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Hennessy–Milner Logic

φ := ⟨a⟩φ |
∧

Φ | ¬φ (a ∈ A,Φ ⊆ ΦHML)

p ⊨ ⟨a⟩φ ⇐⇒ ∃p′. (p a→ p′) ∧ p′ ⊨ φ
p ⊨

∧
Φ ⇐⇒

∧
{p ⊨ φ | φ ∈ Φ}

p ⊨ ¬φ ⇐⇒ p ⊭ φ
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How to Deal With τ?

φ := ⟨α⟩φ | ⟨ϵ⟩φ | ⟨τ̂⟩φ |
∧

Φ | ¬φ (α ∈ Aτ ,Φ ⊆ ΦL)

p ⊨ ⟨α⟩φ ⇐⇒ ∃p′. (p α→ p′) ∧ p′ ⊨ φ
p ⊨ ⟨ϵ⟩φ ⇐⇒ ∃p′. (p⇒ p′) ∧ p′ ⊨ φ
p ⊨ ⟨τ̂⟩φ ⇐⇒ ∃p′. (p = p′ ∨ (p

τ→ p′)) ∧ p′ ⊨ φ
p ⊨

∧
Φ ⇐⇒

∧
{p ⊨ φ | φ ∈ Φ}

p ⊨ ¬φ ⇐⇒ p ⊭ φ
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Weak Bisimulation
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Weak Bisimulation
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HMLw: Definition

Syntax

φw := ⟨ϵ⟩⟨a⟩⟨ϵ⟩φw | ⟨ϵ⟩φw |
∧

Θw | ¬φw (a ∈ A,Θw ⊆ Φw)

Semantics

p ⊨ ⟨ϵ⟩⟨a⟩⟨ϵ⟩φ ⇐⇒ ∃p′. (p⇒ a→⇒ p′) ∧ p′ ⊨ φ
...

Also, abbreviate ⟨ϵ⟩⟨a⟩⟨ϵ⟩φ to ⟨ϵaϵ⟩φ.
This logic characterises weak bisimulation.

6 / 19



Introduction Weak Bisimulation Branching Bisimulation Rooted Bisimulations Conclusion

HMLw: Example 1
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HMLw: Example 2
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HMLw: Example 2
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Branching Bisimulation
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Branching Bisimulation
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HMLb

φb := ⟨ϵ⟩(φb ∧ ⟨a⟩φb) | ⟨ϵ⟩(φb ∧ ⟨τ̂⟩φb) |
∧

Θb | ¬φb (a ∈ A,Θb ⊆ Φb)

Abbreviate

φ⟨a⟩ψ =̂ φ ∧ ⟨a⟩ψ
φ⟨τ̂⟩ψ =̂ φ ∧ ⟨τ̂⟩ψ

Then
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HMLb

φb := ⟨ϵ⟩(φb⟨a⟩φb) | ⟨ϵ⟩(φb⟨τ̂⟩φb) |
∧

Θb | ¬φb (Θb ⊆ Φb)

The idea is that φ⟨a⟩ψ captures testing ‘just-before’ an action.
Semantics

p ⊨ ⟨ϵ⟩(φ⟨a⟩ψ) ⇐⇒ ∃p′ p′′. (p⇒ p′
a→ p′′) ∧ p′ ⊨ φ ∧ p′′ ⊨ ψ

p ⊨ ⟨ϵ⟩(φ⟨τ̂⟩ψ) ⇐⇒ ∃p′ p′′. (p⇒ p′) ∧ (p′ = p′′ ∨ (p′
τ→ p′′)) ∧

p′ ⊨ φ ∧ p′′ ⊨ ψ

and note that

⟨ϵa⟩ψ ≡ ⟨ϵ⟩(⊤⟨a⟩ψ)
⟨ϵ⟩ψ ≡ ⟨ϵ⟩(⊤⟨τ̂⟩ψ)

⟨ϵaϵ⟩ψ ≡ ⟨ϵa⟩⟨ϵ⟩ψ.
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HMLb: Example 1
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HMLb: Example 1

It is a weak bisimulation
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HMLb: Example 1

But it is not a branching bisimulation
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HMLb: Example 2
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Rooted Bisimulations

Briefly,

φw := ⟨ϵaϵ⟩φw | ⟨ϵ⟩φw |
∧

Θw | ¬φw (a ∈ A,Θw ⊆ Φw)

φrw := ⟨ϵαϵ⟩φw |
∧

Θrw | ¬φrw | φw (α ∈ Aτ ,Θrw ⊆ Φrw)

φb := ⟨ϵ⟩(φb⟨a⟩φb) | ⟨ϵ⟩(φb⟨τ̂⟩φb) |
∧

Θb | ¬φb (a ∈ A,Θb ⊆ Φb)

φrb := ⟨α⟩φb |
∧

Θrb | ¬φrb | φb (α ∈ Aτ ,Θrb ⊆ Φrb)
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Sources & Further Reading

Algebraic Laws for Nondeterminism and Concurrency [Hennessy and Milner,
1980, 1985]: Introduced observational equivalence (≈bisimulation) and HML.
I recommend the 1985 version.

Linear Time—Branching Time Spectrum I and II (I: [van Glabbeek, 1990,
2001]; II: [van Glabbeek, 1993]): LtBtS-I presents a spectrum of equivalences
between trace and bisimulation semantics; contains a nice discussion of
Infinitary vs Non-Infinitary HML. LtBtS-II extends this to processes with τs,
giving a modal characterisation of (among many others) weak and branching
bisimulation.

Divide and Congruence I, II, III [Fokkink et al., 2012; Fokkink and van
Glabbeek, 2016; Fokkink et al., 2019]: Decomposes the modalities of LtBtS-II
into simple components; this is what we saw today.

Three Logics for Branching Bisimulation [De Nicola and Vaandrager, 1995]:
Presents three modal logics for branching bisimulation, which are all different
to the one I presented here.
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