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Abstract

We present a logical approach to planrecognition that builds on Kautz’s theory of keyhole plan recognition, de-

fined as the problem of inferring descriptions of high-level plans from a set of descriptions of observed, typically

low-level, actions. Kautz’s approach is based on a formalization of the structural information contained in an abstrac-

tion/decomposition hierarchy of plan schemas: the inferred plans are selected by an observer agent from amongst

those that can be generated from this hierarchy. In this paper, we present two logics for plan recognition. The

first theory, like Kautz’s, is monotonic, meaning that all possible plans compatible withthe observations are treated

as equally plausible by the observer. The second theory isbased on rejecting this simplifying assumption, and is

nonmonotonic. To develop this theory, we adapt ideas from belief revision and conditional logic to define plan

recognition inference as a nonmonotonic consequence operation based on an observer’s plausibility ordering on the

possible plans. The logics incorporate a sound and complete theory of temporal intervals based on Allen’s approach,

enabling the plan recognition agent to handle temporal information relating multiple observations. An underlying

motivation for our work is to provide an intuitive semanticinterpretation of plans using situation semantics and to

interpret plan recognition as inference over courses of events.

Keywords: Plan recognition, nonmonotonic reasoning, belief revision.

1 Plan recognition

The problem of plan recognition can be definedsuccinctly as ‘to take as input a sequence of
actions performed by an actor and to infer the goal pursued by the actor and also to organize
the action sequence in terms of a plan structure’ [46, p. 52]. Plan recognition is primarily
a prediction task; the value to the observer is either to provide assistance to another agent
(in a cooperative task) or to thwart another’s plans (in adversarial scenarios). A major as-
sumption is that the observed agent is rational, i.e. following a plan that the observer deems
reasonable: there is no other basis upon which the observer can make predictions. In practice,
both observer and observed agent are assumed to share common knowledge of a class of pos-
sible plans, usually represented as an abstraction/decomposition hierarchy relating complex
abstract plans to their simpler concrete components.

One distinction drawn by Cohen, Perrault and Allen [13] is betweenkeyhole plan recog-
nition andintended plan recognition. In the former case, the observed agent may make no
attempt to help or hinder the observer agent to recognize its plans, and may not even be aware
that it is being observed (it is as if the observer looks through a keyhole). In the latter case,
the observer and observed agents are typically collaborating on a joint task, and the observed
agent intends the observer agent to recognize the plans it is executing. A special case of this
is cooperative communication, specifically as construed by Grice [23], in which the recog-
nition of intentions is paramount in guaranteeing successful communication. In the present
paper, we deal exclusively with keyhole plan recognition, which formally is more general
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in making no assumption about the cooperativeness of agents. However, this is not to deny
the importance of intended plan recognition, which has been long studied in AI, c.f. Sidner
and Israel [48]. Indeed the kind of intention recognition necessary for successful speech act
recognition may be far more difficult to formalize than keyhole plan recognition, due to its
reliance on non-syntactic features of communication such as gesture or intonation. Moreover,
special attention may need to be paid to mismatches between the beliefs of the observer and
the observed agent, c.f. Pollack [42].

There have been a number of attempts to formalize keyhole plan recognition in the AI
literature. We broadly follow the approach of Kautz as taken in Kautz and Allen [28] and
Kautz [26, 27], which is based on representing the information contained in a plan hierarchy
using a first-order logic of events, then characterizing the plan recognition inferences using
circumscription, McCarthy [40]. The intuition is that the plan hierarchy represents only in-
formation that is certain knowledge (from the observer’s point of view) about the possible
plans that can be constructed; for this to be used in plan recognition, the hierarchy needs
to be ‘completed’ to enable stronger conclusions to be drawn—this essentially amounts to
making the assumption that the hierarchy enables the construction ofall possible plans that
the observed agent could be following. Thus the intuition behind Kautz’s approach is that the
observer has incomplete information about the observed agent’s planning knowledge, which
through the use of circumscription, is turned into an assumption of complete knowledge.

Despite the use of circumscription, the logic of plan recognition that Kautz develops is
monotonic, and his inference operation is defined using ordinary first-order deduction. This
is because the result of performing the circumscriptions (for a given plan hierarchy) is rep-
resentable as a first-order theory� , and the plan recognition inferences are defined as those
formulae� which follow using first-order entailment from a set of observation formulae�
together with� . This defines a monotonic inference operation, i.e. one for which, given any
sets of sentences� and�� and any sentence� , � � � implies�� � � whenever� � ��.
Intuitively, monotonicity here means that as the observer gathers more information, it need
never retract any previous inferences. As noted by Kautz and Allen [28], this definition is
based on the unrealistic assumption that all possible plans compatible with the observations
are treated as equally plausible by the observer agent: there is no way for the observer to
express thea priori plausibility of the various possible plans. Thus the inferences (and hence
the predictive power) of a plan recognition system based on Kautz’s theory will in general be
too weak except in all but the simplest domains (such as help systems for Unix commands).
Hence any general logical theory ofplan recognition must be nonmonotonic.

In this paper, we propose an alternative approach to formalizing keyhole plan recognition.
The basic motivation behind our approach is to define a semantics for plans using a version
of situation semantics [7], then to characterize plan recognition as inference over situations.
Situations (as opposed to first-order models orpossible worlds) are suitable for modelling
plans because they include a rich variety of semantic objects includingindividuals, objects,
properties, relations, events and space-time locations, exactly the ingredients of plans. We
construe observations of actions as descriptionsof situations, i.e. that the observed situation
includes the event being observed, then take plan recognition as a computational means of
gaining information about the observed situation.

We present two logical theories of plan recognition. The first theory is monotonic, treat-
ing plan recognition as entailment over a class of plans that we call thesimple plans. As in
Kautz’s theory, this sort of plan recognition can be characterized as deduction over a first-
order language. The second theory is nonmonotonic. The basic idea is that some ordering
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on the simple plans is neededto capture the prior plausibility of these plans, analogous to
the use of such orderings for modelling default reasoning, e.g. Shoham [47]. We can then
characterize plan recognition as a nonmonotonic consequence operation defined as preferen-
tial entailment over the class of simple plans augmented with this plausibility ordering. Our
work is thus based on established connections between orderings on models and the approach
to nonmonotonic reasoning using expectations [19, 21]. This work derives from the theory
of belief revision developed by Alchourr´on, Gärdenfors and Makinson [2], which in turn is
closely related to the work of Lewis [35] on the semantics of conditional logic. Indeed there
is also a close intuitive connection between plan recognition inferences and indicative condi-
tionals. Thus in this paper, the formal connections between plan recognition, nonmonotonic
reasoning, belief revision and conditional logic are further strengthened.

The outline of this paper is as follows. We begin in Section 2 with a summary of Kautz’s
theory of plan recognition. Then in Section 3, we present a logic of entailment over situations,
reconstruct Allen’s logic of temporal reasoning for use in modelling courses of events, then
show how to characterize plan recognition as deduction over theories corresponding to the
class of simple plans. This work is our analogue of Kautz’s theory of plan recognition. In
Section 4, we show how to define a nonmonotonic consequence operation for plan recognition
based on an ordered structure of situations that corresponds to a prior plausibility ordering on
the class of simple plans. We construe an agent’s epistemic state as a belief set together with
a nonmonotonic consequence operation, and show how epistemic states should be revised in
the light of new observations. This constitutes our nonmonotonic theory of plan recognition.
We conclude with a discussion of related work, focusing on the role of context and epistemic
state dynamics in plan recognition.

2 Kautz’s theory of plan recognition

In Kautz’s theory of plan recognition [28, 26, 27], the observer agent is assumed to start with
a collection of plan schemas (action types). An action may have a number of subtypes (ways
of specializing the action type) and may have a decomposition (a procedure to be followed in
performing the action), together forming an intertwined abstraction/decomposition hierarchy.
For example, a subtype of the action type for going to the city might be to take the train to the
city, which in turn might have the decomposition of going to the train station, buying a ticket,
etc. A sample hierarchy from the cooking domain, taken from [26], is shown in Figure 1 and
will be used to illustrate the theory. Shaded arrows represent the abstraction relation (going
from special to general), while thin black arrows represent the decomposition relation (going
from plan schema to component steps). The decomposition arrows for a single action type are
labelled with distinct function symbols distinguishing the different substeps in the plan: the
namess1, s2, etc. carry no formal significance but are meant to be suggestive of first substep,
second substep, etc.

Kautz makes a number of assumptions about the plan hierarchy. First, the plan hierarchy is
assumed to form a finite acyclic graph, i.e. there is no path from any node to itself. Second, the
hierarchy is assumed to include special action typesAnyEvent andEnd: the specializations of
End are those action types that are assumed to be ‘self-motivating’ and indicate the point at
which plan recognition stops. Third,End and its specializations are exactly the set of schemas
that do not appear in the decomposition of any action type.

The logical language used in Kautz’s theory is first-order predicate calculus with a standard
equality predicate. Kautz uses the ‘reified’ representation of events from Allen [4] in which
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FIGURE 1. Cooking hierarchy

event tokens are represented by terms and event types by predicates, so that a formula such
as���� denotes the proposition that an event token� is of type�.1 The language is also
assumed to include terms denoting temporal intervals, and the logic is assumed to include a
sound and complete first-order theory of temporal relations on the intervals.

The basic knowledge of plans contained in the abstraction/decomposition hierarchy is rep-
resented as the set of abstraction and decomposition formulae.

DEFINITION 2.1
An action type�� directly abstracts an action type� if there is a single abstraction arrow
from� to��. The transitive closure of this relation is theabstraction relation.

Abstraction. If action type�� directly abstracts action type�:

(ABS) ������� � ������.

EXAMPLE 2.2
���PastaDish���� PrepareMeal����

Decomposition. If action type� has decomposition��� � � � � �� labelled��� � � � � �� respec-
tively:

(DEC) �������� ����step
�
���� � � � � � ���step����� � ���.

In such formulae, each symbolstep� denotes a function identifying the correspondingly
labelled step�� in the decomposition. The symbol� denotes a conjunction of constraints
on the decomposition, such as conditions on the types of role fillers, the preconditions and
effects of the plan, and the temporal relationships between steps in the decomposition. These

1The earlier formulation of the theory in Kautz and Allen [28] differs in using an ‘occurs’ predicate. Here we
follow the later presentations of Kautz [26, 27].
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constraints are typically expressed using functions to identify role fillers and relations on
temporal intervals. For example, the constraint that two substeps in a decomposition have
the same agent and occur in temporal sequence might be represented using the formula
agent�step

�
���� � agent�step

�
���� � before�time�step

�
����� time�step

�
�����, whereagent

andtime are functions denoting the agent and time of an action, andbefore denotes the tem-
poral precedence relation.

EXAMPLE 2.3
���PastaDish����

Noodles������� � Sauce������� � Boil������� �
	
��
������� � 	
��
��� � 	
��
������� � 	
��
��� � 	
��
������� � 	
��
��� �
�����
�
����������� 
������� � before�
����������� 
������������

The knowledge in the plan hierarchy is assumed to be correct, but the central motivation of
Kautz’s theory is that this knowledge is, by itself, insufficient for plan recognition. For plan
recognition, the theory representing the information in the plan hierarchy must be ‘completed’
using circumscription. The essential effect of performing the circumscriptions is that where
the original hierarchy contains facts such as that a schema has a number of subtypes and
occurs in a number of decompositions, the completed knowledge is that the action type has
only these subtypes as possible subtypes, and occursonly in those decompositions. This
additional information is not certain knowledge from the observer’s point of view, because
the observer agent cannot be sure that it is aware of all subtypes of an action type, nor all
action types in which a given action type occurs. It is not necessary to review details of the
formal circumscription operations here: what matters is that the additional assumptions that
result are representable as a set of first-order formulae, their models can be characterized in
terms of predicate minimization, and that plan recognition can be formalized as first-order
deduction.

The following definition of compatibility is needed.

DEFINITION 2.4
Two action types arecompatible if they have a common specialization under the (transitively
closed) abstraction relation.

Note that as special cases of this definition, two action types are compatible if they are
identical or if one is a specialization of the other.

Completing the abstraction hierarchy amounts to assuming that an action must be special-
ized by one of itsknown subtypes. The result of completing the abstraction hierarchy is the
following set of formulae.

Exhaustiveness assumptions. If ��� � � � � �� are all the action types that� directly abstracts:

(EXA) �������� ����� � � � � � ������.

EXAMPLE 2.5
���PrepareMeal���� �PastaDish��� �MeatDish�����

Disjointedness assumptions. If �� and�� are not compatible:

(DJA) ��������� � �������.

EXAMPLE 2.6
����PastaDish��� � �MeatDish����
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The class of models satisfying these formulae is characterized by a notion of�-closure.

DEFINITION 2.7
A model� in a set� is minimal in a set of predicates � if there is no other model� � in �
that agrees with� on the interpretation of all constants, functions and predicates not in�,
and for which the extension of each predicate� 	 � is a subset of the extension of� in� .

DEFINITION 2.8
Let�NB be the set of non-basic action types (those with at least one specialization), including
the special action typesAnyEvent andEnd. A model� is closed under specialization if �
is minimal in�NB among the models of (ABS).

Suppose an action in some model is of some basic type, and hence by (ABS), is of a
number of non-basic types. The effect of closure under specialization is to ensure that in the
model, the action is of only those non-basic types licensed by the (ABS) formulae.

THEOREM 2.9 (Kautz)
� is a model of (ABS) closed under specialization iff� 
� (ABS)� (EXA).

DEFINITION 2.10
Let� be the set of all action types, including the special action typesAnyEvent andEnd. A
model� is closed under abstraction if � is minimal in��
AnyEvent� among the models
of (ABS) that are closed under specialization.

Let� be the set of all (ABS) and (DEC) formulae,i.e. the certain knowledge represented
in the plan hierarchy.

DEFINITION 2.11
A model� is an�-closed model of � if � is a model of� and a model of (ABS) that is
closed under abstraction.

The effect of�-closure is to ensure that in any model, each action (object of typeAnyEvent)
is of a single basic type, and hence of only those types that abstract this basic type.

THEOREM 2.12 (Kautz)
� is an�-closed model of� iff � 
� � � (EXA) � (DJA).

