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Chapter 18

Randomnessand Structur e

Carla Gomesand Toby Walsh

This chaptercoversresearchin constraintprogramming(CP) andrelatedareasnvolving
randomproblems.Suchresearchasplayeda signi cant role in the developmentof more
efcient and effective algorithms,aswell asin understandinghe sourceof hardnessn
solvingcombinatoriallychallengingproblems.

Randomproblemshave provedusefulin anumberof differentways. Firstly, they pro-
vide arelatively “unbiased’samplefor benchmarkinglgorithms.In the early daysof CP,
mary algorithmswere comparedusingonly a limited sampleof probleminstances.In
somecasesthis may have leadto prematureconclusions Randomproblems by compar
ison, permitalgorithmsto be testedon statisticallysigni cant samplesof hardproblems.
However, aswe outlinein therestof this chapterthereremainpitfalls waiting the unwary
in their use. For example,randomproblemsmay not containstructuresfound in mary
realworld problemsandthesestructuressanmake problemsmucheasieror muchharder
to solve. As a secondexample,the procesof generatingandomproblemsmay itself be
“a wed”, giving probleminstancesvhich arenot, at leastasymptoticallycombinatorially
hard.

Randomproblemshave alsoprovidedinsightinto problemhardnesskor example,the
in uential paperby CheesemarKanefsly and Taylor [12] highlightedthe computational
dif culty of problemswhich areon the “knife-edge” betweensatis ability andunsatis -
ability [84]. Thereis evenhopewithin certainquarterghatrandomproblemsmay be one
of thelinks in resolvingthe P=NPquestion.

Finally, insightinto problemhardnesgrovidedby randomproblemshashelpedinform
the designof betteralgorithmsand heuristics. For example,the designof a numberof
branchingheuristicsor the Davis Logemanriovelandsatis ability (DPLL) procedurénas
beenheaily in uenced by the hardnes®f randomproblems. As a secondexample,the
rapid randomizatiorandrestart(RRR) strateyy [45, 44] was motivatedby the discovery
of heavy-tailed runtime distributionsin backtrackingstyle searchprocedure®n random
quasigrougcompletionproblems.
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18.1 Random Constraint Satisfaction

We begin by introducingthe randomproblemsclassesstudiedin constraintsatisaction,
anddiscussingzariousempiricalandtheoreticakesultssurroundinghem.

18.1.1 ModelsA to D

Most experimentalandtheoreticalstudiesuseoneof four simplemodelsof randomcon-
straint satishction problems. In each,we generatea constraintgraph G, and then for
eachedgein this graph,we choosepairsof incompatiblevaluesfor the associatedon ict
matrix. The modelsdiffer in how we generatehe constraintgraphand how we choose
incompatiblevalues. In eachcase we candescribeproblemsby the tuple m; m; py; p2i,
wheren is the numberof variablesm is the uniform domainsize,p; is a measuref the
densityof the constrainigraph,andp, is ameasuref thetightnessof the constraints.

model A: we independentlyselecteachoneof then(n  1)=2 possibleedgesn G with
probabilityp;, andfor eachselectecedgewe pick eachoneof them? possiblepairs
of values,independentlyvith probabilityp,, asbeingincompatible;

model B: we randomlyselectexactly pin(n  1)=2 edgesfor G, andfor eachselected
edgewe randomlypick exactly p,m? pairsof valuesasincompatible;

model C: we selecteachoneof then(n 1)=2 possibleedgesn G independentlywith
probability p;, andfor eachselectecedgewe randomlypick exactly p,m? pairsof
valuesasincompatible;

model D: we randomlyselectexactly pyn(n  1)=2 edgesfor G, andfor eachselected
edgewe pick eachoneof them? possiblepairsof values,independentlyvith prob-
ability p,, asbeingincompatible;

Whilst p; and p, canbe eithera probability or a fraction, similar resultsare obsered
with the four differentmodels.Most experimentaktudiestypically x n andm, andvary
p: and/orp,. Typical parameterangesinclude hl10; 10; py; pzi, H20; 10; p1; p2i, hLO
200 3;pg;1=9i, and 10 200 3; p1; 2=9i. The penultimateof theseparameteranges
resemblegraph3-colouring.SeeTablel in [27] for amoreextensive suney.

18.1.2 PhaseTransition

Randomproblemsgeneratedn this way exhibit phaseransitionbehaiour similar to that
seenin statisticaimechanicg12]. Looselyconstrainegroblemsarealmostsurelysatis -
able. As we increasehe parametersnd constrainthe problemsmore, problemsbecome
almostsurelyunsatis able.As n increasethetransitionbetweersatis ableandunsatis -
ableproblemshecomesharpendsharperin thelimit, it is a stepfunction[22]. Usinga
Markov rst momentmethod,thelocationof this phaseransitioncanbe predictedto oc-
cur wherethe expectednumberof solutionsis approximatelyl [73, 80]. Associatedvith
this rapidtransitionin satis ability of problemsjs a peakin problemhardnesgor awide
rangeboth of systematicandlocal searchmethodg[12, 67, 73, 80]. Suchproblemsare
onthe“knife-edge”betweersatis ability andunsatis ability [84]. It is very hardto tell if
they aresatis ableor unsatis able.If we branchonavariabletheresultingsubproblems
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smallerbut otherwisetendsto look similar. We canonly determineaf the currentsubprob-
lemis satis abledeepin the searchiree. SeeFigure18.1for somegraphsdisplayingthe
“easy-hard-easypatternassociateavith phaseransitions.
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Figure 18.1: Phasetransitionfor Model B problemswith n; 3; p1; 2=9i (a) percentage
satis ability and (b) mediansearcheffort for FC-CBJwith the fail- rst heuristicagainst
p1, andn from 10to 110. Graphgtakenfrom [27].

Whilstthehardesproblemgypically occurcloseto thisrapidtransitionin satis ability,
hardproblemscanoccurelsavhere.In particular in the easyandsatis ableregion, prob-
lemscanoccasionallybe very hardto solve, especiallyfor systematicsearchprocedures
like forward checking[32, 47, 46]. Suchexceptionallyhardproblems(EHPs)appearto
beaconsequencef earlybranchingmistales. Betterbranchingheuristicsmoreinformed
backtrackingmechanismsgreaterconstraintpropagtion andrestartstratgiescanall re-
ducetheimpactof EHPsgreatly Sincecurvesof mediansearcheffort may disguisethe
appearancef EHPs,experimentalist@areencouragedo look for outliers.

