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Abstract. Most studies of facility location problems permit a facility to be lo-
cated at any position. In practice, this may not be possible. For instance, we might
have to limit facilities to particular locations such as at highway exits, close to bus
stops, or on empty building lots. We consider here the impact of such constraints
on the location of facilities on the performance of strategy proof mechanisms for
facility location. We study six different objectives: the total or maximum distance
agents must travel, the utilitarian or egalitarian welfare, and the total or minimum
satisfaction of agents (satisfaction is a normalized form of utility). We show that
limiting the location of a facility makes all six objectives harder to approximate.
For example, we prove that the median mechanism modified suitably to locate
the facility only at a feasible location is strategy proof and 3-approximates both
the optimal total distance and the optimal maximum distance. In fact, this is op-
timal as no deterministic and strategy proof mechanism can better approximate
the total or maximum distances. This contrasts with the setting where the facility
can be located anywhere, and the median mechanism returns the optimal total
distance and 2-approximates the maximum distance.

1 Introduction

The facility location problem has been studied using tools from a wide variety of fields
such as Al (e.g. [1-4]). Operations Research (e.g. [5, 6]), and Game Theory (e.g. [7, 8]).
Our goal here is to design mechanisms that locate the facility in a way that the agents
have no incentive to mis-report their true locations. Facility location models many prac-
tical problems including the location of bus or tram stops, schools, playgrounds, tele-
phone exchanges, mobile phone masts, recycling centres, electric car charging points,
shared cars, power plants, electricity substations, doctors, chemists, fire stations, and
hospitals. In many of these real world settings, facilities may be limited in where they
can be located. For example, a warehouse might need to be constrained to be near to
the railway, or an ambulance station close to a highway. Our contribution is to demon-
strate that such constraints on the location of a facility make it harder to design strategy
proof mechanisms which provide high quality solutions. We measure the quality of the
solution in six different ways: total or maximum distance of the agents to the facility,
the utilitarian and egalitarian welfare, and the social or minimum satisfaction.

From a technical sense, limiting the location of a facility might appear to change
little the facility location problem. We merely need to limit the space of mechanisms to
the strict subset of mechanism which only locate facilities at feasible locations. We can
therefore immediately inherit many impossibility results. For instance, since there is no
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deterministic and strategy proof mechanism for the facility problem which minimizes
the maximum distance an agent travels when the facility can be located anywhere, it
follows quickly that there is no such mechanism when the facility is limited in its lo-
cation. However, the mechanisms excluded because they locate facilities at infeasible
locations are often precisely those with good normative properties. Our contribution
here is to show restricting mechanisms to locate facilities only at feasible locations
often increases approximation ratios, irrespective of whether the objective is distance,
welfare or satisfaction. However, the extent to which approximation ratios increases de-
pends very much on the objective and the problem. For example, the lower bound on
the best possible approximation ratio of the optimal egalitarian welfare increases from
% to unbounded when we limit the feasible location of a facility. On the other hand, the
best possible approximation ratio of the optimal utilitarian welfare only triples in this
case. Our results are summarized in Tables 1 and 2.

measure total max | utilitarian | egalitarian social min
mechanism distance | distance | welfare welfare | satisfaction | satisfaction
[ lower bound [ 3001 [ 320 [ 3[1] [ oo[3] [oollOTI | oo () |
| MEDIAN™ [ 300 | 8121 [ 8[1] | oofoo] | oo[3] [ ooloc] |

Table 1. Approximation ratios achievable by deterministic and strategy proof mechanisms for the
single facility location problem at limited locations. Bold for results proved here. [Numbers] in
brackets are the approximation ratios achieved for when the facility can be located anywhere.

measure total max | utilitarian | egalitarian social min
mechanism distance | distance | welfare welfare satisfaction satisfaction
1 1
ENDPOINT* 2n-3 [n-2]| 3[2] 2[2] 5131 |82 — 112 -1 oolwx]

Table 2. Summary of approximation ratios achieved by ENDPOINT® mechanism for the two
facility location problem at limited locations. Bold for results proved here. [Numbers] in brackets
are the approximation ratios achieved by the corresponding ENDPOINT mechanism when the two
facilities can be located anywhere.