Completing the decomposition hierarchy essentially amounts to assuming that each action
occurs as a component of anotherknown action whenever possible. Thus this heuristic en-
forces a kind of coherence of a set of actions. To express this heuristic, Kautz utilizes the
dummyEnd action type, which is defined so that its specializations are exactly those action
types which are not components (i.e. do not occur directly in the decomposition) of any other
action type. The result of performing the completion is the following set of formulae known
as Component/Use assumptions.

Component/Use assumptions. Consider all the decomposition axioms derived from the
plan hierarchy where an action type�� compatible with an action type� occurs as a direct
component of an action type�� , as� and� vary. These formulae are all of the following form.

(DEC) ��������� �� � � � ���step�� ���� � � � � � ����.

Then the component/use assumptions are the formulae of the following form.

(CUA) �������� End��� � �� � � � �������� � �� � step�� ����� � � � ���.
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Each disjunct on the right-hand side, apart fromEnd���, corresponds to an occurence in a
(DEC) formula of����� where�� is compatible with�. The (CUA) formula means that any
action of type� is either anEnd action or it occurs as a component (the�� th component) of
an action of type�� (because one of its specializations that is also a subtype of�� is in the
decomposition of�� ).

EXAMPLE 2.13
���Noodles����

���PastaDish��� � �� � step
�
����� � ���SpaghettiMarinara��� � �� � step

�
������

Note the importance of using compatibility of action types: an observation ofNoodles
doesnot lead to the prediction ofPastaDish as it would by merely following the component
arrow: the possibility that the noodles are spaghetti is also taken into account, in which case
the observed plan would beSpaghettiMarinara; in fact, by an exhaustiveness assumption, the
observed planmust beSpaghettiMarinara.

The models satisfying the (CUA) formulae are the class ofcovering models.

DEFINITION 2.14
A model� is a covering model of � if � is minimal in� � 
End� among the�-closed
models of� .

In any model, if an action is of a type which has a decomposition, there are related actions
whose types are those of the steps in the decomposition. In covering models, a partial con-
verse is true: every action whose type is not a specialization ofEnd occurs as a component of
some other action (whose type either specializesEnd or specializes a schema which appears
as the component of another action type, and so on, untilEnd is reached).

THEOREM 2.15 (Kautz)
� is a covering model of� iff � 
� � � (EXA) � (DJA)� (CUA).

As Kautz states, using these formulae does not ensure that multiple observations are in-
terpreted as being components of thesame action whenever possible. To achieve this, it is
necessary to minimize the number ofEnd actions generated by a set of observations. The
syntactic analogue of this is that the strongest consistent minimum cardinality assumption of
the following form (the one with the fewest variables) must be assumed. Note that automat-
ically determining this formula requires a check for consistency in first-order logic, which is
generally not computable.

Minimum cardinality assumption. Assume the strongest formula of the following form.

(MCAn) ��� � � � ����End���� � � � � � End�����
�
������ � ����.

The formula with� variables means that there are no more than�� � End actions.

EXAMPLE 2.16
����������End���� � End���� � End����� ���� � ��� � ��� � ��� � ��� � �����

Minimum cardinality models are characterized simply as those in whose extensions the
End predicate is minimal.

DEFINITION 2.17
A model� hasminimum cardinality in a set � with respect to a predicate � if there is no
other model� � in � for which the size of the extension of� is less than the size of the
extension of� in� .
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THEOREM 2.18 (Kautz)
If (MCA n), the strongest minimum cardinality assumption, exists, then� is a minimum
cardinality model of� with respect toEnd iff � 
� �� (EXA)� (DJA)� (CUA)� (MCAn).

DEFINITION 2.19
Let � be the collection of all (ABS), (DEC), (EXA), (DJA) and (CUA) formulae together
with the strongest minimum cardinality assumption (MCAn). A set of observation formulae
� entails a prediction� iff every minimum cardinality model of� satisfies� .

COROLLARY 2.20 (Kautz)
Let � be the collection of all (ABS), (DEC), (EXA), (DJA) and (CUA) formulae together
with the strongest minimum cardinality assumption (MCAn). A set of observation formulae
� entails a prediction� iff � � � � � using first-order deduction with the standard axioms
of equality and the interval theory.

3 A monotonic logic for plan recognition

In this section, we develop a formal model of plan recognition as deduction over theories
characterizing a class of plans that we call the ‘simple plans’. This approach is analogous to
Kautz’s work, but is really only a preliminary step towards developing a nonmonotonic logic
of plan recognition, which is done in Section 4. In contrast to Kautz’s theory, which uses
first-order logic and circumscription, our work is based on providing a more direct semantics
for plans based on situation semantics. Thus the first step is to define a monotonic logic, or
more precisely, a class of monotonic consequence operations, that corresponds to entailment
over sets of situations. The next step is to reconstruct Allen’s theory of temporal intervals to
enable a richer class of situations — courses of events — to be represented. The final step is
to define the class of simple plans for any given plan hierarchy and to show how entailment
over this class can be represented as a monotonic consequence operation.

The reason for using situation semantics is that situations, as defined by Barwise and
Perry [7], are portions of space-time consisting of individuals, objects, properties, relations,
events and space-time locations, and as such are natural semantic counterparts of plans. In
our usage of situation semantics, we follow the terminology of Devlin [15]. Situations re-
solveissues: an issue is an ascription of a property to an object, a claim that objects stand
in some relation in some location or throughout some time period, or that an event occurs
throughout a time period. If an issue is resolved in a situation, it is resolved with somepolar-
ity: either positive or negative. Issues with polarity are calledbasic infons (the basic units of
information). Compound infons may be formed as logical combinations of basic and other
infons using the operations of conjunction, disjunction and negation (note that we do not con-
sider implication). If an issue is resolved positively in a situation, the situationsupports the
corresponding infon; if negatively, the situationrejects the infon.

Situations are contrasted with possible worlds and propositional models, although some
authors, e.g. Cresswell [14], have argued that the notion of a possible world is broad enough
to include situations. The main difference between situations and possible worlds (as un-
derstood by Kripke [30] or Lewis [36]) is that although every proposition must be assigned
a truth value in every possible world, and of course this is the case in every propositional
model, a situation may leave some issues unresolved. A formal difference is that although
� � �� holds in every possible world and every propositional model, there are situations in
which� � �� does not hold, namely those situations in which� is undefined. However,
any inference that holds over the class of situations is valid over the class of possible worlds
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(and possible models), hence the logic of entailment over situations is strictly weaker (allows
fewer inferences in general) than the propositional calculus.

3.1 Entailment over situations

We now define a consequence operation corresponding to entailment over situations, which
we later use to formalize a deductive approach to plan recognition similar to Kautz’s the-
ory. Our modelling of situations comes from Devlin [15] and indirectly from Barwise and
Perry [7]: a situation is modelled as a set of infons which are themselves issues with an
assigned polarity. We follow Devlin in defining supports and rejects relations between situa-
tions and the class of compound infons: a situation supports a disjunction if it supports either
disjunct and rejects a disjunction if it rejects both disjuncts; a situation supports a conjunc-
tion if it supports both conjuncts and rejects a conjunction if it rejects either conjunct; and a
situation supports the negation of an infon if it rejects the infon, and rejects the negation of an
infon if it supports the infon. Devlin’s approach here borrows from that employed in partial
logic (see the survey article by Blamey [10]).

We begin with the basic definitions, assuming a given collection of issues.

DEFINITION 3.1
A basic infon is an issue together with a polarity (positive or negative).

DEFINITION 3.2
The infons are defined as follows. A basic infon is an infon, and if� and� are infons then
so are��, � � � and� � �.

DEFINITION 3.3
Thedual �� of a basic infon� is the issue of� with opposite polarity.

DEFINITION 3.4
A situation is a set of basic infons.

DEFINITION 3.5
A situation iscoherent if it does not contain any basic infon and its dual.

DEFINITION 3.6
A coherent situation� supports (rejects) an infon�, written � 
� � (� �
 �), under the
following conditions.

� 
� � if � 	 � for a basic infon�
� 
� �� if � �
 �
� 
� � �� if � 
� � and� 
� �
� 
� � �� if � 
� � or � 
� �

� �
 � if �� 	 � for a basic infon�
� �
 �� if � 
� �
� �
 � � � if � �
 � or � �
 �
� �
 � � � if � �
 � and� �
 �

DEFINITION 3.7
A set of infons� entails an infon� with respect to a set of situations	, written� 
�� �, if
every coherent situation in	 that supports all the infons in� also supports�.
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Situations provide the semantic grounding for plans; inference over situations provides a
deductive account of plan recognition. This isformalized using the notion of a (monotonic)
consequence operation, an operation, denoted�, relating premiss sets (corresponding to ob-
servations) to inferred conclusions (corresponding to predictions). This approach derives
from work in logic on Gentzen proof systems, which also forms the basis of the work of
Gabbay [17] on nonmonotonic consequence operations, the approach we follow in Section 4
when our own nonmonotonic theory of plan recognition is developed.

DEFINITION 3.8
A consequence operation is a relation� between sets of infons and infons that satisfies the
following conditions (where� � 
 means that� � � for each� 	 
).

If � � � and� � 
 then
 � � (Monotonicity)
If � � 
 and� �
 � � then� � � (Cut)
If � � � and� � � then� � � � � (And)

DEFINITION 3.9
A consequence operation� is compact if whenever� � �, there is some finite subset�� of
� such that�� � �.

DEFINITION 3.10
A situated consequence operation � is a compact consequence operation that satisfies the
following postulates (� � � is used as an abbreviation for
�� � �, and� �� � as an
abbreviation for� � � and� � � – say� and� areprovably equivalent under �).

� � � (Identity)
� � � � �,� � � � � (Or-Introduction)
� � � � �,� � � � � (And-Elimination)
� �� ��� (Double Negation)
� � �� � �� �� �� � �� � �� � �� (And-Distribution)
�� � �� � �� � �� �� � � �� � �� (Or-Distribution)
��� � �� �� �� � �� (And-De Morgan)
��� � �� �� �� � �� (Or-De Morgan)
� � ��� � �� � � (Or-Elimination)
If � � � and� � � then� � � � � (And-Introduction)
If � � � then� � � � � (And-Premiss)
If � � � and� � � then� � � � � (Or-Premiss)

The names of the postulates come from inference rules in natural deduction systems for
the propositional calculus. Conspicuously absent is the rule of contradiction, i.e. if� �
false infer �� (wherefalse is some contradiction). This rule is invalid for entailment over
situations since���� � false but��� ����, which is equivalent to���� using the De
Morgan principles, is not valid (it fails to hold at those situations in which� is undefined).

PROPOSITION3.11
Any situated consequence operation� satisfies the following properties.

If � ��
 then� � � iff 
 � � (Left Logical Equivalence)
If � � � and� � � then� � � (Right Weakening)
If � � 
�� � � and� � 
�� � � then� � 
� ��� � � (Or)
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(Left Logical Equivalence) means that provably equivalent sets of infons have identical
consequences—this follows from (Monotonicity), (Cut) and compactness. (Right Weaken-
ing) allows any consequence of an inferred conclusion to be inferred: thus the consequences
of a given set form a closed set under consequence. Finally, (Or) sanctions disjunction in the
premisses.

Soundness and completeness of the class of consequence operations� with respect to
entailment over situations is straightforward.

THEOREM 3.12
The class of situated consequence operations is sound and complete with respect to entail-
ment over sets of situations. That is,(soundness) the consequence operation�� defined as
entailment over a set of situations	 by � �� � iff � 
�� � is a situated consequence opera-
tion, and (completeness) given a situated consequence operation�, there is a set of situations
	 such that� 
�� � iff � � �.

The proof makes use of a characterization of the coherent situations in terms of prime
closed consistent sets of infons (whereas for propositional logic, possible worlds/models are
characterized in terms of maximal consistent sets).

DEFINITION 3.13
A set of infons� is closed under a consequence operation� if � 	 � whenever� � �.

DEFINITION 3.14
A set of infons� is prime if whenever� contains� � �, � contains� or � contains�.

3.2 Modelling courses of events

Our next task is to consider the temporally extended version of situations, known ascourses
of events in Barwise and Perry [7]. In this section, we first consider the logic of inference
over formulae representing temporal constraints, adapting the approach of Allen [4]. We then
show how this logic can be used to define consequence operations for reasoning with actions
and events. In the next section, we show how this can be applied to plan recognition.

Our work follows that of Allen [4], who aimed to provide a general theory of action and
time for use in planning and plan recognition. Allen’s approach is based on an interval cal-
culus in which intervals are first class entities, and basic propositionsdenote relationships
between intervals: this approach has a natural affinity with the situation semantics treatment
although based on a different technical framework (first-order logic). More specifically, we
follow Allen [3], which described a system for representing and reasoning about temporal re-
lationships between intervals. Allen’s system has 13 primitive relations that together provide
the expressive power for representing any ordering relationship between the start and end
points of two intervals. Allen was not primarily concerned with logical questions: his focus
was on using a constraint propagation algorithm to efficiently reason with temporal relations.
This method is viable because a significant portion of the temporal logic can be represented
using ternary constraints (analogous to the axioms expressed in the transitivity table, see
below). The system was also limited in linguistic expressiveness in that the formulae rep-
resentable in a constraint network (over which constraint propagation occurs) correspond to
disjunctions of basic relationships between pairs of intervals, e.g.�� � �� � �� � ��.

As shown by Allen [3], the constraint propagation algorithm is incomplete. However,
Ladkin and Maddux [32], in work cited in Ladkin [31], claim that Allen’s logic is complete
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with respect to interval structures based on the real line. Primarily to demonstrate that there
is no obstacle in incorporating Allen’s theory into our own approach, we give an appropri-
ate reconstruction of Allen’s theory and prove the result below. The main technical issue
is to ensure that Allen’s system of temporal reasoning can be reconstructed using only the
proposition-like language of infons, rather than the first-order language Allen used. In our
language, infons represent basic temporal relationships holding between pairs of intervals
denoted by primitive interval terms, and the models of the language are given by interval
structures, defined below.

DEFINITION 3.15
An interval constant or variable is a primitive symbol that denotes an interval. Aninterval
term is an interval constant or variable or an expression of the form���� where� is a function
symbol and� is an interval term.

DEFINITION 3.16
A temporal infon over a set of interval terms� is an infon all of whose basic constituents are
of the form� � � (with positive polarity) where� and� are in� and� is one of the relations
�, �, during, overlaps, meets, starts and finishes, or their inverses (for all except equality),
denoted�, during�, overlaps�, meets�, starts� and finishes�.