18.1.3 Constrainedness

Williams and Hogg introducedthe rst comprehensie theoreticalmodel of suchphase
transitionbehaviour for constraintsatistction problems[86]. More recently Gentet al.
presenteé theorythatworks acrossa wide rangeof problemsandcompleity classesn-
cludingconstrainsatisfctionandsatis ability problemd30]. Thistheoryis basedaround
thede nition of the“constrainednessdf a problemusingthe parameter . For anensem-
ble of problems:

log,(hSoli)

= 1
N

WherehSoli is the expectednumberof solutionsfor a problemin theensembleandN is
thenumberof bits neededo represena solution(or equivalentlythelog base? of thesize
of the statespace) For instancefor modelB, thisis:

1
2

P2 logy, ( )

1 p
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This constrainednesgarameter lies in theinterval [0;1 ). For < 1, problemsare
underconstrainedndaretypically easyto shav satis able.For > 1, problemsareover
constrainecandaretypically relatively easyto shav unsatis able. For 1, problems
arecritically constrainedand exhibit a sharptransitionin satis ability. For instance for
randomconstrainsatisfictionproblem,graphk-colouringproblems numberpartitioning,
andtravelling salespersoproblems,a rapid phasetransitionin problemsatis ability has
beenobseredaround 1[27].

Exacttheoreticalresultsaboutthe locationof the phasetransitionandof the hardness
of randomconstrainsatishctionproblemshave beenharderto obtainthaneitherempirical
resultsor approximateesultsusing“theories”lik e thatof constrainednes®©neexception
is work in resolutioncompleity. Most of the standardbacktrackingalgorithmslik e for-
ward checkingandcon ict-directedbackjumpingexplore searchtreesboundedn sizeby
thesizeof acorrespondingesolutionrefutation.Resolutiorcompleity resultscanthusbe
usedto place(lower) boundson problemhardnessFor example,randomconstrainfprob-
lemsalmostsurelyhave anexponentiakesolutioncompleity whentheconstraintightness
is smallcomparedo thedomainsize[68, 66, 25, 89].

18.1.4 Finite-Size Scaling

The scalingof the phasetransitionwith problemsize canbe modelledusing nite-size

scalingmethodstaken from statisticalmechanicd60, 30]. In particular aroundsome
critical valueof constrainedness., problemsof all sizesareindistinguishablexceptfor a
simplechangeof scalegivenby a powerlaw in N . Oncerescaledmacroscopi@roperties
like the probability thata problemis satis able obey simple equations.For example,the
probability of satis ability canbe modelledwith the simpleequation:

profSol > 0) = f(——=N¥)

C

Wheref is someuniversalfunction, —-= playstherolesofthereducedemperature%

c

asit rescalesaroundthe critical point,andN *= is a simplepower law thatdescribeghe
scalingwith problemsize. SeeFigure 18.2for somegraphswhich illustrate this nite-
size scaling. Finite-sizescalingis usedin statisticalmechanicdo describesystemdike
Ising magnetswith 102° or moreatoms(andthuswith 21 or sostates)lt is remarkable
thereforeghatsimilarmathematicsanbeusedto describea constrainsatistctionproblem
with tensor hundred®f variablesandthereforgust 21%° or sostates.

Finite-sizescalingalsoappearso be usefulto modelthe changen problemhardness
with problemsizeandproblemconstrainedneg81]. Finally, parameterike andproxies
for themwhich arecheapeto computeappeausefulasbranchingheuristicg27]. A good
heuristicis to branchon the “most constrained¥ariable. This will encourag@ropagtion
andtendto give a new subproblento solve whichis muchsmaller

18.1.5 Flawsand FlawlessMethods

Randomproblemsmay containstructuresvhich make themarti cially easy Oneissue
is trivial aws which a polynomialalgorithmcould easilydiscover. In abinary constraint
satishctionproblem,the assignmenbf a valueto a variableis saidto be awedif there
existsanotherwvariablethatcannotbe assigned valuewithout violating a constraint.The
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Figure 18.2: Finite-size scaling of the phasetransition for Model B problemswith

n; 3; p1; 2=9i. (a) percentageatis ability and(b) mediansearcheffort for FC-CBJwith

the fail- rst heuristic against the rescaledparameter —<N?** for . = 0:625 and
= 2:3. Graphgakenfrom [27]. ’

valueis supportedotherwise. A variableis awediff eachvalueis awed. A problem
with a awed variablecannothave a solution. Achlioptaset al. [4] identify a potential
shortcomingof all four randommodels. They prove thatif p,  1=m then,asn goesto
in nity , therealmostsurelyexistsa awed variable. Suchproblemsare not intrinsically
hardasa simplearc-consistencalgorithmcansolve themin polynomialtime.

Fortunately such aws areunlikely in the sizeof problemsusedin practice[27]. We
canalsode ne parameterfor existingmethodsandnew generatioomethodswvhich prevent
aws. Forexample:

modelB: theparameteschemen = n ,p; = log(n)=(n 1) for someconstants ,
[91, 89]; Xu andLi alsopresent similar parameteschemdor modelD in which
domainsize grows polynomially with the numberof variables;suchproblemsare
guaranteetb have aphaseransitionandto give problemswvhich almostsurelyhave
anexponentialresolutioncompleity;

model D: Smithproposes somavhatmorecomplex schemewhich increasesn andthe
averagedegreeof the constraingraphwith n [81];

model E: anew generatiormethodin which we selectuniformly, independentiyandwith
repetition,exactly pm?n(n  1)=2 nogoodsout of them?n(n  1)=2 possiblefor
somex edp [4];

modi ed modelsA to D: we ensurethe con ict matrix of eachconstraintis a wlessby
randomlychoosinga permutation ; of 1to m, andinsistthat(i; ;) isagoodbefore
we randomlypick nogoodsrom the otherentriesin the con ict matrix; eachvalue
is therebyguaranteedo have somesuppor{27].

Model E is very similar to the one studiedby Williams and Hogg [86]. One possible
shortcomingof Model E is thatit generateproblemswith a completeconstrainigraphfor
quitesmallvaluesof p. It is hardthereforeto testthe performancef algorithmson sparse
problemsusingModel E [27].
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The modi ed versionsof modelsA to D are guaranteedot to containtrivial aws
which would be uncoreredby enforcingarc-consistenc However, more recentresults
have shavn thatsuchproblemamaystill beasymptoticallyunsatis ableandcanbe solved
in polynomialtime usinga pathconsisteng algorithm[25]. In responseGaoandCulber
sonproposea methodto generateéandomproblemswhich areweakly path-consistengnd
which almostsurelyhave anexponentialresolutioncompleity.

