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Abstract

In (EHWO04b),the authorsintroducedto constraintpro-
grammingthenotionof (a; b)-supersolutions.They are
solutionsin which, if a smallnumberof variableslose
their values,we areguaranteedo be ableto repairthe
solutionwith only a few changesThis concepts use-
ful for schedulingin dynamicand uncertainenviron-
mentswhen the robustnessof the scheduleis a valu-
ableproperty Weintroducea new algorithmfor nding
supersolutionsthat improves upon the methodintro-
ducedin (EHWO04a)in several dimensions.This algo-
rithmis morespaceef cient asit only requiresto double
the size of the original constraintsatishction problem.
Thenew algorithmalsopermitsusto useary constraint
toolkit to solve the masterproblemaswell asthe sub-
problemsgeneratediuring search We alsotake adwan-
tage of multi-directionality and of inferencebasedon
the neighborhoodhotionto make the searchfor a solu-
tion faster Moreover, this algorithmallows the userto
easilyspecifyextraconstraintontherepairs.

Intr oduction

In (EHWO04b),theauthordantroducedo constrainprogram-
ming the notion of (a; b)-supersolutions. Supersolutions
area generalizatiorof bothfault tolerantsolutions(WB98)

andsupermodels(MGR98). Theseare solutionssuchthat
a small (bounded)perturbationon the input will have pro-

portionally small repercussion®n the outcome. For in-

stancewhen solving a schedulingproblem, we may want
that, in the event of a machinebreaking,or of a task exe-
cutinglongerthanexpectedtherestof the scheduleshould
changeaslittle aspossibleif atall. As aconcretesxample,
considerthefollowing job-shopschedulingoroblem,where
we needto schedulefour jobs consistingof four actiities,

eachrequiringa differentmachine.The usageof a machine
is exclusive,andthe sequencef ajob is to berespected.
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Thesecondgure shavsanoptimalsolution.
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One may argue that this solutionis not robust. Indeed
actiities aretightly groupedanda “break” on a machine,
andthe subsequendlelay may trigger further delaysin the
scheduleOntheotherhandthenext gure shavsasolution
where,for a smallmakesparincreasea large proportionof
activities canbedelayedf two unitsof time, withoutaffect-
ing atall therestof theschedule.
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Suchsolutionsarethusstablein the sensethatwhenin-
validated,a closealternatye solutioncanbe applied. How-
ever, thereareanumberof otherwaysto capturerobustness.
for instancein (HF93), the approacho robustnesss prob-
abilistic and a robust solution is simply one that is likely
to remainvalid after a contingentchange.The problemof
schedulingunderuncertaintyhasbeenwidely studiedin the
past(See(AD01) and (NPOO04)for instance). We wish to
investigatehow supersolutionscompareto thesespecial-
ized methods.For instancejf we considerthe slak-based
framawork (ADO1), the intuitive ideais thata local pertur
bationwill be “absorbed”if enoughslackis available,end
thereforesolutionsinvolving slackare preferred.Now, one
canthink of a scenariovherethe bestreactionto a delayor
a breakwould not be to delaythe correspondingplus per
hapsfew other)actvity, but to postponat andadwancethe
startingtime of anotheractiity instead.This situationis not
capturedy slackbasednethod.Although,it is importantto
noticethatif thelatterapproachaimsat minimizing theim-
pactof adelayonthe makespanit is only a secondarygon-
sequencédor supersolutions. Indeed,the main concernis
to limit the numberof actvities to rescheduleTherefore a
directcomparisoris dif cult. Theconcepbf exible sched-
ule is morecloselyrelatedto our view of robustnessasthis
methodpromotesstability againstocalizedperturbations.

On the other hand, supersolutionshave a priori several
drawvbackscomparedo suchspecializedapproaches.

Firstly, nding supersolutionsis a dif cult problemand
asa resultthe methodsproposedso far are often restricted
to toy problemslike the oneusedin the previous example.



Algorithmswith betterperformancénave beenproposedor
very restrictedclasse®f supersolution. However, if we do
not restrictoursehesto theseclassessolving a problemof
reasonablesize is often out of reachwith the currentap-
proaches.