DEFINITION 3.17
An interval structure over a set of interval terms� is a set� of finite closed intervals over the
real line giving an interpretation for each interval term� 	 � in which the interval interpreting
� is identified by its start point�� and end point�� (with ��  ��).

DEFINITION 3.18
An interval structure� supports (rejects) a temporal infon�, written � 
� � (� �
 �), under
the following conditions. First, the satisfaction conditions for temporal infons are as follows.

���� ��� � ���� ��� if �� � �� and�� � ��
���� ��� � ���� ��� if ��  ��
���� ��� during���� ��� if ��  �� and��  ��
���� ��� overlaps���� ��� if ��  ��, ��  �� and��  ��
���� ��� meets���� ��� if �� � ��
���� ��� starts���� ��� if �� � �� and��  ��
���� ��� finishes���� ��� if ��  �� and�� � ��

Second, the inverse relations are defined as follows:� � � iff � � � and� �� � iff � � � for
� equal to during, overlaps, meets, starts and finishes. Finally, the satisfaction conditions
for complex temporal infons are as for situations except that for a basic infon�, � �
 � iff
� 
�! �.

The intuitive meaning of the relations is as follows:� � � means� and� are identical
intervals,� � � means� temporally precedes�, � during� means� is (properly) contained in
�, � overlaps� means� starts before� and ends after� starts but before� ends (importantly,
� overlaps� is different from� overlaps�), �meets� means the end point of� is the start point
of �, � starts� means� forms a (proper) initial segment of�, and� finishes� means� forms a
(proper) final segment of�. The relations are depicted in Figure 2, taken from Allen [5]. As
can be seen in the figure, for an interval�, when��  �� there are five possibilities for the
ordering of�� and�� with respect to��, giving the interval relations�, meets, overlaps, starts
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FIGURE 2. Allen’s temporal relations

and during (and similarly when��  �� giving their inverse relations), and when�� � ��
there are three more possibilities, giving� (not shown), finishes and the inverse of finishes.
Thus it should be apparent from the figure that all possible orderings between the start and
end points of two intervals generate an expressible interval relation.

Situated consequence operations based on the following set of axiom schemes� are sound
and complete with respect to the interval structures. We assume that an interval theory is
based on a given countable set of interval terms�: the infons of� are the temporal infons over
�. Following Allen [3], we use the abbreviation� ��� � � � ��� � to denote the finite disjunction
�� �� �� � � � � � �� �� ��. We also use the transitivity table from Allen [3], reproduced in
Figure 3, for ease in expressing the 144 transitivity axiom schemes (based on the 12 temporal
relations other than equality). Each entry in the table represents an axiom scheme of the form
�� �� ��� �� �� "� � �� �� ���� ���� "�, and the temporal relations are abbreviated as follows:
� for during,# for overlaps,� for meets,� for starts, and� for finishes. We also use� � �
as an abbreviation for�� � �� � �� � ��. Finally, in the second equality axiom scheme,
���!�� is any temporal infon with� replacing any (or all) occurrences of� in �.

The system� consists of the following axiom schemes.

(PC) � � �� for � a temporal infon
(Equality) � � �, �� � �� � �� � ��, �� � �� � �� � "� � �� � "�
(Equality) �� � �� � �� � ���!���
(Definition) �� � �� � �� � ��
(Definition) �� � �� � �� �� �� for � = during, overlaps, meets, starts, finishes
(Transitivity) �� �� �� � �� �� "� � �� �� ���� ���� "� from the transitivity table
(Totality) � �� � � � �� # #� ��� � �� � � �� �
(Exclusivity) ��� �� �� � ��� �� �� for distinct relations�� and��.

Note that one difference between our reconstruction and Allen’s original theory is that the
above transitivity axioms can bederived in Allen’s system from a first-order theory contain-
ing only the meets and equality relations as primitive. The axioms of this theory that are not
representable in our language concern the existence of intervals, e.g. representing properties
of time such as ‘for any interval� there exists an interval� such that�meets�’. However, it is
not necessary to use such properties in reasoning about relationships between given intervals.
This is because the class of situated consequence operations whose infons are all temporal
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FIGURE 3. Allen’s transitivity table:�� �� �� � �� �� "� � �� �� ���� ���� "�
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infons, and which contain the system� as axioms, is sound and complete with respect to the
class of interval structures.

DEFINITION 3.19
An interval theory is a closed set of temporal infons containing� that is based on a countable
set of interval terms�.

THEOREM 3.20
The class of interval theories based on� is sound and complete with respect to the class of
interval structures over� .

As an aside, because temporal infons are propositional in nature (in the sense that any such
infon is defined in any interval structure in which all interval terms occurring in the infon
are interpreted), a deduction theorem for interval theories can be proven. Here� denotes a
situated consequence operation.

PROPOSITION3.21 (Deduction theorem)
If � � 
�� � � then� � � � � for an interval theory� and temporal infons� and�.

We now consider the modelling of courses of events. Following Barwise and Perry [7],
the basic infons in a course of events are either events or temporal constraints of the form
modelled above. By an ‘event’ in the context of plan recognition, we mean the occurrence of
an action instance over a period of time. Thus each basic event infon comprises an action type
together with an interval of occurrence. The interval of occurrence in turn forms part of an
interval structure associated with the situation. The purpose of the interval logic is to ensure
the consistency and completeness of constraints between the intervals of different events. In
this way, a course of events can be regarded not as a generalized situation, but as a special
type of situation where the infons are of a particular sort (and where a situation consists of
just the set of positive infons it supports).

DEFINITION 3.22
A (positive) event infon is an infon with positive polarity of the form���� where� is an
action type and� is an interval term. Anegative event infon is the negation of a positive event
infon. An event infon is a positive or negative event infon.

DEFINITION 3.23
A course of events is a pair��� �� where� is a situation consisting of a set of event infons, and
� is an interval structure over a set of interval terms that includes all interval terms occurring
in an event infon in�.

The last condition on courses of events simply ensures that each interval associated with
an action in� is interpreted in the interval structure�.

The satisfaction conditions for courses of events are inherited from those for situations and
interval structures.

DEFINITION 3.24
A coherent course of events��� �� supports (rejects) a basic infon�, written ��� �� 
� �
(��� �� �
 �), under the following conditions.

��� �� 
� � if � 	 � for an event infon�
��� �� 
� � if � 
� � for a temporal infon�

��� �� �
 � if �� 	 � for an event infon�
��� �� �
 � if � �
 � for a temporal infon�.
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The satisfaction conditions for complex infons are as for situations.

The class of situated consequence operations that include the axioms of interval structures
is sound and complete with respect to the class of courses of events. Note that the second
axiom scheme for equality in� is here understood to apply to all infons, e.g. allowing the
event infon���� to be inferred from the event infon���� and the temporal infon� � �.

COROLLARY 3.25
The class of situated consequence operations� for which � � is sound and complete with
respect to entailment over sets of courses of events.

3.3 Plan recognition as deduction

In this section, we show how to define a consequence operation for use in plan recognition
that implicitly represents the information contained in a plan hierarchy. This provides our
deductive approach to plan recognition that is the analogue of Kautz’s work [28, 26, 27].
The main technical task in this section is to define a language for representing actions, and
to define and characterize a class of plans (the simple plans) which are the objects being
recognized in the plan recognition process. The main technical difference between our work
and Kautz’s is, as noted above, our use of a proposition-like language in contrast to Kautz’s
use of first-order logic. We also make more precise the definition of a plan hierarchy used in
our theory.

The notation we use for representing actions is a slight modification of the original notation
for events in situation semantics developed in Barwise and Perry [7]. We first assume a finite
collection of object types e.g.person, food, etc., arranged in an abstraction hierarchy, so that
types may have subtypes, e.g.pasta is a subtype offood, etc. In this way, a plan hierarchy
may contain role-specializations of an action type obtained by constraining the types of one
or more of its objects. We represent an action occurrence using a predicate consisting of the
action’s type and a list of arguments, each consisting of an object variable with the type of
the object.

DEFINITION 3.26
An action predicate is an expression of the form���� � $�� � � � � �� � $��, where� is an action
type and each�� is a variable denoting an object constrained to be of type$�.

Our representation of plan schemas is inspired by standard techniques in use in hierar-
chical planning systems such as NOAH [45] and NONLIN [51]. Each plan schema can be
considered a frame containing the following information:

� a unique name;
� a set of role variables each with a constraining object type;
� a (possibly null) parent action of which the schema is asubtype;
� a (possibly empty) expansion giving thecomponent actions of the schema;
� a set of temporal constraints on the intervals of the component actions.

Our hierarchies do not contain anyAnyEvent or End action types.

DEFINITION 3.27
A plan hierarchy is an abstraction relation and decomposition relation on a finite set of action
types such that (i) both relations are irreflexive, (ii) the abstraction relation is transitive, (iii)
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if � is a role-specialization of� then� is abstracted by�, (iv) no action type is abstracted
by two distinct action types, and (v) the temporal constraints on each action decomposition
are consistent interval theories.
DEFINITION 3.28
An action type� is aspecialization of an action type� iff � abstracts�.

DEFINITION 3.29
A plan hierarchy iscoherent if whenever a plan schema� has a component action�, any
action�� that is a specialization of� has a component action�� that is a specialization of�
or is equal to�.

We only consider coherent plan hierarchies in this paper. The purpose of the condition is to
ensure that when a plan is elaborated, the specialized actions added to the plan are consistent
with the more abstract actions already contained in the plan. Note that although the converse
of this condition might also be sensible (i.e. if all actions in�’s decomposition are abstracted
by all actions in�’s decomposition then� is a specialization of�), it is not essential for
our theory. The cooking hierarchy of Figure 1 is coherent, and incidentally, also satisfies the
converse condition.

What makes plan recognition a recognition task is that it is assumed that the executed
plan being observed is an instance of one that the observer has ‘seen before’. We make this
precise by defining the class of such plans, which we call thesimple plans. We then show
how inference over the courses of events corresponding to this class can be characterized
as a monotonic consequence operation. We assume that the simple plans correspond to the
possible executions of certainprimary actions: these correspond to the ‘high-level’ plans in
the hierarchy that are assumed to be self-motivating. Also, following Kautz’s approach, we
assume that the class of recognizable plans is drawn from the class of plans that the observer
agent can construct from the planhierarchy (the plan library).

In some sense, plan recognition is the inverse of planning. We view the simple plans as
a set of plans that can be constructed by a planner with ‘minimal effort’. In the standard
planning framework, a planning agent is considered as taking some goal% and an initial
plan consisting of one high-level action that achieves%. The agent then constructs a plan
to achieve% by extending its initial plan in a number of ways, each defining an elaboration
of the plan, stopping only when all actions in the plan are executable. A simple plan is a
plan that, intuitively, the observer agent has seen before, and hence is represented ‘directly’
in the plan hierarchy. We define the class of simple plans constructively in terms of the
operation of the planner, but limit the complexityof plans that can be constructed: essentially
a simple plan is one that can be constructed from a plan hierarchy using only the operation
of specialization of actions (disallowing morecomplex operations such as concatenation of
partial plans). The construction of a simple plan starts with a primary action and finishes with
a set of terminal actions.2

DEFINITION 3.30
A primary action type is a most abstract action type (in a given plan hierarchy) that is not a
component of any plan schema.

DEFINITION 3.31
A terminal action type (in a given plan hierarchy) is an action type that has no subtypes or all
of whose subtypes are components of other plan schemas.

2The name is chosen to reflect the close analogy between plan elaboration and sentence generation, and conse-
quently between plan recognition and parsing.



388 Two Logical Theories of Plan Recognition

The terminal action types in the cooking hierarchy from Figure 1 areBoil, Fettuccine,
Spaghetti, SpaghettiMarinara, ChickenMarinara, Sauce, Marinara andWashDishes; Sauce
is a terminal action type because all of its subtypes (here onlyMarinara) are components
of other plan schemas. Because, as we shall define below, plan elaboration stops with a set
of terminal actions, this definition goes against Kautz’s assumption of complete knowledge
of subtypes in the abstraction hierarchy. But there is some intuitive support for this con-
dition: since all subtypes of the action are components of other plan schemas, they must
be subtypes that are ‘special’ in some way, hence there must be other ‘normal’ ways of
executing the action, so the abstraction hierarchy cannot be complete. In the cooking hier-
archy, our approach gives intuitively correct results, for the assumption that the hierarchy
is complete implies that the action of making fettuccine can never occur. To see this, sup-
poseFettuccine��� is observed. Then with Kautz’s theory,Noodles��� can be inferred us-
ing (ABS), thenPastaDish��� � SpaghettiMarinara��� using (CUA), where� � �����, but
thenSpaghettiMarinara��� follows using (EXA), givingMarinara������� andSauce�������
as well asSpaghetti��� by (DEC), which contradictsFettuccine��� using (DJA). But if
Fettuccine occurs in some plan, it must be a specialization ofPastaDish, hence this plan
must include an action of typeSauce that cannot beMarinara. The upshot is that there is
information in the plan hierarchy itself that shows that the hierarchy is incomplete, hence it
is irrational of the observer agent to make the complete knowledge assumptions required of
Kautz’s theory. Thus some weaker condition is needed, and this is the reason for the clause
that means an action is terminal if there are possibly unknown ways of executing the action.
Of course, in this example, the exhaustiveness assumption enablingSpaghettiMarinara to be
inferred fromPastaDish is also problematic, and blocking this inference is achieved through
the definition of the simple plans.

DEFINITION 3.32
A simple plan (derived from a given plan hierarchy) is a set of event and temporal infons that
can be constructed as follows. Initially, the plan� consists of a positive event infon�����
where� is a primary action and�� is an arbitrary interval constant, negative event infons
������� for the other primary actions��, and event infons���������� for each action�� that
abstracts�� , the�th component of�. Then the plan is constructed by repeatedly elaborating
a nonterminal action, stopping only when all such actions have been elaborated. To elaborate
a nonterminal action� such that���� 	 � , first it is decided whether to specialize� or
each of�’s nonterminal components. Then, for eachof the chosen actions, one of its role-
specializations or subtypes� that is not a component of any plan schema is chosen and the
infons���� and������ are added to� for all other role-specializations or subtypes��. In
addition, whenever an event infon���� is added to� where� has a nonempty decomposi-
tion,� �������� is added to� for all actions� � that abstract�� , the�th component of� (and
if � was chosen for specialization, any of�’s components automatically specialized by this
process are not considered further). Finally, any constraints on the intervals� and the�����
are added to� .

