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Chapter 18

Randomnessand Structur e

Carla Gomesand Toby Walsh

This chaptercoversresearchin constraintprogramming(CP)andrelatedareasinvolving
randomproblems.Suchresearchhasplayeda signi�cant role in thedevelopmentof more
ef�cient andeffective algorithms,aswell as in understandingthe sourceof hardnessin
solvingcombinatoriallychallengingproblems.

Randomproblemshaveprovedusefulin a numberof differentways.Firstly, they pro-
videa relatively “unbiased”samplefor benchmarkingalgorithms.In theearlydaysof CP,
many algorithmswerecomparedusingonly a limited sampleof probleminstances.In
somecases,this mayhave leadto prematureconclusions.Randomproblems,by compar-
ison,permitalgorithmsto be testedon statisticallysigni�cant samplesof hardproblems.
However, aswe outlinein therestof this chapter, thereremainpitfalls waiting theunwary
in their use. For example,randomproblemsmay not containstructuresfound in many
realworld problems,andthesestructurescanmake problemsmucheasieror muchharder
to solve. As a secondexample,theprocessof generatingrandomproblemsmay itself be
“�a wed”, giving probleminstanceswhicharenot,at leastasymptotically, combinatorially
hard.

Randomproblemshavealsoprovidedinsightinto problemhardness.For example,the
in�uential paperby Cheeseman,Kanefsky andTaylor [12] highlightedthecomputational
dif�culty of problemswhich areon the“knife-edge” betweensatis�ability andunsatis�-
ability [84]. Thereis evenhopewithin certainquartersthatrandomproblemsmaybeone
of thelinks in resolvingtheP=NPquestion.

Finally, insightinto problemhardnessprovidedby randomproblemshashelpedinform
the designof betteralgorithmsandheuristics. For example,the designof a numberof
branchingheuristicsfor theDavis LogemannLovelandsatis�ability (DPLL) procedurehas
beenheavily in�uenced by the hardnessof randomproblems.As a secondexample,the
rapid randomizationandrestart(RRR) strategy [45, 44] wasmotivatedby the discovery
of heavy-tailed runtimedistributionsin backtrackingstyle searchprocedureson random
quasigroupcompletionproblems.
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18.1 RandomConstraint Satisfaction

We begin by introducingthe randomproblemsclassesstudiedin constraintsatisfaction,
anddiscussingvariousempiricalandtheoreticalresultssurroundingthem.

18.1.1 ModelsA to D

Most experimentalandtheoreticalstudiesuseoneof four simplemodelsof randomcon-
straint satisfaction problems. In each,we generatea constraintgraphG, and then for
eachedgein this graph,wechoosepairsof incompatiblevaluesfor theassociatedcon�ict
matrix. The modelsdiffer in how we generatethe constraintgraphandhow we choose
incompatiblevalues.In eachcase,we candescribeproblemsby the tuplehn; m; p1; p2i ,
wheren is thenumberof variables,m is theuniform domainsize,p1 is a measureof the
densityof theconstraintgraph,andp2 is ameasureof thetightnessof theconstraints.

modelA: we independentlyselecteachoneof then(n � 1)=2 possibleedgesin G with
probabilityp1, andfor eachselectededgewepick eachoneof them2 possiblepairs
of values,independentlywith probabilityp2, asbeingincompatible;

modelB: we randomlyselectexactly p1n(n � 1)=2 edgesfor G, andfor eachselected
edgewerandomlypick exactlyp2m2 pairsof valuesasincompatible;

modelC: we selecteachoneof then(n � 1)=2 possibleedgesin G independentlywith
probabilityp1, andfor eachselectededgewe randomlypick exactly p2m2 pairsof
valuesasincompatible;

modelD: we randomlyselectexactly p1n(n � 1)=2 edgesfor G, andfor eachselected
edgewe pick eachoneof them2 possiblepairsof values,independentlywith prob-
ability p2, asbeingincompatible;

Whilst p1 and p2 can be either a probability or a fraction, similar resultsare observed
with thefour differentmodels.Most experimentalstudiestypically �x n andm, andvary
p1 and/orp2. Typical parameterrangesinclude h10; 10; p1; p2i , h20; 10; p1; p2i , h10 �
200; 3; p1; 1=9i , andh10 � 200; 3; p1; 2=9i . The penultimateof theseparameterranges
resemblesgraph3-colouring.SeeTable1 in [27] for amoreextensivesurvey.

18.1.2 PhaseTransition

Randomproblemsgeneratedin this way exhibit phasetransitionbehaviour similar to that
seenin statisticalmechanics[12]. Looselyconstrainedproblemsarealmostsurelysatis�-
able. As we increasetheparametersandconstraintheproblemsmore,problemsbecome
almostsurelyunsatis�able.As n increase,thetransitionbetweensatis�ableandunsatis�-
ableproblemsbecomessharperandsharper. In thelimit, it is astepfunction[22]. Usinga
Markov �rst momentmethod,thelocationof this phasetransitioncanbepredictedto oc-
cur wheretheexpectednumberof solutionsis approximately1 [73, 80]. Associatedwith
this rapidtransitionin satis�ability of problems,is a peakin problemhardnessfor a wide
rangeboth of systematicandlocal searchmethods[12, 67, 73, 80]. Suchproblemsare
on the“knife-edge”betweensatis�ability andunsatis�ability [84]. It is veryhardto tell if
they aresatis�ableor unsatis�able.If webranchonavariable,theresultingsubproblemis
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smallerbut otherwisetendsto look similar. Wecanonly determineif thecurrentsubprob-
lem is satis�abledeepin thesearchtree. SeeFigure18.1for somegraphsdisplayingthe
“easy-hard-easy”patternassociatedwith phasetransitions.

Figure18.1: Phasetransitionfor Model B problemswith hn; 3; p1; 2=9i (a) percentage
satis�ability and(b) mediansearcheffort for FC-CBJwith the fail-�rst heuristicagainst
p1, andn from 10 to 110.Graphstakenfrom [27].

Whilst thehardestproblemstypicallyoccurcloseto thisrapidtransitionin satis�ability,
hardproblemscanoccurelsewhere.In particular, in theeasyandsatis�ableregion,prob-
lemscanoccasionallybe very hardto solve, especiallyfor systematicsearchprocedures
like forward checking[32, 47, 46]. Suchexceptionallyhardproblems(EHPs)appearto
beaconsequenceof earlybranchingmistakes.Betterbranchingheuristics,moreinformed
backtrackingmechanisms,greaterconstraintpropagationandrestartstrategiescanall re-
ducethe impactof EHPsgreatly. Sincecurvesof mediansearcheffort may disguisethe
appearanceof EHPs,experimentalistsareencouragedto look for outliers.