Anotherdif culty is that, beinga generalframework, it
is not alwaysimmediatelyapplicableto a speci ¢ problem.
In (EHWO04a)we shoved how supersolutionshave to be
adaptedo copewith speci cs of job shopschedulingprob-
lemsin particular For instanceif variablesareactvitiesand
valuesaretime points,thenwe cannotscheduldo anearlier
time point asa responsdo a break. Moreover, moving the
sameactiity to the next consecutie time point maynotbe
avalid alternatve.

In this paperwe introducea new algorithmthatcanhelp
to addresghe above dravbacks. The centralfeatureof the
new algorithmis thatit is closerto a “regular” solver, we
solveboththeoriginal problemaswell assub-problemgen-
eratedduring searchusing ary standardconstraintsolver.
Thereforemethodghathave beenprovento be effectivein
a particulararea(like shaving (CP94),specializedvariable
orderings(SF96)or specializecconstrainfpropagatorsgan
be usedboth for the main problemand the sub-problems.
We alsoproposeamote effcientandmore effectivealgorithm
thanwhathasbeenproposedn (EHWO04a). The new algo-
rithm is moreef cient aswe avoid solvingall sub-problems
andit is more effective by using the information gathered
when solving thesesub-problemdo get more pruning on
future variables. Moreover, this architecturealso helpsto
adaptthe criteria of robustnesgo the problem. Indeed,to
modela particularrequiremenive canjust addit asa con-
straintto thesub-problems.

Formal background and notations

A constraintsatisactionproblem(CSP)P consistsof a set
of variablesX , a setof domainsD suchthatD(X;) is the
nite setof valuesthatcanbetakenby thevariableX;, and
a setof constraintsC that specify allowed combinationsof

valuesfor subset®f variables.We useuppercasefor vari-

ables(X;) andlower casefor values(v). A full or partial

instantiationS = thXy : vqi;:::hX, @ vqig is asetof as-
signmentdX; : vji suchthaty; 2 X;. We will useSJ[i] to

denotethe valueassignedo X; in S. A (partial) solutionis

aninstantiatiorsatisfyingtheconstraints Givenaconstraint
Cv onasetof variablesV, asupportfor X; = v; onC is

a partial solutioninvolving the variablesin V andcontain-
ing Xj = vj. A variableX; is genesrlizedarc consistent
(GAC) on C iff everyvaluein D(X;) hassupportonC. A

constrainC is GAC iff eachconstrainediariableis GAC on

C, anda problemis GAC iff all constraintan C are GAC.

Givena CSPP andasubsetA = fX;,;:::X;,gof X, a

solution S of therestrictionof P to A (denotedPja) is a

partialsolutionon A suchthatif werestrictD(X;) tof S[ilg

fori 2 [i1:ik], thenP canbe madeGAC without domain
wipe-out.

We introducesomenotationsusedlater in the paper the
function H (S;R) is de ned to be the Hammingdistance
betweentwo solutionsR andS, i.e., the numberof vari-
ablesassignedo differentvaluesin S andR. We alsode-

ne Ha (S;R) to bethe Hammingdistancerestrictedto the
variablesn A.

Ha(S;R) = (S[i1 & R[i])

Xi2A

An a-break on a (partial) solution S is a combinationof
a variablesamongthe variablesin S. A b-repair of S
is a (partial) solution R suchthatHA (S;R) = jAj and
H(S;R) (a+ b). In otherwords, R is an alternatve
solutionfor S suchthatif the assignmentsf the variables
in A areforbidden theremaining‘perturbation”is restricted
to bvariables.

De nition 1 A solutionS is an (a; b)-supersolutioniff for
everya’ a, andfor every a’breakof S, ther existsa
b-repairof S.

The basicalgorithm

We rst describeaverysimpleandbasicversionof thealgo-
rithm without any unnecessarfeatures. Thenwe progres-
sively introducemodi cations to make the algorithmmore
ef cient andmoreeffective.

