D if f  f i jS0[i ] 6= S[i ]g;
foreachA 0 � D if f such that jA 0j = a do

cover ed  cover ed [ f A g;

constraintX > S[X ], whereX is any variableinvolvedin
the break,and S[X ] is the valueassignedto this variable
in the main solution. Moreover, one can changethe con-
straintATMOSTkDIFF itself. For instance,supposethatwe
areonly interestedin therobustnessof theoverallmakespan,
andwearesolvingasequenceof deadlinejob shop. Onecan
extendthedeadlineof P 0by agiven(acceptable)quantityq,
andomit the ATMOSTkDIFF constraint. The resultingso-
lution will be onesuchthat no “break” of sizelessthanor
equalto a canresultin a makespanincreaseof morethanq.

Anotherconcernis thatthesemanticof thesupersolution
dependson the model chosenfor solving a problem. For
instance,an ef�cient way of solving the job shopschedul-
ing problemis to searchoversequencesof activitiesoneach
resource,ratherthanassigningstart times to activities. In
this case,two solutionsinvolving differentstart timesmay
mapto a singlesequence.Thereforethe semanticof a su-
persolutionis changed,abreakor a repairimpliesamodi�-
cationof theorderof activities for a resource.It is therefore
interestingto think of ways of solving a problemusing a
modelwhilst ensuringthat the solution is a supersolution
for anothermodel.If it is possibleto channelbothrepresen-
tations,thenonecansolve onemodel whilst applying the
reparability procedureto thesecondmodel.

Optimization
Finding supersolutionsis still, andwill certainlyremaina
dif�cult problem. Oneway to avoid this dif�culty is to try
to geta solutionascloseaspossibleto a supersolution.We
canthenstart from an initial solutionfound usingthe best
availablemethod,andthenwe improve its reparability with
a branchandboundalgorithm.

The(a; b)-reparability of asolutionis de�nedasthenum-
berof combinationsof lessthana variablesthatarecovered
by a b-repair. In (EHW04a),the authorsreport that turn-
ing the procedureinto a branchand boundalgorithm that

maximizereparabilityis the mostpromisingway of using
supersolutionsin practiceasan (a; b)-supersolutionmay
not alwaysexist. Moreover doing so, onecanget a “regu-
lar” solutionwith thefastestavailablemethod,andimprove
its reparabilityafterward.

The algorithm introducedherecaneasily be adaptedin
thisway. Theprocedurereparability would returnthe
numberof b-repairsfounds,insteadof failing whena break
doesnotacceptone.Themainbacktrackerwouldthenback-
track either if the problemis madearc inconsistentor the
valuereturnedby reparability is lessthantherepara-
bility of the bestfull solutionfound so far. We rewrite the
procedurereparability adaptedto this purposein Al-
gorithm5.

Algorithm 5: reparability (P; S;Past; a; b):Int
cover ed  ; ;
foreachA � P ast 0 such that jA j = a andA 62cover ed and � b+1 6�
P ast 0 do

foreachX i 2 A do
D 0(X 0

i )  D 0(X 0
i ) � f S[i ]g;

foreachX i 2 (X n � b (A )) do
D 0(X 0

i )  D (X i ) ;

S0  solve (P 0j P ast 0+ ATMOST( jA j + b)DIFF(P ast 0; S)) ;
if S0 6= nil then

D if f  f i jS0[i ] 6= S[i ]g;

foreachA 0 � D if f such that jA 0j = a do
cover ed  cover ed [ f A g;

returnjcover edj ;

Unfortunately, if all other improvementsstill hold, we
cannotpruneP asaresultof apruningwhenpre-processing
P0, sincea breakwithout repairis allowed.

Future work
Our next priority is to implementthis algorithmfor �nding
supersolutionsto thejob-shopschedulingproblem.Wewill
usea constraintsolver that implementsshaving, the ORR
heuristicdescribedin (SF96),aswell asconstanttimeprop-
agatorsfor enforcingGAC on precedenceandoverlapping
constraints.As thesetwo constraintsarebinary, theneigh-
borhoodof a variableis limited. Hencethe theoreticalre-
sultsintroducedhereshouldapply. Moreover, weexpectthis
reasoningto offer a goodsynergy with a strongglobalcon-
sistency methodsuchasshaving. Indeedmoreinferencecan
bedoneon the repairs(without searching)thanwith GAC,
andthusmorevaluescanbeprunedin themainsearchtree
becauseof therobustnessrequirement.We thereforeexpect
to beableto solve muchlargerproblemsthanthe instances
solvedin (EHW04a).

Conclusion
We have introduceda new algorithmfor �nding supersolu-
tionsthat improvesuponthepreviousmethod.Thenew al-
gorithmis morespaceef�cient asit only requiresto double
thesizeof theoriginal constraintsatisfactionproblem.The
new algorithmalsopermitsusto useany constrainttoolkit to



solvethemasterproblemaswell asthesub-problemsgener-
atedduringsearch.We alsotake advantageof repairmulti-
directionality and of inferencebasedon just a restricted
neighborhoodof constraints.Moreover, this algorithmal-
lows the userto easilyspecifyextra constraintson the re-
pairs. For example,we can easily specify that all repairs
shouldbelaterin time thanthe�rst break.
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