18.1.3 Constrainedness

Williams andHogg introducedthe �rst comprehensive theoreticalmodelof suchphase
transitionbehaviour for constraintsatisfactionproblems[86]. More recently, Gentet al.
presenteda theorythatworksacrossa wide rangeof problemsandcomplexity classesin-
cludingconstraintsatisfactionandsatis�ability problems[30]. Thistheoryis basedaround
thede�nition of the“constrainedness”of a problemusingtheparameter� . For anensem-
bleof problems:

� = 1 �
log2(hSoli )

N

WherehSoli is theexpectednumberof solutionsfor a problemin theensemble,andN is
thenumberof bitsneededto representasolution(or equivalentlythelog base2 of thesize
of thestatespace).For instance,for modelB, this is:

� =
n � 1

2
p1 logm (

1
1 � p2

)
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This constrainednessparameter, � lies in the interval [0; 1 ). For � < 1, problemsare
under-constrainedandaretypically easyto show satis�able.For � > 1, problemsareover-
constrainedandaretypically relatively easyto show unsatis�able. For � � 1, problems
arecritically constrainedandexhibit a sharptransitionin satis�ability. For instance,for
randomconstraintsatisfactionproblem,graphk-colouringproblems,numberpartitioning,
andtravelling salespersonproblems,a rapidphasetransitionin problemsatis�ability has
beenobservedaround� � 1 [27].

Exacttheoreticalresultsaboutthelocationof thephasetransitionandof thehardness
of randomconstraintsatisfactionproblemshavebeenharderto obtainthaneitherempirical
resultsor approximateresultsusing“theories”like thatof constrainedness.Oneexception
is work in resolutioncomplexity. Most of the standardbacktrackingalgorithmslike for-
wardcheckingandcon�ict-directedbackjumpingexploresearchtreesboundedin sizeby
thesizeof acorrespondingresolutionrefutation.Resolutioncomplexity resultscanthusbe
usedto place(lower) boundson problemhardness.For example,randomconstraintprob-
lemsalmostsurelyhaveanexponentialresolutioncomplexity whentheconstrainttightness
is smallcomparedto thedomainsize[68, 66,25,89].

18.1.4 Finite-SizeScaling

The scalingof the phasetransitionwith problemsizecanbe modelledusing �nite-size
scalingmethodstaken from statisticalmechanics[60, 30]. In particular, aroundsome
critical valueof constrainedness� c, problemsof all sizesareindistinguishableexceptfor a
simplechangeof scalegivenby apower law in N . Oncerescaled,macroscopicproperties
like theprobability thata problemis satis�ableobey simpleequations.For example,the
probabilityof satis�ability canbemodelledwith thesimpleequation:

prob(Sol > 0) = f (
� � � c

� c
N 1=� )

Wheref is someuniversalfunction, � � � c
� c

playstherolesof thereducedtemperatureT � Tc
Tc

asit rescalesaroundthecritical point, andN 1=� is a simplepower law thatdescribesthe
scalingwith problemsize. SeeFigure18.2 for somegraphswhich illustrate this �nite-
sizescaling. Finite-sizescalingis usedin statisticalmechanicsto describesystemslike
Ising magnetswith 1020 or moreatoms(andthuswith 21020

or sostates).It is remarkable
thereforethatsimilarmathematicscanbeusedto describeaconstraintsatisfactionproblem
with tensor hundredsof variablesandthereforejust 2100 or sostates.

Finite-sizescalingalsoappearsto beusefulto modelthechangein problemhardness
with problemsizeandproblemconstrainedness[31]. Finally, parameterslike� andproxies
for themwhicharecheaperto computeappearusefulasbranchingheuristics[27]. A good
heuristicis to branchon the“mostconstrained”variable.Thiswill encouragepropagation
andtendto giveanew subproblemto solvewhich is muchsmaller.

18.1.5 Flawsand FlawlessMethods

Randomproblemsmay containstructureswhich make themarti�cially easy. Oneissue
is trivial �a ws which a polynomialalgorithmcouldeasilydiscover. In a binaryconstraint
satisfactionproblem,the assignmentof a valueto a variableis saidto be �a wed if there
existsanothervariablethatcannotbeassigneda valuewithout violating a constraint.The
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Figure 18.2: Finite-size scaling of the phasetransition for Model B problemswith
hn; 3; p1; 2=9i . (a) percentagesatis�ability and(b) mediansearcheffort for FC-CBJwith
the fail-�rst heuristic against the rescaledparameter, � � � c

� c
N 1=� for � c = 0:625 and

� = 2:3. Graphstakenfrom [27].

value is supportedotherwise. A variableis �a wed iff eachvalue is �a wed. A problem
with a �a wed variablecannothave a solution. Achlioptaset al. [4] identify a potential
shortcomingof all four randommodels.They prove that if p2 � 1=m then,asn goesto
in�nity , therealmostsurelyexists a �a wed variable. Suchproblemsarenot intrinsically
hardasa simplearc-consistency algorithmcansolve themin polynomialtime.

Fortunately, such�a ws areunlikely in thesizeof problemsusedin practice[27]. We
canalsode�ne parametersfor existingmethodsandnew generationmethodswhichprevent
�a ws. For example:

modelB: theparameterschemem = n � , p1 = � log(n)=(n � 1) for someconstants� ,
� [91, 89]; Xu andLi alsopresentasimilarparameterschemefor modelD in which
domainsizegrows polynomially with the numberof variables;suchproblemsare
guaranteedto haveaphasetransitionandto giveproblemswhichalmostsurelyhave
anexponentialresolutioncomplexity;

modelD: Smithproposesa somewhatmorecomplex schemewhich increasesm andthe
averagedegreeof theconstraintgraphwith n [81];

modelE: anew generationmethodin whichweselectuniformly, independentlyandwith
repetition,exactly pm2n(n � 1)=2 nogoodsout of them2n(n � 1)=2 possiblefor
some�x edp [4];

modi�ed modelsA to D: we ensurethecon�ict matrix of eachconstraintis �a wlessby
randomlychoosingapermutation� i of 1 to m, andinsistthat(i; � i ) is agoodbefore
we randomlypick nogoodsfrom theotherentriesin thecon�ict matrix; eachvalue
is therebyguaranteedto havesomesupport[27].