18.1.6 RelatedProblems

Phaseransitionbehaiour hasalsobeenobseredin otherproblemsassociatedvith con-
straintsatisfctionproblems.This includesproblemsn both higherandlower compleity
classes.For example,phasetransitionbehaiour hasbeenobsenedin polynomial prob-
lemslik e establishinghe arc-consistencof randomconstraintsatistictionproblemg29].
Theprobabilitythattheproblemcanbemadearc-consistergoeshrougharapidtransition,
andthis is associatedavith a peakfor the compleity of coarsegrainedarc-consistencal-
gorithms.As asecondxample phasdransitionbehaiour hasbeenobsenedin PSIACE-
completeproblemslik e the satis ability of quanti ed Booleanformulae. We have to be
again carefully of generatinga wed problems but if we do, thereis a rapid transitionin
satis ability, andthisis associatevith acompleity peakfor mary searchalgorithmg37].
As athird and nal example phasedransitionbehaiour hasbeenobsenedin PP-complete
problemdik e decidingif a Booleanformulaecanbesatis edby atleastthe square-roobf
thetotal numberof assignmentg].

18.2 Random Satis ability

Onetype of constraintsatishction problemwith a specialbut very simple structureis
propositionakatis ability (SAT). In a SAT problem,variablesareonly Boolean,andcon-
straintsare propositionalformulae, typically clauses. Many problemsof practicaland
theoreticaimportancecanbe easilymappednto SAT. RandomSAT problemshave been
thesubjectof extensveresearchAs aresult,someof our deepestinderstandinpascome
in thisarea.

18.2.1 Randomk-SAT

Thereexist anumberof differentclasse®f randomSAT problem.Onesuchproblemclass
is the “constantprobability” modelin which eachvariableis includedin a clausewith a
x ed probability However, this givesproblemswhich areoften easyto solve. Following
[67], researchhasfocusedontherandomk-SAT problemclass.A randomk-SAT problem
in n variablesconsistsof m clausesgachof which containsexactly k Booleanvariables
drawn uniformly andat randomfrom the setof all possiblek-clauses.A rapidtransition
in satis ability is obsenedto occurarounda x edratio of clausedo variablesandthis
appearso be correlatedwvith a peakin searchhardnes$67]. Suchproblemsareroutinely
usedto benchmarlSAT algorithms.

For random2-SAT, whichis polynomial,the phasdransitionhasbeenprovento occur
atexactly m=n = 1 [14, 38]. For randomk-SAT for k 3, exact resultshave been
harderto obtain. For k = 3, the phasetransitionoccursbetween3:42 m=n  4:51
Experimentsuggesthatthetransitionis atm=n = 4:26. Asymptotically thesatis ability
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transitionis “sharp” (thatis, it is a stepfunction) [22]. A very recentresultprovesthat
the thresholdis at 2€log(2)  O(k), con rming “approximate”resultsfrom statistical
mechanicausing replicamethods[5]. Finite-sizescalingmethodscanagain be usedto
modelthe sharpeningf the phasdransitionwith problemsize[60].
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Figure 18.3: Mediansearchcostfor DPLL to solve 50 variablerandom3-SAT problems
andfraction of unsatis ableclausespoth plottedagainstthe ratio of clausego variables.
Graphsadaptedrom [67].

At leastone note of cautionneedsto be soundedaboutthe usingrandom3-SAT as
the distribution of solutionsis highly skewed. In particular at the phasetransition,the
expectednumberof solutionsis exponentiallylarge [57]. Thus, whilst mary problems
have no solutions,afew problemswill have exponentiallymary.

18.2.2 Backbone

A possible®order parameter’for suchphaseransitionsis the backbone For a satis able
problem the backbonés thefraction of variableswhichtake x edvaluesin all satisfying
assignmentsSuchvariablesmustbe assignedcorrectlyif we areto nd a solution. For
anunsatis ableproblem the backbonas thefractionof variableswhichtake x edvalues
in all assignmentsvhich maximizethe numberof satis ed clauses A satis ableproblem
with alargebackbonas lik ely to be hardto solve for systematianethoddike DPLL since
thereare mary variablesto branchincorrectly upon. For random3-SAT, the backbone
sizejumpsdiscontinuouslyat the phasetransition,suggestinghatit behaeslike a rst-
order(or discontinuousphasetransitionin statisticalmechanics.For random2-SAT, on
theotherhand,the backbonesizevariessmoothlyoverthe phaseransitionsuggestinghat
it behaveslike a second-ordefor continuous)phasetransition. However, the order (or
continuity) of the phasedransitiondoesnot appeato bedirectly connectedo the problem
compleity asthereare NP-completeproblemswith second-ordefor continuous)phase
transitions.
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18.2.3 2+p-SAT

Signi cant insightinto phaseransitionbehaiour hascomefrom “interpolating” between
random2-SAT (whichis polynomialandquitewell understoodheoretically)andrandom
3-SAT (whichis NP-hardandmuchlesswell understoodheoretically). Therandom2+p-
SAT problemclassconsistsof SAT problemswith a mixtureof (1  p)m clauseswith 2
variablesand pm clauseswith 3 variables,eachclausedravn uniformly and at random
from thespaceof all possibleclause®f thegivensize.For p = 0, we have random2-SAT.
For p = 1, we have random3-SAT. For 0 < p < 1, we have problemswith a mixture
of both2-clausesand3-clausesFromthe perspectie of worst-caseompleity, 2+p-SAT
is ratherunexciting. For ary x edp > 0, the problemclassis NP-complete.However,
problemsappeato be behae polynomiallyfor p < 0:4[69, 3]. Itisonlyforp  0:4 that
problemsappeaihardto solve. Thisincreasen problemhardnes$iasbeencorrelatedvith
a rapid transitionin the size of the backboneandwith a changefrom a continuousto a
discontinuouphasdransition[69]. ForO p 0:4, thesatis ability phasdransitionfor
random2+p-SAT occursatasimplelowerbound,1=(1 p) constructedy simply consid-
eringthe satis ability of the embedde@-SAT subproblem.n otherwords,the 2-clauses
alonedeterminesatis ability. It is not perhapsso surprisingthereforethataveragesearch
costsappeardo be polynomial. Note that, having madesomebranchingdecisionson a
3-SAT problem,DPLL is effectively solvinga 2+p-SAT subproblemThe performancef
suchproceduresanthusbe modelledby mappingtrajectorieghroughp andm=n space
[15].
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Figure 18.4: Median computationakostfor DPLL to solve random2+p-SAT problems
plottedagainstthe numberof variablesN for arangeof valuesof p. Graphadaptedrom
[15].