Thebasicideais to ensurghatthecurrentpartialsolution
is alsoa partial supersolution. In orderto do so, asmary
sub-problemsaspossiblebreakdor this partialsolutionhave
to besolved. Thesolutionsto thesesub-problemsrepartial
repairsolutions.We thereforework onacopy of theoriginal
problemthatwe changeandsolve for eachtestof repamabil-
ity. Notethatthe sub-problenis mucheasierto solve than
themainproblem for severalreasonsThe rst reasons that
eachof the sub-problemss polynomial. Indeed sinceare-
pair solutionmusthave lessthana + b discrepanciesvith
the main solution, the numberof possibilitiesis bounded
by na*Pda* b Typically, the costof solving one suchsub-
problemwill befar below this boundsinceconstraingprop-
agationis used. Anotherreasonis that we can reusethe
variableorderingdynamicallycomputedwhilst solving the
main problem. Furthermorewe will demonstratéaterthat
not all breakshave to be checled, andthatwe caninfer in-
consistentvaluesfrom the processof looking for a repair
Pruningthe main problemis critical, asit not only reduces
thesearchree,but alsoreduceshenumberof sub-problems
to besolved.

Thealgorithmfor nding supersolutionsis, in mary re-
spectscomparableéo a globalconstraint.However, it is im-
portantto notice that we cannotde ne a global constraint
ensuringthat the solution returnedis a supersolution as
this conditiondepend®nthevariablesdomainswhilst con-
straintsshouldonly dependon the valuesassignedo vari-
ablesandnottheirdomains.For example considettwo vari-
ablesX 1; X, takingvaluesin f 1; 2; 3g suchthatX ; < X.
The assignmenhX; = 1;X, = 3i is a(1;0)-supersolu-
tion, however, if the original domainof X 1 is f 1; 3g, then
hX1 = 1; X, = 3i,isnota(1; 0)-supersolution. Neverthe-
less,the algorithmwe introducecould be seenasa global
constrainimplementatiorasit is essentiallyanoracletight-
eningtheoriginal problemlt is howeverimportantto ensure
thatthis oracleis not calledfor every changen adomainas
it canbe costly.



Initialization:  In Algorithm 1, we proposeanpseuda:ode
for nding supersolutions.Theinputis aCSRi.e., atriplet
P = (X;D;C andtheoutputa (a; b)-supersolutionS. We
rst createa copy P?of P, whereX? 2 XO0iff X; 2 X
andC® 2 CPiff C 2 C. This copy will beusedto nd b-
repairs.At ary pointin thealgorithm,D(X ) (resp.DYX 9)
is the currentdomainof X; (resp.X 9. ThesetPast X
containsall variablesthat arealreadyboundto a valueand
we denoteP ast® the setcontainingthe samevariables but
“primed”, Past®= f X §X; 2 Pastg.

Algorithm 1: super-MAC (P; a; b)

Data :P;a;b
Result : S: an(a; b)-supersolution
S ;;Past ;;P° P;

if : backtrack (P;P%S;Past; a; b)then
| print“NO SUPER-SOLUTION",

print“A SUPER-SOLUTIONFOUND: S”;

Main Backtracker ProcedurgAlgorithm 2) searcheand
backtrackson the main problemP. It is in very similar to
a classicalbacktracler that maintainGAC at eachnodeof
the searchtree, exceptthatwe alsoadda call to the proce-
durereparability at eachnode. Note thatary solver
or local/globalconsisteng propertycanbe usedinsteadas
long asthe procedureaeparability is called. A possi-
ble way of implementingreparability —in a standard
constrainttoolkit— canbe asa global constraintcontaining
internally the extra datastructureP © andan associatedpe-
cialisedsolver. As suchglobal constraintcanbe costly; it
shouldnot be calledmorethanoncepernode.