Model E is very similar to the one studiedby Williams and Hogg [86]. One possible
shortcomingof ModelE is thatit generatesproblemswith acompleteconstraintgraphfor
quitesmallvaluesof p. It is hardthereforeto testtheperformanceof algorithmsonsparse
problemsusingModelE [27].
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The modi�ed versionsof modelsA to D areguaranteednot to containtrivial �a ws
which would be uncoveredby enforcingarc-consistency. However, more recentresults
haveshown thatsuchproblemsmaystill beasymptoticallyunsatis�ableandcanbesolved
in polynomialtimeusinga pathconsistency algorithm[25]. In response,GaoandCulber-
sonproposeamethodto generaterandomproblemswhichareweaklypath-consistent,and
whichalmostsurelyhaveanexponentialresolutioncomplexity.

18.1.6 RelatedProblems

Phasetransitionbehaviour hasalsobeenobservedin otherproblemsassociatedwith con-
straintsatisfactionproblems.This includesproblemsin bothhigherandlower complexity
classes.For example,phasetransitionbehaviour hasbeenobserved in polynomialprob-
lemslikeestablishingthearc-consistency of randomconstraintsatisfactionproblems[29].
Theprobabilitythattheproblemcanbemadearc-consistentgoesthrougharapidtransition,
andthis is associatedwith a peakfor thecomplexity of coarsegrainedarc-consistency al-
gorithms.As asecondexample,phasetransitionbehaviour hasbeenobservedin PSPACE-
completeproblemslike the satis�ability of quanti�ed Booleanformulae. We have to be
again carefullyof generating�a wedproblems,but if we do, thereis a rapid transitionin
satis�ability, andthisisassociatedwith acomplexity peakfor many searchalgorithms[37].
As athird and�nal example,phasetransitionbehaviour hasbeenobservedin PP-complete
problemslikedecidingif aBooleanformulaecanbesatis�edby at leastthesquare-rootof
thetotal numberof assignments[8].

18.2 RandomSatis�ability

One type of constraintsatisfaction problemwith a specialbut very simple structureis
propositionalsatis�ability (SAT). In a SAT problem,variablesareonly Boolean,andcon-
straintsare propositionalformulae, typically clauses. Many problemsof practicaland
theoreticalimportancecanbeeasilymappedinto SAT. RandomSAT problemshave been
thesubjectof extensiveresearch.As aresult,someof ourdeepestunderstandinghascome
in thisarea.

18.2.1 Random k-SAT

Thereexist anumberof differentclassesof randomSAT problem.Onesuchproblemclass
is the “constantprobability” modelin which eachvariableis includedin a clausewith a
�x edprobability. However, this givesproblemswhich areofteneasyto solve. Following
[67], researchhasfocusedontherandomk-SAT problemclass.A randomk-SAT problem
in n variablesconsistsof m clauses,eachof which containsexactly k Booleanvariables
drawn uniformly andat randomfrom thesetof all possiblek-clauses.A rapid transition
in satis�ability is observed to occurarounda �x ed ratio of clausesto variablesandthis
appearsto becorrelatedwith a peakin searchhardness[67]. Suchproblemsareroutinely
usedto benchmarkSAT algorithms.

For random2-SAT, which is polynomial,thephasetransitionhasbeenprovento occur
at exactly m=n = 1 [14, 38]. For randomk-SAT for k � 3, exact resultshave been
harderto obtain. For k = 3, the phasetransitionoccursbetween3:42 � m=n � 4:51.
Experimentssuggestthatthetransitionis atm=n = 4:26. Asymptotically, thesatis�ability
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transitionis “sharp” (that is, it is a stepfunction) [22]. A very recentresultprovesthat
the thresholdis at 2k log(2) � O(k), con�rming “approximate”resultsfrom statistical
mechanicsusing replicamethods[5]. Finite-sizescalingmethodscanagain be usedto
modelthesharpeningof thephasetransitionwith problemsize[60].
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Figure18.3: Mediansearchcostfor DPLL to solve 50 variablerandom3-SAT problems
andfractionof unsatis�ableclauses,bothplottedagainsttheratio of clausesto variables.
Graphsadaptedfrom [67].

At leastonenoteof cautionneedsto be soundedaboutthe usingrandom3-SAT as
the distribution of solutionsis highly skewed. In particular, at the phasetransition,the
expectednumberof solutionsis exponentiallylarge [57]. Thus, whilst many problems
havenosolutions,a few problemswill haveexponentiallymany.

18.2.2 Backbone

A possible“order parameter”for suchphasetransitionsis thebackbone.For a satis�able
problem,thebackboneis thefractionof variableswhich take �x edvaluesin all satisfying
assignments.Suchvariablesmustbe assignedcorrectlyif we areto �nd a solution. For
anunsatis�ableproblem,thebackboneis thefractionof variableswhich take �x edvalues
in all assignmentswhich maximizethenumberof satis�edclauses.A satis�ableproblem
with a largebackboneis likely to behardto solve for systematicmethodslikeDPLL since
therearemany variablesto branchincorrectlyupon. For random3-SAT, the backbone
sizejumpsdiscontinuouslyat the phasetransition,suggestingthat it behaveslike a �rst-
order(or discontinuous)phasetransitionin statisticalmechanics.For random2-SAT, on
theotherhand,thebackbonesizevariessmoothlyover thephasetransitionsuggestingthat
it behaves like a second-order(or continuous)phasetransition. However, the order (or
continuity)of thephasetransitiondoesnot appearto bedirectly connectedto theproblem
complexity asthereareNP-completeproblemswith second-order(or continuous)phase
transitions.
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18.2.3 2+p-SAT