2 Related work

We follow the line of work initiated by Procaccia and Tennenholtz [1] that looks to
resolve the inherent tension in designing mechanisms that are strategy proof and ef-
fective by identifying strategy proof mechanisms that are guaranteed to return solu-
tions within some constant factor of optimal. The most related prior work to ours is by
Feldman, Fiat, Golomb [9]. This also considers facility location problems where the
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facility is restricted to limited locations. There is, however, a critical difference with
this work. This earlier work restricted analysis to a single objective (sum of distances),
while here we consider six objectives (sum/maximum distance, utilitarian/egalitarian
welfare, social/minimum satisfaction). Our results show that approximation ratios that
can be achieved depend critically on the objective chosen. For instance, when the facil-
ity is restricted to limited locations, deterministic and strategy proof mechanisms can
3-approximate the optimal utilitarian welfare. However, no deterministic and strategy
proof mechanism has a bounded approximation ratio for the egalitarian welfare. By
contrast, if we consider a different but related objective to the egalitarian welfare such
as the maximum distance an agent travels, then deterministic and strategy proof mech-
anisms exist which bound the approximation ratio even when the facility is restricted
to limited locations. In addition, when the facility is unrestricted, there exists a deter-
ministic and strategy proof mechanism that can %—approximate the optimal egalitarian
welfare. The choice of objective then reveals different aspects of the approximability of
these facility location problems.

One month after this work here first appeared as a preprint, Tang, Wang, Zhang and
Zhao published a preprint looking independently at a special case of this problem in
which facilities are limited to a finite set of locations [10]. There are two significant
technical differences between the two studies. First, the work of Tang et al. does not
capture the more general setting here where the facility is limited to a set of subintervals.
In their work, a facility is limited to a finite set of locations. Their model cannot then
describe a setting where, for example, a school must be within 500m of one of the
neighbourhood bus stops as the feasible set is not finite. In addition, the work of Tang et
al., like the work of Feldman et al., only considers two objectives: total and maximum
cost. Here we consider four additional objectives: utilitarian and egalitarian welfare, as
well as social and minimum satisfaction. Our results show that we can achieve very
different approximation ratios with these different objectives. Indeed, for many of these
new objectives, we cannot achieve a bounded approximation ratio with deterministic
and strategy proof mechanisms.

As in much previous work on mechanism design for facility location (e.g. [1]), we
consider the one-dimensional setting. This models a number of real world problems
such as locating shopping centres along a highway, or ferry stops along a river. There
are also various non-geographical settings that can be viewed as one-dimensional fa-
cility location problems (e.g. choosing the temperature of a classroom, or the tax rate
for property transactions). In addition, we can use mechanisms for the one-dimensional
facility location problem in more complex settings (e.g. we can decompose the 2-d rec-
tilinear problem into a pair of 1-d problems). Finally, results about mechanisms for the
one-dimensional problem can inform the results about mechanisms for more complex
metrics. For instance, lower bounds on the performance of strategy proof mechanisms
for the 1-d problem provide lower bounds for the 2-d problem.

3 Formal background

We have n agents located on [0, 1], and wish to locate one or more facilities also on [0, 1]
to serve all the agents. Agent 7 is at location ;. Without loss of generality, we suppose
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agents are ordered so that z; < ... < x,,. A solution is a location y; for each facility
j. Agents are served by their nearest facility. We consider six different performance
measures: total or maximum distance, utilitarian or egalitarian welfare, and social or
minimum satisfaction.

The total distance is ) ;- , min;|z;—y;|. The maximum distance is max!" min;|x;—
y;| . We suppose the utility u; of agent i is inversely related to its distance from the fa-
cility serving it. More precisely, u; = 1 — min;|z; — y;|. Utilities are, by definition, in
[0, 1]. The utilitarian welfare is the sum of the utilities of the individual agents, >, u;.
The egalitarian welfare is the minimum utility of any agent, min}"_; u;.