Algorithm 2: backtrack (P;P%S;Past; a;b) : Bool
if Past = X thenreturnTrue;
chooseX; 2 X nPast;
P ast Past [ fXig;
foreachv 2 D (X ;) do
saeD;
D(Xi) fvg;
S S[ thX; :vig;
if AC-propagate (P) & reparability
then
| if backtrack (P;S; P ast; a; b) thenreturnTrue;

(P;P%S; Past; a; b)

restoreD ;
L S S fthX; :vig;
Past = Past fXig;
returnFalse;

Enforcing reparability: Procedure reparability

(Algorithm 3) makessurethat eacha-breakof the solution
S hasab-repait If jSj = k thenwe checfall combinations
of lessthan a variablesin S, thatis | a(J-k) breaks.
This number has no closed form, thoughit is bounded
above by k?. For eacha-break, we model the problem
of the existenceof a b-repair using P% Given the main
solutionS anda breakA, we needto nd a b-repair, that

is, a solution R of PYpasto suchthat Ha(S;R) = jAj
andH (S;R) jAj + b. The domainsof all variables
are setto their original state. Thenfor ary X° 2 A, we
remove the value S[i] from DYX 9, thus making sure
thatHA (S;R) = jAj. We alsoadd an ATMOSTKDIFF
constraintthatensuredH (S;R)  k, wherek = jAj + b.
Finally, we solve P Jp 450, it is easyto seethatary solution
is ab-repair

Algorithm 3: repairability (P; S;Past; a; b):Bool

foreachA  Past®suhthatjAj ado
foreachX; 2 A do
L p%x9) D(Xi) fslilg
k  (jAj+ b);

S®  solve (PY%p 4 0+ ATMOSTKDIFF(X °; S));
if SO = nil thenreturnFalse;
returnTrue;

Propagating the ATMOSTKDIFF constraint: The
ATMo0sTKkDIFF constraints de ned asfollows:

pe nition 2 ATMOSTKDIFF(X {;:::X2; S) holdsiff k
i2[1::n](xi06 S[i])

This constrainensureghatthe solutionwe nd is avalid
partialb-repairby constraininghe numberof discrepancies
to themainsolutionto belowerthana+ b. To enforceGAC
onsuchaconstraintwe rst computethe smallestexpected
numberof discrepancieo S. SinceS is a partial solution
we considerthe possibleextensionsof S. Thereforewhen
appliedto theauxiliary CSPP °this numberis simply

d=jfijDAX)\ D(X;) = :gj
We have threecases:

1. If d < k thentheconstrainis GAC asevery variablecan
be assignedary value providing that all othervariables
X Ptake avalueincludedin D(X;), andwe will still have
d k.

2. If d > k thentheconstraintcannotbe satis ed.

3. If d = k thenwe cansetthe domainof ary variableX °
suchthatD(X 9\ D(X;) 6 ; to SJi].

Comparison with previous algorithm This new algo-
rithmis simplerthanthe onegivenin (EHWO04a)asno extra
datastructurds requiredfor keepingthecurrentstateof are-
pair. Moreover, thespaceaequireds atmosttwice thespace
requiredfor solvingthe original problem,whilst the previ-
ousalgorithmstoredthe stateof eachsearchfor a b-repait
We wantto avoid suchdatastructuresasthey areexponen-
tial in a. Eventhougha is typically a small constantthis
canbeprohibitive. Anotheradvantagen doingsois thatthe
searchfor a repaircaneasilybe done,whereasn the pre-
viousalgorithm,doing sowould have beendif cult without
keepingasmary solverstatesasbreakssincethesearchwas
startingfrom the pointit endedn the previouscall.

The searchtree explored by this algorithm is strictly
smallerthanthat explored by the previous algorithm. The



methods are very comparableas they both solve sub-
problemsto nd ab-repairfor eachbreak. However, since
thesub-problemsolvedby this previousalgorithmwereim-
plementedas a simple backtrackprocedure(without con-
straintpropagation)it wasnotpossibleto checkif ab-repair
wouldinduceanarcinconsisteng in anunassignesariable.

Impr ovements

Now we explore several ways of improving the basicalgo-
rithm.

Repair multi-dir ectionality

The multi-directionality is a conceptused for instance
for implementinggeneralpurposealgorithmsfor enforcing
GAC. Theideais thatatupleis a supportfor every valueit
involves. The samemetaphorapplieswhenseekingrepairs
insteadof supports.In our case supposeahatwe look for a
(2; 2)-supersolutionandsupposéhatR is arepairsolution
for a breakon the variablesf X ; Y g that requirereassign-
ing thevariablesf V; W g. This constitutesalsoa repairfor
fX;Vg fX;Wg;fY;Vg; fY;WgandfV;Wg. We there-
fore neednotto look for repairfor thesebreaks.