Signi�cant insightinto phasetransitionbehaviour hascomefrom “interpolating”between
random2-SAT (which is polynomialandquitewell understoodtheoretically)andrandom
3-SAT (which is NP-hardandmuchlesswell understoodtheoretically).Therandom2+p-
SAT problemclassconsistsof SAT problemswith a mixtureof (1 � p)m clauseswith 2
variablesandpm clauseswith 3 variables,eachclausedrawn uniformly andat random
from thespaceof all possibleclausesof thegivensize.For p = 0, wehaverandom2-SAT.
For p = 1, we have random3-SAT. For 0 < p < 1, we have problemswith a mixture
of both2-clausesand3-clauses.Fromtheperspectiveof worst-casecomplexity, 2+p-SAT
is ratherunexciting. For any �x ed p > 0, the problemclassis NP-complete.However,
problemsappearto bebehavepolynomiallyfor p < 0:4 [69, 3]. It is only for p � 0:4 that
problemsappearhardto solve. This increasein problemhardnesshasbeencorrelatedwith
a rapid transitionin the sizeof the backbone,andwith a changefrom a continuousto a
discontinuousphasetransition[69]. For 0 � p � 0:4, thesatis�ability phasetransitionfor
random2+p-SAT occursatasimplelowerbound,1=(1 � p) constructedby simplyconsid-
ering thesatis�ability of theembedded2-SAT subproblem.In otherwords,the2-clauses
alonedeterminesatis�ability. It is not perhapssosurprisingthereforethataveragesearch
costsappearsto be polynomial. Note that, having madesomebranchingdecisionson a
3-SAT problem,DPLL is effectively solvinga 2+p-SAT subproblem.Theperformanceof
suchprocedurescanthusbemodelledby mappingtrajectoriesthroughp andm=n space
[15].
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Figure18.4: Mediancomputationalcost for DPLL to solve random2+p-SAT problems
plottedagainstthenumberof variables,N for a rangeof valuesof p. Graphadaptedfrom
[15].

18.2.4 Beyond k-SAT

Phasetransitionbehaviour hasbeenobservedin othersatis�ability problemsincluding:

1 in k-SAT: each“clause”containsk literals,exactlyoneof whichmustbetrue.Thiswas
the �rst problemNP-completeclassin which the exact locationof its satis�ability
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phasetransitionwasproven[1]. For all k � 3, random1 in k-SAT problemshave a
sharp,second-orderor continuousphasetransitionat m=n = 2=k(k � 1).

NAE-SAT: each“clause”containsk literals,all of whichcannottakethesametruthvalue.
For k = 3, thephasetransitionfor randomNAE SAT problemsoccurssomewhere
between1:514 < m=n < 2:215 [1]. Empirical resultsput the phasetransitionat
aroundm=n � 2:1. A NAE SAT problemcanbemappedinto a SAT problemwith
twice the numberof clauses.Although theseclausesarecorrelated,it is remark-
ablethat thesecorrelationsappearto be largely irrelevant andthe phasetransition
occursat almostexactlyhalf theclauseto variableratioof therandom3-SAT phase
transition.

XOR SAT: each“clause” containsk literals, an odd numberof which must be true in
any satisfyingassignment.For k = 3, randomNAE SAT hasa sharpthreshold
in the interval 0:8894 � m=n � 0:9278 [17]. Experimentsput the transitionat
m=n � 0:92, whilst statisticalmechanicalcalculationsput it at m=n = 0:918[21].

non-clausalSAT: formulaehave a �x ed shape(a given structureof andandor connec-
tives)which arelabelledwith literalsat random[71]. This modeldisplaysa phase
transitionin satis�ability with anassociatedeasy-hard-easypatternin searchcost.

quanti�ed SAT: in aquanti�edBooleanformula(QBF)wehavevariableswhichareboth
existentiallyquanti�ed anduniversallyquanti�ed. If we generaterandomQBF for-
mulae,we needto throw out clausescontainingjust universallyquanti�ed variables
(asthesearetrivially unsatis�able). If we eliminatesuch“�a ws”, thereis a rapid
phasetransition,andanassociatedcomplexity peak[37]

18.2.5 Satis®ableProblems

Randomproblemshave beena driving forcein thedesignof betteralgorithms.To bench-
markincompletelocalsearchprocedures,standardrandomproblemgeneratorsareunsuit-
ableasthey produceboth satis�ableandunsatis�ableinstances.We could simply �lter
out unsatis�ableinstancesusing a completemethod. However, we are then unableto
benchmarkincompletesearchmethodsonproblemsthatarebeyondthereachof complete
methods.Designinggenerators,on theotherhand,thatgenerateonly satis�ableproblems
hasprovensurprisinglydif�cult.

Oneapproachis to “hide” at leastonesolutionin aprobleminstance.For example,we
canchoosea randomtruth assignmentT 2 f 0; 1gn andthengeneratea formula with n
variablesand� m randomclauses,rejectingany clausethatviolatesT. Unfortunately, this
methodis highly biasedto generatingformulaswith many assignments.They aremuch
easierfor localsearchmethodslikeWalksat[74] thanformulasof comparablesizeobtained
by �ltering a random3-SAT generator. More sophisticatedversionsof this “1-hiddenas-
signment”schemeprovide improvementsbut still leadto biasedsamples[7]. Achlioptas
et al. [6] proposeda “2-hiddenassignment”approachin which clausesthat violate both
T andits complementarerejected.Whilst DPLL solvers�nd suchproblemsashardas
regular random3-SAT problems,local searchmethods�nd themeasy. An improvedap-
proach,called“q-hidden”[56], hidesasingleassignmentbut biasesthedistributionsothat
eachvariableis aslikely to appearpositively asasnegatively, andthe formulano longer
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pointstowardthesatisfyingassignmentT. Indeed,we canevenmake it morelikely thata
variableoccurrencedisagreeswith T, sothattheformulabecomes“deceptive” andpoints
away from thehiddenassignment.Empiricalresultssuggestthattheq-hiddenmodelpro-
ducesformulasthataremuchharderfor Walksat.

RecentlyXu et al [90] gave modi�cations of the randommodelsB andD to gener-
ate“forced” solvableinstanceswhosehardnessis comparableto “unforced” solvablein-
stances,basedon the theoreticalargumentthat thenumberof expectedsolutionsin both
casesis identical. They alsoprovide empiricalresultsshowing that theunforcedsolvable
instances,unforcedsolvableandunsolvableinstances,andforcedsolvableinstancesex-
hibit a similar hardnesspattern.In section18.3we will discussa quitedifferentstrategy
for generatingguaranteedsatis�ablerandominstancesfor structuredCSPproblems.

18.2.6 Optimization Problems

Phasetransitionbehaviour hasalsobeenidenti�ed in a rangeof optimizationproblems.
Someof ourbestunderstandinghascomein satis�ability problemsrelatedto optimization
likeMAX-SAT (for example,[94,79]. However, insighthasalsocomefrom otherdomains
likenumberpartitioning[34, 36] andthesymmetricandasymmetrictravelling salesperson
problems[35, 96, 95]. The simplestview is that optimizationproblemsnaturallypush
us to the phaseboundary[33]. For systematicbacktrackingalgorithmslike branchand
bound,we essentiallysolve a pair of decisionproblemsright at the phasetransition: we
�rst �nd a solutionto thedecisionproblemwith anoptimalobjective andthenprove that
thedecisionproblemwith any smallerobjectiveis unsatis�able.A moresophisticatedview
is thatoptimizationproblemslike MAX-SAT canbeviewedasboundedby a sequenceof
decisionproblemsat successiveobjectivevalues[94].