18.2.4 Beyond k-SAT

Phaseransitionbehaiour hasbeenobseredin othersatis ability problemsncluding:

1lin k-SAT: each‘clause”containg literals,exactly oneof whichmustbetrue. Thiswas
the rst problemNP-completeclassin which the exactlocationof its satis ability
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phaseéransitionwasproven[1]. Forallk 3, randomlin k-SAT problemshave a
sharp,second-ordeor continuouphaseransitionatm=n = 2=k(k  1).

NAE-SAT: each‘clause”containg literals,all of which cannotake thesameruthvalue.
Fork = 3, the phasetransitionfor randomNAE SAT problemsoccurssomevhere
betweenl:514 < m=n < 2:215[1]. Empirical resultsput the phasetransitionat
aroundm=n  2:1. A NAE SAT problemcanbe mappednto a SAT problemwith
twice the numberof clauses. Although theseclausesare correlated,it is remark-
ablethatthesecorrelationsappearto be largely irrelevant andthe phasetransition
occursat almostexactly half the clauseto variableratio of therandom3-SAT phase
transition.

XOR SAT: each“clause” containsk literals, an odd numberof which mustbe true in
ary satisfyingassignment.For k = 3, randomNAE SAT hasa sharpthreshold
in theinterval 0:8894 m=n  0:9278[17]. Experimentsput the transitionat
m=n  0:92, whilst statisticalmechanicatalculationsgputit atm=n = 0:918[21].

non-clausalSAT: formulaehave a x ed shape(a given structureof andandor connec-
tives)which arelabelledwith literals at random[71]. This modeldisplaysa phase
transitionin satis ability with anassociateéasy-hard-eagyatternin searctcost.

quanti ed SAT: in aquanti ed Booleanformula(QBF)we have variablesvhich areboth
existentiallyquanti ed anduniversallyquanti ed. If we generateandomQBF for-
mulae,we needto throw out clausesontainingjust universallyquanti ed variables
(asthesearetrivially unsatis able). If we eliminatesuch” a ws”, thereis a rapid
phasdransition,andanassociatedompleity peak[37]

18.2.5 Satis®ableProblems

Randomproblemshave beena driving forcein the designof betteralgorithms.To bench-
markincompletelocal searctproceduresstandardandomproblemgeneratorgireunsuit-
able asthey produceboth satis able and unsatis ableinstances.We could simply Iter
out unsatis ableinstanceausing a completemethod. However, we are then unableto
benchmarkncompletesearchmethodson problemshatarebeyondthereachof complete
methods Designinggeneratorson the otherhand,thatgeneratenly satis able problems
hasprovensurprisinglydif cult.

Oneapproachs to “hide” atleastonesolutionin a probleminstance For example,we
canchoosea randomtruth assignmenf 2 f0;1g" andthengeneratea formulawith n
variablesand m randomclausesrejectingary clausethatviolatesT . Unfortunatelythis
methodis highly biasedto generatingormulaswith mary assignmentsThey aremuch
easieffor localsearchmethoddik e Walksat[ 74] thanformulasof comparableizeobtained
by ltering arandom3-SAT generatar More sophisticatedrersionsof this “1-hiddenas-
signment’schemeprovide improvementsbut still leadto biasedsampleq7]. Achlioptas
etal. [6] proposeda “2-hiddenassignment'approachn which clauseghat violate both
T andits complementarerejected. Whilst DPLL solvers nd suchproblemsashardas
regularrandom3-SAT problemsocal searchmethodsnd themeasy An improved ap-
proachcalled“g-hidden”[56], hidesa singleassignmenbut biaseghedistribution sothat
eachvariableis aslikely to appeampositively asasnegatively, andthe formulano longer
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pointstowardthe satisfyingassignmenT . Indeedwe canevenmale it morelikely thata
variableoccurrencealisagreesvith T, sothatthe formulabecomesdeceptve” andpoints
away from the hiddenassignmentEmpirical resultssuggesthatthe g-hiddenmodelpro-
ducesformulasthataremuchharderfor Walksat.

RecentlyXu et al [90] gave modi cations of the randommodelsB andD to gener
ate“forced” solvableinstancesvhosehardnesss comparablgo “unforced” solvablein-
stancesbasedon the theoreticalargumentthat the numberof expectedsolutionsin both
casesgs identical. They alsoprovide empiricalresultsshaving thatthe unforcedsolvable
instancesunforcedsolvable and unsohableinstancesandforced solvableinstancesex-
hibit a similar hardnesgattern. In section18.3we will discussa quite differentstrategy
for generatingguaranteedatis ablerandominstancedor structuredCSPproblems.

18.2.6 Optimization Problems

Phasetransitionbehaiour hasalso beenidenti ed in a rangeof optimizationproblems.
Someof our bestunderstandingpascomein satis ability problemsrelatedto optimization
like MAX-SAT (for example [94, 79]. However, insighthasalsocomefrom otherdomains
like numberpartitioning[34, 36] andthesymmetricandasymmetridravelling salesperson
problems[35, 96, 95]. The simplestview is that optimizationproblemsnaturally push
us to the phaseboundary[33]. For systematidbacktrackingalgorithmslike branchand
bound,we essentiallysolve a pair of decisionproblemsright at the phasetransition: we
rst nd asolutionto the decisionproblemwith an optimal objectve andthenprove that
thedecisionproblemwith arny smallerobjectveis unsatis able.A moresophisticatediew
is thatoptimizationproblemsdike MAX-SAT canbe viewedasboundedy a sequencef
decisionproblemsat successie objective values[94].