Thus a simple plan is maximally specific in the sense that all nonterminal actions in the
plan are specialized as far as possible into a set of terminal actions. There are a number
of subtleties in the above definition. One relates to the coherence condition on plan hierar-
chies, in that if an action� with decomposition��� � � � � �� is specialized to a subtype�,
any actions added to the plan as components of� are specializations of the��, so that our
analogue of the (EXA) rule with�� as antecedent is satisfied: this is why such�� need not
be considered further. Another subtlety relates to the condition that the subtype� cannot be
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a component of another plan schema, which means that� can only be in a simple plan if one
of the schemas containing� as a component is also in the plan, so that our analogue of the
(CUA) rule with� as antecedent is satisfied. A third subtlety relates to the condition that only
the nonterminal actions are specialized. This handles the problem withSauce in the cooking
hierarchy as described above, since there is no sure way to specialize this action according to
the knowledge in the plan hierarchy. What this means to the observer agent is that the action
would be specialized by the planning agent in some unknown way (or possibly toMarinara,
but then only ifSpaghettiMarinara is the plan being followed). A fourth subtlety relates to
the condition that either� or all of the nonterminal�� are specialized, enabling a simple plan
containingFettuccine to be generated.

We now illustrate the idea of simple plans using the cooking hierarchy. The only primary
action types arePrepareMeal andWashDishes. The simple plans correspond to the sets of
terminal actions that form an elaboration of a single primary action. The following are all the
simple plans derived from this hierarchy (omitting negative event infons and interval symbols
for simplicity). The first simple plan below would not be recognized using Kautz’s theory.

PrepareMeal, PastaDish, Noodles, Fettuccine, Sauce, Boil
PrepareMeal, PastaDish, SpaghettiMarinara, Noodles, Spaghetti, Sauce, Marinara, Boil
PrepareMeal, MeatDish, ChickenMarinara, Sauce, Marinara
WashDishes

However, the following sets of actions arenot simple plans derived from this hierarchy.

PrepareMeal, PastaDish, Noodles, Sauce, Boil
PrepareMeal, PastaDish, Noodles, Spaghetti, Sauce, Boil
PrepareMeal, PastaDish, Noodles, Sauce, Marinara, Boil
PrepareMeal, PastaDish, Noodles, Spaghetti, Sauce, Marinara, Boil
PrepareMeal, PastaDish, Noodles, Fettuccine, Sauce, Marinara, Boil

Thus the notion of simple plans embodies some assumptions of complete knowledge and
specificity, following Kautz’s theory of plan recognition. The complete knowledge assump-
tions derive from the condition that a simple plan must contain a (known) specialization of an
abstract action whenever possible. For example, an observed agent cannot make noodlesper
se; it must do this by making a particular (known) type of noodles, spaghetti or fettuccine.
The specificity assumptions derive from the condition that an action� can only be special-
ized to an action that is not a component of another plan schema, so if any other subtype of�
is in a simple plan, it must be because the plan schema of which it is a component is also in
the plan. For example, the observed agentdoes not make spaghetti as part of some unknown
type of pasta dish: it must be as a component ofSpaghettiMarinara; however, in contrast,
since there is no known special type of pasta dish that includesFettuccine, the agent observed
to be making fettuccine must be making some unknown type of pasta dish. Thus a specificity
assumption can also be taken as an assumption of complete knowledge about the motivations
for performing an action.

We now characterize the simple plans (for a given plan hierarchy) as prime sets of infons
that are closed under a set of postulates extending those for situated consequence operations.
As with the interval theories, we assume that each such plan theory is based on a countable
set of interval terms�. In the following postulates, an interval variable may be replaced by
any other interval term occurring in the set� (unless otherwise stated, terms such as�, ��, etc.
are interval variables).
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The following postulates come directly from the meaning of the plan hierarchy: these are
the postulates for abstraction (ABS), decomposition (DEC), and role-specialization (SPEC),
which formalize the conditions on any valid plan. First, if an action token	 in the plan is of
type�, the plan also contains an event which is the instance	 with the type of�’s parent in
the abstraction hierarchy and the same interval of occurrence.

(ABS) ���� � �����, where�� directly abstracts�.

Second, if an expandable action is in a simple plan, all of its component actions are also in
the plan, together with the associated constraints on the intervals of occurrence.

(DEC) ���� � ��������� � � � � � ��������� � �, where the�� are the actions in the
expansion of�, the�� are functions giving the�th step in the decomposition, and�
is a conjunction of temporal infons relating� and������ � � � � �����.

Finally, any role-specialization�� of an action� is a specialization of that action, thus if an
instance of�� occurs in a simple plan, it must also be an instance of�.

(SPEC)����� � ����, for every role-specialization�� of �.

The above postulates hold of any hierarchical plan. We now consider postulates that apply
specifically to simple plans. We useXOR to mean�-ary exclusive or, i.e.XOR���� � � � � ���
abbreviates��� � � � � �������������� � ���. Thus a situation supportsXOR���� � � � � ���
iff it supports exactly one of the�� and rejects all the others. First, exhaustiveness (EXH)
says that every simple plan contains exactly oneprimary action over one associated interval
of occurrence: we choose the constant denoting this interval arbitrarily.

(EXH) � XOR�������� � � � � �������, where the�� are the primary action types, and
�� is an arbitrarily chosen interval constant.

(EXH) ������ ������� � �� � ��, where�� is a primary action.

Second, the postulates for subtypes (SUB) state that an instance of exactly one subtype of
a nonterminal action type or of each of its nonterminal componentscan be contained in a
simple plan.

(SUB) ���� � XOR������� � � � � ������ �
�
�
������� � � � � � �

�
	�

��������, for a non-
terminal action type� and each of�’s nonterminal components�� (�’s "th step),
where the�� are all the subtypes of� and the��


 are the subtypes of�� that are not
components of any plan schema.

Finally, the postulates for components (COMP) state that if an action is included in a simple
plan, at least one of the instances of the plan schemas containing it as a component must
also be included in the plan—furthermore, the interval of occurrence of the schema must be
correctly related to that of the component.

(COMP) ���� � � � � � ����&���� � ���� �&���� � ���� � � �, where the�� are the most
abstract plan schemas that include a specialization�� of � as the"� th component
action, and&��� gives the interval of occurrence of this plan instance.

We now show that sets of infons closed under the above postulates correspond to the simple
plans, hence the courses of events satisfying the above postulates are the semantic analogues
of the simple plans.
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DEFINITION 3.33
The postulates for plan recognition � derived from a plan hierarchy� are the set of all
(ABS), (DEC), (SPEC), (EXH), (SUB) and (COMP) postulates obtained from� .

DEFINITION 3.34
A plan recognition inference operation derived from a plan hierarchy� is a situated conse-
quence operation� that satisfies the postulates for plan recognition derived from� and for
which� � for some countable set of interval terms� .

DEFINITION 3.35
A plan theory based on a plan recognition inference operation� derived from a plan hierarchy
� is a prime consistent set of infons that is closed under�.

DEFINITION 3.36
A course of events��� �� is a realization of a simple plan� based on a plan hierarchy� if
(i) � 
� � for all event infons� 	 � , (ii) � 
� 
 for all temporal infons
 	 � , and (iii)
� 
� ���� for a positive event infon���� only if ���� 	 � .

THEOREM 3.37
The plan theories based on the plan recognition inference operations derived from a plan
hierarchy� correspond to the realizations of the simple plans based on� (up to renaming
of interval symbols).

Note that in contrast to the first-order models used in Kautz’s theory, there are typically
very few negative event infons supported by a course of events corresponding to a simple
plan: these come from the use ofXOR in certain postulates. For example, if���� is sup-
ported where� is a primary action, then by the first (EXH) postulate,������ is supported for
any other primary action��. However, though Kautz stresses the importance of the similar
disjointedness assumptions for plan recognition, there seem to be ‘enough’ negative event
infons supported by such courses of events to force the desired conclusions to follow. Note
also, however, that the above definition allowsfor a realization of a simple plan to support
negative event infons that are not direct consequences of the event infons corresponding to
actions in the plan and the conditions on simple plan construction, but the existence of such
courses of events does not prevent any desired conclusion from being validly drawn.

COROLLARY 3.38
For any plan hierarchy� , the class of plan recognition inference operations derived from
� is sound and complete with respect to entailment over the courses of events that are the
realizations of the simple plans derived from� .

This means that if, for an observation� and prediction�, � � � where� is a plan
recognition inference operation derived from a plan hierarchy� ,� holds in every realization
of every simple plan derived from� that supports�, and thus� is validly inferred from�.
This is the basic result underpinningour monotonic theory of plan recognition.

To illustrate the theory, we now give the complete formalization of the cooking hierarchy
(which, for us, does not include theAnyEvent andEnd action types). We assume the conse-
quence operation is defined over a set of interval terms that includes������ � � � � ����� and&���
whenever it includes an interval term�.
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Abstraction
PastaDish��� � PrepareMeal���
MeatDish��� � PrepareMeal���
SpaghettiMarinara��� � �	�
	'��(���
ChickenMarinara��� � MeatDish���
Spaghetti��� � Noodles���
Fettuccine��� � Noodles���
Decomposition
PastaDish��� � Noodles������� � Sauce������� � Boil�������
SpaghettiMarinara��� � Spaghetti������� �Marinara������� � Boil�������
ChickenMarinara��� � Marinara�������

Exhaustiveness
� XOR�PrepareMeal�����WashDishes�����

Subtypes
PrepareMeal��� � XOR�PastaDish����MeatDish����
PastaDish��� � XOR�SpaghettiMarinara����Fettuccine��������
MeatDish��� � ChickenMarinara���
Noodles��� � XOR�Spaghetti����Fettuccine����

Components
Noodles��� � PastaDish�&���� � ����&���� � ��
Spaghetti��� � SpaghettiMarinara�&���� � ����&���� � ��
Sauce��� � �PastaDish�&���� � ����&���� � ��� � �ChickenMarinara�&���� � ����&���� � ���
Marinara��� �

�SpaghettiMarinara�&���� � ����&���� � ��� � �ChickenMarinara�&���� � ����&���� � ���
Boil��� � PastaDish�&���� � ����&���� � ��

We can now give a reconstruction of the example of plan recognition taken from Kautz [26].
In this example, the initial observation is of an agent making marinara sauce. We invent an
arbitrary constant�� for the interval of occurrence of this event.

(1) Marinara���� by observation

It can be inferred that the agent is preparing a meal, as follows.

(2) SpaghettiMarinara�&����� � ChickenMarinara�&����� by (1) and (COMP)
(3) PastaDish�&����� �MeatDish�&����� by (2) and (ABS)
(4) PrepareMeal�&����� by (3) and (ABS)

The second observation is of an agent making fettuccine or spaghetti (we invent the constant
�� for the interval of occurrence of this event). It can now be inferred that the agent will make
spaghetti, as follows.

(5) Fettuccine���� � Spaghetti���� by observation
(6) Noodles���� by (5) and (ABS)
(7) PastaDish�&����� by (6) and (COMP)
(8) PrepareMeal�&����� by (7) and (ABS)
(9) &���� � &���� by (4), (8) and (EXH)
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(10)PastaDish�&����� by (7) and (9)
(11)�MeatDish�&����� by (10) and (EXH)
(12)SpaghettiMarinara�&����� �MeatDish�&����� by (2) and (ABS)
(13)SpaghettiMarinara�&����� by (11) and (12)
(14)Spaghetti����&������ by (13) and (DEC)

This inference can be drawn because there is just one simple plan,SpaghettiMarinara, that
contains both making marinara and making fettuccine or spaghetti, and this plan contains the
action of making spaghetti.

The inferences allowed under our theory differ from those allowed using Kautz’s approach.
For example, Kautz’s plan recognition theory derived from the cooking hierarchy includes the
analogue of the following postulate as an exhaustiveness assumption.

PastaDish��� � SpaghettiMarinara���

We have the following as a subtype postulate.

PastaDish��� � XOR�SpaghettiMarinara����Fettuccine��������

In this case, the predictions made under our theory (from an observationPastaDish����) are
weaker than those permitted under Kautz’s, butour formulation seems intuitively correct:
an agent making a pasta dish could be making fettuccine and hence a pasta dish of unknown
type. Of course, this kind of inference occurs only when the ‘observation’ includes an abstract
action. Kautz’s theory also includes the analogue of the following postulate, which is not
contained in our theory.

Sauce��� � Marinara���

As described above, this leads to the conclusion that there can be no simple plan containing
Fettuccine, since any such plan must includeSauce but notMarinara, directly conflicting
with this postulate.

Kautz’s theory handles multiple observations more directly than our theory, since we as-
sume all observations relate to asingle simple plan, whereas with Kautz’s approach, the num-
ber of End actions is minimized, so that multiple plans may be recognized simultaneously.
Using our theory, the existence of multiple concurrently executed simple plans is triggered
by an observation that contradicts a prior prediction, but we think that this circumstance is
better handled using extra-logical means than directly through the logic of plan recognition.
It is certainly this aspect of Kautz’s theory that leads to the technical complications in stating
the minimum cardinality assumptions.

4 A nonmonotonic logic for plan recognition

From a logical point of view, one basic problem with Kautz’s approach to plan recognition,
as noted by Kautz himself, e.g. Kautz and Allen [28, p. 33], is that the resulting theory is
monotonic. This means, in effect, that an observer treats all possible plans consistent with
an observation as equally plausible. Thus stronger methods are needed to model the effect of
the prior plausibility of plans on the formalization of plan recognition. In recent years, there
have been various attempts to model the prior plausibility of plans using Bayesian probability
theory [24, 43, 1], and using Dempster–Shafer theory [11, 9, 8]. From our perspective, these
approaches are too specific in committing to a particular formalism. We aim to classify plan
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recognition inference as a particular kindof nonmonotonic consequence operation, which
requires (only) determining the valid inference patterns underlying plan recognition: this is
the approach to nonmonotonic reasoning initiated by Gabbay [17]. The approach exploits
the connection between plan recognition and indicative conditionals, illustrated in the close
correspondence between the inference of a prediction� from an observation�, and an in-
dicative conditional ‘if� then�’. Gabbay’s approach thus borrows heavily from work on
conditional logic [49, 35].