We usedasimplealgorithmfrom Knuth (Knu) to generate
all  a-breaks.This algorithmgenerateshe combinations
in a deterministicmanney and thereforeconstitutesan or-
deringon thesecombinations.Moreover, this orderinghas
the nice propertythat given one combinationin input, one
cancomputethe rank of this combinationin the orderingin
lineartime onthesizeof thetuple. Thesizeof thetupleisin
our casea small constantwe thushave an ef cient way of
knowing if the breakthatwe currently consideris covered
by anearlierrepair Eachtime anew repairis computedall
breaksit coversareaddedo a set,thenwhenwe generatea
combinationwe simply checkthatits index is notin this set
otherwisewe do notneedto nd arepairfor it.

Neighborhood-basednference:

The secondobsenation that we make to improve the ef -
cieng is lessobviousbut hasbroaderconsequencedrirst,
let usintroducesomenecessaryotation:

A pathlinking two variablesX andY is a sequencef
constraintCy, ;:::Cy, suchthati=j+1) Vi\V; 6
;andX 2 Vi andY 2 Vg, k is the length of the path.
The distancebetweentwo variables (X;Y) is the length
of theshortespathbetweernthesevariableg (X;X) = 0).

4(X) denoteghe neighborhoodt a distancesxactly d of
X,ie, ¢X)=1FfYj (X;Y) = dg. 4(X) denotes
the neighborhoodup to a distanced of X i.e., 4(X) =
fYj (X;Y) dg. Similarly, we de ne theneighborhood
sd(A) (resp.  4(A)) of a subsetof variableA assimply

X2A d(X) (resp. d(A))

Now we canstatethefollowing lemmawhichwill becen-
tral to all the subsequentsnprovements. It shavs that if
there exists a b-repairfor a particulara-break A, thenall
reassignmentarewithin theneighborhooaf A upto adis-
tanceb.

Lemmal Givena solutionS and a setA of a variables,
thefollowing equivalencénolds:

9R s.t.(H(Sja;Rja) = aandH (S;R) < d)

9R%s.t.(H (Sj/;;R‘iA) = aand
H(Si , .4 R .a) = H(SiRY < d)

Proof: We prove this lemmaconstructvely. We startfrom

two solutionsS andR that satisfy the premiseof this im-

plication and constructR® suchthat S; R° satisfy the con-
clusion. We have H(S;R) = ky < Kk, thereforeexactly
ky variablesareassignedlifferently betweenS andR. We
alsoknow that H (Sja;Rja) = jAj = a thereforeonly
b= k; a areassignedifferently outsideA. Now we
changer into R%in thefollowing way. Let d be the small-
estintegersuchthat8X; 2 4(A); R[i] = SJi]. It is easy
to seethatd bas g4,(A) and ¢,(A) aredisjoint iff

di 6 dy. Weletall variablesin  4(A) unchangedandfor

all othervariableswe setRYi] to S[i]. Now we shav that
RO satis esall constraints Without lossof generality con-
siderary constraintCy on a setof variablesV. By de ni-

tion, thevariablesn V belongsto at mosttwo sets 4, (A)

and g, (A) suchthatd; andd, areconsecutie (or possibly
di = dy). We have 3 cases:

1.d; dandd, d: all variablesin V areassignedsin
R, thereforeCy is satis ed.

2. d; > dandd, > d: all variablesin V areassignedsin
S, thereforeCy is satis ed.

3.d; = danddy; = d+ 1: thevariablesin 4,(A) are
assignedsin S, andby de nition of R, thevariablesin
d,=d(A) areassignedsin S, thereforeCy is satis ed.

3

Computingthis neighborhoods nottime expensve, asit
canbedoneasa preprocessingtep. A simplebreadthrst
searchon the constraintgraph,i.e., the graphwereany two
variablesareconnectedff they areconstrainedy thesame
constraint.Theneighborhood 4(A) of abreakA is recom-
putedeachtime, howeverit justrequiresa simpleunionop-
erationovertheneighborhoof theelementsn A.