In [11, 12], normalized utilities called “happiness factors” are introduced. The hap-

is the maximum possible

piness h; of agent i is h; = 1 — minjlflf;yj where d¢, ...
max

distance agent i may need to travel. Here d,,,,, = max(z;, 1 — z;). Note that the happi-
ness of an agent is, by definition, in [0, 1]. The social satisfaction is then the sum of the
happinesses of the individual agents, >~ ; h;. The minimum satisfaction is the min-
imum happiness of any agent, min;._; h;. Our goal is to optimize one of the distance,

welfare or satisfaction objectives.

We consider some particular mechanisms for facility location. Many are based on

the function median(z1,...,z,) which returns z; where [{j|z; < z}| < [§] and
{jlz; > zi}| < | 5]. With n — 1 parameters 2, to z,_1 representing “phantom” agents,
a GENMEDIAN mechanism locates the facility at median(z1,...,Zn, 21, -, Zn—1)

As we argue shortly, such mechanisms characterize an important class of strategy proof
mechanisms [13]. The LEFTMOST mechanism has parameters z; = 0 for ¢ € [1,n) and
locates the facility at the location of the leftmost agent. The RIGHTMOST mechanism
has parameters z; = 1 for ¢ € [1,n) and locates the facility at the location of the
rightmost agent. The MEDIAN mechanism has parameters z; = 0 for i < [§ ] and 1
otherwise, and locates the facility at the median agent if n is odd, and the leftmost of
the two median agents if n is even. The MIDORNEAREST mechanism is an instance
of GENMEDIAN with parameters z; = % for i € [1,n), locating the facility at % if
z1 < & < x,, and otherwise at the nearest z; to 5. The ENDPOINT mechanism
locates one facility with the LEFTMOST mechanism and another with the RIGHTMOST
mechanism.

We extend this model of facility location problems with constraints on the loca-
tion of the facility. In particular, we suppose the interval [0, 1] is decomposed into a
set of feasible and disjoint (open or closed) sub-intervals, and the facility must be lo-
cated within one of these sub-intervals. Our goal is to see how restricting the feasible
locations of the facility in this way impacts on the performance of strategy proof mech-
anisms. Note that unlike [9], agents are not limited in where they can be located. We
only limit where the facility (and not agents) can be located. In particular, we mod-
ify mechanisms to ensure the facility is located at a feasible location. For instance, the
LEFTMOST* mechanism modifies the LEFTMOST mechanism to locate the facility at
the nearest feasible location to the leftmost agent. The RIGHTMOST* mechanism mod-
ifies the RIGHTMOST mechanism in a similar fashion. Note that we cannot have agents
simply report their nearest feasible location as there might be a choice of such loca-
tions. Indeed, many of our results that approximation guarantees are not bounded arise



Strategy Proof Mechanisms for Facility Location at Limited Locations 5

because of the difficulty of choosing between the two nearest and feasible locations to
some optimal but infeasible facility location in a strategy proof way.

We consider three desirable properties of mechanisms: anonymity, Pareto optimality
and strategy proofness. Anonymity is a fundamental fairness property that requires all
agents to be treated alike. Pareto optimality is one of the most fundamental normative
properties in economics. It demands that we cannot improve the solution so one agent
is better off without other agents being worse off. Finally, strategy proofness is a funda-
mental game theoretic property that ensures agents have no incentive to act strategically
and try to manipulate the mechanisms by mis-reporting their locations.

More formally, a mechanism is anonymous iff permuting the agents does not change
the solution. A mechanism is Pareto optimal iff it returns solutions that are always
Pareto optimal. A solution is Pareto optimal iff there is no other solution in which one
agent travels a strictly shorter distance, and all other agents travel no greater distance. A
mechanism is strategy proof iff no agent can mis-report and thereby travel a shorter dis-
tance. For instance, the MEDIAN mechanism is anonymous, Pareto optimal and strategy
proof. Finally, we will consider strategy proof mechanisms that may approximate the
optimal distance, welfare or satisfaction. A mechanism achieves an approximation ratio
p iff the solution it returns is within a factor of p times the optimal. In this case, we say
that the mechanism p-approximates the optimal.