Theconceptof backbonehasalsobeengeneralizedto dealwith optimizationproblems
[78]. As with decisionproblems,transitionsin problemhardnesshave beencorrelated
with rapid transitionsin backbonesize [78, 94, 95]. Theseviews suggestthat thereis
a relatively simple connectionbetweenthe hardnessof decisionand the corresponding
optimizationproblem. Indeed,by solving (easy)decisionproblemsaway from thephase
boundary, wecanoftenpredictthecostof �nding optimalsolutions[77].

18.3 RandomProblemswith Structure

Uniform randomproblemslike randomk-SAT areunlikely to containstructuresfoundin
many realworld problems.Suchstructurescanmakeproblemsmucheasieror muchharder
to solve. Researchershavethereforelookedatwaysof generatingstructuredrandomprob-
lems. For example,the questionof the existenceof discretestructureslike quasigroups
with particularpropertiesgivessomeof themostchallengingsearchproblems[76]. How-
ever, suchproblemsmaybe too uniform andhighly structuredwhencomparedto messy
real-world problems. In order to bridge this gap, a numberof randomproblemclasses
havebeenproposedthatincorporatestructuresrarelyseenin purelyuniformrandomprob-
lems.For example,GomesandSelman[39] proposedthequasigroupcompletionproblem
(QCP).As anotherexample,Walshproposedsmall-world searchproblems[85].
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18.3.1 Quasigroup Completion

An ordern quasigroup,or Latin Square , is de�ned by n � n multiplicationin whicheach
row andcolumnis a permutationof the n symbols. A partial Latin squarewith p pre-
assignedcellsis ann � n matrix in whichp cellsof thematrixhavebeenassignedsymbols
suchthatno symboloccursrepeatedin a row or a column. TheQuasigroupCompletion
Problem(QCP)is to determineif theremainingn2 � p cells(or “holes”) canbeassignedto
obtaina completeLatin square(seeFigure18.5).QCPis NP-complete[16]. Thestructure
in QCPis similar to thatfoundin real-world domainslikescheduling,timetabling,routing,
andexperimentaldesign.OneproblemthatdirectlymapsontotheQCPis thatof assigning
wavelengthsto routesin �ber -opticnetworks[61].

Figure18.5:QuasigroupCompletionProblemof order4, with 5 holes.

To generatearandomQCPinstance,werandomlyselectp cellsandassigneachasym-
bol. We have a choicein the level of consistency enforcedbetweensuchassignmentsto
eliminate“obvious” inconsistencies.The mostcommonlyusedmodelenforcesforward
checking[39]. Shaw et al [75] studieda modelwhich enforcesgeneralizedarc consis-
tency on the all-different constraintson the rows and the columnsof the matrix. This
givesharderproblemsbut biasesthe sampling. Empirical studieshave identi�ed phase
transitionbehaviour in QCP[39]. Thecomputationallyhardestinstancesagain lie at the
phasetransition.almostall unsolvable(“over-constrained”region). Figure18.6shows the
computationalcost(mediannumberof backtracks)andphasetransitionin solvability for
solvingQCPinstancesof differentorders.

18.3.2 Quasigroup with Holes

TheQCPmodelgeneratesbothsatis�ableandunsatis�ableinstances.A differentmodel,
theQuasigroupWith Holesproblem(QWH),generatesonlysatis�ableinstanceswith good
computationalproperties[2]. QWH instancesaregeneratedby startingwith a full quasi-
groupand “punching” holesinto it. Achlioptaset al [2] proposedthe following QWH
generator:(1) Generatea completeLatin squareuniformly from the spaceof all Latin
squaresusinga Markov chain;(2) puncha fractionp of “holes” into thefull Latin square
(i.e., unassignsomeof the entries)in a uniform way. The resultingpartial Latin square
is guaranteedto besatis�able. Achlioptaset al [2] demonstrateda rapid transitionin the
sizeof thebackboneof QWH instances,coincidingwith thehardestprobleminstancesfor
both incompleteandcompletesearchmethods.Note that this transitionis differentfrom
the standardtransitionin satis�ability asQWH only containssatis�able instances.The
locationof this transitionappearsto scaleasn2 � p=n1:55 [2].
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Figure18.6: Top panel: computationalcostof solvingQCPinstances(order11–15). X-
axis: fraction of pre-assignedcells; Y-axis - mediannumberof backtracksfor solution
(log scale). Bottom panel: phasetransitionin solvability for QCPinstances(order12–
15). X-axis: fraction of pre-assignedcells; Y-axis - fraction of instancesfor which the
partialLatin squarecouldnot becompletedinto a full Latin square.(Eachdatapoint was
computedbasedon100instances.Graphsfrom [39].)
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18.3.3 Other Structur edProblems

A numberof otherrandomproblemclasseswith structurehavebeenstudied.For instance,
Walsh looked at searchproblemslike graphcoloring wherethe underlyinggraphhasa
“small-world” structure[85]. Althoughsmall-world graphsaresparse,their nodestendto
beclusteredandthepathlengthbetweenany two nodesshort.Walshshowedthatasmall-
world structureoftenoccursin graphsassociatedwith many real-world searchproblems.
Unfortunatelythe costof coloring randomgraphswith a small-world structurecanhave
a heavy-taileddistribution (seenext section)in which a few runsareexceptionallylong.
However, thestrategy of randomizationandrestartscaneliminatetheseheavy tails.

To generaterandomsmall-world graphs,Walshmergedtogetherrandomgraphswith a
structuredring lattice[85]. Inspiredby thismethod,Gentetal. proposedageneralmethod
calledmorphingto introducestructureor randomnessinto awidevarietyof problems[28].
They show that a mixture of structureandrandomnesscanoften make searchproblems
very hardto solve. A little structureaddedto a randomproblem,or a little randomness
addedto astructuredproblemmaybeenoughto misleadsearchheuristics.They arguethat
morphingprovidesmany of theadvantagesof randomandstructuredproblemclasseswith-
out someof thedisadvantages.As in randomproblemclasses,we cangeneratelarge,and
statisticallysigni�cant sampleswith ease.However, unlike randomproblems,morphed
problemscancontainmany of thestructuresmetin practice.