Theconcepof backbonéasalsobeengeneralizedo dealwith optimizationproblems
[78]. As with decisionproblems,transitionsin problemhardnessave beencorrelated
with rapid transitionsin backbonesize [78, 94, 95]. Theseviews suggesthat thereis
a relatively simple connectionbetweenthe hardnesof decisionand the corresponding
optimizationproblem. Indeed,by solving (easy)decisionproblemsaway from the phase
boundarywe canoftenpredictthecostof nding optimalsolutions[77].

18.3 Random Problemswith Structure

Uniform randomproblemslike randomk-SAT areunlikely to containstructuresoundin
mary realworld problems.Suchstructure€anmake problemanucheasieior muchharder
to solve. Researchensave therefordookedat waysof generatingstructuredandomprob-
lems. For example,the questionof the existenceof discretestructuredike quasigroups
with particularpropertieggivessomeof the mostchallengingsearchproblemg76]. How-
ever, suchproblemsmay be too uniform andhighly structuredwhencomparedo messy
real-world problems. In orderto bridge this gap, a numberof randomproblemclasses
have beenproposedhatincorporatestructuresarelyseenn purelyuniformrandomprob-
lems.For example,GomesandSelman39] proposedhe quasigrougompletionproblem
(QCP).As anotherexample Walshproposedsmall-world searchproblemg85].
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18.3.1 Quasigroup Completion

An ordern quasigrouper Latin Squae, isde nedbyn n multiplicationin which each
row and columnis a permutationof the n symbols. A partial Latin squarewith p pre-
assignedellsisann n matrixin whichp cellsof thematrix have beenassignedgymbols
suchthat no symboloccursrepeatedn arow or a column. The QuasigroupCompletion
Problem(QCP)is to determinef theremainingn? p cells(or “holes”) canbeassignedo

obtaina completelatin squarg(seeFigure18.5).QCPis NP-completd16]. Thestructure
in QCPis similarto thatfoundin real-world domaindik e schedulingtimetabling routing,

andexperimentalesign.Oneproblemthatdirectly mapsontothe QCPis thatof assigning
wavelengthgo routesin ber-optic networks[61].

[ Talzls] [a]a]z]s]
2| [a]2]| [2]3]a]1]
l1]a] (2] [1]4f3]2]
E 1 3l2]1]4]

Figure18.5: QuasigroupCompletionProblemof order4, with 5 holes.

To generat@arandomQCPinstancewe randomlyselectp cellsandassigreacha sym-
bol. We have a choicein the level of consisteng enforcedbetweensuchassignmentso
eliminate“obvious” inconsistencies The mostcommonlyusedmodel enforcesforward
checking[39]. Shaw et al [75] studieda modelwhich enforcesgeneralizedarc consis-
teng on the all-different constraintson the rows and the columnsof the matrix. This
gives harderproblemsbut biasesthe sampling. Empirical studieshave identi ed phase
transitionbehaiour in QCP[39]. The computationallyhardestinstancesagain lie at the
phaseransition.almostall unsohable(“over-constrainedtegion). Figure18.6 shavs the
computationatost(mediannumberof backtracksandphasetransitionin solvability for
solvingQCPinstance®f differentorders.

18.3.2 Quasigroup with Holes

The QCPmodelgeneratedoth satis ableandunsatis ableinstancesA differentmodel,
theQuasigroup/Vith Holesproblem(QWH), generatesnly satis ableinstancesvith good
computationapropertieg2]. QWH instancesaregeneratedy startingwith a full quasi-
group and “punching” holesinto it. Achlioptaset al [2] proposedthe following QWH

generator:(1) Generatea completelLatin squareuniformly from the spaceof all Latin

squaresusinga Markov chain;(2) puncha fractionp of “holes” into the full Latin square
(i.e., unassignsomeof the entries)in a uniform way. The resultingpartial Latin square
is guaranteedo be satis able. Achlioptaset al [2] demonstrated rapid transitionin the
sizeof the backboneof QWH instancescoincidingwith the hardesprobleminstancegor

bothincompleteand completesearchmethods.Note that this transitionis differentfrom

the standardransitionin satis ability as QWH only containssatis able instances.The

locationof this transitionappearso scaleasn?  p=n%>° [2].
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Figure 18.6: Top panel: computationatostof solving QCPinstancegorder11-15). X-
axis: fraction of pre-assigneaells; Y-axis - mediannumberof backtracksfor solution
(log scale). Bottom panel: phasetransitionin solvability for QCP instanceqorder 12—
15). X-axis: fraction of pre-assigneaells; Y-axis - fraction of instancedor which the
partial Latin squarecould not be completednto a full Latin square.(Eachdatapointwas
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Figure18.7: Backbonephasdransitionwith costpro le for QWH. Graphfrom [2].

18.3.3 Other Structur ed Problems

A numberof otherrandomproblemclassesvith structurehave beenstudied.For instance,
Walshlooked at searchproblemslike graphcoloring wherethe underlyinggraphhasa

“small-world” structureg]85]. Althoughsmall-world graphsaresparsetheir nodestendto

be clusterecandthe pathlengthbetweerarny two nodesshort. Walshshavedthata small-

world structureoften occursin graphsassociateavith mary real-world searchproblems.
Unfortunatelythe costof coloring randomgraphswith a small-world structurecanhave

a heavy-tailed distribution (seenext section)in which a few runsare exceptionallylong.

However, the stratgyy of randomizatiorandrestartscaneliminatetheseheavy tails.

To generateandomsmall-world graphs Walshmegedtogetherandomgraphswith a
structureding lattice[85]. Inspiredby this method Gentetal. proposedigeneraimethod
calledmorphingto introducestructureor randomnesmto awide varietyof problemq28].
They shaw that a mixture of structureandrandomnesgan often male searchproblems
very hardto solve. A little structureaddedto a randomproblem,or a little randomness
addedo a structuregproblemmaybeenoughto misleadsearcheuristics. They aguethat
morphingprovidesmary of theadvantage®f randomandstructuregproblemclassesvith-
outsomeof thedisadantagesAs in randomproblemclassesye cangeneratdarge,and
statisticallysigni cant sampleswith ease. However, unlike randomproblems,morphed
problemscancontainmary of the structuresnetin practice.