In this section, we present a modelling of aclass of nonmonotonic consequence operations
that are based on preferential entailment, following Shoham [47]. In Shoham’s approach,
� follows from� if � holds in all the ‘most preferred’ models of�, and thus the seman-
tic framework requires an ordering on the elements of the models. While Shoham uses the
term ‘preference ordering’ to describe these orderings, we use the term ‘plausibility order-
ing’ to indicate, in a more neutral way, an ordering representing the relative prior plausibility
of two plans or situations. This section proceeds by first defining a class of nonmonotonic
consequence operations that corresponds to preferential entailment over ordered structures
of situations, then showing how to model the dynamics of an agent’s epistemic states, where
each epistemic state is a belief set togetherwith a nonmonotonic consequence operation de-
rived from a plausibility ordering on the simple plans. This constitutes our nonmonotonic
theory of plan recognition. In order to develop the theory, we need to make the assumption
of finite representability of the nonmonotonic consequence operation,meaning that our non-
monotonic theory of plan recognition is formallymore restricted thanour monotonic theory.

4.1 Preferential entailment over situations

The formal basis for preferential entailment is a plausibility ordering on some structure, here
a structure of situations each modelling a simple plan. Under preferential entailment, an
inference� 
� � holds in a structure of situations if� holds at allminimal �-supporting
situations in the model. Thus the conditions on the ordering that determine minimality are
crucial in reflecting properties of the consequence operation. The natural requirements on a
plausibility ordering are reflexivity, antisymmetry and transitivity, so that the ordering forms
a partial order, as in Shoham [47]. But in addition, we require a property known as almost-
connectedness (see below), which in the context of the other conditions, is similar in power
to totality, i.e. the condition that all pairs of situations are comparable. Some support for
this strong condition follows from theintuition that if a situation supports� � �, it must
support either� or �. To see this, suppose an agent observes� � �. The observed agent
must be executing a plan that contains either� or�, and the corresponding minimal� ��-
supporting situations also satisfy� � � and hence either� or � (or both). Assuming that
these minimal situations constituteall the minimal�-supporting situations (when satisfying
�) andall the minimal�-supporting situations (when satisfying�), comparability ensues
because, following Stalnaker [49], given any two situations�� and�� that are minimal�
and�-supporting situations (respectively), a total pre-order of situations� can be defined by
setting�� �� �� iff �� is a minimal� � �-supporting situation. It is also worth noting that
comparability, while controversial in conditional logic, is built in to those approaches based
on assigning a plausibility valuation, such as a prior probability or degree of belief, to each
possible plan.

We now proceed to the technical definitions.
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DEFINITION 4.1
An almost-connected partial order on a set� is a binary relation� that satisfies the following
conditions (for all�, ), * 	 �):

(i) reflexive, i.e.� � �;
(ii) antisymmetric, i.e.� � ) and) � � implies� � );
(iii) transitive, i.e.� � ) and) � * implies� � *;
(iv) almost-connected, i.e.� � ) implies� � ), � � * or * � ).

Note that the condition of almost-connectedness implies that for any two elements� and)
of � which are incomparable (i.e.� �� ) and) �� �), the set of elements* such that� � * is
the same as the set of elements* such that) � *, and the set of elements* such that* � �
is the same as the set of elements* such that* � ). Thus the ordering induces a set of
equivalence classes in�: for each element of� 	 �, there is an equivalence class containing
� and the elements with which� is incomparable. This is already very similar to the ‘sphere’
semantics of Lewis [35] based on total pre-orders of possible worlds, and moreover, this
connection can be made precise by noting that, given an almost-connected partial order�,
the ordering�� defined by� �� ) iff ) �� � or� � ) is a total pre-order.

The following provides the formal definition of an ordered structure of situations.

DEFINITION 4.2
A situation� is minimal in a set of situations	 ordered by� if � 	 	 and for all�� 	 	,
�� � � implies�� � �.

DEFINITION 4.3
An ordering� on a set of situations	 is finitarily stoppered if for any infon�, whenever
some situation in	 supports�, there is at least one and only a finite number of situations in
	 that support� and which are minimal amongst all�-supporting situations.

DEFINITION 4.4
An ordered structure of situations �	��� is a set	 of finite coherent situations together with
an ordering relation� on	 that satisfies the following conditions:

(i) � is an almost-connected partial order on	;
(ii) � is finitarily stoppered.

Condition (i) represents our standard structural requirements on the ordering of elements in
	. The clause of condition (ii) requiring the existence of minimal�-supporting situations in
any model containing an�-supporting situation is known as ‘finitarily stopperedness’ in the
terminology of Makinson [38]: it is a weakened version of the descending chain condition,
and is related to the ‘limit assumption’ of Lewis [35]. Our definition is stronger in requiring
only a finite number of such situations—this is the counterpart of the finite representability
of the consequence operation. Note also that we do not require	 to be nonempty.

We can now define a notion of preferential entailment for ordered structures of situations,
by adapting the definition from Shoham [47],which has been used for formalizing non-
monotonic consequence operations by Kraus,Lehmann and Magidor [29], Lehmann and
Magidor [33], Freund [16] and G¨ardenfors and Makinson [21]. Essentially,� preferentially
entails� if � holds in all situations minimal amongst those supporting�. Note that if there
are no minimal�-supporting situations,� preferentially entails� for any infon�.

DEFINITION 4.5
Given an ordered structure of situations�	���, let ��
 denote the set of situations in	 that
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support�. For a situation� 	 	, the set ofminimal �-supporting situations in 	, min���,
is defined as
��: �� is minimal in��
 ordered by��.

DEFINITION 4.6
An infon� preferentially entails an infon� with respect to an ordered structure of situations
� � �	���, written� 
 � �, if every minimal�-supporting situation in	 supports�.

We now characterize preferential entailment as a set of properties of the consequence op-
eration so generated. The precise definitions are as follows.

DEFINITION 4.7
An almost-rational consequence operation 
� based on a monotonic operation� is a conse-
quence operation on infons that satisfies the following postulates.

If � � � then� 
� � (Supraclassicality)
If � 
� � � �� then� � � � �� (Consistency Preservation)
If � 
� � and� � � then� 
� � (Right Weakening)
If � 
� � and� 
� � then� 
� � implies� 
� � (Reciprocity)
If � 
� � and� 
� � then� �� 
� � (Cautious Monotony)
If � 
� � and� � � 
� � then� 
� � (Cut)
If � 
� � and� 
� � then� 
� � � � (And)
If � 
� � and� 
� � then� �� 
� � (Or)
If � � � 
�! � and� � � 
� � then� 
� � (Almost Rational Monotony)

The names of the postulates come from the survey article by Makinson [38]. The condition
(Supraclassicality) refers to the fact that
� includes all inferences based on the ‘classical’
consequence operation�, although where in earlier work this has always been propositional
logic, here� refers to a situated consequence operation. The postulate (Cautious Monotony)
is a weakened form of monotonicity analogousto a commonly valid axiom of conditional
logics, e.g. Stalnaker [49] and Lewis [35]; its formulation here is due to Gabbay [17]. The
postulates (Right Weakening), (Cut), (And) and (Or) are analogues of those for situated con-
sequence operations. The final postulate, which we call (Almost Rational Monotony), is a
version of the postulate of (Rational Monotony) used by Lehmann and Magidor [33] to char-
acterize total pre-orders of propositional models, and as such, corresponds to the (CV) axiom
in Lewis’s conditional logic. However, our postulate is considerably weaker than (Rational
Monotony), primarily due to the weaker properties of consequence operations for entailment
over situations as compared to the propositional calculus. However, almost-rational conse-
quence operations do satisfy (Disjunctive Rationality), another postulate introduced by Kraus,
Lehmann and Magidor [29] that is weaker than(Rational Monotony). The additional rules
are defined as follows.

If � 
�! �� and� 
� � then� � � 
� � (Rational Monotony)
If � �� 
� � then� 
� � or� 
� � (Disjunctive Rationality)

PROPOSITION4.8
Any almost-rational consequence operation
� satisfies the following properties.

� 
� � (Reflexivity)
If � �� � then� 
� � iff � 
� � (Left Logical Equivalence)
If � � � 
� � then� 
� � or� 
� � (Disjunctive Rationality)
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Soundness and completeness of the class of almost-rational consequence operations can be
proven. The completeness proof involves showing that for any such consequence operation,
there is an ordered structure of situations suchthat preferential entailment in the structure
corresponds to the inference operation. The proof works by determining a set of situations
for each set of nonmonotonicconsequences of an infon, i.e. each set of the form
� � � 
� ��
for some�. This method works, however, only when each such set is logically equivalent to a
finite set of infons: this is the reason for the finitary constraints on the consequence operation,
condition (ii) above.

DEFINITION 4.9
Two sets of infons� and
 arelogically equivalent, denoted� � 
, if � and
 are provably
equivalent under every situated consequence operation (or equivalently, are provably equiva-
lent under the weakest situated consequence operation, i.e. that satisfying only the postulates
in Definition 3.10 and their implications).

DEFINITION 4.10
A consequence operation on infons
� based on a monotonic operation� is finitely repre-
sentable if for each set of infons� and infon�, the sets
� � � � �� and
� � � 
� �� are
logically equivalent to finite sets of infons.

THEOREM 4.11
The class of finitely representable almost-rational consequence operations is sound and com-
plete with respect to preferential entailment over ordered structures of situations. That is,
(soundness) the consequence operation
�� defined by preferential entailment from an or-
dered structure of situations� by� 
�� � iff � 
 � � is a finitely representable almost-
rational consequence operation based onsome situated consequence operation�, and (com-
pleteness) given a finitely representable almost-rational consequence operation
� based on
a situated consequence operation�, there is an ordered structure of situations� � �	���
such that� 
�� � iff � � � and� 
 � � iff � 
� �.

4.2 Plan recognition as nonmonotonic inference

In this section, we formalize a view of planrecognition as nonmonotonic inference based on a
plausibility ordering on the simple plans. The first step is to put together the characterization
of the ordered structures of situations in terms of almost-rational consequence operations
with the characterization of the simple plans in terms of a subclass of situated consequence
operations (those satisfying the postulates� derived from a given plan hierarchy� and
supporting the interval axioms�). This gives the following result, which forms the basis
of our nonmonotonic theory of plan recognition. Note that in order to satisfy the finitary
constraints on almost-rational consequence operations, the set of interval terms� occurring
in the temporal infons in a plan recognition inference operation must be finite.

COROLLARY 4.12
For any plan hierarchy� , the class of finitely representable almost-rational consequence
operations based on a plan recognition inference operation derived from� is sound and
complete with respect to preferential entailment over the ordered structures of courses of
events that are the realizations of the simple plans derived from� .

Using a nonmonotonic theory of plan recognition (based on some plausibility ordering),
the observer agent can make stronger predictions than with a monotonic theory, but this in-
troduces the converse problem of retracting predictions that conflict with prior observations.
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Thus what is needed to complete the theory of plan recognition is an account of the dynamics
of the observer agent’s epistemic states, each epistemic state consisting of a set of beliefs rep-
resenting the agent’s current observations and predictions, and a nonmonotonic consequence
operation derived from the current plausibility ordering on simple plans. In this way, view-
ing plan recognition as nonmonotonic inference involves a connection to belief revision, e.g.
as construed by G¨ardenfors [18]. Moreover, to account for multiple observations, iterated
revisions must be allowed. These issues are the subject of the remainder of this section.

To define a revision operation for a plan recognition agent, we assume that there is an epis-
temological difference between the beliefs the observer agent has as the result of observation
and those held as the result of prediction. We can partially capture this difference by assuming
that all the agent’s observations are veridical, hence cannot be retracted on the basis of further
observations, but that predictions are subject to revision on the acquisition of additional infor-
mation. We take the initial belief set of the observer agent to represent the assumption that the
observed agent is performing one of the most plausible simple plans (so the agent has beliefs
that do not follow purely from the postulates derived from the plan hierarchy). To model this
formally, we define an epistemic state of the observer agent to consist of a set of beliefs+
closed under a situated consequence operation�, together with a nonmonotonic consequence
operation 
� based on� representing the revisions the agent would perform on the basis of
new observations, i.e.� 
� � iff the agent would predict� given the observation� (and, of
course, does so if� is actually observed—this last condition is known as the Ramsey test in
the literature on belief revision). Our work thus follows established connections between be-
lief revision and nonmonotonic reasoning [39], especially that showing connections between
belief revision operations and expectations [19, 21].

DEFINITION 4.13
A belief system �!��� is a set of belief sets! together with a monotonic consequence oper-
ation� such that each belief set in! is a set of infons closed under�.

DEFINITION 4.14
An epistemic state �+� 
�� in a belief system�!��� consists of a belief set+ 	 ! and an
almost-rational consequence operation
� such that+ � 
� � true 
� ��, wheretrue is a
special infon supported by all situations.

Here! is typically the class of theories determined by sets of simple plans derived from
a plan hierarchy� , and� is a plan recognition inference operation derived from� . The
initial belief set is the set of infons holding at all minimal situations in a plausibility ordering
on the simple plans, and to accept an observation�, the belief set is revised to consist of the
set of infons holding inmin���. Moreover, since observations are taken to be veridical, it
is straightforward to define a revision operation on plausibility orderings, making the belief
revision operation iterative: essentially, all simple plans not supporting a given observation
are discarded, giving a plausibility ordering restricted to the situations supporting� in which
the agent’s beliefs are those infons holding in all minimal situations in the new ordering. This
is related to the definition of conditionalization in work on update in Bayesian probability
theory, applied in a belief revision context by Rott [44] — see the discussion in Nayak [41].

DEFINITION 4.15
Therevision of an ordered structure of situations� � �	��� by an infon� is the ordered
structure of situations��

� � �	����� defined by setting	� � 	 " ��
 and�� �� �� iff
�� � �� when�� and�� are contained in	� (i.e.�� is� restricted to the set	�).
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The above definition induces an iterative revision operation on epistemic states: to revise a
belief set+ and consequence operation
� by�, the new belief set+�

� is the set of infons
supported by all situations inmin�true� in 	�, and the new consequence operation
�� is
that determined by the ordering�� on the elements of	�; this is related to the operation
�
associated with+ by the condition� 
�� � iff � � � 
� � (conditionalization, condition
(C) below). It is also clear that+�

� so defined satisfies the Ramsey test.