18.4 Runtime Variability

Broadlyspeaking,randomproblemstendto display“easy-hard-easy”patternsin dif�culty .
However, therehasbeensomeresearchinto variability within thissimplepicture,andinto
wayssuchvariability canbeexploited.
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18.4.1 Randomization

A randomizedcompletealgorithmcanbeviewedasa probabilitydistribution on a setof
deterministicalgorithms. Behaviour canvary even on a single input, dependingon the
randomchoicesmadeby thealgorithm.Theclassicaladversaryargumentfor establishing
lower boundson the run-timeof a deterministicalgorithm is basedon the construction
of a input on which the algorithmperformspoorly. While an adversarymay be able to
constructan input that foils one (or a small fraction) of the deterministicalgorithmsin
the set, it is more dif�cult to devise inputs that are likely to defeata randomlychosen
algorithm. Furthermore,aswe will discussbelow, the introductionof a “small” random
elementallows one to run the randomizedmethodon the sameinstanceseveral times,
isolatingthevarianceinherentin thesearchprocedurefrom e.g.,thevariancethatwould
resultfrom consideringdifferentinstances.

Thereareseveralopportunitiesto introducerandomizationin abacktracksearchmethod.
For example,wecanaddrandomizationto thebranchingheuristicfor tie-breaking[41,43].
Eventhissimplemodi�cation candramaticallychangethebehavior of asearchalgorithm.
If thebranchingheuristicis particulardecisive,it mayrarelyneedto tie-break.In thiscase,
we cantie-breakbetweensomeof thetop rankedchoices.Thelook-aheadandlook-back
procedurescanalsoberandomized.Lynceet al. randombacktrackingwhich randomizes
thebacktrackingpoints,andunrestrictedbacktrackingwhich combineslearningto main-
taincompleteness[64, 65]. Anotherexampleis restartsof adeterministicbacktracksolver
with clauselearning:eachtimethesolveris restarted,with theadditionallearnedclauses,it
behavesquitedifferentlyfrom thepreviousrun,appearingto behave“randomly” [70, 65].

18.4.2 Fat and Heavy Tailed Behavior

The studyof the runtimedistributionsinsteadof just mediansandmeansoften provides
a bettercharacterizationof searchmethodsandmuchusefulinformationin thedesignof
algorithms.For instance,completebacktracksearchmethodsexhibit fat andheavy-tailed
behavior [47, 41, 23]. Fat-tailednessis basedon the kurtosisof a distribution. This is
de�ned as � 4=� 2

2 where� 4 is the fourth centralmomentaboutthe meanand � 2 is the
secondcentralmomentaboutthe mean,i.e., the variance. If a distribution hasa high
centralpeakandlong tails, thanthekurtosisis large. Thekurtosisof thestandardnormal
distribution is 3. A distribution with a kurtosislarger than3 is fat-tailed or leptokurtic.
Examplesof distributionsthatarecharacterizedby fat-tailsaretheexponentialdistribution,
the lognormaldistribution, andthe Weibull distribution. Heavy-tailed distributionshave
“heaver” tails thanfat-taileddistributions;in fact they have somein�nite moments.More
precisely, a randomvariableX is heavy-tailedif it hasParetolikedecayin its distribution,
i.e:

1 � F (x) = P[X > x] � Cx � � ; x > 0;

where� > 0 andC > 0 areconstants.When1 < � < 2, X hasin�nite variance,and
in�nite meanandvariancewhen0 < � < = 1. Thelog-log plot of 1 � F (x) of a Pareto-
like distribution (i.e., thesurvival function)shows linearbehavior with slopedetermined
by � .

Backtracksearchmethodsexhibit dramaticallydifferentstatisticalregimesacrossthe
constrainednessregions of randomCSP models[11]. Figure 18.8 illustratesthe phe-
nomenon. In the �rst regime (the bottomtwo curves in �gure 18.8,p � 0:07), we see
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heavy-tailedbehavior. This meansthat theruntimedistributionsdecayslowly. Whenwe
increasetheconstrainednessof our modeltowardsthephasetransition(higherp), we en-
countera different statisticalregime in the runtime distributions, wherethe heavy-tails
disappear. In this region, the instancesbecomeinherentlyhardfor the backtracksearch
algorithm,all therunsbecomehomogeneouslylong, thevarianceof thebacktracksearch
algorithmdecreasesandthetailsof its survival functiondecayrapidly (seetop two curves
in �gure 18.8,with p = 0:19andp = 0:24; tailsdecayexponentially).

Heavy-tailedbehavior in combinatorialsearchhasbeenobserved in severalotherdo-
mains, in both randominstancesand real-world instances:QCP [41], scheduling[45],
planning[44],graphcoloring[85, 55], andinductive logic programming[92]. Severalfor-
mal modelsgeneratingheavy-tailed behavior in searchhave beenproposed[13, 87, 88,
55, 11, 51]. If a runtimedistribution of a backtracksearchmethodis heavy-tailed,it will
producerunsover several ordersof magnitude,someextremely long but alsosomeex-
tremelyshort. Methodslike randomizationandrestartstry to exploit this phenomenon.
(Seesection18.4.4.)

18.4.3 Backdoors

Insightinto heavy-tailedbehaviour comesfrom consideringbackdoorvariables.Theseare
variableswhich,whenset,giveusapolynomialsubproblem.Intuitively, asmallbackdoor
setexplainshow a backtracksearchmethodcanget“lucky” on certainruns,whereback-
door variablesare identi�ed early on in the searchandset the right way. Formally, the
de�nition of a backdoordependson a particularalgorithm,referredto assub-solver, that
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solvesa tractablesubcaseof thegeneralconstraintsatisfactionproblem[87].

De�nition 18.1. A sub-solverA givenasinputa CSP, C, satis�esthefollowing:
� (Trichotomy)A eitherrejectstheinputC, or “determines”C correctly(asunsatis�-

ableor satis�able, returninga solutionif satis�able),
� (Ef�ciency) A runsin polynomialtime,
� (Trivial solvability) A can determineif C is trivially true (has no constraints) or

trivially false(hasa contradictoryconstraint),
� (Self-reducibility) if A determinesC, thenfor any variable x and valuev, thenA

determinesC[v=x].1

For instance,A could be an algorithmthat performsunit propagation, or arc consis-
tency, or hyper-arc consistency for the alldiff constraint,or an algorithm that solves a
linearprogrammingproblem,or any algorithmsatisfyingtheabove four properties.Using
thede�nition of sub-solverwecannow formally de�ne theconceptof backdoorset.Let A
beasub-solver, andC beaCSP. A nonemptysubsetS of thevariablesis abackdoorin C
for A if for someaS : S ! D , A returnsasatisfyingassignmentof C[aS ]. Intuitively, the
backdoorcorrespondsto asetof variables,suchthatwhensetcorrectly, thesub-solvercan
solve theremainingproblem.A strongernotionof thebackdoor, considersbothsatis�able
andunsatis�able(inconsistent)probleminstances.A nonemptysubsetS of thevariables
is a strongbackdoor in C for A if for all aS : S ! D , A returnsa satisfyingassignment
or concludesunsatis�ability of C[aS ]. Froma logical perspective, thereis no formal con-
nectionbetweenthebackboneandthebackdoorof aproblem.Indeed,whilst it is possible
to exhibit problemswherethey areidentical,it is alsopossibleto exhibit problemswhere
they aredisjoint. In practice,theoverlapbetweenbackbonesandbackdoorsappearsto be
slight [59].