Procaccia and Tennenholtz initiated the study of designing approximate and strategy
proof mechanisms for locating facilities on a line [1]. With just one facility, they argue
that the MEDIAN mechanism is strategy proof and optimal for the total distance, while
the LEFTMOST mechanism is strategy proof and 2-approximates the optimal maximum
distance, and no deterministic and strategy proof mechanism can do better.

4 Single facility, distance approximations

For a single facility on the line, Moulin proved a seminal result that any mechanism that
is anonymous, Pareto optimal and strategy proof is a generalized median mechanism,
GENMEDIAN [13]. This locates the facility at the median location of the n agents and
n — 1 “phantom” agents. We cannot apply Moulin’s result directly to our setting as
a GENMEDIAN mechanism may select an infeasible location for the facility. Instead,
we consider the GENMEDIAN® mechanism which locates a facility at the nearest fea-
sible location to that returned by a GENMEDIAN mechanism. If there are two nearest
and equi-distant feasible locations, then the GENMEDIAN™ mechanism uses a fixed tie-
breaking rule for each infeasible interval (e.g,. always use the leftmost of the two near-
est locations). Here, as indeed throughout the paper, we suppose a fixed tie-breaking
rule to ensure that the modified mechanism retains anonymity and strategy proofness.
However, none of our results on performance guarantees depend on the choice.

The MEDIAN" mechanism is an instance of GENMEDIAN™ which locates the facil-
ity at the median agent if it is a feasible location, and otherwise at the nearest feasible
location to the median agent. Mass6 and Moreno de Barreda prove that, when locating
a single facility at limited locations, a mechanism is anonymous, Pareto efficient and
strategy proof iff it is a GENMEDIAN™ mechanism with at least one phantom agent at
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0 and one at 1 (corollary 2 in [14]). It follows that the MEDIAN™ mechanism is anony-
mous, Pareto efficient and strategy proof.

4.1 Total distance

We first consider the objective of minimizing the total distance agents travel to be
served. The MEDIAN™ mechanism 3-approximates the optimal total distance (Lemma
21 in [9]). In fact, this is optimal. No deterministic strategy proof mechanism can better
approximate the total distance in general (Lemma 19 in [9]). By comparison, when the
facility can be located anywhere, the MEDIAN mechanism is strategy proof and returns
the optimal total distance. Limiting the feasible locations of a facility therefore wors-
ens the performance of the best possible deterministic and strategy proof mechanism.
In particular, the best possible deterministic and strategy proof mechanism goes from
returning an optimal solution to 3-approximating the optimal total distance.

4.2 Maximum distance

We consider next the objective of minimizing the maximum distance any agent travels
to be served. The MEDIAN® mechanism also 3-approximates the optimal maximum
distance.

Theorem 1 The MEDIAN™ mechanism 3-approximates the optimal maximum distance
for a facility location problem with limited locations.

Proof: There are three cases. In the first case, the median agent is at a feasible location.
The most an agent needs to travel to the facility at the median agent is then at most
the distance of the rightmost agent from the leftmost. This is at most twice the optimal.
Hence, this 2-approximates the maximum distance. In the second case, the median agent
is not at a feasible location, and the facility is located to the left at the nearest feasible
location to the median agent. There are two sub-cases. In the first sub-case, the optimal
location for the facility is at this point or even further to the left. But this means the
facility is located between the leftmost and rightmost agents. Hence, this is again at
worst a 2-approximation of the maximum distance. in the second sub-case, the optimal
location for the facility is to the right, within some feasible interval to the right of the
median agent. The worst such sub-case for the approximation ratio is when the only
feasible locations for the facility are at 0 or 2, two agents are at + — e with > ¢ > 0,
and one agent is at 1. In this sub-case, the MEDIAN™ mechanism locates the facility
at 0. This gives a maximum distance of 1. However, the optimal maximum distance of
just % + € requires the facility to be located at % The approximation ratio is thus ﬁ
which tends to 3 from below as € approaches zero. The solution returned is therefore at
worst a 3-approximation of the optimal maximum distance. The third case locates the
facility to the right of the median agent and is symmetric to second case. ¢

We contrast this with the setting where the facility can be located anywhere, and
the MEDIAN mechanism 2-approximates the optimal maximum distance. In fact, when
there are no constraints on where facilities can be located, the MEDIAN mechanism
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is optimal as no deterministic and strategy proof mechanism can do better than 2-
approximate the optimal maximum distance (Theorem 3.2 of [1]). Restricting the fea-
sible locations of a facility therefore worsens the performance of a median mechanism
from a 2-approximation of the optimal maximum distance to a 3-approximation.