Updatesof the auxiliary CSP: The rst useof Lemmal
is straightforvard. We know that,for a givenbreakA, there
exists a b-repaironly if thereexists onethat shareaall as-
signmentoutside ,(A). Thereforewe canmake P °equal
to the currentstateof P apartfrom ,(A). This doesnot
malke the algorithm stronger However, we canthen post
an ATMosTkDIFF constraintonly on  p(A) insteadof X ©,
sincewe have all thepruningon X °n  y(A) for “free”.

Avoiding useless repair checks: Now suppose that
pr1 (A) Past®. Thenwe know that this breakhasal-
readybeenchecledat the previouslevel in the searchree,
andthe repairthat we found hasthe propertythat assign-
mentson .1 (A) arethe sameasin the currentsolution.
Thus any extensionof the currentpartial solution, is also
a valid extensionof this repait Thereforewe know that



this repairwill hold in ary subtree hencewe do not need
to checkit unlessbacktrackingoeyondthis point.

Tightening the ATMOSTKDIFF constraint:  Considering
thepropertyof Lemmal, we cantightenthe ATM 0STKDIFF
constraintby forbidding someextra tuples. Doing this, we
get a tighter pruning when doing arc consisteng, while
keepingat leastone solution, if suchsolution exists. The
rst tighteningis thatall differencesutside ,(A) arefor-
bidden. But, we can do even more inference. For in-
stancesupposahat for thatwe Iook for a 3—repairfor the
breakfX g andthat 1(X9) = X XD =
fXEg, 3(X 9 =1x%yg, andthedomamsareasfollows

0= f1;29;X2;X3: f3;4g;X4;X5: f1,2;3;49

Moreover, supposethat for the main backtracler, the do-
mainsareasfollows:

X1 = 3;X2;X3;X4; X5 = 1,29

We can obsere that already2 reassignmentare madeat
distancel from X ;. As a consequencef X2 wasto be
assignediifferentlyto X 5, thenX 4 would have to be equal
to X 4, andthereforethereis no discrepang on ary variable
from ,(X9), hencetheremustbe a repair suchthat ary
variableoutside »(X1) is assignedasin the mainsolution.
We canthusprunethevalues3 and4 from D(X Q) (to make
it equalto Xs).

Infer encefr omrepair-seekingto the main CSP: Wecan
infer thatsomevaluesof themainCSPwill neverparticipate
in asupersolutionwhile seekingfor repairs.This allows us
to prunethefuturevariableswhich cangreatlyspeedip the
searchprocessgspeciallywhencombinedwith GAC prop-
agationon “regular” constraintsFor instanceconsidercon-
straintproblemP , composedf the domainvariables:

X1=11;2,40; X, = 1,20, X3= 1,29, X4 = f1;29

subjectto thefollowing constraininetwork:

WehaveP°= P, andit is easyto seethatP is arcconsis-
tent. Now supposehatwe look for a (1; 1)-supersolution,
andour rst decisionis to assignthe value1 to X;. The
domainsarereducedsothatP remainsarcconsistent:

Xp=f1g; X, = flg; X3 =f1;209; X4 = 1,29

Thenwe want to make surethat thereexist a 1-repairfor
the breakf X 1g. We thenconsiderP ® whereD (X ) is set
to D(X ?) nf 1g. Moreoverthe constraintATM 0ST2DIFF is
postedon 1(fX10) = (X1;X2):

= 2,49, X9= 11,29, XJ= 11,29, X J= 1,29

SlncePfifX % is satis able, (for instancefhX { : 2ig is a
partial solutionthatdoesnot producea domaan|pe outin

ary variableof P9 we continuesearching However, if be-
fore solving P%in orderto nd arepairwe rst propagate
arcconsisteny, thenwe obtainthefollowing domains:

X9= 12,49, X 9= f2g;X3=f1g;XJ= f2g

Obsenethat2 2 D(X 3) whilst2 62D (X 9), thismeanghat
no repairfor X, canassignthe value2 to X 3. However,
Lemmal worksin bothdirection,sinceX 62 1(X ), we
canconcludethatX § andX 3 shouldbeequal,andtherefore
we canprunethe value 2 directly from X 3. In this toy ex-
ample thisremoval will make P arcinconsistentandthere-
fore we canconcludewithout searchinghat X ; cannotbe
assignedo 1.