Cutsets[18] area particularkind of backdoorsets.A cutsetis a setof variablessuch
that,oncethey areremovedfrom theconstraintgraph,theremaininggraphhasa property
thatenablesef�cient reasoning,aninducedwidthof atmostaconstantboundb; for exam-
ple, if b = 1 thenthegraphis cycle-free,i.e., it canbeviewedasa tree,andthereforeit
canbesolvedusingdirectedarcconsistency. Backdoorsetscanthusbeseenasa general-
izationof cutsets,i.e., any cutsetis a backdoorset. Backdoorsaremoregeneralthanthe
notion of cutsetssincethey considerany kind of polynomialtime sub-solver. Note that,
while cutsets(andW-cutsets)usea notionof tractabilitybasedsolelyon the topologyof
theunderlyingconstraintgraph,backdoorsetsrely on a polynomialtime solver to de�ne
thenotionof tractability. A relatedissueis thefact thatbackdoorsetsfactorin thevalues
of variablesandthesemanticsof constraints(via thepropagationtriggeredby thepolytime
solver) andthereforebackdoorsetscanbe signi�cantly smallerthancutsets.For exam-
ple, if we have a constraintgraphthat containsa clique of sizek, the cutsethasat least
k � 2 variables,while the backdoorsetcanbe substantiallysmaller. Anotherexample,
consideringCNF theories,is thatwhile a Horn theorycanhave a cutsetof sizeO(n), the
backdoorwith respectto unit propagationhassize0 - unit propagationimmediatelydetects
(in)consistency of Horntheories.Stateddifferently, giventwo CNFtheories,oneof thema
Horn theoryandtheotheroneanarbitraryCNF theorybut with thesameconstraintgraph
astheHorn theory, thereis nodifferencebetweenthetwo theoriesfrom theperspectiveof

1We usethenotationC[v=x] to denotethesimpli®edCSPobtainedfroma CSP, C, by settingthevalueof
variablex to valuev.
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cutsets,but thedifferencebetweenthemfrom theperspective of backdoorsis likely to be
substantial.
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Figure18.9: Cutsetvs. backdoorsets.Any cutsetis a backdoorset. However, backdoor
setscanbeconsiderablysmallersincethey factorin thesemanticsof theconstraints,via
thepropagationtriggeredby thesub-solver. Any cliqueof sizek hasacutsetof sizek � 2.
In this picture, the size of the cutsetis 4 while the size of the backdoorset is 1 if the
sub-solverperformsforwardcheckingor anythingstronger.

A key issueis thereforethesizeof thebackdoorset.Randomformulasdo not appear
to have smallbackdoorsets.For example,for random3-SAT problems,thebackdoorset
appearsto beaconstantfraction(roughly30%)of thetotalnumberof variables[53]. This
may explain why the currentDPLL basedsolvershave not madesigni�cant progresson
hardrandomlygeneratedinstances.Seizerconsiderstheparameterizedcomplexity of the
problemof whethera SAT instancehasa weakor strongbackdoorsetof sizek or less
for DPLL style sub-solvers,i.e., subsolversbasedon unit propagationand/orpureliteral
elimination[82]. He shows thatdetectionof weakandstrongbackdoorsetsis unlikely to
be �x ed-parametertractable.Nishimuraet al. [72] provide morepositive resultsfor de-
tectingbackdoorsetswherethesub-solver solvesHorn or 2-cnf formulas,bothof which
arelinear time problems.They prove that the detectionof sucha strongbackdoorset is
�x ed-parametertractable,whilst thedetectionof a weakbackdoorsetis not. Theexpla-
nationthat they offer for sucha discrepancy is quite interesting:for strongbackdoorsets
oneonly hasto guaranteethatthechosensetof variablesgivesasubproblemwith thecho-
sensyntacticclass;for weakbackdoorsets,onealsohasto guaranteesatis�ability of the
simpli�ed formula,a propertythatcannotbedescribedsyntactically.

Empiricalresultsbasedon real-world instancessuggestamorepositivepicture.Struc-
turedprobleminstancescanhavesurprisinglysmallsetsof backdoorvariables,whichmay
explainwhy currentstateof theartsolversareableto solveverylargereal-world instances.
For examplethelogistics-dplanningprobleminstance,(log.d)hasabackdoorsetof just12
variables,comparedto a total of nearly7,000variablesin theformula,usingthepolytime
propagationtechniquesof theSAT solver, Satz[62]. Hoffmannet al provedtheexistence
of strong backdoorsetsof size just O(log(n) for certainfamilies of logistics planning
problemsandblocksworld problemsdomains[54].

Even though,computingbackdoorsetsis typically intractable,even if we boundthe
sizeof the backdoor[82], heuristicsandtechniqueslike randomizationandrestartsmay
neverthelessbe able to uncover a small backdoorin practice[87, 59, 52]. For example
onecanobtaina completerandomizedrestartstrategy that runsin polynomialtime when
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(a) (b) (c)

Figure18.10: Constraintgraphof a real-world instancefrom the logisticsplanningdo-
main. The instancein theplot has843varsand7,301clauses.Onebackdoorsetfor this
instancew.r.t. unit propagation hassize16 (not necessarilythe minimum backdoorset).
(a) Constraintgraphof theoriginal constraintgraphof the instance.(b) Constraintgraph
aftersetting5 variablesandperformingunit propagationonthegraph.(c) Constraintgraph
aftersetting14variablesandperformingunit propagationon thegraph.

the backdoorsetcontainsat most log(n) variables[87]. DequenandDuboisintroduced
a heuristicfor DPLL basedsolversthatexploits thenotionof backbonethatoutperforms
otherheuristicson random3-SAT problems[19, 20].