DEFINITION 4.16
A revision operation on epistemic states is a function from epistemic states�+� 
�� and infons
� to epistemic states�+�

�� 
��� that satisfies the following postulates.

(RT) � 	 +�
� iff � 
� �.

(C) � 
�� � iff � �� 
� �.

The class of revision operations on epistemic states in finitely representable belief systems
characterizes the class of revision operations on ordered structures of situations.

DEFINITION 4.17
A belief system�!��� is finitely representable if every belief set in! is logically equivalent
to a finite set of infons.

DEFINITION 4.18
A revision operation on ordered structures of situations based on a situated consequence
operation� is a revision function defined for every model� whose entailment relation is
based on�.

COROLLARY 4.19
The class of revision operations on a finitely representable belief system�!��� is sound and
complete with respect to the class of revision operations on ordered structures of situations
based on�.

An alternative formulation of epistemic states and their revision operations can be given
in terms of belief revision functions. Here, an epistemic state is defined to consist of a belief
set+ and a belief revision function# (with respect to+) mapping infons to belief sets;
the belief revision function corresponds to anonmonotonic consequence operation using the
Ramsey test. The revision operation on epistemic states produces a revised belief set+�

� and
a revised belief revision operation#� (varying with�). The postulates satisfied by the revision
operation on epistemic states are as follows: (K*1)–(K*7) correspond to the conditions on
almost-rational consequenceoperations, while (K*8) corresponds to conditionalization.

DEFINITION 4.20
An almost-rational belief revision operation on epistemic states is an operation from epis-
temic states�+� #� and infons� to epistemic states�+�

�� #
�� that satisfies the following

postulates for all belief sets+ and all infons� and�.

(K*1) +�
� is a belief set

(K*2) � 	 +�
�

(K*3) If + � � then+�
� � +

(K*4) If � 	 +�
� then+�

��
 � +�
�

(K*5) If � �� � then+�
� � +�




(K*6) +�
� "+

�

 � +

�
��


(K*7) If � �	 +�
��
 then+�

��
 � +
�
�

(K*8) �+�
��
��


 � +�
��
 .
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COROLLARY 4.21
Suppose each epistemic state�+� #� is defined from an epistemic state�+� 
�� using the
Ramsey test. Then the belief revision operation from epistemic states�+� #� and infons� to
epistemic states�+�

�� #
�� is an almost-rational belief revision operation.

Let us conclude with an example from Kautz [26], based again on the cooking hierarchy
from Figure 1. Suppose the simple plans derived from this hierarchy are ordered as follows
(again omitting negative event infons and interval symbols).

PrepareMeal, MeatDish, ChickenMarinara, Sauce, Marinara
�

PrepareMeal, PastaDish, SpaghettiMarinara, Noodles, Spaghetti, Sauce, Marinara, Boil
PrepareMeal, PastaDish, Noodles, Fettuccine, Sauce, Boil
�

WashDishes

The observer agent initially believes that the observed agent is executing theChickenMarinara
plan (thea priori most plausible simple plan), and hence predicts the actionsMarinara,
Sauce, MeatDish andPrepareMeal. On observing the actionFettuccine, it revises its beliefs
to predict the new actionsNoodles, Boil andPastaDish (the new actions in the most plau-
sible simple plans containingFettuccine), while dropping the beliefs inChickenMarinara,
Marinara andMeatDish, and retaining the beliefs inSauce andPrepareMeal. The conse-
quence operation so defined is clearly nonmonotonic, e.g.Sauce 
� ChickenMarinara but
Sauce� Fettuccine 
�! ChickenMarinara.

5 Related work

The formulations of plan recognition in this paper address the issues of prior information
about the plausibility of plans (as encoded in apreference ordering) and, in a more limited
way, context (this ordering can be relative to the agent’s prior beliefs). Both themes have been
the subject of related work both in theoretical research on formalizing plan recognition and
in practical systems that carry out plan recognition. The requirements expected of practical
plan recognition systems serve to highlight the limitations of the present logical analysis of
the problem, and suggest further directions in which this work could be strengthened.

Although it has long been recognized that prior information about the plausibility of var-
ious possible plans is essential in any practical plan recognition system, e.g. as noted by
Kautz and Allen [28], only more recently have there been any attempts to model this pre-
cisely. Apart from work inspired by belief revision [52, 25], two techniques that have been
used to directly model the uncertainty of plan recognition predictions are Dempster-Shafer
theory and Bayesian networks. Dempster-Shafer theory has been used by Carberry [11],
Baueret al. [9] and Bauer [8], while Bayesian networks have been used by Huber, Durfee
and Wellman [24], Pynadath and Wellman [43]and Albrecht, Zukerman and Nicholson [1].
Bayesian networks provide a convenient way of representing the prior likelihoods of plans
and goals, and provide a method of learning these likelihoods from observation—the focus
of the work of Albrecht, Zukerman and Nicholson [1].

The systems of Huber, Durfee and Wellman [24] and Pynadath and Wellman [43] are
also interesting in that they operate in dynamic domains, whereas theories based on logic,
even though handling multiple observations, aretypically restricted to static domains. The
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difficult issue with dynamic domains is that the observer agent is forced to take into account
the observed agent’s actions in response to changes in the world, which may include attempts
to recover from failures or unforeseen events in addition to executing an originally intended
plan. A further issue considered by Pynadath and Wellman is the effect of context on plan
recognition, ‘context’ here referring to the dynamically changing situation in which the agent
is embedded. For example, in the traffic monitoring domain of this system, features such as
the presence or absence of cars in a lane adjacent to the observed agent affect the plausibility
of a plan such asovertaking. However, in their system, such contextual features are simply
encoded as additional input nodes to the Bayesiannetwork, an approach that could suffer
from computational inefficiency in more complex domains.

Existing work on plan recognition in dynamic domains is based on the simplifying (but
possibly realistic) assumption that observations are made in the same temporal order as that
of the sequence of actions, whereas this assumption is typically not made with other previous
work: e.g. for ‘story understanding’ applications, such an assumption would be wrong. By
exploiting such an assumption, Lesh and Etzioni [34] have developed an efficient method for
quickly determining whether a goal is consistent with a sequence of observations. Their goal
recognizer is monotonic and makes no use of prior information about the relative plausibility
of the various goals. With simple proposition-like actions, such techniques seem more closely
related to those based on probabilistic finite state machines or Markov processes than to
previous algorithms for plan recognition, and one avenue for future work is to explore this
connection further.

Attention to context is always important for performing realistic plan recognition. In gen-
eral, there has been a recent trend in plan recognition systems towards more sophisticated
models of context. In most early work on keyhole plan recognition (e.g. up to and including
that of Carberry [11]), the context of the plan recognition system is taken as the partial plan
formed on the basis of previous observations, while approaches to intended plan recognition
have always emphasized a richer context such as the beliefs, goals and intentions of the speak-
ers in a conversation [37]. As mentioned above, the system of Pynadath and Wellman [43]
takes as part of the context some dynamically changing features of the environment; thus the
system is more able to ‘track’ an agent’s actions and goals over time [50]. This notion of
context is taken a step further in the plan recognition component of the TraumAID system
[22] in which the context includes prior actions taken by the observed agents (physicians
in an emergency room treating a trauma patient) in response to prior observations (informa-
tion about the patient): these actions both generate new information (beliefs of the observed
agents) and influence the appropriateness of future actions. Thus in this domain, not only is
prior knowledge of the plausibility of various plans essential, but this plausibility assessment
must itself be dynamically updated during the plan recognition process.

Finally, an intuition promising a competing formalization of plan recognition is based on
treating plan recognition as explanation (or abduction) [12, 6, 9]. The motivation is the idea
that the purpose of plan recognition is not only to predict an agent’s actions, but also to explain
them. Thus the plan recognition agent is conceived of as searching for plausible explanations
of its observations. However, in practice, heuristics are needed for determining the ‘best
explanations’ (possibly restricting explanations to a special syntactic form or to a particular
class of sentences). Thus to the extent that criteria for ‘good’ explanations are vague, such
approaches may be more closely related to those based on nonmonotonic reasoning than at
first appears.
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6 Conclusion

We presented two logical theories of plan recognition. The first theory is a reconstruction
of Kautz’s theory using situation semantics to define the semantic analogues of plans. Plan
recognition is treated as entailment over the class of courses of events modelling the simple
plans, a class of plans characterized constructively, whose members the observer agent is
aiming to recognize. This theory, as is Kautz’s, is simplified in adopting the assumption that
all simple plans are treated as equally plausible by the observer agent. The second theory
of plan recognition is nonmonotonic, and is basedon rejecting this simplifying assumption.
The idea is that a plausibility ordering on courses of events corresponding to the simple plans
generates a nonmonotonic consequence operation of a type which we have characterized as
an ‘almost-rational’ consequence operation. We have then shown how to define the revision
of an agent’s epistemic state construed as a belief set together with a nonmonotonic con-
sequence operation, allowing changes in the observer agent’s state arising from a sequence
of observations to be modelled. The conditions onordered structures of situations assume
that all simple plans are comparable under the plausibility ordering; thus our approach to
plan recognition can be considered an abstraction of those based on Bayesian inference and
Dempster–Shafer theory.
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Appendix

A Proofs
PROPOSITION3.11
Any situated consequence operation� satisfies the following properties.

If � ��� then� � � iff � � � (Left Logical Equivalence)
If � � � and� � � then� � � (Right Weakening)
If � � ��� � � and� � ��� � � then� � �� 	 �� � � (Or)

PROOF. For (Left Logical Equivalence), suppose� � � and� � �. Then since� 
 � � �, � � � � � by
(Monotonicity), so since� � �,� � � by (Cut). Similarly, if� � � and� � � then� � � using (Monotonicity)
and (Cut). (Right Weakening) follows from (Cut) and (Monotonicity) with� � ���. For (Or), by compactness,
there are finite subsets�� and�� of � such that������ � � and������ � �. Let	� (	�) be the conjunction
of infons in�� (��). We show that�� �� 	� (similarly, �� �� 	�): first, (Identity) gives	 � 	 for each	 � ��,
so by (Monotonicity),�� � 	 for each such	, but then by (And),�� � 	�; second, (And-Elimination) shows
that	� � 	 for each infon	 � ��, so by definition,	� � ��. By similar reasoning,�� � ��� �� 	� � � and
�� � ��� �� 	� � �. Now by (Left Logical Equivalence),	� � � � �, and	� � � � �, so by (And-Premise),
	��	��� � � and	��	��� � �. Hence by (Or-Premise), (And-Distribution) and (Left Logical Equivalence),
	� � 	� � �� 	 �� � �. But again by reasoning similar to the above,�� � �� � �� 	�� is provably equivalent
to 	� � 	� � �� 	 ��, so by (Left Logical Equivalence),�� � �� � �� 	 �� � �, so� � �� 	 �� � � by
(Monotonicity) and (Cut), using the fact that� � �� � ��, which holds by (Identity) and (Monotonicity).

The following series of definitions and lemmas lead up to the characterization result for� in terms of entailment
over situations. The main intermediate results concern a characterization of the coherent situations using prime
closed consistent sets of infons.
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LEMMA A.1
Any infon� is provably equivalent to a disjunctive normal form.

PROOF. The usual inductive proof for propositional calculus can easily be adapted, the postulates for� ensuring the
provable equivalence of an infon and its disjunctive normal form.

LEMMA A.2
If � is a consistent set of infons then there exists a prime closed consistent set of infons containing�.

PROOF. As in the proof of Lindenbaum’s lemma, start with an enumeration of the infons��
 ��
 
 
 
 in increasing
order of complexity. Now given a consistent set of infons�, define an infinite sequence of sets of infons��
��
 
 
 
,
as follows. First, define�� = �. At step�, if �� � ���� �� false (wherefalse is an arbitrary contradiction), define
���� =�
��������� (the smallest closed set of sentences containing�������), otherwise define���� =��. We
show that�� is prime, closed and consistent. Clearly the construction guarantees that�� is closed and consistent,
for these properties hold at each stage of the process. For primeness, suppose that�� contains�� 	�� but neither
�� nor��. Then at step� when�� 	 �� was considered,�� � ��� 	 ��� �� false. But�� � ���� � false and
�� � ���� � false since�� and�� were inconsistent with subsets of�� at steps before� and are therefore both
inconsistent with��. So by disjunction in the premisses,�� � ��� 	 ��� � false, a contradiction.

COROLLARY A.3
If � is a consistent set of infons and� is an infon such that� �� � then there exists a prime closed consistent set of
infons containing� that does not contain�.

PROOF. First note that this does not follow directly from Lemma A.2 since, given such a set� and infon�, ��
may not be consistent with� (e.g. in the case where� is � 	 ��), so Lemma A.2 cannot be applied to the set
������. However, the construction of Lemma A.2 can be generalized in the following way: where in Lemma A.2
the test at each stage is for whether�� ����� �� false, we replace this with the test for whether�� ����� �� �. At
the end of the process, the set�� is clearly closed and does not contain�, and, using the same reasoning as in the
proof of Lemma A.2, this set is also prime.

THEOREM3.12
The class of situated consequence operations is sound and complete with respect to entailment over sets of situations.
That is, (soundness) the consequence operation�� defined as entailment over a set of situations� by � �� � iff
� ��� � is a situated consequence operation, and (completeness) given a situated consequence operation�, there is
a set of situations� such that� ��� � iff � � �.

PROOF. (Soundness) Given a set of situations�, let the consequence operation�� be defined by� �� � iff
� ��� �. Clearly each of the postulates for situated consequence operations is satisfied as a result of the satisfaction
conditions for situations. As an example, consider (And-Introduction): if� � � and� � � then� � � � �.
Let � � � be any coherent situation supporting� and suppose� �� � and� �� �. By hypothesis,� �� � and
� �� �, hence� �� � ��. Thus by definition,� �� � � �.

(Completeness) Given a situated consequence operation�, let� be the set of prime closed consistent (i.e. closed
under�) sets of infons over the language of�. For each such set� � �, define a situation�� that consists of the
set of basic infons���
�� � � � �� � ���
�� � �� � �� where� is a basic infon in the language of�. Define�
to be the set of all such��, i.e.� � ��� � � � ��.