18.4 Runtime Variability

Broadlyspeakingrandomproblemgendto display“easy-hard-easypatternsn dif culty .
However, therehasbeensomeresearclhinto variability within this simplepicture,andinto
wayssuchvariability canbe exploited.
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18.4.1 Randomization

A randomizedcompletealgorithmcanbe viewed asa probability distribution on a setof
deterministicalgorithms. Behaviour canvary even on a single input, dependingon the
randomchoicesmadeby the algorithm. The classicaladwersaryargumentfor establishing
lower boundson the run-time of a deterministicalgorithmis basedon the construction
of ainput on which the algorithm performspoorly. While an adwersarymay be ableto
constructan input that foils one (or a small fraction) of the deterministicalgorithmsin
the set, it is more dif cult to devise inputsthat are likely to defeata randomlychosen
algorithm. Furthermoreaswe will discussbelow, the introductionof a “small” random
elementallows oneto run the randomizedmethodon the sameinstanceseveral times,
isolatingthe varianceinherentin the searchprocedurgrom e.g.,the variancethat would
resultfrom consideringdifferentinstances.

Thereareseveralopportunitiego introducerandomizatiorin abacktracksearchmethod.
For example we canaddrandomizatiorio thebranchingheuristicfor tie-breakind41, 43].
Eventhis simplemodi cation candramaticallychangehebehaior of asearchalgorithm.
If thebranchingheuristicis particulardecisie, it mayrarelyneedto tie-break.In thiscase,
we cantie-breakbetweersomeof thetop ranked choices.Thelook-aheadandlook-back
procedureganalsoberandomizedLynceetal. randombacktrackingwhich randomizes
the backtrackingpoints,andunrestrictecdbacktrackingwhich combinedearningto main-
tain completeneskb4, 65]. Anotherexampleis restartof a deterministicbacktracksolver
with clausdearning:eachtimethesolveris restartedyith theadditionallearnedclausesit
behaesquitedifferentlyfrom the previousrun, appearingo behae “randomly” [70, 65].

18.4.2 Fat and Heavy Tailed Behavior

The study of the runtime distributionsinsteadof just mediansand meansoften provides
a bettercharacterizationf searchmethodsandmuchusefulinformationin the designof

algorithms.For instance completebacktracksearchmethodsexhibit fat andheavy-tailed
behaior [47, 41, 23]. Fat-tailednesss basedon the kurtosisof a distribution. This is

dened as 4= 3 where 4 is the fourth centralmomentaboutthe meanand , is the
secondcentralmomentaboutthe mean,i.e., the variance. If a distribution hasa high

centralpeakandlong tails, thanthe kurtosisis large. The kurtosisof the standarchormal
distribution is 3. A distribution with a kurtosislargerthan3 is fat-tailed or leptokurtic

Examplesf distributionsthatarecharacterizetly fat-tailsaretheexponentiadistribution,

the lognormaldistribution, andthe Weibull distribution. Heavy-tailed distributions have
“heaver” tails thanfat-taileddistributions;in factthey have somein nite moments.More

preciselyarandomvariableX is heary-tailedif it hasParetolike decayin its distribution,

ie:

1 FX)=P[X>x] Cx ;x>0

where > 0andC > OareconstantsWhenl < < 2, X hasin nite varianceand
in nite meanandvariancewhen0 < <= 1. Thelog-logplotof 1 F(x) of a Pareto-
like distribution (i.e., the survival function) shavs linear behaior with slopedetermined
by .
Backtracksearchmethodsexhibit dramaticallydifferentstatisticalregimesacrosshe
constrainedneseegions of randomCSP models[11]. Figure 18.8 illustratesthe phe-
nomenon.In the rst regime (the bottomtwo curnesin gure 18.8,p  0:07), we see
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Figure18.8: Heary-tailed (linearbehaior) andnon-heay-tailedregimein the runtimeof
instancef model E hl7; 8; pi. CDF standsfor Cumulative Density Function. Graphs
adaptedrom [11].

heavy-tailed behaior. This meanghatthe runtimedistributionsdecayslovly. Whenwe
increasehe constrainednessf our modeltowardsthe phasetransition(higherp), we en-
countera different statisticalregime in the runtime distributions, wherethe heavy-tails
disappear In this region, the instancesecomeinherentlyhardfor the backtracksearch
algorithm,all therunsbecomehomogeneousliong, the varianceof the backtracksearch
algorithmdecreaseandthetails of its survival functiondecayrapidly (seetop two curves
in gure 18.8,with p= 0:19andp = 0:24; tails decayexponentially).

Heavy-tailed behaior in combinatorialsearchhasbeenobseredin seseral otherdo-
mains, in both randominstancesand real-world instances:QCP [41], scheduling[45],
planning[44],graphcoloring[85, 55], andinductive logic programmind92]. Severalfor-
mal modelsgeneratingheavry-tailed behaior in searchhave beenproposed13, 87, 88,
55,11, 51]. If aruntimedistribution of a backtracksearchmethodis heary-tailed, it will
produceruns over several ordersof magnitude someextremelylong but also someex-
tremely short. Methodslike randomizatiorand restartstry to exploit this phenomenon.
(Seesection18.4.4.)

18.4.3 Backdoors

Insightinto heavy-tailedbehaiour comesfrom consideringpackdoowariables.Theseare
variableswhich, whenset,give usa polynomialsubproblemIntuitively, a smallbackdoor
setexplainshow a backtracksearchmethodcanget“lucky” on certainruns,whereback-
door variablesareidenti ed early on in the searchand setthe right way. Formally, the
de nition of a backdoordependsn a particularalgorithm,referredto assub-solverthat
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solvesatractablesubcas@®f the generakonstrainsatistctionproblem[87].

De nition 18.1. A sub-solerA givenasinputa CSR C, satis esthefollowing:

(Trichotomy)A eitherrejectstheinput C, or “determines” C correctly(asunsatis -
ableor satis able, returninga solutionif satis able),

(Ef ciency) A runsin polynomialtime,

(Trivial solvability) A can determineif C is trivially true (hasno constaints) or
trivially false(hasa contradictoryconstgint),

(Self-reducibility) if A determine<C, thenfor any variable x and valuev, then A
determineC[v=x].t

For instance A could be an algorithmthat performsunit propagtion, or arc consis-
tengy, or hyperarc consisteng for the alldiff constraint,or an algorithm that solves a
linearprogrammingproblem,or ary algorithmsatisfyingthe above four propertiesUsing
thede nition of sub-solerwe cannow formally de ne theconcepf backdoorset.Let A
beasub-soher, andC bea CSP A nonemptysubsetS of thevariabless abaddoorin C
for A if forsomeas : S! D, A returnsasatisfyingassignmentf C[as]. Intuitively, the
backdoorcorrespond$o a setof variables suchthatwhensetcorrectly the sub-solher can
solve theremainingproblem.A strongemotionof thebackdooyconsidersothsatis able
andunsatis able(inconsistentprobleminstances A nonemptysubsetS of thevariables
is astrongbaddoorin C for A if forallas : S! D, A returnsa satisfyingassignment
or concludesunsatis ability of C[as]. Fromalogical perspectie, thereis no formal con-
nectionbetweerthe backboneandthe backdoorof a problem.Indeed whilst it is possible
to exhibit problemswherethey areidentical, it is alsopossibleto exhibit problemswhere
they aredisjoint. In practice the overlapbetweerbackbonesndbackdoorsappearso be
slight[59].