Can any strategy proof mechanism do better than 3-approximate the maximum dis-
tance when we limit the feasible locations of the facility? We show that no deterministic
and strategy proof mechanism has a smaller approximation ratio for the optimal maxi-
mum distance.

Theorem 2 For a facility location problem with limited locations, no deterministic and
strategy proof mechanism can do better than 3-approximate the optimal maximum dis-
tance.

Proof: Suppose the only feasible locations for the facility are at % or %, and there are
two agents, one at % — ¢ and the other at % + efor £ > € > 0. There are two cases. In
the first case, the mechanism locates the facility at ;. Suppose the agent at % + € mis-
reports their location as 1. Since the mechanism is strategy proof, the location of the
facility cannot change. Consider this new problem with one agent at % — € and the other
at 1. The optimal maximum distance is now i + € with the facility at %. However, the
solution returned by the mechanism has a maximum distance of %. The approximation
ratio is ﬁ. As e approaches zero, this tends to 3 from below. Hence the mechanism
at best 3-approximates the total distance. The second case where the facility is located
at 3 rather than } is symmetric. o

Hence the MEDIAN™ mechanism is optimal. No deterministic and strategy proof

mechanism can do better than 3-approximate the optimal maximum distance.

5 Single facility, welfare approximations

We switch now to considering how well strategy proof mechanisms approximate the
utilitarian or egalitarian welfare.

5.1 Utilitarian welfare

With no limits on the location of the facility, it is not hard to see that the MEDIAN
mechanism is strategy proof and returns the optimal utilitarian welfare. However, in
our setting, the MEDIAN mechanism may select an infeasible location for the facility.
We consider instead the MEDIAN® mechanism which locates the facility at the nearest
feasible location to the median agent.

Theorem 3 For a facility location problem with limited locations, the MEDIAN™ mech-
anism is strategy proof and 3-approximates the optimal utilitarian welfare.

Proof: A worst case is when the only feasible locations for the facility are at O or
1, k agents are at 2, and k more at 1. Suppose the tie-breaking rule of the MEDIAN*
mechanism locates the facility at 0. This gives an utilitarian welfare of g units of utility.
However, the optimal utilitarian welfare of % units of utility locates the facility at 1.
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We can eliminate the dependency on the tie-breaking rule by having the k agents not at
% but at % — € for € tending to zero. ¢

As with minimizing the total distance, the MEDIAN® mechanism is optimal. No
deterministic and strategy proof mechanism has a better approximation guarantee.

Theorem 4 For a facility location problem with limited locations, any deterministic
and strategy proof mechanism at best 3-approximates the optimal utilitarian welfare.

Proof: Suppose the only feasible locations for the facility are at O or 1, and there are
two agents, one at % — € and the other at % + ¢ for % > ¢ > 0. There are two cases.
In the first case, the mechanism locates the facility at 0. Suppose the agent at % + €
mis-reports their location as 1. Since the mechanism is strategy proof, the location of
the facility cannot change. Consider this new problem with one agent at % — e and
the other at 1. The optimal utilitarian welfare is now % — ¢, but the solution returned
by the mechanism has an utilitarian welfare of % + €. The approximation ratio is then
3-3¢. As e approaches zero, this tends to 3 from below. Hence the mechanism at best
3-approximates the optimal utilitarian welfare. The second case where the facility is

located at 1 is symmetric. ¢

5.2 [Egalitarian welfare

We turn now to the egalitarian welfare. It is not hard to see that the MEDIAN mechanism
may not bound the approximation ratio of the optimal egalitarian welfare. Similarly,
when the location of facilities is limited, the corresponding MEDIAN™ mechanism also
may approximate the optimal egalitarian welfare poorly.

Theorem 5 For a facility location problem with limited locations, the MEDIAN™ mech-
anism does not bound the approximation ratio of the optimal egalitarian welfare.