We show by induction on infons� in disjunctive normal form that� � � iff �� �� � for any prime closed
consistent set of infons�. If � is a basic infon or the negation of a basic infon then� � � iff �� �� � by definition.
If � is of the form�� ��� then� � � iff �� � � and�� � � iff �� �� �� and�� �� �� iff �� �� �. Finally,
if � is of the form�� 	 �� then� � � iff �� � � or�� � � (using primeness) iff�� �� �� or �� �� �� iff
�� �� �.

Finally, we show that� ��� � iff � � �. First suppose� � �. Then every prime closed consistent set
containing� contains�, and hence every coherent situation in� that supports� supports�. That is,� ��� �.
Conversely, if� �� � then by Corollary A.3, there is some prime closed consistent set�� containing� that does not
contain�, so the coherent situation��� � � supports� but not�, hence� ��� � �.

THEOREM3.20
The class of interval theories based on� is sound and complete with respect to the class of interval structures over
�.
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PROOF. Fix notation as follows: for an interval� (assuming a fixed interval structure�), let the start point of� be
denoted�� and let the end point of� be denoted��.

As usual, soundness is easier than completeness. It is straightforward to check that all the axiom schemes whose
interval terms are drawn from a set� are valid in every interval structure which contains an interpretation for each
interval term in�.

For completeness, we start with a maximal consistent interval theory� over a set of interval terms�, and show
how to construct an interval structure� such that� supports� iff � is contained in�. As the basis of the construction,
we show that an interval theory generates a strict total ordering on a set of points—the start and end points of the
intervals in the theory; weassume that such an ordering on a countable number of points can be mapped to the real
line so as to preserve the ordering relation.

Given a maximal consistent interval theory� over�, consider the start and end points�� and�� of the intervals in
�. Define an equivalence relation� on such points by defining�� � �� iff � contains� � �, � starts� or � starts�,
�� � �� iff � meets�, �� � �� iff � meets�, and�� � �� iff � � �, � finishes� or � finishes�. Now define an
ordering� on points by setting�� � �� iff � contains� � �, � during �, � overlaps�, � meets� or � finishes�,
�� � �� iff � does not contain� � � or � meets�, �� � �� iff � contains� � �, and�� � �� iff � contains� � �,
� during�, � overlaps�, � meets� or � starts�.

The first step is to verify that� is an equivalence relation on points such that whenever� � �, � � � iff � � �
and � � � iff � � �. This follows from the axioms of equality together with the transitivity axiom schemes.
The second step is to verify that the relation� is a strict total ordering. Here transitivity again follows from the
transitivity axiom schemes, whereas irreflexivity follows from (Exclusivity) and the first equality axiom, and totality
follows from the axiom scheme of the same name. The final step is to check that� supports� iff � is contained
in �. It suffices to do this for the basic infons, i.e. those of the form� � � where� is an interval relation. First, it is
straightforward to check that for each such infon�, if � contains� then� supports�. Second, it is also easy to
check that if� supports� � � then� rejects� �� � for any other relation��. But by (Totality) and (Exclusivity),�
contains only one such infon for any pair of intervals� and�; thus if� does not contain�, � rejects�.

PROPOSITION3.21 (Deduction theorem)
If � � ��� � � then� � � � � for an interval theory� and temporal infons� and�.

PROOF. Let� be an interval theory and� and� temporal infons. First note that if� � � then�	�� � �	��
using (Identity), (Right Weakening) and (Or). But for any temporal infon� we have� � 	 ��. Thus� � � �
whenever� � �.

For the Deduction theorem, if� � � � � then�� ��� � � by (Identity), (And), (Or-Elimination) and (Right
Weakening). Now suppose� � ��� � �. Then since� is compact, there is some finite subset�� of � such that
�� ���� � �, so there is a temporal infon	 such that	 �� � �. By the above observation,� �	 ��� � �, i.e.
� �	 	 �� 	 �, i.e.� 	 � �� � ��, so	 � � � � by the other half of the Deduction theorem. It follows that
� � � � �, as required.

COROLLARY 3.25
The class of situated consequence operations� for which� � is sound and complete with respect to entailment over
sets of courses of events.

PROOF. (Soundness) This follows from the soundness parts of Theorems 3.12 and 3.20. More precisely, Theo-
rem 3.20 ensures that the axioms of� are valid in every course of events, while Theorem 3.12 ensures that the
postulates for consequenceoperations are sound with respect to entailment over courses of events, since the satis-
faction conditions for event infons and complex infons in courses of events are the same as for situations.

(Completeness) This follows from the completenessparts of Theorems 3.12 and 3.20. More precisely, if� �� �,
let �� be a prime closed consistent set of infons containing� but not�. The construction of Theorem 3.12 gives a
situation supporting all and only the event infons in��, while the definitions from Theorem 3.20 provide an interval
structure supporting all and only the temporal infons in��. Thus the course of events��
 �� supports all and only
the infons in��, hence supports� but not�, i.e.� ��� �.

THEOREM3.37
The plan theories based on a plan recognition inference operation derived from a plan hierarchy� correspond to the
realizations of the simple plans based on� (up to renaming of interval symbols).

PROOF. We first show that any realization of a simple plan� gives rise to a plan theory based on a plan recognition
inference operation derived from�. Let � be the class of all realizations of simple plans based on�, and let�
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be the consequence operation defined by entailment over� , which, by Theorem 3.12, is a situated consequence
operation. Let� � ��
 �� be a realization of a simple plan� , and let� be the set of infons supported by�. It is clear
that� is prime and consistent since� derives from a course of events, and that� is closed under the postulates for
situated consequence operations. We now show that� is closed under the postulates for plan recognition derived
from�. Since� is a simple plan, it contains exactly one primary action�; rename the interval constant associated
with � to agree with that in the (EXH) postulate so that (EXH) is satisfied.� is also clearly closed under (ABS),
(DEC), (SPEC) and (SUB) using the coherence of the plan hierarchy, and additionally for (SPEC) and (SUB), the
fact that no action type is a specialization of two distinct action types. We show closure under (COMP) by induction
on the elaboration construction, i.e. that (COMP) is satisfied for the plans� in each stage of the construction of
the simple plan from the primary action in� whose existence is guaranteed by (EXH). Now an action� is in �
if (i) � is a specialization of the primary action in� , (ii) � is a subtype of an action in� such that� is not a
component of any plan schema, or (iii)� abstracts an action�� that is a component of a plan schema in� . In case
(i), the base case of the induction, (COMP) is satisfied trivially because the specializations of a primary action are
components of no plan schemas. In case (ii), (COMP) is satisfied by the induction hypothesis since the addition of
� to the plan results in the antecedents of no further (COMP) postulates being satisfied. Case (iii) also follows from
the formulation of the (COMP) postulates. Finally, by Theorem 3.20,� contains�. Thus� is a plan theory based
on a plan inference operation derived from�.

We next show that any plan theory� based on a plan recognition inference operation derived from� corresponds
to a realization of a simple plan� based on�. Define a course of events��
 �� as follows: set� to be the set of
positive or negative event infons� that are contained in� , and set� to be any interval structure based on the
temporal infons in� (this exists because the temporal constraints on each action expansion are consistent). Since
the (EXH), (SPEC) and (SUB) postulates reflect properties of the plan elaboration procedure, and (ABS) and (DEC)
ensure that� contains all parents and expansions of actions in� , � supports all event infons� in some simple plan
� . Also, by definition,� supports all temporal infons in� and hence all temporal infons in� . Clearly ��
 �� is
coherent.

It remains to show that� supports a positive event infon� only if � � � . So, for a contradiction, suppose�
contains some other positive event infon�. We associate with� a set of positive event infons�, none of which are
contained in� , but one of which is contained in� , then derive a contradiction by showing that none of the infons
in � are, in fact, in� . Start with� as the set containing just�. Now� is (i) an event infon corresponding to the
primary action in� but with a different interval variable, or an event infon corresponding to (ii) a primary action
not in� , (iii) a specialization of an action in� , or (iv) an action such that neither itself nor any of its specializations
are components of an action in� . If case (i)–(iii) applies, stop. In case (iv), there is a (COMP) postulate whose
antecedent is� and consequent is�� 	 
 
 
 	 ��; replace� in � by the set of all such��. Again, the primeness
of � ensures that at least one of the infons in� is contained in� . Now continually repeat this process for each of
the different actions in�, and for the new� that results from this set, building up a set of infons�, one of which
must be in� , but none of which correspond to actions in� . Eventually, the process must terminate with a set of
infons that are either the primary action in� but with a different interval variable, a primary action not in� or a
specialization of an action in� (termination is guaranteed because the hierarchy is finite). However, the (EXH),
(SUB) and (SPEC) postulates ensure that such infons are in� iff the corresponding actions are in the plan� , giving
a contradiction. Thus��
 �� is a realization of� .

COROLLARY 3.38
For any plan hierarchy�, the class of plan recognition inference operations derived from� is sound and complete
with respect to entailment over the courses of events that are the realizations of the simple plans derived from�.

PROOF. (Soundness) Let� be a plan recognition inference operation. If� � � then every plan theory that contains
� contains�. So by Theorem 3.37, every course of events realizing a simple plan based on� that supports�
supports�.

(Completeness) Again, let� be a plan recognition inference operation. If� �� �, let �� be a prime closed
consistent set of infons containing� but not�, as guaranteed by Lemma A.2. The constructions of Theorems 3.12
and 3.20 give a course of events��
 �� supporting all and only the infons in��, hence which does not support�. It
suffices to show that��
 �� is a realization of a simple plan derived from�. Now since� satisfies the postulates for
plan recognition derived from�, �� is a plan theory, so by Theorem 3.37, corresponds to a simple plan� . Since�
supports all and only the event infons in�� and� supports all the temporal infons in��, ��
 �� is a realization of�
by definition.

PROPOSITION4.8
Any almost-rational consequence operation�� satisfies the following properties.
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� �� � (Reflexivity)
If � �� � then� �� � iff � �� � (Left Logical Equivalence)
If � 	 � �� � then� �� � or� �� � (Disjunctive Rationality)

PROOF. (Reflexivity) follows from the corresponding property of� together with (Supraclassicality). Similarly
(Left Logical Equivalence) follows from (Supraclassicality) and (Reciprocity). (Disjunctive Rationality) follows
from (Cautious Monotony), (Reciprocity) and(Almost Rational Monotony) as follows. If�	� �� � then� �� �
follows from� 	 � �� � using (Cautious Monotony) and (Reciprocity), but if� 	 � ��� � then� �� � follows
from� 	 � �� � using (Almost Rational Monotony).

The next series of definitions lead up to the characterization of compact almost-rational consequence operations
using ordered structures of situations. The initial resultsconcern a characterization of the situations using prime
infons. In the following lemmas,�� denotes the weakest situated consequence operation, which exists because
the intersection of all situated consequence operations isitself a situated consequence operation, and hence is the
weakest such operation.

DEFINITION A.4
A literal is an infon of the form� or�� where� is a basic infon.

DEFINITION A.5
An infon � is prime if it is a finite conjunction of literals�� � 
 
 
 � ��.

LEMMA A.6
If � and� are consistent prime infons, then� �� � iff � includes every literal occurring as a conjunct in�.

PROOF. The ‘only if’ part follows from the completenesspart of Theorem 3.12. Suppose there is a literal� occurring
as a conjunct in� that does not occur in�. It is then easy to construct a situation supporting� in which � is rejected,
hence there is some model of� which does not support�, so� ��� � by completeness. The ‘if’ part follows from
(And-Elimination) and (And).

LEMMA A.7
If �, �, and� are consistent prime infons, then� �� � 	 � implies� �� � or � �� �.

PROOF. First suppose that� and� are literals. We show the converse, i.e. if� ��� � and� ��� � then� ��� � 	 �.
Suppose� ��� � and� ��� �. The result then follows from Lemma A.6 and the completeness part of Theorem 3.12,
since both� and� must be literals not contained in�, so there is a situation supporting� but rejecting both� and�,
so that by completeness,� ��� � 	 �.

Now suppose� and� are arbitrary consistent prime infons. We show a contradiction. So suppose� �� � 	 �
but� ��� � and� ��� �. Since� �� � 	 �, by (Or-Distribution) and (And-Elimination),� �� �� 	 �� for any literals
�� in � and�� in �, and hence by the above case,� �� �� or � �� �� for any such�� and ��. But since� ��� �,
by Lemma A.6, there is some literal�� occurring as a conjunct in� that does not occur in�, hence� ��� ��, and
similarly, there is some literal�� occurring as a conjunct in� such that� ��� �� , giving a contradiction.

DEFINITION A.8
A prime decomposition of an infon� is a finite disjunction of prime infons�� 	 
 
 
 	 �� logically equivalent to�
such that� is not logically equivalent to�� 	 
 
 
 	��
 
 
 
 	 �� for any �, where this infon is� with the prime��
omitted.

LEMMA A.9
Any consistent infon� has a prime decomposition unique up to logical equivalence.

PROOF. Lemma A.1 ensures the existence of logically equivalent disjunctive normal forms. That is, any consistent
infon� is logically equivalent to a disjunction of primes�� 	 
 
 
 	 ��. A prime decomposition can then be found
by removing any prime�� from this disjunction whenever there is some other prime�� in the disjunction such that
�� �� �� (this also has the effect of removing any inconsistent primes from the decomposition). Clearly the logical
equivalence to� is preserved.

For uniqueness up to logical equivalence, suppose that� has two prime decompositions� � �� 	 
 
 
 	 �� and
� � ��	
 
 
	��. Then�� �� ��	
 
 
	�� so�� �� �� or 
 
 
 or �� �� �� for each� by Lemma A.7. By suitably
reordering the�� , we can assume that�� �� �� for each�. Thus� � 
 since otherwise� contains a redundant
prime. Similarly, for each�, �� �� �� for some�, so�� �� �� �� �� , so� = � (since� is a prime decomposition),
and� � 
. Hence� is logically equivalent to�.
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The final series of lemmas concern properties of thesets of nonmonotonic consequences of an infon. Following
Freund [16], the notation�� is used to denote an infon provably equivalent to the set of nonmonotonic consequences
of an infon�, which we suppose always to exist. But although prime decompositions are unique up to logical equiv-
alence, they are not necessarily unique up to provable equivalence under the situated consequence operation� on
which �� is based; however, using a special class of prime infons which are alsosaturated, the prime decomposition
of �� for any infon� is a disjunction of saturated prime infons that is unique up to provable equivalence under�.