Cutsetd18] area particularkind of backdoorsets. A cutsetis a setof variablessuch
that,oncethey areremovedfrom the constraintgraph,theremaininggraphhasa property
thatenable%f cient reasoninganinducedwidth of at mosta constantoundb; for exam-
ple,if b = 1thenthe graphis cycle-free,i.e., it canbe viewed asa tree,andthereforeit
canbesolvedusingdirectedarcconsisteng. Backdoorsetscanthusbe seenasa general-
ization of cutsetsj.e., ary cutsetis a backdoorset. Backdoorsaremoregeneralthanthe
notion of cutsetssincethey considerany kind of polynomialtime sub-soler. Note that,
while cutsetgandW-cutsets)usea notion of tractability basedsolely on the topology of
the underlyingconstraintgraph,backdoorsetsrely on a polynomialtime solver to de ne
thenotion of tractability A relatedissueis the factthatbackdoorsetsfactorin the values
of variablesandthe semantic®f constraintgvia the propagtiontriggeredby the polytime
solver) andthereforebackdoorsetscan be signi cantly smallerthan cutsets. For exam-
ple, if we have a constraintgraphthat containsa clique of sizek, the cutsethasat least
k 2 variables,while the backdoorset canbe substantiallysmaller Anotherexample,
consideringCNF theories s thatwhile a Horn theorycanhave a cutsetof sizeO(n), the
backdoomith respecto unit propagtionhassize0 - unit propagtionimmediatelydetects
(in)consisteng of Horntheories Stateddifferently, giventwo CNFtheoriespneof thema
Horntheoryandthe otheroneanarbitraryCNF theorybut with the sameconstraintgraph
astheHorntheory thereis no differencebetweerthetwo theoriesfrom the perspectie of

IWe usethe notation C [v=x] to denotethe simpli®edCSPobtainedfroma CSR C, by settingthe valueof
variablex to valuev.
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cutsetsput the differencebetweerthemfrom the perspectie of backdoorss likely to be
substantial.

Q ONE

EQ EQ

O

NEQ - not equal

EQ - equal

Q cutset variable Q backdoor variable

Figure18.9: Cutsetvs. backdoorsets. Any cutsetis a backdoorset. However, backdoor
setscanbe considerablysmallersincethey factorin the semanticof the constraintsyia

thepropagtiontriggeredby thesub-soler. Any cliqueof sizek hasa cutsetof sizek 2.

In this picture, the size of the cutsetis 4 while the size of the backdoorsetis 1 if the
sub-soler performsforward checkingor arnything stronger

A key issueis thereforethe sizeof the backdoorset. Randomformulasdo not appear
to have smallbackdoorsets. For example,for random3-SAT problemsthe backdoorset
appearso be a constanfraction (roughly 30%) of the total numberof variableg53]. This
may explain why the currentDPLL basedsolvers have not madesigni cant progresson
hardrandomlygeneratednstances Seizerconsiderghe parameterizedompleity of the
problemof whethera SAT instancehasa weak or strongbackdoorsetof sizek or less
for DPLL style sub-solers,i.e., subsohersbasedon unit propagtion and/orpureliteral
elimination[82]. He shaws thatdetectionof weakandstrongbackdoorsetsis unlikely to
be x ed-parametetractable. Nishimuraet al. [72] provide more positive resultsfor de-
tectingbackdoorsetswherethe sub-soler solvesHorn or 2-cnf formulas,both of which
arelineartime problems. They prove thatthe detectionof sucha strongbackdoorsetis

x ed-parametetractable whilst the detectionof a weakbackdoorsetis not. The expla-
nationthatthey offer for sucha discrepang is quite interesting:for strongbackdoorsets
oneonly hasto guarante¢hatthechosersetof variableggivesa subproblenwith thecho-
sensyntacticclass;for weakbackdoorsets,onealsohasto guaranteesatis ability of the
simpli ed formula,a propertythatcannotbe describedsyntactically

Empiricalresultsbasedn real-world instancesuggesa morepositive picture. Struc-
turedprobleminstancesanhave surprisinglysmallsetsof backdoowariableswhich may
explainwhy currentstateof theartsolversareableto solve verylargereal-world instances.
For examplethelogistics-dplanningprobleminstance(log.d) hasa backdoorsetof just12
variablescomparedo atotal of nearly7,000variablesin theformula, usingthe polytime
propagtiontechniquef the SAT solver, Satz[62]. Hoffmannetal provedthe existence
of strong backdoorsetsof size just O(log(n) for certainfamilies of logistics planning
problemsandblocksworld problemsdomaing54].

Even though,computingbackdoorsetsis typically intractable,evenif we boundthe
size of the backdoor{82], heuristicsandtechniquedik e randomizatiorandrestartsmay
neverthelesde ableto uncoser a small backdoorin practice[87, 59, 52]. For example
onecanobtaina completerandomizedestartstratgy thatrunsin polynomialtime when
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Figure 18.10: Constraintgraphof a real-world instancefrom the logistics planningdo-
main. Theinstancein the plot has843varsand7,301clauses.Onebackdoorsetfor this
instancew.r.t. unit propa@tion hassize 16 (not necessarilythe minimum backdoorset).
(a) Constraintgraphof the original constraintgraphof the instance.(b) Constraintgraph
aftersettingb variablesandperformingunit propagtiononthegraph.(c) Constraingraph
aftersetting14 variablesandperformingunit propagtiononthe graph.

the backdoorsetcontainsat mostlog(n) variables[87]. DequenandDuboisintroduced
a heuristicfor DPLL basedsolversthat exploits the notion of backbonethat outperforms
otherheuristicson random3-SAT problemg19, 20].