Proof: Suppose facilities can be at 0, % or 1. If there are two agents at 0 and one at 1
then the MEDIAN™ mechanism locates the facility at 0. The egalitarian welfare of this
solution has zero units of utility. However, the optimal egalitarian welfare has % unit of
utility and is achieved by locating the facility at % The approximation ratio is therefore
unbounded. ¢

In fact, no deterministic and strategy proof mechanism for a facility location prob-
lem with limited locations has a bounded approximation ratio. This contrasts with the
setting where the facility can be located anywhere and it is possible to show that no
deterministic and strategy proof mechanism can do better than %-approximate the op-
timal egalitarian welfare, and that the MIDORNEAREST mechanism actually achieves
this ratio.

Theorem 6 For a facility location problem with limited locations, no deterministic and
strategy proof mechanism has a bounded approximation ratio of the optimal egalitarian
welfare.

Proof: Suppose the only feasible locations for the facility are at O or 1, and there are two
agents, one at i and the other at i. There are two cases. In the first case, the mechanism
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locates the facility at 0. Suppose the agent at % mis-reports their location as 1. Since the
mechanism is strategy proof, the location of the facility cannot change. Consider this
new problem with one agent at i and the other at 1. The optimal egalitarian welfare
is now i units of utility, but the solution returned by the mechanism has an egalitarian
welfare of zero units of utility. The approximation ratio is then unbounded. The second
case where the facility is located at 1 is symmetric. ¢

6 Single facility, satisfaction approximations

We consider next how well strategy proof mechanisms approximate the optimal social
or minimum satisfaction.

6.1 Social satisfaction

Mei et al. prove that the MEDIAN mechanism %-approximates the optimal social satis-
faction (Theorem 1 of [12]). In addition, they show that no deterministic and strategy
proof mechanism has an approximation ratio of the optimal social satisfaction of less
than 8 — 41/3 which is approximately 1.07 (Theorem 3 of [12]). We cannot apply these
results directly to our setting as the mechanisms considered in [12] may select an in-
feasible location for the facility. Instead, we again consider the MEDIAN® mechanism
which locates the facility at the nearest feasible location to the median agent.

Theorem 7 For a facility location problem with limited locations, the MEDIAN™ mech-
anism is strategy proof and has an unbounded approximation ratio of the optimal social
satisfaction.

Proof: Suppose the only feasible locations for the facility are at O or 1, two agents are
at %, a third agent is at 1, and the tie-breaking rule locates the facility at 0. This gives
a social satisfaction of zero units of happiness. However, the optimal social satisfaction
of 1 unit of happiness requires the facility to be located at 1. We therefore have an
unbounded approximation ratio. Note that we can eliminate the dependency on the tie-
breaking rule by having the two agents not at % but at % — € for some small € > 0
tending to zero. ¢

Unfortunately, we cannot do better. No deterministic and strategy proof mechanism
has a bounded approximation ratio of the optimal social satisfaction.

Theorem 8 For a facility location problem with limited locations, no deterministic and
strategy proof mechanism has a bounded approximation ratio of the optimal social
satisfaction.

Proof: Suppose the only feasible locations for the facility are at 0 or 1, and there are
two agents, one at % — € and the other at % + € for small ¢ > 0 that tends to zero.
There are two cases. In the first case, the mechanism locates the facility at 0. Suppose
the agent at % + € mis-reports their location as 1. Since the mechanism is strategy
proof, the location of the facility cannot change. Consider this new problem with one
agent at % — € and the other at 1. The solution returned by the mechanism has a social
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satisfaction that tends to zero units of happiness as € tends to zero. But the optimal
social satisfaction is 1 unit of happiness when the facility is at 1. Hence the mechanism
has an unbounded approximation ratio for the optimal social satisfaction. The second
case where the facility is located at 1 is symmetric. ¢

6.2 Minimum satisfaction

We turn now to the minimum satisfaction. Mei et al. argue that no deterministic and
strategy proof mechanism has an approximation ratio of the optimal minimum satis-
faction of less than % (also Section 3.3 of [12]). The MEDIAN mechanism has an un-
bounded approximation ratio for the minimum satisfaction. Consider two agents at 0
and one at 1. Not surprisingly, the MEDIAN® mechanism may also approximate the
optimal minimum satisfaction poorly.