Notice thatthis extra pruningcomesat no extra cost,the
only condition that we imposeis to make P arc consis-
tent before searchingon it. After this arc consistentpre-
processindor abreakA, any valueprunedfrom thedomain
of avariableX?2 X%n p(A), canbe prunedfrom X; as
well.

The main drawback of this methodis that as soon as
the probleminvolves a global constraint(for instance“all
the variablesmust be different”), then typically we have

1(Xi) = X forary X; 2 X. Thereforeall previousim-
provementsbasedon neighborhoodare useless.However,
onecanmake suchinference but usinga differentreason-
ing, evenin the presenc®f large arity constraintsTheidea
is the following: Supposehat after enforcingGAC on P°,
the Ieastnumberof discrepanciess exactly a + b, thatis,
Dif f = fijD(X;) 6 DAX9)g & jDif fj = a+ b We
candeducethatary variableXj 0 suchthatj 62Dif f must
be equalto Xj, for any b-repalr Indeed,it appliesto ary
repair, sinceonly pre-processingnd no searchwas used.
Therefore we canprunedomainsin both P and P ° asfol-
lows:

8i 62Dif f D(X;) D(Xi)\ D(X)&D(X® D(X;)
We canthereforemodify reparability by takinginto

accounthe previousobsenations(Algorithm 4).

Extensions

In (EHWO04a),the authorsproposeto extendor restrictsu-
persolutionsin severaldirectionsto make themmoreuseful
practically In schedulingproblems,we may have restric-
tions on how the machinesarelikely to break,or how we
may repairthem. Furthermorewe have animplicit tempo-
ral constrainthatforbid somereassignmentd-or instance,
when a variablebreaks,there are often restrictionson the
alternatve valuethatit cantake. Whenthevaluesrepresent
time, thenan alternatve valuemight have to be largerthan
thebrokenvalue.Alternatively, or in addition,we maywant
the repairto be chosenamonglarger values,for someor-
dering. It may alsobe the casethat certainvaluesmay not
be brittle andso cannotbreak. Or thatif certainvaluesare
chosenthey cannotbe changed.This algorithmallows to
expresstheserestrictions(and mary more) very easily as
they canbe modelledasextra constrainton P °.

For instancedo modelthefactthatanalternative valuehas
to be larger thanthe broken value, one can postthe unary



Algorithm 4: repairability (P; S; Past; a; b):Bool

covered
foreachA Past®suhthatjAj = a andA 62coveredand pi; 6
Past®do
foreachX; 2 A do
[ DUXD DUXY)  fSlily;

foreachX; 2 (X n p(A)) do
[ DxP DX
if : AC-propagate (P °) then returnFalse;
Dif f  fijD (Xi) 6 DX 9g;
ifDif f = a+ bthen

foreachX; 2 (X nDif f) do
L L Dxi)  DAXD)  (DAX)\ D(Xi));

foreachX; 2 (X n p(A)) do

[ D(Xi) DAXD:

S  solve (PY%p a 0+ ATMOST(jAj + b)DIFF(P ast®; S));
if S°= nil thenreturnFalse;

Dif f  fijSli] 6 Sli]g;

foreachA® Dif f suhthatjA% = ado

| covered covered[ fAg;

constraintX > S[X], whereX is ary variableinvolvedin
the break,and S[X ] is the value assignedo this variable
in the main solution. Moreover, one can changethe con-
straintATM osTkDIFF itself. For instance supposehatwe
areonly interestedn therobustnes®f theoverallmakespan,
andwearesolvingasequencef deadlingob shop Onecan
extendthedeadlineof P ° by agiven(acceptablejuantityq,
and omit the ATM osTkDIFF constraint. The resultingso-
lution will be onesuchthatno “break” of sizelessthanor
equalto a canresultin amakesparincreaseof morethang.
Anotherconcerns thatthe semantiof the supersolution
depend=on the model chosenfor solving a problem. For
instance an ef cient way of solving the job shopschedul-
ing problemis to searclover sequencesf actiitiesoneach
resourceratherthanassigningstarttimesto actiities. In
this case,two solutionsinvolving differentstarttimes may
mapto a single sequence Thereforethe semanticof a su-
persolutionis changeda breakor arepairimpliesamodi -
cationof theorderof actiities for aresourcelt is therefore
interestingto think of ways of solving a problemusing a
modelwhilst ensuringthat the solutionis a supersolution
for anothemodel.If it is possibleto channebothrepresen-
tations, then one can solve one model whilst applying the
reparability procedurdo the secondnodel.