18.4.4 Restarts

Onewayto exploit heavy-tailedbehaiour is to addrestartdo abacktrackingprocedure A
sequencef shortrunsinsteadof a singlelong run may be a moreeffective useof compu-
tationalresourcesGomesetal. proposeda rapidrandomizatiorandrestart(RRR)to take
adwantageof heavy-tailedbehaiour andboostthe ef ciency of completebacktracksearch
procedure$44]. In practice,onegraduallyincreaseshe cutoff to maintaincompleteness
([44]). Gomesetal. have provedformally thatarestartstratgyy with a x cutof eliminates
heavy-tail behaior andthereforeall the momentsf arestartstratgy are nite [43].
Whentheunderlyingruntimedistribution of therandomizedgroceduraes fully known,
the optimal restartpolicy is a x ed cutoff [63]. Whenthereis no a priori knowledge
aboutthe distribution, Luby et al. alsoprovide a univeisal strategy which minimizesthe
expectedcost. This consistof runswhoselengthsarepowersof two, andeachtime a pair
of runsof a given length hasbeencompleteda run of twice thatlengthis immediately
executed.Theuniversalstratgyy is of theform: 1;1;2;1;1;2;4;1; 1, 2;4;8; . Although
the universalstratgyy of Luby et al. is provably within a constantlog factor of the the
optimal x edcutoff, thescheduleftenconvergestooslowly in practice.Walshintroduced
a restartstratay, inspiredby Luby et al.'s analysis,in which the cutoff valueincreases
geometrically{85]. Theadwantageof suchastratey is thatit is lesssensitve to thedetails
of the underlyingdistribution. State-of-the-arSAT solvers now routinely userestarts.
In practice the solversusea default cutoff value,whichis increasedlinearly, every given
numberof restartsguaranteeinghecompletenesaf thesolverin thelimit ([70]). Another
importantfeatureis thatthey learnclausesicrossestarts Thework on backdoorsetsalso
provides formal resultson restartstratgies. In particular even though nding a small
setof backdoorvariablesis computationallyhard, the presencef a small backdoorin a
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problemprovidesa concretecomputationabdwantagan solvingit with restart487].
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Figure18.11:Restarts(a) Tail (1 F (x)) asafunctionof thetotal numberof backtracks
for a QCPinstanceog-log scale;the left curwe is for a cutoff value of 4; and, the right

curve is without restarts.(b) The effect of differentcutoff valueson solutioncostfor the

logistics.dplanningproblem.Graphadaptedrom [41, 43].

In reality, we will be somevherebetweerfull andno knowledgeof the runtimedistri-
bution. [48] introducea Bayesiarframenork for learningpredictve modelsof randomized
backtracksolvers basedon this situation. Extendingthat work, [58], consideredestart
policies that can factor in information basedon real-time obsenationsabouta solver's
behaior. In particular they introducean optimal policy for dynamicrestartghat consid-
ersobsenationsaboutsolver behaior. They alsoconsiderthe dependencbetweerruns.
They give a dynamicprogrammingapproacho generatehe optimal restartstrateyy, and
combinetheresultingpolicy with real-timeobsenationsto boostperformancef backtrack
searchmethods.

Variantsof restartstrateyies include randomizedbacktracking[64], and the random
jump stratgy [93] which hasbeenusedto solve a dozenpreviously open problemsin

nite algebra.Finally, one canalsotake advantageof the high varianceof combinatorial
searchmethodsby combiningseveral algorithmsinto a “portfolio,” andrunningthemin
parallelor interleaving themon a singleprocessof50, 40, 42].

18.5 History

Researclin this areacanbetracedbackatleastasfar asErddsandRéryi'swork on phase
transitionbehaiour in randomgraphs[10]. Oneof the rst obsenationsof a compleity
peakfor constraintsatisiction problemswas Gaschnign his PhD thesiswherehe used
hl0; 10; 1; poi modelB problems(theseresemblel0-queengroblems)[26]. FuandAn-
dersonconnectedphasetransitionbehaiour with computationatomplexity [24], asdid
HubermarandHogg[49]. However, it wasnottill 1991,whenCheesemariKanefsk and
Taylor publishedan in uential paper[12] that researchn this areaacceleratedapidly.
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Cheesemantal. correlateccompleity peaksfor searchalgorithmswith rapidtransitions
in problemsatis ability. They conjecturedthat all NP-completeproblemsdisplay such
phaseransitionbehaiour andthatthisis correlatedwvith therapidchangen solutionprob-
ability. Morerecently phasdransitionbehaiour hasbeencorrelatedvith rapidchangesn

the sizeof the backbone However, problemclasse$iave beenidenti ed like Hamiltonian
Cycle whosephasetransitiondoesnot seemto throw up hardinstanceq83], aswell as
NP-completgroblemclassesvhich do nothave any backbong9]. CheesemarkKanefsky

and Taylor also conjecturedhat polynomial problemsdo not have suchphasetransition
behaiour orif they doit occursonly for aboundedroblemsize(andhencebounded-ost)
[12]. However, aswe noted,even polynomial problemslik e establishingarc-consistenc
displaysimilar phasetransitionbehaiour [29]. Anotherpolynomialproblemclasswhich

displaysphaseransitionbehaiour is 2-SAT [38, 14].

18.6 Conclusions

As the mary examplesin this chaptethave demonstratediesearctinto randomproblems
hasplayeda signi cant role in our understandingf problemhardnessandin the de-
sign of ef cient andeffective algorithmsto solve constraintsatisactionandoptimization
problems. We needto take carewhen using randomproblemsasthereare a numberof
pitfalls awaiting the unwary. For example,randomproblemsmaylack structurefoundin
realworld problems.Researclinto areadik e randomquasigroupgcompletionattemptsto
addresssuchissuesdirectly. As a secondexample,randomproblemsmay be generated
with “a ws”. However, if careis taken, such aws can easily be prevented. Thereare
mary areashatlook promisingfor future research For example,we areonly startingto
understandhe connection(if any) betweenthe backboneandbackdoor{59]. As another
example randomproblemscapturingstructuralpropertiesof realworld problemg54] are
startingto provide insightinto key issuedike backdoorsAs a nal example,searchmeth-
ods inspiredby insightsfrom randomproblemslike randomizationand restartsoffer a
promisingnew way to tackle hard computationaproblems.Whatis certain,however, is
thatrandomproblemswill continueto beausefultool in understandingandthustackling)
problemhardness.
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