Theorem 9 For a facility location problem with limited locations, the MEDIAN™ mech-
anism does not bound the approximation ratio of the optimal minimum satisfaction.

Proof: Suppose facilities can be at 0, % or 1. If there are two agents at O and one at
1 then the MEDIAN™ mechanism locates the facility at 0. The minimum satisfaction of
this solution has zero units of happiness. However, the optimal minimum satisfaction
has % unit of happiness and is achieved by locating the facility at % The approximation
ratio is therefore unbounded. ¢

In fact, no deterministic and strategy proof mechanism for a facility location prob-
lem with limited locations has a bounded approximation ratio of the minimum satisfac-
tion.

Theorem 10 For a facility location problem with limited locations, no deterministic
and strategy proof mechanism has a bounded approximation ratio of the optimal mini-
mum satisfaction.

Proof: Suppose the approximation ratio is bounded by some factor &, and the feasible

locations for the facility are at % — % % — % + k% % + % — k% or % + %, and there are
four agents, one at % -2 % — %+ 1%2 % + % — 1%2 and the fourth at % + % Note that if

the facility is located at 5 — % or % + % then the minimum satisfaction is zero due to the
agents at £+ 2 and 1 — 2 respectively. Hence, to have a bounded approximation ratio the
facility must be located at one of the optimal locations:  — & + %—12 or 3+ — 7z. There
are two cases. In the first case, the facility is located at % — % 7z~ Suppose the agent at
% + % — k% changes their report of their location to 1. Since the mechanism is strategy
proof, the location of the facility must stay the same or more further away from the
agent that moves. However, it cannot move further away as the minimum satisfaction

would drop to zero and the approximation ratio would be unbounded. Consider this new

problem with agents at 3 — %, + — 1 + 7%, 3 + % and 1. As k increases, the solution
has a minimum satisfaction tending to 1?22 units of happiness. But the optimal minimum

satisfaction tends to % unit of happiness when the facility is at % + % - k% This gives

an approximation ratio of 2k, contradicting the assumption that the approximation ratio
is bounded by some factor k. In the second case, the facility is located at § + ¢ — 7.

The argument is symmetric to the first case. ¢
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7 Two facilities, distance approximations

We move now from locating a single facility to locating two facilities. When facilities
are not limited in their location, the only deterministic and strategy proof mechanism
for locating two facilities on the line with a bounded approximation ratio for either the
optimal total or maximum distance is the ENDPOINT mechanism [15]. This provides
a (n — 2)-approximation of the total distance and a 2-approximation of the maximum
distance.

We suppose now that facilities are limited in their location, and consider the corre-
sponding ENDPOINT* mechanism that locates the leftmost facility at the nearest feasi-
ble location to the leftmost agent, tie-breaking to the right, and the rightmost facility at
the nearest feasible location to the rightmost agent, tie-breaking instead to the left. Tang
et al. prove that, when the two facilities are limited in their locations, this mechanism
2n — 3-approximates the total distance [10]. Tang et al. also prove that the mechanism
3-approximates the maximum distance, and that no deterministic and strategy proof
mechanism can do better [10].

8 Two facilities, welfare approximations

When facilities are not limited in their location, the ENDPOINT mechanism offers a
good approximation of both the optimal utilitarian and egalitarian welfare. In particular,
it is not hard to show that it 2-approximates the optimal utilitarian welfare, and %—
approximates the optimal egalitarian welfare,

When facilities are limited in their locations, the corresponding ENDPOINT* mech-
anisms provides the same approximation ratio for the utilitarian and egalitarian welfare.
We contrast this with the distance objective, where limiting the location of the two facil-
ities worsens the approximation ratio of the ENDPOINT™ mechanism. We also contrast
this with a single facility, where limiting the location of the facility worsens the approx-
imation ratio for either welfare objective.

Theorem 11 The ENDPOINT* mechanism 2-approximates the optimal utilitarian wel-
fare, and %-appmximates the optimal egalitarian welfare.