Optimization

Finding supersolutionsis still, andwill certainlyremaina
dif cult problem. Oneway to avoid this dif culty is to try
to geta solutionascloseaspossibleto a supersolution.We
canthenstartfrom aninitial solutionfound usingthe best
availablemethod,andthenwe improve its repambility with
abranchandboundalgorithm.

The(a; b)-repambility of asolutionis de nedasthenum-
berof combination®f lessthana variableghatarecovered
by a b-repair In (EHWO04a),the authorsreportthat turn-
ing the procedureinto a branchand boundalgorithm that

maximizereparabilityis the most promisingway of using
supersolutionsin practiceasan (a; b)-supersolution may
not always exist. Moreover doing so, onecangeta “regu-
lar” solutionwith the fastestvailablemethod,andimprove
its reparabilityafterward.

The algorithm introducedhere can easily be adaptedn
thisway. The proceduraeparability would returnthe
numberof b-repairsfounds,insteadof failing whena break
doesnotaccepbne.Themainbacktraclerwouldthenback-
track eitherif the problemis madearc inconsistentor the
valuereturnedby reparability is lessthantherepara-
bility of the bestfull solutionfoundsofar. We rewrite the
procedurereparability adaptedo this purposein Al-
gorithm5.

Algorithm 5: reparability (P; S;Past; a; b):Int

covered
foreachA Past®suhthatjAj = aandA 62coveredand ps1 6
P ast®do
foreachX; 2 A do
L D% DUXP) fslilg;

foreachX; 2 (X n ,(A)) do
[ D%xP) DX
S®  solve (PY%p .o 0+ ATMOST(jAj + b)DIFF(P ast?; S));
if S°6 nil then
Dif f  fijsYi] & Slilg;
foreachA® Dif f suhthatjA% = ado
\‘ | covered covered[ fAg;

| returnjcover edj;

Unfortunately if all otherimprovementsstill hold, we
cannotpruneP asaresultof apruningwhenpre-processing
P9, sincea breakwithout repairis allowed.

Futur e work

Our next priority is to implementthis algorithmfor nding
supersolutionsto thejob-shopschedulingproblem.We will
usea constraintsolver that implementsshaving, the ORR
heuristicdescribedn (SF96),aswell asconstantime prop-
agatorsfor enforcingGAC on precedencand overlapping
constraints.As thesetwo constraintsarebinary, the neigh-
borhoodof a variableis limited. Hencethe theoreticalre-
sultsintroducechereshouldapply. Moreover, we expectthis
reasoningo offer a goodsynepgy with a strongglobal con-
sisteny methodsuchasshaving. Indeedmoreinferencecan
be doneon the repairs(without searchingthanwith GAC,
andthusmorevaluescanbe prunedin the mainsearchree
becaus®f therobustnessequirementWe thereforeexpect
to be ableto solve muchlargerproblemsthanthe instances
solvedin (EHWO04a).

Conclusion

We have introduceda new algorithmfor nding supersolu-
tionsthatimprovesuponthe previous method. The new al-
gorithmis morespaceef cient asit only requiresto double
the sizeof the original constraintsatistctionproblem. The
new algorithmalsopermitsusto useary constraintoolkit to



solve themastemproblemaswell asthesub-problemgener

atedduring search.We alsotake advantageof repairmulti-

directionality and of inferencebasedon just a restricted
neighborhoodof constraints. Moreover, this algorithm al-

lows the userto easily specify extra constraintson the re-

pairs. For example,we can easily specify that all repairs
shouldbelaterin time thanthe rst break.
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