18.4.4 Restarts

Onewayto exploit heavy-tailedbehaviour is to addrestartsto abacktrackingprocedure.A
sequenceof shortrunsinsteadof a singlelong run maybea moreeffective useof compu-
tationalresources.Gomeset al. proposeda rapidrandomizationandrestart(RRR)to take
advantageof heavy-tailedbehaviour andboosttheef�ciency of completebacktracksearch
procedures[44]. In practice,onegraduallyincreasesthecutoff to maintaincompleteness
([44]). Gomesetal. haveprovedformally thatarestartstrategy with a�x cutoff eliminates
heavy-tail behavior andthereforeall themomentsof a restartstrategy are�nite [43].

Whentheunderlyingruntimedistributionof therandomizedprocedureis fully known,
the optimal restartpolicy is a �x ed cutoff [63]. When thereis no a priori knowledge
aboutthedistribution, Luby et al. alsoprovide a universal strategy which minimizesthe
expectedcost.Thisconsistsof runswhoselengthsarepowersof two, andeachtimeapair
of runsof a given lengthhasbeencompleted,a run of twice that length is immediately
executed.Theuniversalstrategy is of theform: 1; 1; 2; 1; 1; 2; 4; 1; 1; 2; 4; 8; � � � . Although
the universalstrategy of Luby et al. is provably within a constantlog factor of the the
optimal�x edcutoff, thescheduleoftenconvergestooslowly in practice.Walshintroduced
a restartstrategy, inspiredby Luby et al.'s analysis,in which the cutoff value increases
geometrically[85]. Theadvantageof suchastrategy is thatit is lesssensitiveto thedetails
of the underlyingdistribution. State-of-the-artSAT solvers now routinely userestarts.
In practice,thesolversusea default cutoff value,which is increased,linearly, everygiven
numberof restarts,guaranteeingthecompletenessof thesolverin thelimit ( [70]). Another
importantfeatureis thatthey learnclausesacrossrestarts.Thework onbackdoorsetsalso
provides formal resultson restartstrategies. In particular, even though�nding a small
setof backdoorvariablesis computationallyhard,the presenceof a small backdoorin a
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problemprovidesaconcretecomputationaladvantagein solvingit with restarts[87].
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for a QCPinstance,log-log scale;the left curve is for a cutoff valueof 4; and,the right
curve is without restarts.(b) Theeffect of differentcutoff valueson solutioncostfor the
logistics.dplanningproblem.Graphadaptedfrom [41, 43].

In reality, we will besomewherebetweenfull andno knowledgeof theruntimedistri-
bution. [48] introduceaBayesianframework for learningpredictivemodelsof randomized
backtracksolversbasedon this situation. Extendingthat work, [58], consideredrestart
policies that can factor in information basedon real-timeobservationsabouta solver's
behavior. In particular, they introduceanoptimalpolicy for dynamicrestartsthatconsid-
ersobservationsaboutsolver behavior. They alsoconsiderthedependency betweenruns.
They give a dynamicprogrammingapproachto generatetheoptimal restartstrategy, and
combinetheresultingpolicy with real-timeobservationsto boostperformanceof backtrack
searchmethods.

Variantsof restartstrategies include randomizedbacktracking[64], and the random
jump strategy [93] which hasbeenusedto solve a dozenpreviously openproblemsin
�nite algebra.Finally, onecanalsotake advantageof thehigh varianceof combinatorial
searchmethodsby combiningseveral algorithmsinto a “portfolio,” andrunningthemin
parallelor interleaving themonasingleprocessor[50, 40,42].

18.5 History

Researchin thisareacanbetracedbackat leastasfarasErdösandRényi' swork onphase
transitionbehaviour in randomgraphs[10]. Oneof the�rst observationsof a complexity
peakfor constraintsatisfactionproblemswasGaschnigin his PhD thesiswherehe used
h10; 10; 1; p2i modelB problems(theseresemble10-queensproblems)[26]. Fu andAn-
dersonconnectedphasetransitionbehaviour with computationalcomplexity [24], asdid
HubermanandHogg[49]. However, it wasnot till 1991,whenCheeseman,Kanefsky and
Taylor publishedan in�uential paper[12] that researchin this areaacceleratedrapidly.
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Cheesemanet al. correlatedcomplexity peaksfor searchalgorithmswith rapidtransitions
in problemsatis�ability. They conjecturedthat all NP-completeproblemsdisplaysuch
phasetransitionbehaviour andthatthisis correlatedwith therapidchangein solutionprob-
ability. Morerecently, phasetransitionbehaviour hasbeencorrelatedwith rapidchangesin
thesizeof thebackbone.However, problemclasseshavebeenidenti�ed like Hamiltonian
Cycle whosephasetransitiondoesnot seemto throw up hard instances[83], aswell as
NP-completeproblemclasseswhichdonothaveany backbone[9]. Cheeseman,Kanefsky
andTaylor alsoconjecturedthat polynomialproblemsdo not have suchphasetransition
behaviour or if they doit occursonly for aboundedproblemsize(andhenceboundedcost)
[12]. However, aswe noted,evenpolynomialproblemslike establishingarc-consistency
displaysimilar phasetransitionbehaviour [29]. Anotherpolynomialproblemclasswhich
displaysphasetransitionbehaviour is 2-SAT [38, 14].

18.6 Conclusions

As themany examplesin this chapterhave demonstrated,researchinto randomproblems
hasplayeda signi�cant role in our understandingof problemhardness,and in the de-
signof ef�cient andeffective algorithmsto solve constraintsatisfactionandoptimization
problems. We needto take carewhenusingrandomproblemsastherearea numberof
pitfalls awaiting theunwary. For example,randomproblemsmaylack structuresfoundin
realworld problems.Researchinto areaslike randomquasigroupcompletionattemptsto
addresssuchissuesdirectly. As a secondexample,randomproblemsmay be generated
with “�a ws”. However, if careis taken, such�a ws caneasilybe prevented. Thereare
many areasthat look promisingfor future research.For example,we areonly startingto
understandtheconnection(if any) betweenthebackboneandbackdoor[59]. As another
example,randomproblemscapturingstructuralpropertiesof realworld problems[54] are
startingto provide insightinto key issueslikebackdoors.As a �nal example,searchmeth-
ods inspiredby insightsfrom randomproblemslike randomizationand restartsoffer a
promisingnew way to tacklehardcomputationalproblems.What is certain,however, is
thatrandomproblemswill continueto beausefultool in understanding(andthustackling)
problemhardness.
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