Proof: Suppose an agent has utility less than % This is only possible iff the agent is
served by a facility at the nearest feasible location. Otherwise, an agent has an utility
of % or greater, compared to a maximum of 1. Hence, the total of their utilities, the
utilitarian welfare is at least half the optimal. Consider n — 2 agents at %, and one each
at 0 and 1. Suppose feasible locations are 0, % and 1. Then the approximation ratio of
the utilitarian welfare is 2;:21. As n goes to infinity, we can make this as close to 2 as
we like.

For the egalitarian welfare, there are two cases. In the first case, suppose the agent
traveling the furthest to be served is served by the leftmost facility. There is a symmetric
argument in the other case for the rightmost facility. There are two subcases. In the first
subcase, the leftmost facility is at or to the right of the leftmost agent. The worst case for
the approximation ratio has agents at 0, % and 1, with 0, % and 1 being feasible locations
for the facilities. The ENDPOINT* mechanism gives an approximation ratio of % of the
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optimal egalitarian welfare. In the second subcase, the leftmost facility is to the left of
the leftmost agent (as the leftmost agent is at an infeasible location for the facility, and
the nearest feasible location is to the left). The worst case for the approximation ratio
has the agents at 7 — €, 5 and 1, with feasible locations for facilities at 0, 5 and 1, and
€ approaching zero. The egalitarian welfare is maximized by locating facilities at % and
1. The ENDPOINT* mechanism gives therefore an approximation ratio of % o

9 Two facilities, satisfaction approximations

When facilities are not limited in their location, the ENDPOINT mechanism offers a
good approximation of the social satisfaction but not of the minimum satisfaction. In
particular, it is not hard to show that it 5 — i-approximates the optimal social satisfac-
tion but has no bound on the approximation ratio of the minimum satisfaction.

When facilities are limited in their locations, the corresponding ENDPOINT* mech-
anism provides a larger approximation ratio for the social satisfaction. We compare this
with the distance objective, where limiting the location of the two facilities also wors-
ens the approximation ratio of the ENDPOINT™ mechanism. We also compare this with
a single facility, where limiting the location of the facility means that the approximation
ratio for the social satisfaction becomes unbounded.

Theorem 12 The ENDPOINT" mechanism 37" — %—approximates the optimal social sat-
isfaction, but does not bound the approximation ratio of the optimal minimum satisfac-

tion.

Proof: (Sketch) The worst case for the social satisfaction has facilities at O, % orl,
n — 2 agents at % and at % — € and % + € for € approaching zero. The optimal facility
location with respect to social satisfaction has a facility at % and O or 1, giving a social
satisfaction tending to n — % The ENDPOINT* mechanism locates facilities at 0 and 1,

giving a social satisfaction tending to %. The approximation ratio is therefore ?jT” — %

For the minimum satisfaction, consider agents at 0, % and 1 with facilities limited
to these locations. The ENDPOINT* mechanism locates facilities at 0 and 1, giving
a minimum satisfaction of 0. This compares with a solution with optimal minimum
satisfaction that locates a facility at 1 and another at 0 or 1. The minimum satisfaction

is now % unit of happiness. Hence the approximation ratio is unbounded. ¢

10 Conclusions

We have studied the impact of constraints on the location of a facility on the perfor-
mance of strategy proof mechanisms for facility location. We considered six different
objectives: the total and maximum distance agents must travel, the utilitarian and egal-
itarian welfare, and the social and minimum satisfaction. In general, constraining facil-
ities to a limited set of locations makes all six objectives harder to approximate in gen-
eral. For example, a modified median mechanism is strategy proof and 3-approximates
both the optimal total and maximum distance. No deterministic and strategy proof
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mechanism can do better. This contrasts with the setting in which there are no restric-
tions on where facilities can be located and the median mechanism returns the optimal
total distance, and 2-approximates the optimal maximum distance. In future work, we
intend to consider computational questions around such facility location problems (e.g.
[16, 17]), as well as online versions of the problem (e.g. [18]), and (Nash) equilibria in
strategic settings (e.g. [19, 20]).
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