LEMMA A.10
For any infons� and�, if � �� � and� �� � then�� � ��.

PROOF. It follows directly from (Reciprocity) that� �� � iff � �� �. Thus the sets of nonmonotonic consequences
of � and� are logically equivalent. Since each is also logically equivalent to its representing infon�� and��, the
two infons are also logically equivalent, i.e.�� � ��.

LEMMA A.11
For any infon�,�� � ���.

PROOF. Since both� �� �� and�� �� � (since�� �� �),�� � ��� by Lemma A.10.

LEMMA A.12
For any infons� and�, �� 	 ��� �� �� 	 ��.

PROOF. Clearly� �� �� and� �� ��, and since�� �� ��	�� by (Or),� �� ��	�� using (Right Weakening).
Similarly� �� �� 	��. Hence by (Or),� 	� �� �� 	��. Thus by definition,�� 	�� is contained in the set
of nonmonotonic consequences of�	�, hence�� 	 ��� �� �� 	�� since�� 	��� is logically equivalent to
this set.

DEFINITION A.13
A prime infon� is saturated with respect to a finitely representable nonmonotonic consequence operation if�� � �.

LEMMA A.14
If �� 	 
 
 
 	 �� is a prime decomposition of�� then each�� is saturated.

PROOF. Since�� � ���� � ��� 	 
 
 
 	 ��� � ����, by Lemmas A.10, A.11 and A.12,�� �� ��� ��
���� � ��� 	 
 
 
 	 ��� � ����

� �� ��� � ���
�	
 
 
	 ��� � ���

� �� ��
�
	
 
 
	���, i.e.��	
 
 
	�� ��

��
�
	 
 
 
 	 ���. So for each�, �� �� ��� 	 
 
 
 	 �

�
� and so�� �� ��� and hence�� �� �� for some� (since for each

�, ��� �� �� ). But �� ��� �� unless� = �. This means that for each�, �� �� ��� , and since also��� �� ��, it follows

that��� � ��.

COROLLARY A.15
For any infon�, if �� is consistent, the prime decomposition of�� is unique up to provable equivalence under�.

PROOF. Lemma A.9 ensures that�� is logically equivalent to a disjunction of prime infons. Lemma A.14 ensures
that each such prime infon is saturated. That is, for each such prime infon�, � � ��, so by (Supraclassicality),
� � ��, where�� is the set�� � � � ��. Consequently, the analogues of Lemma A.6 and so of Lemmas A.7 and
A.9 hold with� replacing �� . That is, the prime decomposition of�� is unique up to provable equivalence under
�.

To show the completeness of the class of nonmonotonic consequence operations, we need to construct, for each
operation in the class, an ordered structure of situations over which preferential entailment exactly reflects the con-
sequence operation. A preliminary step, following standard methods in conditional logic, is to define an ordering
� on infons reflecting their relative degree of plausibility. We define this relation over classes of infons considered
equivalent if their sets of nonmonotonic consequences are provably equivalent.

DEFINITION A.16
Given a nonmonotonic consequence operation�� based on a situated consequence operation�, the equivalence
relation� on infons is defined by setting� � � iff �� �� ��.

DEFINITION A.17
Given a nonmonotonic consequence operation�� , the ordering� on equivalence classes of infons under� is
defined by setting� � � iff � 	� �� �.
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This is well defined as follows. First, if� � � and� � �, then�� �� �� �� �� 	 ��� �� �� 	 ���

so� � �. Second, if� � � and� � �, then�� 	 ��� �� �� 	��� so� � �.

LEMMA A.18
For an almost-rational consequence operation, the ordering� on equivalence classes of infons is an almost-connected
partial order.

PROOF. Following Gärdenfors and Makinson [20]. Reflexivity follows from the reflexivity of�� , i.e. since� �� �,
� � � using (Left Logical Equivalence). For antisymmetry, suppose� � � and� � �, i.e.� 	 � �� � and
�	� �� �. Hence�� � ��	��� � �� using (Left Logical Equivalence), (Cut) and (Cautious Monotony), and
so� � �. For transitivity, suppose� � � and� � �. This means that� 	 � �� �, so� 	 � 	 � �� � 	 �
by (Right Weakening) and (Or), hence� 	 � 	 � �� � by (Left Logical Equivalence) and (Cut), since� � �
means� 	 � �� �. But� 	 � �� � also implies� 	 � 	 � �� � 	 � by (Right Weakening) and (Or), so since
� 	 � 	 � �� �, � 	 � �� � by (Left Logical Equivalence) and (Cautious Monotony), i.e.� � �. For almost
connectedness, suppose� � � but� �� � and� �� �. First,� 	 � �� � implies� 	 � 	 � �� � 	 � by
(Right Weakening) and (Or). But�	� ��� � implies�	�	� ��� � by (Left Logical Equivalence) and (Cautious
Monotony), and similarly,� 	 � ��� � implies� 	 � 	 � ��� �. These three conclusions contradict (Disjunctive
Rationality).

LEMMA A.19
If ��
 
 
 
 
 �� are saturated prime infons and� is a distinct saturated prime infon such that�� is not provably
equivalent to��� 	 
 
 
 	 ����, then if�� 	 
 
 
 	 �� � � then�� � � for some�.

PROOF. We prove the converse. Suppose�� �� � for each�. Then since� is antisymmetric and�� is not provably
equivalent to��� for each�, � � �� for each�. Thus�	�� �� � for each� and so by (Or),�	���	
 
 
	��� �� �, so
� � ��	
 
 
	��. Since�� is not provably equivalent to���	
 
 
	����, ��	
 
 
	�� �� � by the antisymmetry
of �, as required.

THEOREM4.11
The class of finitely representable almost-rational consequence operations is sound and complete with respect to
preferential entailment over ordered structures of situations. That is, (soundness) the consequence operation���
defined by preferential entailment from an ordered structure of situations� by� ��� � iff � ��� � is a finitely
representable almost-rational consequence operation based on somesituated consequence operation�, and (com-
pleteness) given a finitely representable almost-rational consequence operation�� based on a situated consequence
operation�, there is an ordered structure of situations� � ��
�� such that� ��� � iff � � � and� ��� � iff
� �� �.

PROOF. (Soundness) Given an ordered structure of situations� � ��
��, let the consequence operation���
be defined by setting� ��� � iff � ��� �, and let the situated consequence operation�� be defined by setting
� �� � iff � ��� �. Then by Theorem 3.12,�� satisfies the postulates for situated consequence operations. Also
each of the postulates for almost-rational consequence relations is satisfied as a result of the satisfaction conditions
for ordered structures of situations. This includes (Supraclassicality), ensuring that��� is based on�� . It is
also clear that��� is finitely representable, since each situation in� is finite and� is finitarily stoppered, hence
for any set of infons� and infon�, the sets�� � � � �� and�� � � �� �� are logically equivalent to finite
disjunctions of finite conjunctions of infons.

(Completeness) Given an almost-rational consequence operation�� based on a situated consequence operation
�, we need to define an ordered structure of situations� � ��
�� such that� �� � iff � � � and� ��� �
iff � �� �. Let � be the set of consistent saturated prime infons, i.e. the set of consistent infons� for which
� � ��. For each such infon� � � , define a coherent situation�� that consists of the set of basic infons
���
�� � � � �� � ���
�� � � � ��� where� is a basic infon occurring in�. Define�� to be the set of all
such��, i.e.�� � ��� � � � ��. In addition, define a set of situations�� as follows: whenever� �� � for some
consistent infons� and�, but� � � for all consistent saturated prime infons� � � for which� � �, �� contains
a situation that supports� but not�; such situations exist by Corollary A.3. Define� to be�� ���. Clearly each
situation in� is finite.

We verify that� ��� � iff � � � for any set of infons� and infon�. First, if � � � then whenever� � �,
� � � by (Monotonicity) and (Cut), so every situation�� � � that supports� supports�, and similarly by
the construction of Corollary A.3, every situation in�� that supports� supports�, hence� ��� � by definition.
Conversely, if� �� �, by finite representability, the set of consequences of� is logically equivalent to some infon
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� such that� �� �. Now either there is a consistent saturated prime infon� for which � � � but � �� �, with
�� � �� , or else by construction, there is a situation� � �� such that� �� � but � ��� �. Thus� ��� � �, as
required.

We now need to define the ordering� on� and show that it is an almost-connected partial order. The ordering�
on equivalence classes of infons enables us to simply set, for two situations�� and�� in �� , �� � �� iff � � �.
It follows from Lemma A.18 that this defines an almost-connected partial order on�� . The ordering of situations
in �� with respect to those in�� is defined by setting�� � � but� �� �� for all situations�� � �� and� � ��;
the situations in�� are defined to be incomparable with respect to one another. Thus the situations in�� define a
single cluster of situations that are all maximal in the� ordering, making this ordering on� an almost-connected
partial order.

We need to show that� is finitarily stoppered. First note that by (Consistency Preservation), for any infon�,
a minimal�-supporting situation cannot be contained in��, since if� �� false then� � false and there are no
�-supporting situations in�. So given an infon�, suppose�� �� � for some�� � �. We need to determine
a situation�Æ such that�Æ �� � and for any situation�� such that�� �� �, �� � �Æ implies �� � �Æ. Since
�� �� �, � �� � so that� 	 � �� �, i.e.� � �. Also for any infon�, if � �� � then� 	 � �� � so� � �.
Thus�� � � and so by transitivity,�� � �. Now let �� 	 
 
 
 	 �� be a prime decomposition of��. Hence
�� 	 
 
 
 	 �� � � and so by Lemma A.19, either� � � or �� � � for some�. But when� � �, �� is itself
a prime�� and hence also in this case,�� � � for some� (� � �) by definition. The desired situation�Æ is then
��� . To check the required property, whenever there is some situation�� such that�� �� � and�� � �Æ, � � ��
by definition. Note that since�� �� �, �� � � as above; note also that� �� �� for � �� �, since if � � ��
(� �� �), it follows that�� � ��, which is impossible when both are primes in the prime decomposition of��. Now
if � � �� or the prime decomposition of�� consists of just one prime�� (so that�� � � since�� � �), then
�Æ � ��� � �� , as required. Otherwise, since�� � �, i.e.�� 	 
 
 
 	 �� � �, by Lemma A.19 again,�� � � for
some�, so�� � �� using transitivity since� � ��. But since�� and�� are both primes in the prime decomposition
of ��, �� � �� only if � � �. Hence�� � �, i.e.�Æ � ��� � �� , as required. Clearly also the number of such
minimal�-supporting situations is finite.

Finally, we need to show that� ��� � iff � �� �. First suppose that� �� �. If �� is consistent, let��	
 
 
	
�� be a prime decomposition of�� and consider a situation�� � min���. Then by the argument showing that�
is stoppered,�� � ��� for some�. Hence� � �� � �, so� ��� �. But if �� is inconsistent, by construction,
there are no situations in� supporting�, so� ��� � and� ��� � for all �, as required. Conversely, suppose
� ��� �. Then�� �� �, so�� is consistent, and by (Or), for some prime�� in the prime decomposition of��,
�� �� �, so��� �� �, i.e. �� ��� �. Since by construction a situation corresponding to�� is contained in� and the
above argument that� is stoppered shows that this is a minimal�-supporting situation, it follows by definition that
� ���� �.

COROLLARY 4.12
For any plan hierarchy�, the class of finitely representable almost-rational consequence operations based on a plan
recognition inference operation derived from� is sound and complete with respect to preferential entailment over
the ordered structures of courses of events that arethe realizations of the simple plans derived from�.

PROOF. (Soundness) By Theorem 4.11,the consequence operation��� defined by preferential entailment from
an ordered structure of situations� � ��
�� by setting� ��� � iff � ��� � is a finitely representable almost-
rational consequence operation based on�� , the situated consequence operation defined by entailment over� as
in Theorem 3.12. Now if every situation in� is a course of events that is a realization of a simple plan based on�,
it follows by Theorem 3.37 that� is a plan recognition inference operation.

(Completeness) If�� is a finitely representable almost-rational consequence operation based on a plan recog-
nition inference operation�, then by Theorem 4.11, there is an ordered structure of situations� � ��
�� such
that� ��� � iff � �� � and� ��� � iff � � �. This construction uses prime infons� such that� � ��. Since
each such� is provably equivalent to a prime consistent set of infons closed under the postulates for plan recognition
derived from�, it follows that each such� is provably equivalent to a plan theory, hence by Theorem 3.37, the
situations in the model� are all courses of events that are realizations of a simple plan based on�. Since the
simple plans are all representable by the finite number of event and temporal infons they contain, it follows that the
situations in� are all finite, assuming here that the set of interval terms occurring in�� and� is also finite.

COROLLARY 4.19
The class of revision operations on a finitely representable belief system� 
�� is sound and complete with respect
to the class of revision operations on ordered structures of situations based on�.
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PROOF. (Soundness) Given a revision operation on ordered structures of situations based on a situated consequence
operation�, for any such� � ��
��, by Theorem 4.11, the consequence operation��� defined by setting
� ��� � iff � ��� � is a finitely representable almost-rational consequence operation based on�, which de-
termines an epistemic state��
����, where� consists of the set of infons holding atmin�true� in �. The
belief revision operation on epistemic states defined using the Ramsey test and conditionalization corresponds to the
revision operation on ordered structures of situations by definition.

(Completeness) Given a revision operation on a finitely representable belief system� 
��, for any epistemic state
� 
���, by Theorem 4.11, the consequence operation�� determines an ordered structure of situations� � ��
��
such that� ��� � iff � �� � iff � � ��

	
(using the Ramsey test). Note here that for each such belief set�,

(Consistency Preservation) holds assuming that�� is based on the restriction of� defined so that� � false
for any infon� for which ��

	
� ��. Finally, it again follows that for each such epistemic state, since the

consequence operation��	 satisfies condition (C), the ordered structure of situations��
	 is equal to���
���

where�� � � ! 	�
 and�� is� restricted to��.

COROLLARY 4.21
Suppose each epistemic state��
 "� is defined from an epistemic state��
��� using the Ramsey test. Then the belief
revision operation from epistemic states��
 "� and infons� to epistemic states���	
 "

�� is an almost-rational belief
revision operation.

PROOF. That the belief revision operation satisfies postulates (K*1)–(K*7) is straightforward, these being transla-
tions of the postulates for almost-rational consequence operations. Similarly, (K*8) is a translation of condition
(C).
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